21-640 SO7: Functional Analysis Assignment 2 R. Pego

Due Wednesday February 28:

Below we use the notation @ = {aj }ren to represent a sequence of complex numbers, and set

tee = Halllalloo == supay| < oo},

00 1/p
by = Hallall,:= (Zlaklp> <oo} (p>0),
k=1

co = {CL | klingoak = 0}.

e P1: Prove that if p > 1 and a € £, N {, then
(a) a € £, whenever p < ¢ < oo, with |la|l; < |lal,.

(b) lim [lallq = [lallc-
q—00

e P2: (RS III.2a) If p > 1, prove ¢, and ¢y are separable, but ¢, is not.
e P3: (RS II1.7) Prove that %, # ¢! by using the Hahn-Banach theorem.

e P4: (RSIIL.15) Let H be a separable Hilbert space, with orthonormal basis {zy, }nen, and suppose
{yn} a sequence of elements of H. Prove that the following statements are equivalent:

(a) For each x € H, (z,y,) — 0 as n — oc.

(b) {llynll}nen is bounded, and Vm € N, (z, yn) — 0 as n — oo.

e P5: (RSIIL.16) A subset S of a Banach space X is called weakly bounded if each A € X* is bounded
on S; that is, VA € X*, sup,cg [A(z)] < 00. S is called strongly bounded if sup,¢g ||z|| < co. Prove
that a set is strongly bounded if and only if it is weakly bounded.

e P6: (a) For any u € Lger, the Hilbert-space completion of the space of 27-periodic trigonometric

polynomials with inner product (u,v) = ffﬂ u(z)v(x) dz, define (k) = (ex,u), ex(x) = 'k /\/27.
Prove Plancherel’s identity:

(w,0) = a(k)d(k).

kEZ

(b) (The isoperimetric inequality) Suppose we have a smooth closed curve in the (complex) plane
which encloses an area A and has perimeter P. We wish to prove that

P2 > 4rnA . ()

To do this, assume that the curve is parametrized by a smooth 27-periodic complex valued function
f(z) = u(x) + iv(z) such that (v')? + (v')2 = ¢? is constant. Using that c¢((u/)? + (v/)%)Y/2 = |f'|?,
relate P? to [*_|f/(x)|* dz. Relate A = [udv to the L?-inner product

(N = [ f)f(z)de.

™
-

Using Plancherel’s identity you should be able to deduce (xx).



