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Abstract

The preferential attachment graph G,,(n) is a random graph formed by adding a
new vertex at each time step, with m edges which point to vertices selected at random
with probability proportional to their degree. Thus at time n there are n vertices and
mn edges. This process yields a graph which has been proposed as a simple model of
the world wide web [2]. In this paper we show that if m > 2 then whp the cover time
of a simple random walk on G,,(n) is asymptotic to %nlog n.

1 Introduction

Let G = (V, E) be a connected graph. A random walk W,, u € V on the undirected graph
G = (V, E) is a Markov chain Xy = u, X1,...,X;,... € V associated to a particle that moves
from vertex to vertex according to the following rule: the probability of a transition from
vertex i, of degree d(7), to vertex j is 1/d(i) if {i,j} € E, and 0 otherwise. For v € V' let C,
be the expected time taken for W, to visit every vertex of G. The cover time Cg of G is defined
as Cg = maxyey C,,. The cover time of connected graphs has been extensively studied. It is
a classic result of Aleliunas, Karp, Lipton, Lovdsz and Rackoff [1] that Cg < 2|E|(|V| — 1).
It was shown by Feige [8], [9], that for any connected graph G with |V| = n,

(1—o(1)nlogn < Cg < (1+ 0(1))%713.

The lower bound is achieved by (for example) the complete graph K,,, whose cover time is
determined by the Coupon Collector problem.
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In a previous paper [6] we studied the cover time of random graphs G, , when np = clogn
where ¢ = O(1) and (¢ — 1)logn — oo. This extended a result of Jonasson, who proved in
[12] that when the expected average degree (n — 1)p grows faster than logn, whp a random
graph has the same cover time (asymptoticaly) as the complete graph K,,, whereas, when
np = Q(logn) this is not the case.

Theorem 1. [6] Suppose that np = clogn = logn + w where w = (¢ — 1)logn — oo and
c>1. IfG € @G,,, then whp'

Cg ~ clog (Ll) nlogn.

Cc —

The notation A, ~ B, means that lim, ., A,/B, = 1.

In another paper [7] we used a different technique to study the cover time of random regular
graphs. We proved the following:

Theorem 2. Let r > 3 be constant. Let G, denote the set of r-reqular graphs with vertex set
V =A{1,2,...,n}. If G is chosen randomly from G,, then whp

r—1 |
nlogn.
5 g

Cg ~

r —

In this paper we turn our attention to the preferential attachment graph G,,(n) introduced
by Barabdasi and Albert [2] as a simplified model of the WWW. The preferential attachment
graph G,,(n) is a random graph formed by adding a new vertex at each time step, with m
edges which point to vertices selected at random with probability proportional to their degree.
Thus at time n there are n vertices and mn edges. We use the generative model of [3] (see
also [4]) and build a graph sequentially as follows:

e At each time step ¢, we add a vertex vy, and we add an edge from v; to some vertex u,
where u is chosen at random according to the distribution:

di—1(vi) if U :
Pr(u=v;) = { ?t—l ’ it v; # vr;

2t—-17

(1)

if v; = vy;
where d;_1(v) denotes the degree of vertex v at the end of time step ¢ — 1.

e For some constant m, every m steps we contract the most recently added m vertices
Up(k=1)+1, ---» Umk to form a single vertex k = 1,2, ... .

Let G,,(n) denote the random graph at time step mn after n contractions of size m. Thus
G(n) has n vertices and mn edges and may be a multi-graph. It should be noted that
without the vertex contractions, we generate Gy (mn).

LA sequence of events &, occurs with high probability whp if lim,, ., Pr(&,) = 1.



We will assume for the purposes of this paper that m > 2 is a constant.

This is a very nice clean model, but we warn the reader that it allows loops and multiple
edges, although whp there will be relatively few of them.

We prove
Theorem 3. If m > 2 then whp the preferential attachment graph G = G,,(n) satisfies

2m

Cq ~ ] nlogn.

2 The first visit time lemma.

2.1 Convergence of the random walk

In this section G denotes a fixed connected graph with n vertices. Let u be some arbitrary
vertex from which a walk W, is started. Let W, (t) be the vertex reached at step ¢, let P

be the matrix of transition probabilities of the walk and let Pét)(v) = Pr(W,(t) = v). We

assume the random walk W, on G is ergodic with steady state distribution 7 and note that
d(v)

Ty = 2mn”

2.2 Generating function formulation
Fix two distinct vertices u,v. Let h; be the probability Pr(W,(t) = v) = P (v), that the
walk W, visits v at step ¢t. Let H(s) generate h;.

Similarly, considering the walk W, starting at v, let r, be the probability that this walk
returns to v at step t = 0,1,.... Let R(s) generate ;. We note that ro = 1.

Let fi(u—wv) be the probability that the first visit of the walk W, to v occurs at step ¢. Thus
fo(u—v) = 0. Let F(s) generate f;(u—wv). Thus

H(s) = F(s)R(s). (2)
Let T be the smallest positive integer such that

max PO (z) — m,| <n? fort > T. (3)
e

For R(s) let
Rr(s) = ersj. (4)



Thus Rr(s) generates the probability of a return to v during steps 0, ..., T'—1 of a walk starting
at v. Similarly for H(s), let

Hr(s) = Z hjs’. (5)

2.3 First visit time: Single vertex v

The following lemma should be viewed in the context that GG is an n vertex graph which is
part of a sequence of graphs with n growing to infinity. We prove it in greater generality than
is needed for the proof of Theorem 3.

Let T be as defined in (3) and

T (6)

for sufficiently large constant Kj.

Lemma 4. Suppose that for some constant 0 < 0 < 1,

(a) Hr(1) < (1 —=0)Rp(1).
(b) lmin |Rr(s)] > 0.

s|<14+X

(c) Tw, =o0(1) and Tw, = Q(n~?).

Let
P = R+ O v
ey = 1) (s)
“r Rr(1)(14O(Tm,))’

where the values of the 1 + O(T'w,) terms are given implicitly in (15), (18) respectively. Then

filu—v) = C"’U(lf?ﬁ + O(Rp(1)e™™?) for allt > T. 9)

Proof Write

TpST

R(s) = Rr(s) + Re(s) + 7

where Rp(s) is given by (4) and

Rr(s) =Y (ry—m,)s'

t>T

4



generates the error in using the stationary distribution m, for r; when ¢ > T'. Similarly, let

ST

1—s

H(s) = Hp(s) + Hr(s) + m,
Note that for Z = H, R and |s| < 1+ o(1),

Z(s)| = o(n7?).

(11)

(12)

This is because the variation distance between the stationary and the t-step distribution

decreases exponentially with ¢.

Using (10), (11) we rewrite F(s) = H(s)/R(s) from (2) as F(s) = B(s)/A(s) where

Als) = 7rvsT+(1—s)(RT(s)+fiT(s)),
B(s) = ms’ + (1 —s)(Hr(s) + Hr(s)).

For real s > 1 and Z = H, R, we have
Zr(1) < Zp(s) < Zp(1)s”.
Let s =1+ fm,, where 8 > 0 is constant. Since T'm, = o(1) we have
Zr(s) = Zr()(1 + O(T,).
Tr, =o0(1) and Tw, = Q(n~?) and Ry(1) > 1 implies that
A(s) = (1 = BRr(1)(1 + O(T'm,))).

It follows that A(s) has a real zero at sg, where

Ty

Rr(1)(1+O(Tm,))

SO:1+ :1+p’l}7

say. We also see that
A'(sg) = —Rr(1)(1+O(Tm,)) #0

and thus sg is a simple zero (see e.g. [5] p193). The value of B(s) at s is

B (1)
B(so) = m (1~ gty + OTm)) #0.

Thus, from (7), (8)
B(so) _ e
A/(So) v+U,v

Thus (see e.g. [5] p195) the principal part of the Laurent expansion of F(s) at sq is

fs) — Blso)/ A (s0)

S — 8o

5

(15)

(16)



Note that s is a complex variable in the above equation.

To approximate the coefficients of the generating function F'(s), we now use a standard tech-
nique for the asymptotic expansion of power series (see e.g.[14] Th 5.2.1).

We prove below that F'(s) = f(s) + g(s), where g(s) is analytic in C\ = {|s| = 1 + A} and
that M = maxsec, |9(s)| = O(Rr(1)).

Let a; = [s']g(s), then (see e.g.[5] p143), a; = ¢?(0)/t!. By the Cauchy Inequality (see e.g.
[5] p130) we have that [¢®)(0)| < Mt!/(1 + \)* and thus

o < o = ORr()e ™),
As [s']F(s) = [s]£(s) + [s']g(s) and [s']1/(s — s0) = —1/(s0)"*" we have
$17(s) = 2L 4 oy e ), (20
Thus, we obtain 0
1P (5) = Cup oy + O(Rp(1)e™2),

u,v (1 +pv)t+1
which completes the proof of (9).

Now M = maxgec, |9(s)| < max|f(s)| + max|F(s)] = o(1) + max |F(s)|. Furthermore, as
F(s) = B(s)/A(s) on C we have that

Hr(1)(1+ N+ O0(Tr,) _ Rr(1)et/Er +o(1)
FOls e ot~ 6o

= O(Rr(1)).

We now prove that sq is the only zero of A(s) inside the circle C. We use Rouché’s Theorem
(see e.g. [5]), the statement of which is as follows: Let two functions ¢(z) and v(z) be analytic
inside and on a simple closed contour C. Suppose that |¢p(z)| > |v(z)| at each point of C, then
o(z) and ¢(z) + v(2) have the same number of zeroes, counting multiplicities, inside C'.

~

Let the functions ¢(s),v(s) be given by ¢(s) = (1 — s)Rr(s) and y(s) = m,s” + (1 — s)Rp(s).

()l lo(s)] < THEEA O _ o)

As ¢(s) + v(s) = A(s) we conclude that A(s) has only one zero inside the circle C. This is
the simple zero at sg. O

Corollary 5. Let A;(v) be the event that W, has not visited v by step t. Then under the
same conditions as those in Lemma 4, fort > T,

Pr(A;(v)) = (1i7p)t + O(Rp(1)A"Te/?),



Proof We use Lemma 4 and

Pr(A,(v)) =Y fr(u—v).

Note that Ry(1) = O(1) in our applications of this corollary. In any case Rp(1) < T.

As we leave this section we introduce the notation R, H, to replace Ry(1), Hy(1) (which are
not attached to v).

3 The random graph G,,(n)

In this section we prove some properties of G,,,(n). We first derive crude bounds on degrees.

Lemma 6. For k < (, let dy(k) denote the degree of vertex k in G,,({). For sufficiently large
n, we have:

(a)
Pr(3(k,0),1 <k <l <n: di(k) > (¢/k)*(logn)®) = O(n~3).
(b)
Pr(3k <n'/®: d,(k) < n¥*) = O(n~V'7).
Proof

We consider the model G (NV), where 1 < N < mn. As discussed in [4], in G,,(v), d,(s) has
the same distribution as dy(m(s — 1) + 1) +--- + dy(ms) in G1(N) when N = muv.

Let Dy = dn(1) + -+ dy(k) be the sum of the degrees of the vertices vy, ..., v; in the graph
G1(N), where Dy > 2k. The following is a slight extension of (3) of [4]:
Assume A > 1,k > 1, then

Pr(|Dy, — 2VEN| > 3A\/Nlog N) < N4, (21)
We also need (4) from the same paper: Assume 0 < d < N — k — s, then

(N — k- S)d
(2N — 2k — S)d+1

d—1 .
s+d s+1

= 1— 2

2N—2k—s—dg< 2N—2k—s—z’) 3)

g exp{_d(s+(d—1)/2)}_ (24)

Pr(dy(k+1)=d+1| Dy —2k=35) = (s+d)2° (22)

2N
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(a): Let N = ¢m, and k < N. We first consider the case 1 < k < 100(logn)3. In order to
consider the degree of vertex 1, we additionally allow & = 0 and Pr(Dy = 0) = 1.
Let A = 100(N/(k + 1))*?(logn)? then

Prdy(k+1)>)) < > Pr(dy(k+1)=d+1]|Dy—2k=s)

0<s<N—k
dF1>A
2400(logn)* _
< N? bt =R O 25
< o - HEEE <o, (2

after using (24).

For fixed ¢, and N = m/, define ky = ko(N) = N/log N. Assume 100(logn)® < k < k. We
use (21) with A = 3log,n to argue that

Pr (Dk < 2VEN — 9log,n\/N log N) <nS. (26)
Now kN 100(1 3(log £)?
> 00(logn)*(log ) > logn
81(log,n)?Nlog N — 81(logn)?(log ¢ + logm)
and

N > klog N > klogk > kloglogn
and so (26) implies
Pr <Dk ok < 3\/k:N/2> <nS,

and thus s > 3vkN /2 whp. Arguing as in (25) we deduce that

(10+/N/k(logn)?)(3vkN /2)
2N

Pr(dy(k+1) > 10y/N/k(logn)?) < n ®+ N?exp {— < 2n7".

(27)
When kg < k < N, let N/ = 2Nlog N and n’ = max{n, N'/m}, and now assume that
N'/(2(log N')? < k < N < ko(N’). We use (26), (27) evaluated at N’ together with the fact
that dy (k) is stochastically dominated by daniog v (k) to obtain

Pr(dy(k+ 1) > 10y/N'/k(logn’)?) = O(n'"°).
Using the relationship between G,,(n) and G1(N), part (a) now follows.
(b): Here N = nm, and k < mN'/8. Using (21) with A = 2 we have

Pr(Dy — 2k > 8y/kNlog N) < N™*.

We then use (23) to write

N1/4

d+8/kNlogN VElogn

Pr(dy(k) < N/ < N“1 43 3 08 —0 (14(/’?”) .
£ 2N — 2k — 8/kNlog N — d n

8



Summing the RHS of the above inequality over k& < mN8 accounts for the possible values
of k and completes the proof of the lemma. O

Let
w = (logn)*/3. (28)

Let a cycle C' be smallif |C| < 2w + 1. Let a vertex v be locally-tree-like if the sub-graph G,
induced by the vertices at distance 2w or less is a tree. Thus a locally-tree-like vertex is at
distance at least 2w from any small cycle.

Lemma 7. Whp G,,(n) does not contain a set of vertices S such that (i) |S| < 100w, (i)
the sub-graph H induced by S has minimum degree at least 2 and (iii) H contains a vertex
v > n'/10 of degree at least 3 in H.

Proof Let Z; denote the number of sets S described in Lemma 7, and let s = |S|. Then

Bz <o 35T )

3<s<100w H vu} EE

< 3 Zbgnsz(HnHU—dH(v)/Z
3<s<100w H vES

< o)+ Y (1+ (logn)?) 1/201‘[
3<5<100w ’UGS

< o)+ > (1+(logn)*)DnV2H;
3<s<100w

o(1) + 100w (log n)QOOOO(logn)2/3n—1/20

o(1).

where H, ="

vlv

Explanation of (29): Suppose that 1 < a < # <n. Then

1 3
Pr(G,,(n) contains edge (a, 8)) | da(e) < (8/a)?(logn)?) < %. (30)
Q@
This is because when [ chooses its neighbours, the probability it chooses a is at most
m(logn)3(8/a)/?

Sm(3—D) Here the numerator is a bound on the degree of o in G,,,(f — 1). We are
using Lemma 6 here and the o(1) term accounts for the failure of this bound. Furthermore,
this remains an upper bound if we condition on the existence of some of the other edges of

H. O

This lemma is used to justify the following corollary: A small cycle is light if it contains no
vertex v < n'/1% (it has no “heavy” vertices), otherwise it is heavy.

Corollary 8. Whp G,,(n) does not contain a small cycle within 10w of a light cycle.

9



We need to deal with the possibility that G,,(n) contains many cycles.

10w

Lemma 9. Whp G,,(n) contains at most (logn)'™ wvertices or edges on small cycles.

Proof Let Z be the number of vertices/edges on small cycles in Gy, (n) (including parallel
edges). Then

2w+1

B < ok Y [T @)

ai,...,ap 1=1

2w+1
< o(l)+ Z k(logn)** HE
k=2
= O((logn)™)
and the result follows from the Markov inequality.
Explanation of (31): We sum over the choices ay,as, ..., a; for the vertices of the cycle.
The term (logn)?/(a;a;11)"/? bounds the probability of edge (a;, a;;1) and comes from the
RHS of (30). The o(1) term accounts for the probability it is. O

We estimate the number of non-locally-tree-like vertices.

Lemma 10. Whp there are at most O(n*/>+°)) non-locally-tree-like vertices.

Proof A non-locally-tree-like vertex v is within w of a small cycle. So the expectation of
the number Z of such vertices satisfies

(logn)® 1+ (logn)® i (logn)3
E(Z) <
( ) — Z Z Clobl 1/2 H (akak+1>1/2 E (blbl+1)1/2

0<r<w @0,
3<s<2w+1 bi...
1<i<s

— O(n1/2+0(1)).

The result follows from the Markov inequality.

Here ag, ay, ..., a, are the choices for the vertices of a path from v to a small cycle. The path
ends at b; and the cycle is through by, bs, . . ., bs. O
Lemma 11. Whp there are at most n(logn)™* wvertices v > n/2 which have more than
(logn)''* wertices at distance 3w or less from them.

Proof For a fixed vertex v, the expected number of paths of length < 3w and endpoint

v is bounded by
(logn)? i (logn)® 10w
Z Z 1/21)1/2 H ( 1/2 S (10g n) .

apa
1<r<3w ai,..., Kkt1)

10



The result now follows from the Markov inequality. O

Let
= loglog log n. (32)

We say that v is locally regular if it is locally tree-like and the first 2wy levels of G, form a
tree of depth 2wy, rooted at v, in which every non-leaf has branching factor m.

For j € [n] we let X (j) denote the set of neighbours of j in [j — 1] i.e. the vertices “chosen”
by j, although not including j; recall that loops are allowed in the scale-free construction.
We regard X as a function from [n] to the power set of [n] and so X! is well defined. The
constraint that X ~1(i) = {;j}, means j is the only vertex v > i that chooses i.

Lemma 12. Whp, G,,(n) contains at least n*~°1) locally reqular vertices v > n/2.

Proof Let I, = [n(l—%)m(l—#)) for 1 < k < wy. Let
Jh={jeh: X(j) CI,|X(j)|=mand X (i) = {j} foriec X(j)}.
We require | X (j)| = m so that there are no parallel edges originating from j.
Then for 2 < k < wy we let
Jh={j€l,: X(j)C Je1,|X(j)| =m and X '(5) = {j} foriec X(5)}.
For j € I5, define 7,,.1 = 7 — 1, then
Pr(je J;) =
3 ﬁ mﬁ (1— km ) ﬁ (1— m* ) -m!ﬁ# (33)
{i1<<im}CIh k=1 T=mip+1 2r—1/ - 2r —1 i=1 2mj+ 20— 1
~ ¥ (ﬁ 'k)% i )
fne-cmpen \io i (2g)m

| .
~ e 2 ]

{i1<<im }CI k=1

> (1- 0(1/n)) W (Z im/2> (34)
[L1|™
= gmtm2/2,m" (35)

Explanation of (33)-(35): We sum over the choices iy < iy < -+ < 4y, for X(j). The double
product followed by the single product is the probability that the vertices in set 41,49, ..., %m
are chosen by j and j alone. The term m/! counts the order in which j chooses these vertices
and the final product gives the probability that these choices are made.

11



To see the derivation of (34) we note that for b; > 0

(b1+---+bt)m—<b12+---+bt2)(m)(b1+---+bt)m‘2Sm! > IIoa

2 . A
i1 <o k=1
The line (35) follows by putting i = n/2 and j = n.
So

n

E (|.5]) > o3mEm2/z”

We use a martingale argument to prove that |J5| is concentrated around its mean.

We work in Gy (mn). Let Y1, Y5, ..., Y, denote the sequence of choices of edges added. When
vertex i chooses its neighbour, it does so according to the model (1), and thus selects one of
the existing 2i — 1 edge-endpoints uar.

Fix Y1,Y2,...,Y;, let Y; = (i,v) and let Y, = (7,0) denote an alternative choice of edge-
endpoint v at step ¢. For each complete outcome Y = Y7,Y5,...,Y;_1,Y;, ..., Y., we define
a corresponding outcome Y = ¥1,Y,, ... Yi_y, Vi, ... Y. Let S(i) = {i}. For j > i, )A/] is
obtained from Y; as follows: If Y} creates a new edge (j,v) by choosing one of the |[S(j — 1)|
edge-endpoints at v arising from edges with labels in S(j — 1), ie. edges generated directly
or indirectly from the edge-endpoint of Y;, then Y] chooses the corresponding edge-endpoint
0 to create edge (j,0). If this occurs then S(j) = S(j — 1) U {j}. In all other cases YJ =Y,
and S(j)=S(j—1).

We consider the martingale Zy, 71, ..., Z,, where
Zt:E(‘J2| ‘ Y17)/277Y%)_E(’J2| |}/17Y27"'7}/t—1>‘

The map Y — Y is measure preserving. In going from Y to Y, |.J5|, changes by at most 2,
according to the in-degree of the vertices v, 0.

The Azuma-Hoeffding martingale inequality then implies that

2
Pr(|7.] — B ()] > u) < exp{—2;n}. (36)
It follows that gs?®
12| = E (| a])] < n'/?logn. (37)
Thus gs we have
n
| Ja] = Aon,

= 23m+1+m?2/2

which defines the constant A,.

2A sequence of events &, occurs quite surely (gs) if Pr(€,) =1 — O(n~F) for any constant K > 0.

12



Repeating the argument given for Pr(j € J;), we see that for j € I3
Pr(j € J3 | J2) =

m Migy1 Lm mn m2 m m
> I 1I (1_27—1) 11 (1_27—1)'m!Hm

{i1<++<im }CJo k=1 T=mig+1 i=1

] m
~ m /2
(23)mnm2/2 (ZZ )

1€J2
| Jo|™

= om+m2/2pym’

Thus,
J m
E (4] | ) > — 2

2 e 3l

and given .Jy, gs |.J3| will be concentrated around its mean to within n'/?logn.
Proceeding in this way we find that for 2 < k < wy we have gs

|Jk| > Agn
where for k > 2,

AY

Apr = gmtk+3+m2/2°

and (inductively) Ay, > 271" Tt follows that |.J,| > 271%""n and that |J,,| = n'~°®).

By construction, any locally tree-like vertex of J,, is locally regular. The lemma follows from
the bound on the number of non locally tree-like vertices in Lemma 10. O

3.1 Mixing time

The conductance ® of the walk W, is defined by

o —

ﬂ(?}g}/z d(S)

Mihail, Papadimitriou and Saberi [13] proved that the conductance ® of the walks W are
bounded below by some absolute constant. Now it follows from Jerrum and Sinclair [10] that

[PO() = ma] < (mo/ma)V?(1 — @%/2)". (38)

For sufficiently large ¢, the RHS above will be O(n™'%) at 7. We remark that there is a
technical point here. The result of [10] assumes that the walk is lazy, and only makes a move

13



to a neighbour with probability 1/2 at any step. This halves the conductance but we still
have
T = O(logn) (39)

in (3). The cover time is doubled. Asymptotically the values R, are doubled too. Otherwise,
it has a negligible effect on the analysis and we will ignore this for the rest of the paper and
continue as though there are no lazy steps.

Notice that Lemma 6 implies m, = O((logn)?n~"/2) and so together with (39) we see that
Tr, =o(1) and Tw, = Q(n"?) (40)

for all v € V', as required by Lemma 4.

4 Cover time of G,,(n)

4.1 Parameters

Recall that the values of w, wy are given by (28), (32) respectively.

Assume now that G,,(n) has the following properties: (i) there are n'=°() locally regular
vertices, (i) d(s) > n'/* for s < n'/1% (iii) no small cycle is within distance 10w of a light
cycle, (iv) there are at most (logn)'% vertices on small cycles and (v) there are at most
n(logn)™ vertices v > n/2 which have more than (logn)'* vertices at distance 3w or less
from them.

Consider first a locally regular vertex v. It was shown in [7] (Lemma 6) that R, = “= +o(w™!)
for a locally-tree-like vertex w of an r-regular graph. We obtain the same result for v by putting
r =m + 1. Note that the degree of v is irrelevant here. It is the branching factor of the rest
of the tree G, that matters.

Lemma 13. Suppose that v is locally-tree-like. Then

(a) R, <20 4 o(1).

. . d(v)(m+m~1-1
(b) d(v) > m+1 implies R, < d(v)(éﬁ;j_g)_m)_lﬂ +o(1)

(c) If v is locally regular then R, = -5 + o(1).

Proof We first define an infinite tree T by taking the tree 7 defined by the first w + 1
levels of GG, and then rooting a copy of the infinite tree 7> which has branching factor m
from each leaf of 7). This construction is modified in the case that v is locally regular. We
now let 1) be made up from the first wy levels. Thus if v is locally regular, 7;' is an infinite
tree with branching factor m, rooted at v.

14



Let R} be the expected number of visits to v for an infinite random walk W, on T}, started
at v. We argue first that
|R, — R;| = o(1). (41)

Let r; = Pr(W;(t) = v). Then

T [e%S)
IR, — R)| < Z re + Z ry

t=w+1 t=w+1
< o(l)+ Z e for some constant a > 0 (42)
t=w+1

= o(1).

(When v is locally regular, the sums are from wy + 1.)

Explanation of (42): We prove that ZtT:wH r, = o(1) via (38); replace r, by 7, + O(¢")
for some constant ( < 1. For the second sum we project the walk W onto {0,1,2,...,} by
letting X'(t) be the distance of W} (t) from v. The degree of every vertex in 7.7 is at least
m and if a vertex has degree exactly m then its immediate descendants have degree at least
m + 1 and so we see that for any positive A < 1/2 and ¢ > 0 we have

m—1 _,  2m—1 1

E (e~ MX@t+2)-X(20)) | y (94 < —- 13
(e | X(2t)) < ma1s m(m+1)+m(m+1)€ )
1 1 1
< = —9\ - ~ 02X
= 36 + 2 + 66
1 9 1 1 2
< (=204 40 4 o (14204 4X)
< M-V, (44)

We take A = 1/12 and a = A(1 — 6))/3 = 1/72.

Explanation of (43) If W) (t) = w and the degree of w is m then all of w’s neighbours in 7}'
have degree at least m + 1. The expression on the RHS of (43) gives the exact expectation if
either (i) the degree of w is m and all its neighbours have degree m + 1 or (ii) the degree of w
is m 4+ 1 and all neighbours have degree m. This situation minimizes the expectation, since
the higher the degree the more likely it is that X increases.
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It follows from (44) that

t—1
E(ef/\X(2t)) - E <H€)\(X(2T+2)X(2T))>
=0

t—2
= E (E (e—A(X(2t)—X(2t—2)) | X (2t — 2))H6—A(X(2T+2)—X(2T)))

=0
t—2
< e °E (H e/\(X(2T+2)X(2T))>

Thus
3, =Pr(X(2t) =0) =Pr(e ¥ > 1) <E (e ¥®) < e

and (42) follows.
Let b, w € T} be the branching factor at w i.e. b, = d, and b,, = d,, — 1 if w is not the root.

Let T, be the sub-tree of T rooted at vertex w. (Thus T, = T7). Let p,, denote the probability
that a random walk on T}, which starts at w ever returns to w. Our aim is to estimate p, and

use
1

1—py
Let C'(w) denote the children of w in 7). We use the following recurrence: The parameter k
counts the number of returns to z, for z € C(w).

po = 1= Y 2(1——) (pm(l—di))k(l—pz) (46)

zeC(w) k>0

(1 - @) (1= pz)

ng( ) 1—px<1—é>

o i

Z b+1 poby (47)

mEC

R, =

v

(45)

—_
|

=

E

Explanation of (46): For each = € C(w), 1/b, gives the probability that the walk moves
to x in the first step. The term 1 — 1/d, is the probability that the first step from z is away
from w. Then the term p,(1 — 1/d,) is the probability that the walk returns to z and does
not visit w in its first move from x. We sum over the number of times, k, that this happens.
The final factor 1 — p, is the probability of no return for the k + 1th time.
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We see immediately that if 777 is a regular tree with branching factor m > 2 then, with p,, = p

for all w,
1
P = m andhencep: E
and this deals with the locally regular case. (The solution p = 1, which implies R} = oo is
ruled out by (42) which implies R} < c0).

If w is in the first w levels let b, = b, + b, where b} is the number of children w’ of w in T,
with w > w’ i.e. w chose w' in the construction of G,,(n). If w is at a higher level, we take
by = bl =mand b, = 0.

We will now prove the following by induction on w + 1 — ¢,,, where £,, < w + 1 is the level of
w in the tree.:
(a) b, =m — 1 implies p,, < =.

m

(b) b$:m,b;Zlimpliespwgi(l_i_bw;m).

m+m—1-1

(¢) by = b} =m implies p,, < L.

(d) bf =m—1,b, >1 implies p,, < ;- (m—l 4 bu )

m m+m—1-1

The base case will be £,, = w + 1. For which, Case (c¢) applies and the induction hypothesis
holds from the locally regular case.

The lemma follows from this since only cases (b),(c) can apply to the root v, in which case
b, = d(v).

Let us now go through the inductive step. Let us assume these conditions apply to z € C(w).
Then case by case, the following inequalities will hold:

(@) by+1—byp, >m—+~—1.

(b) by +1—bype > m+ (by —m) (1 — —=—) >m.

(c) by +1—byp, >m.

(A) b+ 1=bypp >m+ k=140, (1 - ss—) >m+ & — 1.

Case (a): In this case b, = b} and only cases (b),(c) are possible for x € C(w). In which
case b, + 1 — byp, > m for x € C'(w) and then (47) implies that p,, < 1/m.

Case (b): In C(w) we have b} = m cases of (b) or (c) and b, cases of (a) or (d). In the first
case we have b, + 1 — b,p, > m. In the second case we have b, + 1 — byp, > m +m~! — 1.

Thus
<t umm
'Ow_bw m+m-t—1/)"
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Case (c): This follows as in Case (a).

Case (d): In C(w) we have m — 1 cases of (b) or (c) and b, cases of (a) or (d). Thus

<1 m—1+ b,
pw_bw m m+m-1—1

as is to be shown. O

We deal with non-locally-tree like vertices in a somewhat piece-meal fashion: We remind the
reader that if GG, is not tree-like, then it consists of a breadth-first tree T, of depth w plus
extra edges F,. Each e € FE, lies in a small cycle o.. If one of these cycles is light, then G,
must be a tree plus a single extra edge, see Corollary 8. Otherwise, all the cycles o, are heavy.
G, may of course contain other cycles, but these will play no part in the proof.

Lemma 14. Suppose that either

(i) G, contains a unique light cycle C,, that v ¢ C, and that the shortest path P = (wy =
v,wi, ..., wg) from v to C, is such that max{d(w),...,d(w)} > w3, or

(ii) the small cycles of G, are all heavy cycles. Then

(a) R, < 40 4 o(1)).

— m—1

(b) d(v) > m+1 implies R, < d(v)(ilv(mﬂgrrzn—til;):-_n}b)—l—l +o(1)
Proof
(a) Let w be the first vertex on the path from v to C, which has degree at least w®. Let G,
be obtained from G, by deleting those vertices, other than w, all of whose paths to v in G,
go through w.(By assumption there are one or two paths). Let R! be the expected number
of returns to v in a random walk of length w on G! where w is an absorbing state. We claim
that

R, <R, +0O(w™). (48)

Once we verify this, the proof of (a) follows from the proof of Lemma 13 i.e. embed the tree
H'v in an infinite tree by rooting a copy of T>° at each leaf. To verify (48) we couple random
walks on G,,G) until w is visited. In the latter the process stops. In the former, we find
that when at w, the probability we get closer to v in the next step is at most w2 and so the
expected number of returns from now on is at most w x w™ and (48) follows.

(b) Now consider the case where the small cycles of G, are all heavy. We argue first that

a random walk of length w that starts at v might as well terminate if it reaches a vertex

w < n'/1% w # v. By the assumptions made at the start of Section 4.1 we can assume

d(w) > n'/%. Now we can assume from Lemma 9 at least ng = n'/* — (logn)'* of the T,

edges incident with w are not in any cycle o, contained in GG,. But then if a walk arrives
)

at w, it has a more than vzl chance of entering a sub-tree T,, of G, rooted at w for which

every vertex is separated from v by w. But then the probability of leaving T, in w steps is

18



O(w(logn)' /n'/*) and so once a walk has reached w, the expected number of further returns
to v is o(w™'). We can therefore remove T,, from G, and then replace an edge (z,w) by an
edge (r,w,) and make all the vertices w, absorbing. Repeating this argument, we are left
with a tree to which we can apply the argument of Lemma 13. a

Note that if v € Vg then no bound on R, has been established:

Ve ={v: G, contains a unique light cycle C, and the path from v to C,

contains no vertex of degree at least w3}

However, for these it suffices to prove

Lemma 15. If v € Vg then R, < 2w.

Proof We write, for some constant ¢ < 1,

R, = Y r+ Y (m+0(h)
t=1 t=w+1
< w+o(w)

and the lemma follows. O

We remind the reader that in the following lemma, X is defined in (6) and Rr(s) is defined in

(4).

Lemma 16. There exists a constant 0 < 6 < 1 such that if v € V then |Rp(s)| > 6 for
|s| <1+ A

Proof Assume first that v is locally tree-like. We write
Rr(s) = A(s) +Q(s)
1
= 1—73(8) + Q(S) (49)

Here A(s) =Y a;s' where a; = r} is the probability that the random walk W is at v at time
t (see Lemma 13 for the definition of W¥). B(s) = >_ bys' where b, is the probability of a first
return at time ¢. Then Q(s) = Q1(s) + Q2(s) where

T
Qi(s) = Z(rt—at)st
t=w+1
Qa(s) = — Z as’.

t=T+1



Here we have used the fact that a; = r; for 0 <t < w.
We now justify equation (49). For this we need to show that
|B(s)| < 1 for |s|] <1+ A, (50)

We note first that, in the notation of Lemma 13, B(1) = p, < 1. Then observe that b, < a; <
e~. The latter inequality is proved in Lemma 13, see (42). Thus the radius of convergence
pp of B(s) is at least e®, B(s) is continuous for 0 < |s| < pg, |B(s)| < B(]s|) and B(1) < 1.
Thus there exists a constant € > 0 such that B(s) < 1 for |s|] < 1+ e. We can assume that
A < e and (50) follows. We will use

1 1

1

L > > - _ ‘
The lemma for locally tree-like vertices will follow once we show that |Q(s)| = o(1). But,
using (38),

T
@) < A+NT Y (e e ) = 0(1)
t=w+1
Q(s)] < D (e (1+A) = o(1).
t=T+1

For non tree-like vertices we proceed more or less as in Lemma 14. If v ¢ Vp then we truncate
G, at vertices of degree more than n'/4, add copies of T, at leaves and then proceed as above.

If v € V let T}y be the graph obtained by adding 77°° to all the leaves of GG,. Thus 7}’ contains
a unique cycle C' = (x1,29,..., 7, x1). We can write an expression equivalent to (49) and
then argument rests on showing that B(1) < 1 and as < (¢* for some ¢ < 1. The latter
condition can be relaxed to a, < e°*)(*, allowing us to take less care with small s.

B(1) < 1: If m > 3 thereis a > 1 — % probability of the first move of W, going into an
infinite tree rooted at a neighbour of v and then the probability of return to v is bounded
below by a positive constant. The same argument is valid for m = 2 when v ¢ C. So assume
that v € C and that T consists of C' plus a tree T; attached to z; for i =1,2,... k. Here T;
is empty (if degree of x; is 2) or infinite. Furthermore, T; empty, implies that T;_1,7T;,; are
both infinite. Thus the walk W} has a constant positive probability of moving into an infinite
tree within 2 steps and then never returning to v.

as < e°®)¢s: If C is an even cycle then we can couple the distance X; of W*(¢) to v with a
random walk on {0,1,2,...,} as we did in Lemma 13. If C' is an odd cycle let wy, ws be the
vertices of C' which are furthest from v in T0F. If W*(t) # wy, wy then E (X0 —X;) > 1/6 and
otherwise E (X;12 — X¢) > 0. Thus E (X4 — X;) > 1/6 always and we can use Hoeffding’s
theorem. a

Lemma 17. Ifv € V and its degree d,,(v) < (logn)? then H, < CR,+o0(1) for some constant
C<1
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Proof As in Section 2.1 let f; be the probability that W, has a first visit to v at time t.
As H(s) = F(s)R(s) we have

H, < Pr(W, visits v by time T'— 1) R,

T
= Rv th
t=1

We now estimate Zthl f+, the probability that W, visits v by time 7. We first observe that
(38) implies

S A< Y (((ogn)?/m) e 2 4 1) = o(1).

t=w+1 t=w+1

Thus it suffices to bound )", , f;, the probability that W, visits v by time w.

Let vy, vs,...,vx be the neighbours of v and let w be the first neighbour of v visited by W,.
Then

k
Pr(W, visits v by time w) = Z Pr(W, visits v by time w | w = v;)Pr(w = v;)
i=1

k
< Z Pr(W,, visits v by time w)Pr(w = v;).

i=1
So it suffices to prove the lemma when u is a neighbour of v.

Let the neighbours of v be uy,us,...,uq, d > m and v = uy. If u is locally tree-like than we
can write qo1

Pr(W, does not visit v by time w) > Py o(1) > 0. (51)
Here p is a lower bound on the probability of not returning to u in w steps, given that
Wi, (1) # v. We have seen in the previous lemma that this is at least some positive constant.

If u ¢ Vg then we truncate H, as we did in Lemma 14 and argue for (51).

If u € Vg and there exist neighbours wy, .. ., ux say, which are not on the unique cycle C' of H,
then there is a probability k/d that W;(1) = u; for some ¢ < k and then the probability that
W,, does not return to u; in w steps is bounded below by a constant. The final case is where
m =2, d,(u) = 2 and u, uy,v are part of the unique cycle of H,. But then with probability
1/2 W,(1) = uy and then with conditional probability at least 1/3 x = W, (2) is not on C' and
then the probability that W, does not return to = in w steps is bounded below by a constant.

O
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4.2 Upper bound on cover time

Let tg = (%nlog n|. We prove that whp, for G,,(n), for any vertex u € V., C,, < to+ o(to).

Let Tt (u) be the time taken to visit every vertex of G by the random walk W,. Let U; be the
number of vertices of G which have not been visited by W, at step t. We note the following:

C,=E (Tew) = > Pr(To(u) > 1), (52)
Pr(Tg(u) > t) =Pr(Tg(u) >t —1) = ;I(‘)(Ut_l > 0) < min{l,E U;_4}. (53)
It follows from (52), (53) that for all ¢
C,<t+1+Y E(U)=t+1+Y Y Pr(A,(v)) (54)
s>t veV s>t

where A (v) is defined in Corollary 5.
For vertices v satisfying Corollary 5 we see that
R, _ 9
> Pr(A,(v)) < (14 0(Tw,))—2e HHOTmDIm/Re . O(X2e72/2), (55)
s>t Mo
The second term arises from the sum of the error terms O(A\~!e=**/2) for s > ¢.

Recall that Vg is the set of vertices v such that G, contains a unique light cycle C, and the
path from v to C, contains no vertex of degree at least w?.

We write V =V, UV, U Vs where V; = (V \ V) N{d,(v) < (logn)?}, Vo = {d,(v) > (logn)?}
and V3 = VN {d,(v) < (logn)?}.

Let t; = (1 + €)ty where ¢ = n~!/3 can be assumed by Lemma 6 to satisfy T'r, = o(e) for all
veV -V,

If v ¢ Vp then by Lemmas 13(a) and 14(a),

2m 2 loen dlv) m-—1
m—1" %" omn d(v)

t1(1+O(Tm,))my/Ry > = logn. (56)

Plugging (56) into (54) and using R, < 5 (Lemmas 13 and 14) and m, > 5~ for allv € V'\ V3
we get

> > Pr(A,(v)) < 10n. (57)

veEV] 52>11

Suppose now that v € V4 ie. d,(v) > (logn)?. After a walk of length T there is an
Q((logn)?/n) chance of being at v. Thus for some constant ¢ > 0 and s > t;, we have

Pr(A, (1)) < (1 - @) - {—(;%gn”)} |
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Thus

S S Pr(Aw) < Y ew {‘W}

veVa s>t s>t
3Tn? cty(logn)?
Vet N o(1). 58
c(logn)? exp{ 2Tn o(1) (58)

It remains to deal with v € V3. We first observe that
V| < (logn)'™w™ < (wlogn)'™
and from Lemma 15 and (55) we have

ZZPr(AS(U>) < (wlogn)'® (2nwe™ (L+o(1)tam/(20) | ()2 7,\t1/2))

veEV3 s>t

= o(n). (59)
Thus combining (57) with (58) and (59) gives
Cu <t + O(TL) =1tp+ O(t0)7

completing our proof of the upper bound on cover time.

4.3 Lower bound on cover time

For some vertex u, we can find a set of vertices S such that at time ¢; = to(1 —€), € — 0, the
probability the set S is covered by the walk W, tends to zero. Hence T (u) > t; whp which
implies that Cg > to — o(ty).

We construct S as follows. Let S be some maximal set of locally regular vertices such that
the distance between any two elements of S is least2w + 1. Thus |S| > ne="“ (logn) 11« >
n(logn)=12«.

Let S(t) denote the subset of S which has not been visited by W, after step t. Now, by
Corollary 5, provided ¢t > T

E(IS0) > (1—o(1) Y (W ' o<n2>) |

vES

Let u be a fixed vertex of S. Let v € S and let Hy(1) be given by (5), then (38) implies that

T—
< Y+ ) o), (60)
t=w
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R, >1and 5o ¢y, = 1 —o(1). Setting t = t; = (1 — €)ty where € = 2w™!, we have

E (|S(t)]) > (1 + o(1))|S]e” (1= ore

1 B
[ logn

2m m m—1
=(1 1 1 — 12wlogl — (1 1)(1—
(1+of1)) exp {logn — 120 Toglogn — 1+ o(1)(1 — 02" e

> nl/e, (61)

Let Y, ; be the indicator for the event A;(v). Let Z = {v,w} C S. We will show (below) that

that for v,w € S
Cu,z

(1 _|_pZ)t+2
where ¢,z ~ 1 and pz ~ (m —1)/(mn) ~ p, + py. Thus

E (K),tlywil) - + 0<n_2)7 (62)

E (}/”U,tly’w,tl) = (1 + 0(1))E (}/”U,h)E (Yw,tl)

which implies

E (ISE)I(SE)] = 1)) ~ E (S()DE (1SE)]) = 1). (63)
It follows from (61) and (63), that
Pr(s(t) £0) > DU _ : —1—o(1)

2)  E(SE)|(S(t)[-1)) -
B (5(0)P) ~ EELISEED | ([5(r,)])1
Proof of (62). Let I' be obtained from G by merging v, w into a single node Z. This node
has degree 2m.

There is a natural measure preserving mapping from the set of walks in G which start at u
and do not visit v or w, to the corresponding set of walks in I" which do not visit Z. Thus the
probability that YV, does not visit v or w in the first ¢ steps is equal to the probability that
a random walk W, in I" which also starts at u does not visit Z in the first ¢ steps.

We apply Lemma 4 to I'. That 7, = = is clear, and ¢,z = 1 — o(1) is argued as in (60). The
vertex Z is tree-like up to distance w in I'. The derivation of Ry in Lemma 13(c) is valid.
The fact that the root vertex of the corresponding infinite tree has degree 2m does not affect
the calculation of R7,. O
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