
21-640 S07: Functional Analysis Assignment 3 R. Pego

Due Monday March 26:

• P1: (RS IV.39) Find a Banach space and a weakly convergent net which is not norm bounded.

• P2: (RS IV.40) Let X be an infinite-dimensional Banach space with the weak topology. Prove
that the closure of the unit sphere S = {x ∈ X : ‖x‖ = 1} is the unit ball B = {x ∈ X : ‖x‖ ≤ 1}.

• P3: (cf. RS IV.12) In the Banach space X = `∞ consider the sequence (δn)n∈N in X∗ given by

δn(a) = an whenever a = (ak)k∈N ∈ `∞.

Prove that (δn) has no weak-∗ convergent subsequence. (This does not contradict the separable
Banach-Alaoglu theorem since `∞ is not separable.) If possible (and I don’t know that it is!),
describe a cluster point of the net {δn}n∈N in X∗.

• P4: (RS IV.36) Let X be a Banach space. Prove that under the standard embedding of X into
X∗∗, X is dense under the weak-∗ topology of X∗∗.

• P5: In H1
per, the Hilbert-space completion of the space S of 2π-periodic trig polynomials on R

with inner product

(f, g)H1 =
∫ π

−π
f(x)g(x) + f ′(x)g′(x) dx,

suppose {fk}k∈N is a sequence which converges weakly to some f ∈ H1
per. I.e.,

(fk, g)H1 → (f, g)H1

for all g ∈ H1
per. Prove that fk → f uniformly.

• P6: For nonzero h ∈ R define the difference quotient operator Dh by

Dhf(x) =
f(x + h)− f(x)

h

for f ∈ S, then extended to L2
per by continuity.

(a) On L2
per, show that ‖hDh‖ =

√
2 for all h 6= 0, but that hDhf → 0 as h → 0 for all f ∈ L2

per.

(b) Let f ∈ L2
per and suppose {Dhf : h 6= 0} is bounded. Show that f has a weak derivative

g ∈ L2
per and Dhf ⇀ g (weakly) as h → 0.

(c) With f as in part (b), show that Dhf → g (in norm) as h → 0.

(d) Show further that f ∈ H1
per, i.e., f is the H1-limit of a sequence in S.


