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Picking up where we left off, a necessary condition for us to have the
minimum or maximum of a multivariable function is that all of the first
order partial derivatives must be zero. Upon computing these critical points,
we can be sure that we must now prove that they indeed correspond to local
maximum /minimum values. So, we will require a test to make sure that
we have succeeded. For our purposes, we will only look at local extrema of
functions of the form f(z,y), although the following test can be extended to
the general n—dimensional case.



1 What makes a Critical Point a Local Ex-
trema ?

In 1 — d calculus, we make confirm that a critical point z( is in fact a local
extrema when, if f”(zq) exists, and either

1. f"(z¢) > 0 (Local Minimum)
2. f"(zo) < 0 (Local Maximum)
3. f"(x0) = 0 (Saddle Point )

Now, we can use our intuition and extend this to the 2 variable case:

fz(Z0,%0) =0 (1)

fy(l’o,yo) =0 (2)

and

1. faz(z0,90) > 0, fyy (0, y0) > 0 (Local Minimum)

0 (Local Maximum)
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4. fra(20,Y0) < 0,fyy(z0,90) > 0 (Saddle Point )

The last two cases certainly produce a saddle point. However, in the
first two cases, it is not necessarily true that we indeed have a Minimum or
Maximum. As an example, take

flz,y) =2 +y* —4day (3)
Then
f,=2y—4z =0 (5)
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implies that (xg,yo) = (0,0). It should be clear that
f22(0,0) =2 = f,,(0,0) (6)
(In fact, foz(z,y) =2 = fy(z,y) for all (z,y).)

But, if we graph this function, we see that we indeed have a saddle point at
(0,0). So, how can we guarantee that we have a local minimum or maximum
instead of a saddle point? The answer lies with the Second Order Test
for 2 — D functions

2 Second Order Test for 2 — D functions

Theorem 1. Assume that

fz(20,%0) = 0 = fy(20,%0) (7)
and fez(To,Y0) > 0,fyy(T0,90) > 0. If

fm(manO)fyy(anyO) - (fmy(CEanO))2 >0 (8)

then we have a local Minimum at (zo,yo). If

fa(20,%0) = 0 = fy(20,Y0) (9)
and fwa:(x0>y0) < Offyy(xmyO) <0 and

fzw(m07y0)fyy(x0ay0) - (fzy(wo,yo))2 >0 (10)
then we have a local Mazimum at (zq,Yo)-
If

Foo (0, 40) fuy (%0, 50) — (fay(70,%0))* < 0 (11)

then we have a Saddle Point at (xg,yo)-

3 Examples

3.1 f(x,y) =2 +y* —4day
Going back to the case of f(z,y) = z2 + y* — 4zy, we see that, for all (z,y)
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1. for =2
2. fyy =2

3. foy = fya=—4
so the 2nd Derivative Test shows us that we have a Saddle Point as

f22(0,0) f,(0,0) — £, (0,0)2 =22 — (—4)2 = —12 < 0.

3.2 A slightly strange example: f(z,y) = zy — In(z) —

In(y)
In this case, we have that
fo=y—==0 (12)
x
fp=z—=0 (13)
Y

so all we need for our critical point is that (zo,v0) = (zo, %), zg neqO.

So, for our Second Order test,

L fun(20,35) = 32
2. fyy(l'o, %) = % = % — x%
3. fay(zo, =) = fyolmo, 2) =1
and 80 fra(Z0, 3) fyy (0, 30) — fey(To; 32)° = %x% )2 =0

So we in fact have a saddle point every where on this curve!

1 1
3.3 flz,y)=32"+30°—z—y
In this example, we have that
fo=2>—-1=0

fu=9"—-1=0
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so of course, we have 4 critical points to test out:

(l'o,yo) = (1’1)7(17—1)7(_171)7(_1’_1) (16)
Since
fow =2y (18)

we see right away that (1,—1) and (—1,1) are saddle points (as fuz, fyy
differ in sign). Now, (1,1) is a candidate to be a local Minimum. For all
(z,y), we have that f,, =0 = f,,, and so for (1,1),

fee(L, 1) i (1,1) — £y (1,1)2 =252 —(0)2=4>0 (19)

and so we have a local Minimum. For (—1,—1),

faa(=1, =D fi(=1,-1) = faoy (-1, -1)* = 2% =2 - (0’ =4 >0 (20)

and so we have a local Maximum.

4 Homework

Find and classify critical points (local Minimum, Local Maximum, or Saddle
Point) for the following functions:

L. f(z,y) = 2%y

2. f(z,y) = sin(z) sin(y)
3. flz,y) =t

4. f(z,y) = (z —y)?



