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SoLUuTIioNS

Math 259 : Winter 2009

Handout 2: In-Class Review fbr Exam 1

The topics covered by Exam 1 in the course include the following:

Parametric curves.

Finding formulas for parametric curves.

Drawing graphs of curves defined by parametric equations.

Finding tangent lines to curves defined by parametric equations.

Finding the area beneath (between the curve and the x-axis) a parametric curve.
Finding the arc length of a parametric curve.

" Polar coordinates for the xy-plane.

Identifying regions of the xy-plane described by polar coordinates.

Converting Cartesian equations to polar equations.

Converting polar equations to Cartesian equations.

Sketching curves in the xy-plane defined by polar equations.

Finding formulas for tangent lines to curves defined by polar equations.

Finding areas enclosed by polar curves.

Finding arc lengths of curves defined by polar equations,

Conic sections in Cartesian and polar coordinates.

Sketching conic sections defined by polar equations. Identifying eccentricity, directrix, etc. from a polar
equation. Classifying conic sections using eccentricity.

Equations of lines, planes and spheres in 3D.

Combining vectors. Magnitude of a vector. Unit vectors.

Applications of vectors in physics.

Dot product of vectors. Angle between vectors. Orthogonality. Vector projections.
Cross product of vectors. Geometry of the cross product. Cross product and areas.
Calculating volumes with the scalar triple product.

Finding equations for lines and pIanes in 3D using the cross product.

Distances from points'to lines and planes, and from lines to planes.

Symmetric equations. '

For each of the curves defined below:

1.
9 9
0 r=———— M r=——,
6+2-cos(8) 2-cos(8)
(a) Determine the eccentricity.
b) Identify the type of curve.
(©) Sketch an accurate graph of the curve using the axes provided.
= 32 r.cos(e) = Y
I+ ‘/3 cos | 6) = _ 9
- - - —— ‘ .
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SoLUuTIONS

Find parametric equations for each of the following lines described below.

(a)

The line that passes through the point (-2, 2, 4) and is perpendicular to the plane 2x — y + .
Sz=12.

The dircechion Veclor of -H-\g itne 1S +Hhe
vecror o Hae

normal

Planc, '<7-,"'|,5>.

The wvec o eq'\-kﬂ-h.OO IQF' ""'\e_ h“ne. (s

<x,y,z2 5y = <'-2,7_,1-r> +f"<1,’?’,'5>.

The P oarametdric equa‘l‘l'orw are !
X = =2 ~+ 2t
—_ — t
y — 2
by 'The line that passes through the two points (4, -1, 2) and(l,l,S).
The parame +ric - equations are :
x = (1=t)- 4 + t-) = 4 — 3t
y = (1—t)(-1) + E-1I = -1 + 2t

z2 = (l—-t)(v-)'f t-5

il

2 + 3t.



SoLuTioN S

(c) The line that is formed by the intersection of the two planes x +y —z =1 and 2x — 3y + 4z
' =5 : '

Firs+ we musk Ffind o point on +Hhe line,

Zz = O, Then !

Suppose.
X + Y = |
22X - 3), - g
: o, _ _ -3,
The seluken is: x = By = T
'Tl-\g. Poin+‘ is : ( ?/r ; "'3/:- ) O)

The dicection Yect+or of +he line “is +he
Cross product ©F the +uwo nocmal VYectors,

i, -1 9% <2,-3, 4> =¢ 5 k (

3 P -1 | 1
T -3 4 2 -3

Ve ctor equation ofF line

<x,¥, 2> = K ¥s, ¥ oy + t-<I,-6,-5>

Porameiric QCL\-LQ‘HQM :

|

*® 8/s + ¢

-3/ — 6t

il

.y“
‘Z:.. — 5t
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Find the length of each of the foliowing curves.
_ - dy 2
(@) x(f) =3 and y(f) =2 where O <1< 2. '3—:‘ = 6t ""!"Z' = 6t
2
Arc lEAs‘l"“'\ = f \/(Bb)z-l- (5":2)1 dt
: o
. 2 _ w= I+ +*
= 61‘.-\/ Il + t* d¢
f, t du - dt
3
_ _tLu.Sl'z.J
[$u],
: 1
(b) r=5wheren5952n. f{e) - l/e | f'(e) - ""/92
A tengrh = [ [ (4 L (Ye)t de
| n o)™ + (Vo)
= f‘t‘-ﬂ‘ \I 6% + | dQ
T 6%
_ | =mVvOer 4! & y aw (Uu'ng
- & + ( e +Vvoer+l ) Lategrmines
' - -For'mulq.)

ZJ'I'Q"--PI - \ILI'TL" + | L\( z-'“"l"\,‘f'ﬂ'"-l-\ |
‘ — + ST AN+
: T+ 2+

: T

(c) r=sin’(%) where 0 <0<, £(8) = s'-ni{s/s)

£'(8) =3. sin® (%) cos (%) - %
| Arc length = ij Sins(e/:s) + sm"(%). cosl{e/s) doe
=-fﬂ s:‘nt(-e/s) do

ST 1 = cos(2%4)) 4O
s [o - 2amo)]l

———
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SorLuTioNS

4. In this problem you may assume that  is a positive constant. Find the coordinates (x and y) of

the points where the curve defined by:

x(t) =2a- cos(t) -a: 003(21‘) and

y(t) =2a- sin(t) -a: sin(2t)

has (a) horizontal, and (b) vertical tangent lines. Once you have identified these points, use the

axes provided (see next page) to sketch the curve.

X'(é) = - 2a-sinlt) + 2Za. sin (z¢)

y'(£) = 2a-cos(t) — 2a -cos(2¢).

Solutioas of X'(¢) = O :

Sin(z{‘-) — V.Sl'r\ (ﬁ) = 0
sin(t) - L?.- ces(t) = | J = O
t= nm and t = 3;- + 2pTT
t = ST 4+ 2aT
3
SoluHaryp of y'('l:) = O !
cos(2t ) — cos(t) = O
2 cos* (t) — cos(£) — | = 0O
cos () = | + J I* - 4(2)(=1) = "J_z ,
(2)(2)
r = (2n+1) 7T anc £t = TN 4+ 2am
= 3

ne L.
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Points where +angent line i verttcal:

(-3a,0) , (% a, a.)/ (-i—a, ""‘CL)

Poin{'f where -’-q.n.s ent ".ﬂe.

is

hori zon fFal :

(-, 3'/3;2'“) ;| —q/z_ ) ’35/2.'.0‘-)
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SoLuTIONS

5. Each part of this problem describes a region of the xy-plane. Find the area of each region.

(a) The region lies within the curve r = 1 + 2-cos(8) and outside the circler =k 2..

AY

To Find Fhe limiks of
l'n‘l-q.ﬂmh'on, ed the

r= |4 12.;;3.5(9)

p ; fnbersecien poinks of
pd )
7 Hhe curve:
K\ // e X
el A g
. 77 V 4+ 2. LOJ(e) = 7
\\ N 7

cos(B) =

. { “/3 5
Area = 3 f | [(l -+ 'Zr.e.rfe))z —~ Z.?'J Jd&
=y

B
- fo (4 cos(®) + 4 cos?(0)- 3)do

[ 2 (4 cos(0) + 2cas(ao) ~1)d®

—
t——ny

| N w/3
4 Sin(8) + Sin (20) —9]
' (o]

15 V3~ —2rn
6

1
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(b) The region lies inside both r* = cos(26) and r* = sin(26).

AY
F¥ = 5Ta(Z0) Te Find +he limits of
+ Sin '
¥ l'n'l"ejra.h'on , Find  the
yAREA .
. 7/ 3 - Intersechon point:
N \ '
A AN ) .
N /\\ V. - sin(20) = cos(20)
\ | pd 1 | 26 = W/‘r
o rt =lcos 10)
: 6 = “/g.
Ne,;d-, SolVe. +Hhe e.G]u.ai—i‘on ¢ r% = co§ (29) =0
& = .

/

5 4
Area = f°' sin(26) de + ‘[1.:/ cos(26) d&
. 8

— K7 | Ty
- -1 cos ('2.6) + -—l- Sim (16)
- o 2 | /g

-é-‘ (z.—ﬁ).

I
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e lo neg .
~Find an equation for the yilf that passes through the points (I, 0, 1) and (2, 1, 0) that is parallel
to the line of intersection of the planes x+ y+z=5and 3x-y=4.

The direcHon Vector of +he line is given by:

<L, h,b1> x <3,-1,0>» = ¢ j k ¢

= < l:_-3 y — 4 V.
The veclor <1, 3, _"_'1“-> lies in  the P‘q"e--.
A Second Yector IS given by :

<z -l,bmo, 0==1> = <1, 1,1

The nermal -V-e,c,—l-cr 4o tHhe P(ane. 1S

iy, —4 % % Li,1,} > = ¢ ) Kk ¢

= < ?)_'s; —Z>.

The point (1,0, =1) lies in +he plana. The

E.c[u.a Fon of t+he P \_o\no. is

?(x—-—.f) + =S5(y~-0) + -2(z--1) =0

4



