21-720 F09: Measure and Integration, Assignment 2 R. Pego

Due Monday, September 28

2.1. Let (X,F) be a measurable space and suppose f,, : X — R is F-measurable for all n € N.
Prove that the set of points = where (f,(x)) converges is measurable.

2.2. Let (X,F, u) be a measure space and suppose f : X — [0,00] is F-measurable. Prove that
[ran= [t s > an.

2.3. Let (X, F, ) be a measure space and let L denote the set of integrable functions f : X — R.
Suppose that f and f, € L for all n € N and f,, — f p-a.e. Prove that

[1gau= [1fldn itandonty it [15, - fldn—o

2.4. (A generalized Dominated Convergence Theorem) Let (X, F, ) be a measure space and let
L denote the set of integrable functions f : X — R. Suppose that f, g, fn, gn € L for all n € N,

that (i) fn, — f p-ae., (ii) | fn] < gn p-a.e. for all n, and that (iii) /gn dp — [ gdpu.
Prove /fn du — /fdu. (Rework the proof for the usual case when g,, = g for all n.)

2.5. Define f: R — [0,00) by f(z) = x_l/Q]l(O’l). Let ()22, be a list of all rationals, and set

g(z) = Z 27" f(x —1p).
n=1

Prove:

(i) g is Lebesgue integrable on R (i.e., integrable on (R, £, m) where m is Lebesgue measure).

(ii) g is discontinuous at every point and unbounded on every interval, and whenever g = h a.e.,
the same is true for h.

(iii) g% < 0o a.e., but g2 is not integrable on any interval.

2.6. Let (X, F), (Y,G) be measurable spaces, and p : F — [0, 00] a measure. Suppose f: X — Y
is measurable and define v : G — [0, 00] by v(FE) = u(f~'(E)). (i) Show that v is a measure on Y.
(ii) Assuming that v is o-finite, show that for each G-measurable g : Y — [0, c0] we have
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