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Proof (after R. Michael, Amer. Math. Month. vol. 109 (2002) pp. 388-390):
Step 1. (Motivation for a rescaling)

VR

Theorem (Stirling’s formula): As n — oo,

(o)
n!zF(n—i—l)z/ e Fx"dx.
0

The function f,(z) = z"e 7 satisfies f/(z) = (na™ ! — 2™)e™® and this is
positive for x < n, negative for x > n. So f, has a maximum at x = n with
value f,(n) =n"e ™. Thus
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The graph of f,,(z)/fn(n) has a rather shallow maximum at z = n, since

J(x)  (n(n—1)2""2 —2na™ 1 +a")e "

n

fn(n) o nhe n

We rescale to “sharpen up” this maximum: Let

-n B0 _ (1, '

v="m eW="rey = A

Then g,(0) = 1, ¢/,(0) = 0 and g//(0) = (v/n)?(—=1/n) = —1. The fact that g//(0)
is independent of n motivates the choice of y/n in defining y. The substitution
x =n+yy/n, dr = y/ndy in the integral yields

=—— atz=mn.
n

This finishes step 1.
We will use the fact that

V2r = / eV’ /2 dy.

Thus we have a new goal: Prove that as n — oo,

/ gn(y)dy—>/ e V2 dy,
—n oo

The strategy to prove this goal involves proving that for all y, g, (y) — ev’/2
as n — 0o, but this by itself is not good enough. We will need two steps to
make bounds on g, (y), and two more steps to bound the difference between the
integrals involved.



Step 2. We will prove that for any constant M > 0, if |y| < M < %\/ﬁ then

lgn(y) — e V2 <MV 1 = B(M,n) -0 asn — oo.

Step 3. We will prove that if |y| > 1 then 0 < g, (y) < e~ ¥//4 (for all n > 1).
Note e—¥°/2 < e~ 1l/4 also.

Step 4. We bound the difference of the integrals by breaking it into pieces.
Define g,(y) = 0 for y < —y/n for convenience. Then

/O;_Zgn(y) dy — /Z eV 2 dy
- /_A;(gn(y) — eV 2) dy + (/_;M +/MOO> gn(y) dy
([ f) v

Using the triangle inequality, the bound on the 4 tails where |y| > M from step
3, and the bound from step 2, we find
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/ |9n(y) —e‘yz/zldy+4/ e/t dy
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< 2M - E(M,n)+4-4e M/,

Step 5. We prove lim,, .., E,, = 0 by a classic kind of two-step e-N argument.
Let € > 0. First choose M (depending on &) so that 16e=/% < £/2. Then
choose N (depending on M and ¢, so really only on ¢) so that n > N implies
OME(M,n) < £/2. Then for all n > N we have |E,| < . This proves the
required limit.

It remains to prove the bounds in steps 2 and 3.

Lemma log(l+ z) =z — 2% + Ea(z) where |Ey(z)| < |z|? for |z| < 1/2.
Proof. Since 1/(1+z) =1 —z 4+ 2?/(1 + z), integrating gives us

1 T2
1og(1+m):x+§m2+E2(x), Eg(x):/o 1+tdt'

For z > 0, Ey(z) < [ t*dt = 23/3, and for —1/2 <z <t <0,

2

t
0< < 2t?
1+t

and so |Ey(z)| < [0 212 dt = 2[axf?/3 < |z,



We now prove the bound claimed in Step 2. We first compute that

log gn(y) = nlog (1 + %) —/ny

.
(s (r) () e
- oo ()

Using Lemma 1 we find that whenever |y| < M < %\/ﬁ,
3 M3

5 () <[ <

Next, using that |e* — 1| < el*l — 1 even when z < 0, we compute

1
log gn (y) + §y2 =n

gn(y) — eV /2] = eV /2|losan )V /2 _ 1| < 1. (MP/VR 1)
as claimed in Step 2.

It remains to prove the bound claimed in Step 3. First, for > 0,

L T t le
—log(1 = [ —dt> dt = 2—.
og(l+a)+x /0 111 —/0 112" 11z

Using this with x = y/y/n, whenever n > 1 and y > 1 we find

—loggn(y) = n(—log(l+%>+%)
1D U
L+ (@y/vn) 1+/vn) ~y+y 4

It follows g, (y) < e~ ¥/4 for y > 1.
Finally, for —1 < x < 0, substituting ¢t = —s, dt = —ds we find

Ty || || 1
—log(l+z)+a= dt:/ dsZ/ sds = —|z|?.
0 -8 0 2

o 1+t
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:M>u.
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hence with = y//n, when y < —1, as above we have
Y

—loggn(y):n(—log <1+%) +%) zg NG

Hence g, (y) < e~ 1¥1/2 This suffices to prove the bound in Step 3, and concludes
the proof of Stirling’s formula.




