Fourier series — a first convergence theorem

Fourier series have the form -
S(x) =ap + Z(an cos nx + by, sin nzx). (1)
n=1
A Fourier series with finitely many nonzero terms is called a trigonometric polynomial, written

N
Tn(z) =ap+ Z(an cos nx + by, sinna).

n=1

(We say such a Ty has degree N.) Since cosnz = 3(e"* + e~®) and sinnz = 5 (e™® — e~""*), we can
write Ty (z) in a more elegant complex form:

al Qn b" nx an bn —inx
TN(x)ZCLO—FZ ?—Fz € + 7—5 e =
n=1

where ¢y = ag, and for n > 0, ¢, = %an + %bn and c_,, = %an — %bn.

N
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Theorem Suppose f : R — R is continuous, 2m-periodic, and piecewise C', and define c,, by

1 (" -
tn = 5= - (x)e™"™ dx, ne€Z. (2)

Then the series S(z) = > 07 cn,e™® converges uniformly on R, and S(z) = f(x) for all x € R.

n=—oo

The proof has three main steps (each of independent interest):

I. (Uniform approximation by trig polynomials) We show that for any f : R — R continuous and 27-
periodic, for any € > 0 there exists a trig polynomial Ty such that |f(z) — Ty (x)| < € for all z.

II. (Optimal approximation in square-integral sense) Given any f : R — R continuous and 27-periodic,
and given N, we exhibit a particular Ty with the property that

[ @) -te@par < [ 1) - Tu@P i (3)

for all trig polynomials Ty of degree < N. Namely, Tn(z) = ny:_ NCn€™ where ¢, is given by (2).

III. (Uniform convergence of the series) Given f : R — R continuous, 27-periodic and piecewise C*, we
show that Y °° _ |e,| converges, and hence

S(x) = 1\}21100 Tn(z) = Z Cne'™®
n=—oo

converges uniformly on R (by the Weierstrass M test).

Assuming these things are proved, let us deduce the Theorem. Given f as stated in the Theorem, we then
deduce from II that the integral

[ 1) - e s
decreases as N increases. In the limit N — oo this approaches ["_|f(z) — S(x)|*dz, by the uniform
convergence of ITI. Then, for any trig polynomial Ty of any degree, we have

s

| @) -s@Par< [l - tx@Pae < [ 15 - TP d. (4)
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By step I we infer that for any ¢ > 0 there exists Ty such that the right-hand side is less than 27e2. Since
|f(x) — S(z)]? is continuous and non-negative, it follows S(z) = f(x) for all z. This proves the Theorem.



Proof of I, part a. Define functions u,, (n =1,2,...) by

1 /14 cosnz\" ™ /1+4cosnz\"
i L ()’ (s, .

We claim that these functions have the properties:
(i) For all n > 1 and all z, u,(z) > 0 and u,(x + 27) = u,(x).
(ii) For alln > 1, [T u,(z)dz = 1.
(iii) For all ¢ € (0,7), / Un(x)dr — 0 as n — oo.
8<a|<n
(i) and (ii) are clear, let us prove (iii). Fix § € (0,7), and note & — 1 + cosz is even, and decreasing on

[0,7]. For any & € [6, 7] and y € [0, 56],

1+ cosx <1< 1+cosly,
1+ cosd 1+ cos 56

hence 1 + cosz < 7(1 + cosy) where r < 1. Taking powers and dividing by «, we get u,(x) < r"u,(y).
Integrating over y € [0, 36] we infer

5/2 6 5/2
/ Un(2) dy = Jun(@) < Tn/ U (y)dy <r™-1—0
0 0

as n — oo. Thus u,(xz) — 0 as n — oo, uniformly for x € [§, 7], and (iii) follows.

Note: By expanding the power, we see uy is a trig polynomial, with uy(z) = 25:_ ~Bn€™® for some
constants (3,,.

Proof of I, part b. Let f: R — R be continuous and 27-periodic. Define

(wn ) = [ ") f (@ — ) dy. (6)

—T

1. We claim u,, * f is a trig polynomial. Proof: Substitute z = x — y and use 27-periodicity to get

T—T N

(un * f)(z) Z/ un(x —2) f(2) (—dz) = ' F(2) Y B dz = " Bue™” ' f(2)e"™* dz
T -7 n=N -7

T+ n=—N

which shows uy * f is a trig polynomial ZnN:_ NCn €M

2. We claim (uy * f)(z) — f(x) as N — oo, uniformly for « € [—n, 7] (actually all 2 by 27w-periodicity).
Proof: First, use property (ii) to write

s

(ux + £)(@) = @) = [ un(@)(Fla )~ F@)do. @
f is uniformly continuous on [—27, 27| (a closed bounded interval, remember from last semester). Given
g > 0, therefore there exists § > 0 such that for all x € [, x| and y with |y| < 9§, |f(z —y) — f(z)| < &/2.
Then by breaking the integral in two parts, where |y| < § and ¢ < |y| < 7, from (7) we get

s D@~ SIS [ ant -Gy [l 20ay

where M = sup{|f(y)|,y € R} < co. The first term on the right-hand side is less than 1 -&/2 by property
(ii), and the second term tends to 0 as N — oo by property (iii). Hence there exists Ny such that for all
N > Ny, |(un * f)(z) — f(x)] < e. This finishes the proof of I.



Proof of II. (Mean-square optimality) We introduce the notation

fo) =5 [ 1 enl) = e, Q
which has the properties
(5.5) = o [ 1f@Pa )
= 5/ T x,
(alfl +a2f27 ) = al(f17g)+a2(f27g)7 (10)
(fra1g1 +a292) = ai(f, 1) +a2(f, g2), (11)
— 1 " inT ,—imx _ 1 ifn=m
(en,em) = o _Tre e dx = 0 ifn#m (12)
Let f: R — R continuous and 27-periodic be given. Fix N. Let
al 1
Z cne’ Z cnen(xz) where ¢, = | f( Ye~ " dx = (f, en).
n=—N n=—N
Then for any integer m with [m| < N,
N
(f _TNaem) = (f7em> - Z Cn(eruem) =Cm — Cm =0,
n=—N
hence by (11), whenever Tn = Zi\’:_Nénen is a trig polynomial of degree < N,
(f = Tn,Tn) =0. (13)
In particular, taking Tn =T we compute that
(f.f) = (f =Tn)+Tn,(f —Tn)+TN)
(f=TIn,f=TN)+ TN, f=TNn)+(f —TNn,TN) + (Tn,TN)
= (f=Tn,.f—TIn)+ (TN,TN)
because the cross terms are zero. This proves a generalized Pythagorean theorem:
[ @i = [ 1@ -te@Pdr+ [ rv@Pa (14

Now, for any other trig polynomial Ty = Zﬁrz_ NCnen of degree < N, doing a similar expansion and using
the fact that T — T is a trig polynomial, we deduce that
1 (" ~ - .
Gy f(z) = Tn(@)Pde = (f—Tn+Tn —Tn,f—Tn+Tn —Tn)

= (f- TN,f Tn)+ (Ty — T, T — Tn)

— o [ @ - Tv@P et o [T - T ds
> ”\f(ac)—TN(x)de.

This proves the optimality property II.
Also note that

N N

N N
TN7 TN Cnena Cmem - cncm €n, em - |cn| .
m=—N —Nm=—N n=—N



Using this in (14) proves Bessel’s inequality

N us
PR = /_,r f (@) da. ,

Hence >°°7 le,|? converges. (Note that for this argument, f need not be continuous, only integrable.)

n=—oo

Proof of III. Let f : R — R be continuous, 27-periodic and piecewise C*, and define ¢,, by (2) for n € Z. We
give the proof for the case that for some a € [, 7], f is C' on [—7, a] and [a, 7], meaning f is continuous on
these intervals and continuously differentiable on (—7,a) and (a, 7), so the fundamental theorem of calculus
applies. (With more discontinuities of f’ the notation is just more cumbersome.) Then

2me, = f( Iy 4 / f(z)e ™ d.
—T
Integrating by parts we get

—inz |4

a . e
—i1nx d — _ d
B O N A=t
_ f(a)e 7 f(iﬂ-)e + f ( )6 dr.
—in n
Similarly,
—inm _ —zna —'L"LQZ’
/ f —zmc dr = f( ) 72‘ / f
Adding, and using f(7) = f(—m) and €™ = e~""™ we find that
c : f()_zmda::i(f'e):h where v, = (f/, en)
" orin in 7" in’ " T
By Bessel’s inequality for f’ we have
N 1T
> il <o [ If@Pd
n=—N -r
By the Cauchy-Schwartz inequality (Apostol 1.41),
o\ 12 1/2
1 1
> lal= ¥ ahl < [ X (3 PO
1<|n|<N 1<|n|<N 1<[n|<N 1<[n[<N
T 1/2
1
< @) (5 [ rer )

which is constant independent of N. Therefore

N )
im > feal = Y enl
N—oo
n=—N

n——oo

converges. This proves III, and the Theorem follows.



