SoLULTIONS

Math 259 - Winter 2009

Handout 4: In-Class Review for Exam 2

The topics covered by Exam 2 in the course include the following:

*  Sketching surfaces in 3D using contour plots.

*  Interpreting contour plots.

* - Classifying quadric surfaces.

* - Recognizing planes, quadric surfaces and cylinders from their equations.

*  Creating and using vector functions in 3D.

*  Velocities and tangent vectors for vector functions {including unit tangent vectors).

*  Showing that limits in 2D do not exist using a variety of strategies (e.g. y = mux, contour plots or tables).

¢ Evaluating and using functions with several input variables.

*  Proving that limits do exist using the £-6 definition.

* Calculating values for limits/showing limits exist using the Squeezing Theorem.

* Calculating and interpreting partial derivatives.

* Finding equations for tangent planes.

* ‘Using the tangent plane to calculate a linear approximation.

*  Calculating total differentials for functions.

+  Using total differentials to estimate changes and errors.

*  Using the Chain Rule for functions of several variables.

*  Calculating directional derivatives for functions.

*  Calculating gradient vectors.

*  Finding the direction of maximum rate of change (and magnitude of the maximum rate of change),

* Interpreting the practical meaning of a directional derivative,

* Finding and classifying (local maximum, local minimum, saddle point) the critical points of a function of
several variables using partial derivatives and the Jacobian determinant.

* Finding the global maximum and global minimum of a continuous function over a region in the xy-plane.

1. In this problem, f{x, y) will always refer to the function defined below.
flxy)=x*+3y*-2xy.
@  Calculate f,(x,y).

Flx,y) = 2Zx — 2y

)  Calculate f,{x,y).

fylx,y) = éy - 2x

Continued on the next page.



SoLuTIONS

(©) Find an equation for the tangent plane to the surface z = fx, ¥} at the point (2, 2, 8).

fi(xn,2) = O Fy(z,':_) = 8

Equqh‘on of -l-ansen'l- Plane. '.

1
O

8(y-2) — (z-8)

(d) Use your answer from Part (c) to estimate the value of 1.9, 2.1). The answer I am looking for
here is not 8.86,

_E?un.Hon. of 4~aqsgn+ plane :

z = 8 + 8(y-2)

i

FO.9,20) = €+ 8(=2.1-2) g.8.



Sol.uTIONS

2. In this problem, z = f{x, y) is the function of x and y defined by the following formula:

2= flry)=e™

- (@) _ Suppose that x and y are both functions of 7. All that you can assume about the functions x and y

1s listed below.

+ x(2)=1 . y(2)=-1
+ X(2)=-3 - Y@ =4

Calculate Z"(z) .

de _ 2f | dx 2f 4y
dt ~ ax 4t T oy 4t
' ‘ -]+ (=1)* -t (-1)* '
2'(2) = (-1)- e c(-3) + (2)(~1)e (%)
= 3 -~
= 2.

(b) Suppose instead that x and y are both functions of f and s, i.e. x = x(#, s} and y = y(z, 5). All that

you can assume about the functions x and y is listed below.

. %(2,0)=1 . y(2,0)=-1
. x,(2,0)=-3 . y(2,0)=12
- v x(2,0)=—3 * ¥,(2,0)=1

Calculate 23(230). Show your work! |
a2 _ 2z o= L 2® 2y

3s = ax 9s 2y = 9s

-t (=1 -l +(-*

2,(2,0) = (-1).@ . ('—',':) + (2)(~1)e

- 2

= L
- 2
_._‘5/2’.

—
——

..(,)



SoLuwTIONS

3. In this problem you will be Working with the curve defined by the vector function:
(1) = <cos(t) . sin(t),sin(t),t).
(a) Find a formula for the unit tangent vector to this curve, T(I)
- ‘
r ({:) = <-5,'n‘(&) + cos*(+) , o8 (€) , 1 >
? d i L N
(¢) = — {cos*(e) - sin*(t), coslt), 1
\/ (cos?l6) = sin*(£))* + cos*(t) + |
(h) Calculate the tangent vector to the curve at the point where ¢ = .
3y
kL — -
F(ZY= <=1, o, I
{c) Write down an equation for the line that is tangent to this curve at the point where ¢ = Z-

F(") = <o, U, 72>

EQuQ.Hon of -l-ansen-l- Ihae :

{x,y,2> = <o, 1, ™27 + t-<=1,0,1

(@D Set up (bﬁt do not evaluate) an integral that will give the length of the curve between the points
{0,0,0) and (0, 1, ). Your answer should not include any vectors or vector functions.

— " 1
bength = fo (cos*(6) = sin* () + cos*(t)+1 dt



SoluTIONS

4. ‘A sawmill is planning to cut a log into a beam. The log has a cylindrical cross-section with a
radius of eight (8) inches. The beam will have a rectangular cross-section with a height of x and a
width of y. The strength, S, of the finished beam will be given by the formula:

S =35xy*

‘What values of x and'y should be used for the beam if the people at the sawmill wish to make the

strongest possible beam?

Radius =8

y
By Pythagoras, x* + y* = et
s= 5x (16* - x*)
= [|280x -~ &§x?3

das | -

- = 0  for X = + 1280

d % - T "~

d*s | | |

dx? = -=30x So "\a.ue_ a lecal max

X

inches .

Check endpoints: X =0 3:‘0% S
X =16 3?% S

Maximum when

Inches,

S+ eng +h

X2+ 92326

9. 23?’6 inches,

for X =+ 923726

= 0
=0

and y & 13,0639



SoLuTIoNS

5. In this problem the function f{x, y, z) will always refer to the function defined by the formula:

f(x,y,z) =37e

This function gives the temperature of a snake (on a plane, not a 2D plane) in degrees Celsius
(°C). The coordinates of the snake’s physical location (x, y, z) are all measured in meters.

-0, l(x2 +y2—2_22)

(a) The snake is located at the point (1, 1,1) and plans to slither in the direction given by the vector
V= (1 2 3) What is the rate of change of temperature that the snake will experience? Give
appropriate units with your answer.

~0.4 (¥t yi-23%) 0.1 (X +y*=23%) -0 (xBy®-2%)
Vf = <3 lrter’- .% Fo.2)x, 3te (-o2)y, 3te ( oq)z>

VE(LL, 1) = < -%.4, -%.4, 14.8)

&= = <ty = <Y m o N 2
Viztzrs3r > Y 4 7 1% 14 1

Dz £(1,1,1) = <-h4,-7.4, w.s*)-('/m;,%;a;%,;) = 5,933 %/,

b) Snakes are cold blooded and enjoy warmth. Consider the snake sitting at the point (1, 1, 1), In
what direction should the snake slither to maximize the rate of change of temperature?

VE(,,1) = <-4, -7 4, 4.2,

(c) What rate of change of temperature will the snake experience if it starts at the point (1, 1, 1) and
slithers in the direction you calculated in (b)? Give appropriate units with your answer.

IveL LDl = ) (R (14.8)°

T 1s.12¢ °c/,



SOLUTIONS

6. In this problem the function f(x, y)} will always refer to the function defined by the formula:

2 2
fﬁgﬂ=x+qi—x—y+L
{a) Find the x and y coordinates of any critical points of f(x, y).

2¢

'a—-"'-: 2x -1 The OH’Y cri Fcal Po;n"' ¥y
X
. ]

5E k) =("%, Q)

— = 2y —|

oY Y
V(b) Classify the critical points that you found in Part {(a) as local maximums, local minimums or

saddle points.
. LAy

*f o 0%f -0 DI(s,2)= (2X2) —(o0)* = 4 >0
oax* 9x9y ;o

22F Fx:r({)";.) = 2 %0
g_jz =2 (x,¥) = ("z,’/?.) 1§ & lecal
' minimum, ' '
(c) Find the global maximum and global minimum of f(x, y) on the disk where x”* + y* <1.

On boundary of disk x1+y‘==l so yz = ;—xi‘

frlx) = x* 4+ I—-x* —x i‘/,..xw- + 1
+

v _‘_.
fI(")':-I + X = O when X = vz

\f(-x"

and = = —!-- .
Y 7z
= : 'ﬁ(’:' Y) The glebal maximum
Y. i/ .
?.. > 2. _ is 2 + ?-/ﬁ.. ]
'/ﬁ_" VJ-; Z - 2/.{'-2_—
”'\FZ' V\ff . 2 The 3loba.' Mmiainum
is 1/
Y A 2.
r | " VYE 2+ Yz




soLuTIONS

Find the global maximum and global minimum of f{x, y) = x* + xy — y* over the region R of the

7.
xy-plane that consists of the square with vertices at (=1, =1).

The only point at which

a¢ o

2 x

I

= ZX +Y
both porhal derivahives are

(x,y) = (0,0},

__3_-_F_ X =22y =0 tern M
2y

There are no points where the partial derivatives

)

are undefined.

Y —
(-l.;_)_ ' T - ‘_,.“‘n O0n (I) y=1 Se
(r) Ffolx) = x*+ x ~|
(IT) - F_{(x) = 2x+| = 0 for
> R
X = ‘llz-/ Y =
)
‘/ (L) On (JI') xf-’-rl o
5 S Fxy) = L4y -y?
(-5,~1) (v,~1) ,
frly) = -2y = 0 for
y = I{z_’ X = |,
Oa (IT) y=-1 so fm(x):’ X*-x -] oand ﬁ'(x)=2x-—l=o

ot x= Yz, y=-1
o~ (DX , X=-1 So 'Fm ()f)
e-ciua.ls 2ero at Y = /2 , X

= L=y -y?® and foly) = -1-2y

=-1.

Wwhich
LI (x,y) i
S 5 F C;Y — The 3lebaf max 1§ 5/9_ .
-l/?-_ 1 —— l l/q_
! 2 | Yy .
ifa, -1 -} l/,+ “The 5,05«’ Min J "5/4 .
-\ ~iig_ i ‘fq :
- | ] __‘
- -t
i | }
y -




Sol...u.'TIOM S

8. In this problem you will consider the surface defined by the equatibn:
Xt =4y + 97
{a) Classify the surface {cylinder, cone, elliptic paraboloid, etc.).

This Is o Cone +Fhat opens alo-\_g +he

Pesikhve and neaaHvz X~ axes,

The cross — sechions ofF +he cCone paralle]

o +he yt —plane are e.“iP.sw.

(b) Use the axes given below to draw an accurate sketch of the surface. On your sketch, label any
interesting points such as vertices and intercepts.

‘A

4




SoLuTIioON S

10. Maich these plots with the functions given below. You should have one unmatched function left
over at the end of the problem.

CONTOUR PLOT 1 CONTOUR PLOT II

107

CONTOUR PLOT IV

ZIN

|||||||||||

N7

@  f(xy)=y-sinx) CONTOUR PLOT = I
()  f(x,y) =sin(x) + sin(y) CONTOURPLOT=___NONE
©  fy=4-x"-y CONTOUR PLOT = I

@  fxy)=x+y CONTOUR PLOT = IL

(e) | fxey)=x-y CONTOUR PLOT = e



