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Abstract

A model of commodity trading consists of n traders, each bringing
to the market his own individual good, and each having his own pref-
erence for the goods on the market. The trade results in a so-called
core allocation, that is, an exchange of goods which cannot be desta-
bilized by a coalition of traders. Shapley and Scarf, who proposed
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the model, proved the existence of such an exchange by means of an
algorithm invented by Gale. The algorithm determines sequentially
a cyclic decomposition of the set of traders into trading groups with
equally priced goods that satisfies the stability requirement. In this
paper the work of the algorithm is studied under an assumption that
the traders’ individual preferences are independent and uniform. It is
shown that the decreasing sequence of the market sizes has the same
distribution as a Markov chain {»;} on integers in which the next state
V' is obtained from the current state v by randomly mapping [v] into
[v] and deleting all the cycles. The number of steps of the algorithm
is proved to be asymptotically normal with mean and variance both
of order n'/2.

1 Introduction

Shapley and Scarf [17] discussed a model of commodity trading which can
be summarised as follows: there are n traders and trader j brings to market
an indivisible good v;, say. At the end of trading, trader j will depart with
good 7,(;), where 7 is a permutation on [n] = {1,2,...,n}. 7 is referred to

as an allocation.

Each trader orders the goods v;,j € [n], in some order of preference. Let
m; denote the permutation on [n] induced by the trader j’s preferences, i.e.,

trader j prefers v t0 Vr,4+1) for i € [n —1].

The main question discussed by Shapley and Scarf was as to the existence
of an allocation with the following property: there does not exist a non-
empty set (coalition) of traders S C [n] who can, by changing their choices,
enforce an allocation in which each of them strictly improves on his own
outcome. An allocation with these properties is said to be a core allocation.

Shapley and Scarf showed that core allocations exist. They also describe a



simple algorithm for computing a core allocation. The algorithm’s invention

is credited to David Gale.

Let t stand for a tentative allocation which will be amended throughout the
algorithm. Initially ¢(j) = m;(1) for j € [n]. In other words each trader
makes a bid for the good at the top of his/her preference list. The functional
digraph! of ¢ splits into disjoint (weak) components. Each component con-
tains a unique directed cycle. We assign 7(j) = t(j) for each j which lies
on a cycle. The vertices C' of these cycles are then removed and this leaves
a rooted forest. (The traders holding the goods C' achieve the best possible
results by trading among themselves, ignoring the rest of the traders and
their goods.) If z is a root of this forest then ¢(z) € C, but this good has
already been claimed. Therefore ¢(z) is redefined as the good most desired
by z in C' = [n]\ C. Thus now ¢ defines a function from C to C. We repeat
the process by removing the new cycles and so on, until all vertices have been

removed and 7 has been completely defined.

We will now repeat this description a bit more formally in order to introduce
notation used in the rest of the paper. Thus we consider the algorithm to
proceed in stages. At the start of Stage ¢ there is a set V; C [n] such that
if j € N; = [n] \ N; then 7(j) has been determined; initially, N; = [n]. For
j € N; we let
fi(7) = min{u : 7;(u) € N;}

i.e., fi(j) points to the good in N; that is most desired by trader j and
fi(4) = m;(1) for j € [n].

Now let D; = (N;, A;) be the functional digraph of f;, i.e., A; = {(z, fi(z)) :

!The digraph with vertex set [n] and edges (i, t(i)) for i € [n].



x € N;}. D; can be described as a collection of vertex disjoint cycles C; with
C; = V(C;), plus a rooted forest F;;; on N;1; = N; \ C;. The roots K;iq
of F;,, are precisely those vertices in = € N;;; which have f;(z) € C;. An
iteration consists of assigning 7(z) = f;(z) for x € C; and then replacing N;
by Nii1. The definition of f;,; implies that f;1(z) = fi(z) for x € N; 11\ Ki11
and it is only f;,1(z) for z € K;,; that needs to be re-computed. The process

continues for r iterations until the first time we find N,,; = 0.

It is not hard to show that 7 belongs to the core. In fact 7 is the only core
allocation. (The uniqueness of a core allocation was first observed by Roth
and Postlewaite [15]; see also Roth [14]) The outcome of the algorithm is
the partially ordered set of cycles (trading groups) that allows formation of
competitive prices as follows. The goods eliminated at the same iteration are

priced equally, and higher than the goods eliminated at any later iteration.

In this paper we elucidate some of the characteristics of a typical run of this
simple but fundamental algorithm. To do this we define a probability space
on the set Q = S = {(my,m9,...,m,)} of possible sequences of preference
permutations. We will assume each sample point of 2 is equally likely, i.e.,
71,2, - - -, T are independent random permutations on [n]. At first glance
this distribution seems highly unrealistic as most traders would not be ex-
pected to exchange expensive Champagne for cheap table wine. Clearly
though, the goods are being traded in the same market precisely because
some of the traders may prefer other traders goods to their own. This makes
the uniformity assumption more palatable. Besides, no obvious alternative
distribution is in sight. Also our results, especially Theorem 1 are rather
precise and so we hope that what we may lose in reality, we make up for in

depth of analysis.



Our first theorem concerns the number of iterations of the process. So let
Xp = Xp(m1,mg, ..., m,) denote the number of iterations in a particular in-

stance. We prove the following central limit theorem:

Theorem 1 (a) E(X,,) = \/gnl/Q — 3logn+ O(1).
(b) Var(X,) = (3%; _2[) 12 4 o(n'/?).

(c) X = ( Bpl/2 /\/ g’jjgé; - 2\/7 nl/2 converges in distribution,
and with all the moments, to the standard normal variable N'(0,1) with mean

zero and variance one, i.e., E((X})Y) — E((N(0,1))), for £=0,1,....

Thus, with high probability, there are about \/8n/7 classes of equipriced
goods.

Our second result concerns the total number Y, of cycles formed during the
algorithm. In the light of the discussion above this is the number of trading
groups formed by the allocation process. Our study is not as comprehensive
as that for X,,: as yet we can only obtain the limiting behaviour of the

expectation.

Theorem 2

E(Y,) = V21n + O(logn).

The proof shows that on average about 7/2 cycles are deleted at each itera-
tion, except for the terminal iterations. Thus the average number of cycles
deleted per iteration is bounded and this surprising fact deserves a heuristic
explanation. At each stage the average number of cyclic vertices is O(y/v)

(v denotes the number of vertices left). The average degree is bounded and



so the average number of trees in the forest left after the deletion of cycles
is O(y/v) too. Now Pavlov [9] has shown that a uniform random forest on
v vertices with O(y/v) trees has giant tree(s). Assuming that most of the
forests produced by the algorithm are close to being uniform, we are led to
the conclusion that in a typical iteration the dangling roots are likely to be
mapped into these large trees. Hence, there will likely be few cycles after the

re-selection made by the roots.

Our final result concerns the ranks of the goods chosen by the traders. Sup-
pose trader i goes away with the good which is the R(¢)’th on his list. Let
R, =7, R(3).
Theorem 3

(3 +o(1))nlogn < E(R,) < (1+ o(1))nlogn.

In fact R, > (% — €)nlogn with subexponentially high probability, for every
fixed € > 0, that is

1 e
P(Rn > <§—e)nlogn> >1—e™, c=c(e) >0.
Note: Here (and elsewhere) we use the word “subexponentially” to un-
derscore the fact that the probability of the complementary event {R, <

(0.5 — €)nlogn} converges to zero at a rate somewhat slower than, but not

too far from, an exponential rate.

2 Markov chains

The algorithm produces a random sequence Fy, Dy, Fy, ..., F.., of forests

of rooted trees and their functional digraphs, so {F;} is a “forest-valued”
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Markov process. Fj consists of the unique (trivial) forest consisting of n
isolated vertices. Denote the set of roots of F; by K;, and the vertex set of

F; by N;. The process can be summarised:
F; — D;: each vertex v € K; chooses a random neighbour ¢;(v) € N;,
D; — F;,1: delete the cyclic vertices Cj.

As mentioned previously Fj is trivial and f; = ¢; is randomly chosen from
the n™ functions in [n] — [n|. It would be simpler if we could say “f; is
always a random function, given N;”. This is not true. However, as we
shall see (Corollary 2), the Markov chain {F;} induces a simpler Markov
chain {(n;, k;)} where n; is the number of vertices of F; and k; is the number
of its components. This is not at all obvious and without this Markovian
property it would be difficult, not to say impossible, to do any non-trivial
analysis. Even more surprising is the fact (see Lemma 2) that the transition
probability from (n;, k;) to (nii1, kiv1) is independent of k;. This allows us
to prove that the sequence {n;} is also a Markov chain. The study of the
transition probabilities of this final chain throws up a curious interpretation
(Remark 1) of this part of the process as a simple urn model, with an unusual

sampling procedure.

Let Fn denote the set of rooted forests with vertex set N and k trees.

Lemma 1 Given (Nj, kj),j = 1,2,...,i, F; is a random member of Fn,

for all i > 1, that s, the conditional distribution of F; is uniform.

Proof We prove this by induction on . It is trivially true for z = 1. Fix
’i, Ni—|—1 g Ni, KR = ]fz', A= ki—|—1a and denote v = n; = ‘Nz‘, M =TNj41 = ‘N'H—l‘-

We start by showing that each forest ' € Fy, arises from the same

+1,ki4+1
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number of pairs (F’, ¢) where F' € Fu, i, and ¢ maps the roots of F’ to its

vertices. Given F' we can construct all such pairs by

(a) choosing t old roots from N, for some t € [p],
(b) choosing k — t old roots from N; \ N;;1,

(c) choosing a permutation of N; \ N;y1, each cycle of which contains at

least one old root from (b),

(d) choosing a mapping of the A new roots to NV; \ N;1.

This gives a total number of choices as

iy = 3 () )(K_fj) (St ) -

which is independent of F'.

Note: It is known (Lovész [6], Exercise 3.6) that the total number of permu-
tations of [a] such that each cycle contains at least one element of [5] C [¢]

is ga!. This explains the third factor in the sum.

If Fe ‘7:N¢+1,k

the process {F;} implies — via conditioning on F; — that

., then the inductive assumption and the Markov property of

1

P(E+1:F|(N1,l€1),...,(Ni,ki)): Z P(E+1:F‘E:FI)

EJ:Ni’ki




Now, let ¢; be the random mapping of the roots of F; into the set V;, and
let ¢ be a generic mapping of that sort. Since conditioned on F; = F’, the
mapping ¢; is uniform, we get

1

Pl =PIl =F) = g3 P(F = FIE=F, 6= ¢)
? o]

The conditional probability in the sum is 1 or 0, dependent upon whether
the forest F' arises from the pair (F’, ¢) or not. As we know, the number of
such pairs depends only on k;, k;.1, |N;|, and |N;;1]. Therefore we obtain

a(|Nil, ki; [ Niga|, kig1)
|‘7:Ni,ki| : |Nl|k’

P(Fii1=F|(N1,k1),...,(Ni, ki) =

Thus this probability is independent of F' € Fy,,, k,,,- But then so is

P(Fii1=F | (N1,k1),. .., (Niy1, kit1)), since it equals the ratio of the above
probability and P(E+1 € ’,FNi+1,ki+1 | (Nl, kl), ey (Nz; kz)) a

Corollary 1 The random sequence (N;, k;) is a Markov chain.

Proof Slightly abusing notation

P((Nit1, ki+1) | (N1, k1), -, (Ni, ki)
— 3> P(F | (Nv, k), ..., (Ni, k)

FeFN; 1.k

= Z Z P(F,FI| (Nlakl)a"'ﬂ(Ni’ki))
FEfNi+1aki+1 Fle}"Ni,ki

= Z Z P(F| (Nlakl)a---7(Ni71aki*1):Fl)P(Fl | (Nl’kl)""’(Ni’ki))
FefNi+1,ki+1 F’E]:Ni,ki

= Z Z |fN¢,ki‘_1P(F | FI)’
FEfNi+1,ki+1 F’EfNi,ki

which depends only on N;, ki, Nii1, kiy1. .
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Now, by symmetry, given (ni, k1), (no, k2), ..., (n;, k;), the set N; is chosen
uniformly at random from among all of the (:ﬁ) possible sets. So, using both
Corollary 1 and the argument which proves it, we establish the following

result.
Corollary 2 The random sequence (n;, k;) is a Markov chain.
We need to determine the one-step transition probabilities

P, K5, A) = P(niyr = p, kiyr = X[ ng = v, ki = k).

The following lemma does this.
Lemma 2

AL V!

for1<p<v,1<k<rv1<A<u, andp(v,k;0,0) =v!/v”.

Proof It follows from Lemma 1 that

©
p(]/,l{; lj'a/\) = Ta

where

is the number of ways of choosing a forest in F},;, and then choosing a
mapping from its roots to its vertices. [The middle factor in Y is the number
of forests on [v] with k rooted trees, each of which contains one of a prescribed

set of k vertices as its root, (see Moon [8], for instance).] Furthermore

o = (B <[ () (-]
Kﬂ) (z;) w—“l . [(K - 1) (v — W)l — u)*]
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is the number of choices which lead to a forest F' with u vertices and ) trees.

Explanation: © = the number of ways to choose a forest of A rooted trees
on a subset of y vertices and then go back to a forest from i, (see the

proof of Lemma 1). O

Notice the remarkable fact that the RHS of (1) does not depend on . This

means that {n;} is also a Markov chain! So now let
Pvyp = P(ni1=p|n; =v).

Taking an arbitrary choice for x in (1) and summing over A we obtain

o = PV, K, N)

As a partial check

v v v—1
Spp = [T
p=1 pu=0 :

Remark 1 As already mentioned our process is intimately connected to a
curious urn model: suppose we have v balls numbered 1 to v in an urn. We
repeatedly and randomly select a ball from the urn, note its number and then
replace it in the urn. The process continues until a ball is selected which has

been selected before. Then all balls which have been selected are thrown
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away. Let y be the number of balls left. A simple computation reveals that
Pv,u 18 equal to the probability that there are p balls left in the urn. Call the
removal of the v — y balls one iteration of the urn model. We can now apply
the same procedure to the y remaining balls. Let X, denote the the number
of iterations before the urn becomes empty. It is clear from our observation

about p, , that X, and X, have the same distribution.

Some of the mystery may be explained by the fact that since p(v, k; u, A) is
independent of k we may as well assume k = v and then we see that v — pu is
distributed as the number of cyclic vertices in a random functional digraph,

regardless of the number of trees in the forest! So in particular
v—1
Z HPu,y =V — CV1/2 + O(l)a (3)
u=1

where ¢ = y/7/2 — see, for example, Bollobds [1], Theorem XIV.33(wvi).

So the Markov chain {n;} has the same distribution as a Markov chain {v;}:
here v;;; is the number of elements of the set [v;] left when we delete all
the cyclic vertices of a random mapping ¢; from [v;] to [1;]. But the cyclic
decomposition of N; \ N;y; in the algorithm and the cycles of the random
mapping ¢; are typically quite different. Indeed, for large v;, the number of
cycles in ¢; is close, with high conditional probability to %log v; (Stepanov
[18]). As for the algorithm, the number of cycles deleted in one iteration is

close, on average to 7/2, thus bounded.
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3 Proof of Theorem 1

We now introduce the generating function g,(z) = E(z*"),z > 0. Then, by
the Markov property, for v > 1

6,(2) = z'i;)pu,ugu(@ (4)

and go(z) = 1 by definition. Even though the recurrence (4) does not seem
explicitly solvable, we will be able to find some §,(z) which almost (i.e.,

asymptotically as v — oo) satisfies it.

Since E(X,) = g,(1), differentiating both sides of (4) at z = 1, we obtain
v—1
E(X,) =143 pB(X,). (5)
n=0

A recurrence for E(X,(X, — 1)) can be obtained by twice differentiating (4)

at z = 1:

B(X(X, - 1) =2(B(X) - ) + S n, B, 1) (©
Setting
fu(2) = %QV(Z)’
we obtain

=2 0 (1) (55).

forv>1, fo(z) =1 ((v/u)* =1 for p =0, by definition.).

Observe that
! V' !
B(Y,) = g,(1) = = f,(1),

13



and that the sequence (a, = f}(1)) satisfies

v e (2) (59

v
Y v—1 <V># v—
= 4 - ( ), v>1la=0. (7)
V! ugl B\ v 0
Here by Stirling’s formula,
vy v, —1/2 1 1 -1 -2
— =€V - v 4+ 0(v . 8
V! <\/2_ 12V/27 ( )> ®

The shape of this term makes the following lemma appropriate for (almost)

solving (7), whence (5).

Lemma 3 For a given § € R, there are values {0, ;} which depend only

on & such that the following is true: Suppose the sequence (v,) satisfies

N
v, =€V’ > (a; + Bilog V)™ 4 O~V HD2 1og 1)
i=0

for some (o, ;).

~

Then provided the following equations in (&, 3;)

1—1
Y 0j0i-iB = —Bic1, 1<i<N+1 (9)
j=0
1—1 R
Y 00— Y, U0kl = —aiq 1<i<N+1 (10)
=0 Behva

have a solution, the sequence

. V! N, iy
f, = ;6”1/5—'—1/2 Z(O‘i + Bilogv)v i/2 (11)
i=0

14



satisfies

! v—1
o =+ X g+ O og). (12)
n=1

The proof of this lemma is given in an Appendix.

There is no error term in the recurrence (5) satisfied by E(X,). Lemma 3
only guarantees that (7),) will solve (5) approximately. The next lemma will

relate the approximate solution to the exact solution.

Lemma 4 Keeping the notation of Lemma 3, suppose m, satisfies g = 0

and
V! v=1
Ny = ﬁ% + Z NP, v>1. (13)
p=1

If6 — (N+1)/2 < —3/2 then
| — | = O(1).

Proof Let 8, = n, —7,. It follows from (12) and (13) that

v—1

0, = > 0upuy + O(v’logv), (14)

u=1
where p = — N/2 < —1. Let A be the hidden constant in the error term of
(14) and let B = |0;]. Let

G=B+A> plogp. (15)

pu=1
We show by an easy induction that |6,| < (,. The lemma follows as the RHS
of (15) is bounded as ¥ — co. Now (; = B = |#;| and then by induction

v—1

‘gu‘ < Zpu,u<u + Avf logy

p=1
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= Zpy,u (B-l—AZ ”log,u)—i—AV”logy

IN

v—1
B—I—AZ P log u' (Zpy,u>+Al/”logl/

w'=1 u=p'
G-

IN

|

The constants {0;,, ;} will be exposed in the proof of Lemma 3, but to apply

Lemmas 3 and 4 we need the following values:

V2r V2r

0t0,0 — 1, O¢1,0 = T’ 00,1 = 4 (t —2- 25) (16)
_ 14l [ =3/4 (0=-1/2)
00,02 = —§+§5+(5 —{ ~1/3 (5=0)

We first apply Lemmas 3 and 4 to get an expression for a, of (7). Exam-

ining (8) we see that the relevant input values are: § = —1/2, N = 2,0 =

\/%—,raa1=07042 12\/_andﬂ0 Br=pPB=0.

Equations (9) become

— 2o = 0 (17)
—36 ) =0 (18
000300 + 010201 + Lﬂ = 0 (19)

—V2zm 4 _ 1
1 (67)) A - /o’
—%540 :6 = 0,
~ V27 ~ 2 V2r 3 1 .
00,030 + 0102001 + - G2 — (01 1,1+ 01 2,0 )/6 - 2 M2 T 1A

16
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(20) determines &g = 2, (21) determines B = —ﬁ. The remaining equa-
tions (19) and (22) are solvable for 44, Go, (5, but not uniquely solvable. Thus
there exist 1211, 1212, B, (whose exact values are not important to us) such that
(Lemma 3)
! 2 N N 3 R
m, = e’ (U—> (— + A1V_1/2 + At — ( v 24 BQI/_1> log 1/)
70

vy T 2T

81/2 3 A > -1/2 1
= /=2 =21 AV2r — Bov2mv 1?1
Vzv T pesr A avemy syt A

satisfies

v—1
my, =1+ pyum, + O(v=3/logv). (24)

p=1
(m, will be used later as a surrogate for E(X,).)
Furthermore, Lemma 4 and (7) imply

|
E(X,) = a,—

14 ]/U
= — ——1 O(1). 25
(o2 = Slogu+0(1) (25)
This completes the proof of part (a) of Theorem 1.

To estimate the surrogate variance we let

14 14

b= £(1) = Zrgl(1) = B(X,(X, — 1)
Then
=250 (4) () = S ae (4) (52).

17
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and so

p=1 pu=1
v v—1 V.UV_M
- 25 En () (5
] ,;1“# v

We now apply Lemma 3 with

w = 2(5) - 1) (26)

!

4 A 2 6
= e[+ 24, — /2 v V2 - Y200+ O(rv ' logy
(7r ( . \/W) — g ( gv)

andd =0,N=1,0p = %,al = 21211—\/2, Bo =0and g3, = —%. Equations
(9) become

v

5 B 0
17 V2T A 6
—gﬂo - Tﬁl a/2n)

12

whose solution is §y = 0, 51 = —25.

Equations (10) become, after removing o,

\/ﬂ

(3{0 - —;
o - e - G = 2T
which has solution ¢y = m%— o1 = f/;—r 3ﬂ2,ﬂ0 = 0. Thus if
! 8 84, 4 56 12
s — v 2 (Y _ 220 2 22 2y
wee (3) (e (o ram) - v
(27)
then (Lemma 3)
v—1
8, =2(my — 1)+ > puudu+ O ~12logw). (28)
n=1



Comparing (28) with (6) makes it natural to define a surrogate variance 62

by

o = §y + mu - 7’7’7,12/
56v/2 2
B (:)m—/ ‘Q\f;) v+ 0((logv)?). (29)

[Note the fortunate cancellation of terms involving A;.]

Note that (29) suggests, but does not prove, part (b) of Theorem 1. The
proof of this part will be completed in conjunction with the proof of part (c),

and it will be based on (29) and other estimates.

Our next task is to prove a concentration result for the random variable X,
which will in turn be useful in the proof of Part (c¢) of Theorem 1 and also
Theorem 3. To do this we consider the urn model of Remark 1. We will prove
that the number of iterations in this model is highly concentrated around its

expected value.

Lemma 5 There exists a constant & > 0 such that for any t > 0,

P(| X, ~ B(X,) [>1) < 2exp{—%t2}. (30)

Proof Let by,bo,...,b, be the sequence of ball drawings in the urn
model. Here n +1 < r < 2n. If r < 2n we can pad out this sequence

to length 2n by joining the (2n — r)-long tail (b, by, ...,b,) to its end.

Let X (by,bs,...,bs,) be the corresponding number of iterations and E, =
E(X,). Following a general idea of Shamir and Spencer [16] or Rhee and

Talagrand [13] we will apply a martingale tail inequality to a Doob martingale
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in a way which has recently proved most useful in probabilistic combinatorics

— see also Bollobds [2] or McDiarmid [7].

Let Z;(by,ba,...,b;) = E(X,|b1,be,...,b;), 0 < i < 2n. This sequence is a

martingale. We show that there exists an absolute constant K > 0 such that

It then follows from [2], [7] that

P(IX - B(X)| > 1) < 2exp{—Ktzn}.

We prove (31) by showing that

‘Zi—l—l(bla b2: SRR bia b) - Zi+1(b17 b27 s abia bl)‘ < K (32)
for all by, by,...,b;,b,b'. We can assume without loss of generality that b
finishes an iteration and b' doesn’t — otherwise Z; (b1, bo,...,b;,0) =

ZZ+1(b1) b27 ceey b27 b,).

Assume that there have been k£ iterations including the one finished by using
ball b and that there are n’' balls that have not been selected at all during
the whole process b1, bs, ..., b;,b. Thus

ZH_l(b]_,bg,,bZ,b) :k+Enl (33)

We observe next that Part (a) implies that for some finite absolute constant
L>0
Enyw—-L<E, <E,+L (34)

whenever 1 < nq < ns.
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Remark 2 One can in fact show that
Enfl S En S Enfl + 1

but (34) is available without effort and will suffice.

We deduce immediately from (34) that
ZH_l(bl,bQ,...,bi,b,) < k+En/ +L, (35)

as after the iteration that takes b’ there will have been k iterations and there

will now be at most n” < n' balls left to draw.

To finish the argument we prove
Ziv1(by,boy ... b3, 0) > k+ Ep — (2L +1) (36)
and then take K = 2L+ 1 in (31).

To prove (36) let m denote the number of balls in the urn which have previ-
ously been selected, immediately after b’ is drawn. Thus m > 1 as b’ is such
a ball. The total number of balls in the urn at this point is n’ — 1 4+ m, with

n' — 1 being the number of balls not yet selected.

Let Y denote the number of balls out of these n' — 1 balls that are deleted
in the k’th iteration and Y denote the number of balls deleted in the first

iteration of a process starting with n’ — 1 balls. Then, for any 7 > 1,

I_1_ )
P(YIZj|b17b27-'-:biabl) = Hu

IA
\';j T
S
3\
|
—_
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and so (conditioned on by, by, ..., b;,b') Y’ is stochastically dominated by Y.
But

Zii1 (b, b, ..., by, V) k—1+1+E(Ey 1y |bi,bs, ..., 0,0

> k—1+14+E(Ey_1-y — L)
= k—1+E,_1—L
> k+Ey—(2L+1).

The inequality E(E,_1_y' | ) > E(E,_1_y — L) follows from (34) (the right
case), the fact that n’—1—Y” dominates n’ —1—Y, and the observation that
if a random variable U dominates a random variable V', then there exists a
probability space with U,V defined on it in such a way that U > V sample
pointwise. The last inequality follows from (34) (the left case). O

We continue now with the proof of part (c¢) of Theorem 1. Define
2
o) = 0(6%) = Be) and () = exp o, + 502}

where 1, and 62 are defined in (23) and (29) (with §, therein defined at
(27)), respectively.

Note that h,(z) and 1,(z) are the moment generating functions of X, and
the Normal random variable with mean m, and standard deviation &, re-
spectively. The proof of Theorem 1 will be completed by showing that if
z = vn~Y* for fixed v € R then

hn(2) = (14 0(1))¢n(2) (37)

as n — 00. Indeed, since m,, — E(X,) = 0(6,),

X, — E(X, X, —n
Iim E {exp lvnA—(")] } = Ilim E {exp lv"Aimn] }
n—00 o n—00 On

= exp(v?/2), Vv € R.



Therefore (Curtiss [3]), X} = (X, — E(X,))/6, — N(0,1). In addition,
since

z|® < El(e® 4+ e7%),

convergence of (E(e**")),,>; implies the existence of (cg)x>1 such that for all
n>1,
E(X;[") < c.

Thus,
lim B((X;))") =BW(0,1)"),  k>1.
Consequently,
X
lim 7\7311(2 n) = 1,
n—oo O-'IL

proving part (b), and furthermore the convergence of the moment generating
functions holds if m,,, ,, are replaced by the leading terms in their expansions,

proving part (c).

We will first show that 1, (z) (2

= O(n~"*)) “almost” satisfies — in terms of
relative error — the equation (4) for h,(2) = g,(e*) uniformly for v < n.

We use two constants 5/8 < § < 3/4, 0 < &, < 1/2 and we let n; = |n’%|.
We start by noticing that for v > 1 and v > £ > 0,

21 (v — 6)2} , A=l (38)

v

Y pu; < Aexp {

J<e

Indeed, by considering our urn model,

Db = V_ﬁl (1—2)

j<t j=1 v

< exp{—%(y—ﬁ)(y —{— 1)},
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which implies (38).
Now put £ = vy = |v — v°] and apply (38) to obtain

> puy < Aexp{—v¥1/2} (39)

J<wvo
Let us, in our pursuit of (37), deal first with v < n;.
To this end, observe that since 7, = O(v'/?),52 = O(v'/?),

Y, (2) = exp{O(n?/271/1)} =14 O(nl/2-W/4) =1 4 (1), as n — oo,
(40)
uniformly for v < n; = [n°]. We want to show that h,(z) behaves similarly

for those v. Uniformly for v < n®/2 using 0 < X, < v,
h(s) = E{eX) = exp{O(n V')

= exp{O(n®/2 1))

= 1+0(1), as n — oo.
Suppose n°/? < v < n%. Pick 6, € (1/2,1/(46,)) and write

h,(2) = E{e¥*; X, <v*} +E{e#*:; X, > v}
= FE| + E,, say.
Here
E; = exp{O(n~ ")} = exp{O(n~/*n%%2)} =1 4 0(1), as n — oo,
since 0102 < 1/4. Further, using (25), Lemma 5 (30), and 6, > 1/2,
E, = /(m,oo) e**dFx, (z)
< ez”52P(XU > %) + |7 /V: e PP (X, > z)dx

o
< Qef(”62)—|—2|z|/6 e’ @y,
o2
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where f(z) = |z|z — kx?/(2v).
The function f(z) is concave, and
) = 5 (14 Ol )

14

< _F 25,1
- 3

for all large n and v in the range under discussion, since
2|t % = O(n Vi (0-)) = o(1).
Likewise,

(%) =z — k2 < —gu‘jrl.

So, using
f@) < fO2) + F1(0) (@ — v®),
we arrive at

E, < o(l)+2|z|exp{—§y2‘52_1}/ exp{—gy‘b—ly}dy
0

4 K
— 1 - 1—69 {__ 2(52—1}
of1) + (1wt exp {5

= o(1),
uniformly over v € [n®/2 n%).

Summarising, uniformly for v < n%, and &, € (1/2,1/(46,))
hy(2) = 1+ O0n%2~Y4) =14 0(1), as n — 00.
The relations (40) and (43) imply that uniformly for v < n,
U, (2)/h(2) =1+ 02714 =14 o(1), as n — 0o.

25
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We now consider n; < v < n. We know that
v—1
hu(2) = €Y pu,ihi(2) (45)
§=0

and so we now estimate

v—1 Vo v—1
€Y pughi(2) = €Y puti(z) +€8 Y puvi(2)
j=0 j=0 j=vo+1
= X+ X, say.

Now ;(2) = exp{O(y/v/n'/*)}, uniformly for 0 < j < v — 1 < n; so using
(39) and 6 > 5/8 we have

21 = O(exp{—v*"1/4}). (46)
Turn to X,. It follows easily from (23) and (29) that
i, — 1y = O(Vv = /i), &} =67 = O(Vw — /i + (log»)?),

uniformly over vy < j < v. Thus, uniformly over 1y < 5 < v,

i) _ exp § z(m; — m iAQ——&Q

wa“p{(’ D)+ (6 %
= 1+z(mj—my+1)+%2((mg iy, +1)° + 65 — 67)
+O(|2P[(v7 = \/4)* + (logv)? + (V¥ — /1) (log 1)?]),

since (uniformly)

7=l = 0 (4z)

LO-1/2
:C%?F>
— O(n5—3/4)
= o(1).



Now by (39)

j=vo+1

= S+ O(Vvexp{—v*"/2}),

and

v—1
> puy((iy — 1y, +1)* + (67 — 67)) =

Jj=vo
v—1
Pug((y — 1y, +1)* + (67 — 67)) + O(vexp{—*""/2}) =
AL j
j=0
So + O(v exp{—yQ‘s_l/?}),

where from (24) and (28) we find

Sl = 'iipy7j(mj — my + 1)
i=
= O *?logv),
Sz = Vz_lpu,j((mj — 1, +1)" +67 - 5,)
j=1
= O Y*logv).

(That S, is expected to be small follows from

Var(X,) = g poy[Var(X;) + (E(X;) — B(X,) +1)7],

cf. (5) and (6).)

Furthermore, since

Vv —\i=

St L

T S ’
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v—1 v—1
Yo pui(my =, +1) = > py(h; — iy, + 1) + O(Vvexp{—1v*""/2})
j=0

(48)



we find that, for a fixed r > 1,

S pWT— i) < S g gy

j=vo+1 7=0

v—1
t=1 j<v—t

- 0 (I/T/Q itrleﬁ/ﬁl)

t=1

= O(/ xr_le_’”2/2dm)
0

e
Then (47) — (51) and z = O(n~/*) imply
Yo = wy(Z)(l + O((]og V)Q(n_1/4y_3/2 + n—1/2y—1/2 + n_3/4)))’

uniformly in n; < v < n, and together with (46) we obtain that, uniformly

inn <v<n,
v—1
¥, (2) = (1+ O((log n)*n=CUHD2))e? 37 b, b5 (2). (52)
§=0

(Compare with (45).)

The equations (44) and (52) and the optional sampling theorem for (sub,super)

martingales provide the tools for the last step of the proof.

The deletion process produces a random sequence Sy, Si,...,Sk..., where
So = n and Sy is the size of the remaining set after k£ deletion steps, if the
total number of deletion steps is at least k£, and otherwise Sy = 0. Introduce

a stopping time 7' = min{k : Sy < n;}. Now define

Vi = e¥hg, (2), Y. =eyg (2), k<T
Y, = Yy, Y/ = Y2, k>T.
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Then if Sy, Si,..., Sk are such that £ < T,
E(Yk—l—l ‘ SO; Sl: ey Sk) - e(k+1)zE(h’5k+1 (Z) ‘ Sk)

Skp—1
= "N pg,ihy(2)
§j=0

= Y, (53)

on using (45). Furthermore, (53) holds trivially for £ > T.

Similarly, (52) implies
E(Y{i1 | So, Sty -+, Sk) = (1 4+ O((logn)?n~0/2))yy. (54)

Equation (53) states that the sequence (Yj) is a martingale with respect to
the sequence (Si). Now by the Optional Stopping Time Theorem (see, e.g.,
Theorem 4.1 of Durrett [4])

E(Yr) = E(Y0) = ha(2).

Applying the same theorem to upper and lower estimates for E(Y} | -) we
see from (53),(54) that

E(Y7) = 9a(2)E((1 + O((log n)*n” 1H/2)T),
Furthermore (44) implies
E(Y;)/E(Yr) =1+ o(1), n — 00
and so

Yn(2)/hn(2) = (1 + 0(1))E((1 + O((log n)*n~+00/2))T),
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We then write

E{(1+O((logn)’n~ W)} = E{(1 + O((logn)*n~ 21T < nf} +
E{(1 + O((logn)?n=(+W2)T. T 5 pd}
= E3 + E4.
Here, using Lemma 5,
Ey = (14 0((logn)*n~0+0/2))" p(T < pf)
= 1+ O(exp{_,{n%fl/z} + (logn)2n67(1+51)/2)
= 14 o0(1)

for 6 € (5/8,3/4) and 4, chosen sufficiently close (from below) to 1/2. Also

using Lemma 5,

Ey

IN

E{(1 + c(logn)*n /T, T 5 po}

2 Y exp{c(logn)*n= 00725 — k4% /n},
j>nd

IN

for some ¢ and sufficiently large n, and arguing as in (41), (42), we obtain

Ey = O(n'%exp{c(logn)?nd~(1+0)/2 _ xp20-1}
= o(1),
since
§—(1+6)/2<20—1
for 6 > 5/8 and 4; > 0.

Thus




and the proof of Theorem 1 is complete. |

Remark 3. It is worth noticing that we could have proved the asymptotic
normality of X, via characteristic functions, rather than the moment gener-
ating functions. The advantage of using the latter is that we get a stronger
result (convergence to the normal distribution together with the moments)
which allows, in particular, to establish the asymptotic formula for Var(X,),

thus reversing the usual course of events in proofs of central limit theorems.

4 Proof of Theorem 2

We first obtain an expression for ¢(v, k) = the expected number of cycles

produced in the next iteration if the current forest has v vertices and « trees.

Let [2°9°]f(x,y) denote the coefficient of z%y® in the double power series

expansion of f(z,y).

Lemma 6
i

! 11—z
c(v, k) = —~——[2"y"1{(1 — 2z e”(”wy)logi}.
)= e {a-2 N

Proof Let p(v, k; u, A,m) denote the probability that starting with a
random member of F,) ., m cycles are created and their deletion leads to a

forest with p vertices and A trees. Then

p(v, &3 p, A, m) = 6}@2

where
@)= ()mr
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(see Lemma, 2) is the number of ways of choosing a forest in Fj,) . and then

choosing a mapping from its roots to its vertices.

(i) ©1 = (1) (4) A1 (v — P

is the number of ways of choosing a p-subset of [v| and then a forest F’
with these p vertices and A trees and a mapping from its roots to the v — p

excluded vertices.

(i) © = 5o (")) (“, ") (v = 1, p,m).

Explanation: p denotes the number of roots of the (v, k)-forest which are
on one of the m cycles. <nﬁp) <”;“) is the number of ways of choosing the k
roots in this way and 7 (&, p, m) is the number of permutations of [¢] which

have exactly m cycles, each containing at least one member of [p]. (Thus
(&, p,m) =0if m > p.)

We must therefore evaluate

1 (€ - p)! LB
= —1
W(f’ P m) m' i1+----|;n=§—p 7:1‘ Zm .71 1;[ ZS N ]S )
Jj1t-tim=p

41 20,...,im;m, >0
j121,..., Jm2>1

Here the sth cycle has j; vertices from [p| and i, vertices from [£] \ [p].
Thus we can write
m

1s Js
(& p,m) = (£— p)p'— H Y F(is + s — 1)!

i12>0,..., zm>0 = /LS' 5'
Jj121,..., jm=>1

= (- {(iz“’ )) }

= - {4 (S (o) )

t=1 =0

~

32






Summing over A we obtain (for g > 1)

TR
D> p(v, k5, Ay m) 2™ = T
A=1m=1

(v — p)lu!
and summing over pu,
v—1 p o o]
.2 > Pk A, m)2™ + 3 p(v, K3 0,0,m) 2™
p=1A=1m=1 m=1
v! V—K, K (1—37 >Zooylu’p,1
=~ Y v (x +y)?
Z 1{ ) L e
z

Differentiating with respect to z and then setting z = 1 gives

_ V! V=K, K v(z+y) -z
C(V, K/) = W[.’I) Yy ] {(1 — ./I))e logm .
K
Then replace y by zy to obtain the statement of the lemma. a

Now let C(v, k) denote the expected total number of cycles produced from
the current iteration onwards if the current forest has v vertices and « trees.
Thus

E(Y,) = C(n,n).

Now
]

Cv,k) = c(v,k)+ Vz_: Zp(l/, K5 i, \)C(p, A) (55)

pn=0 =1
= c(v, k) + S(v),
since the double sum in (55) does not depend on k. But then (55) implies

v—1 u

(v, 1) + S) = (v, 1) + 3 3 plv 5, V) (el X) + S (1)

pn=0 A=1
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or

where
Lemma 7
Proof
vl X
s) = 22
p=1 =1
]/| v—1

s(v) =D > plv, &5, A)e(p, A). (56)

A
v— K Y (z-+my) l-=
1 — 2)etEtey) oo [ —— &
p )[my]{( z)e %(1_x_$y

é;wﬂ{u—ﬁwam{u<x+x<iiﬁ>y)}bg<r_$i;zﬁgy)}}

- 25w (1—x)exp{u(x+x(%)1)}1%(1_;;@)1)}

I/! v—1

= 2_21[90“]

{

(1—xk”kg<—l:£—>}. (57)

We now estimate the summand in (57) via Cauchy’s formula:

[ﬂﬂ{ﬂ—ﬂwd“bg<—l:j;>}==%;%%(1_a»€wbggi$h)%§ (58)

1—av/u xh

where C is the circle of radius r = p/v with center at the origin in the

complex z-plane (z = r is the saddle point of €”*/z*.) Here

S(logz) = argz € (—m, 7).
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Notice that log((1 — z)/(1 — x/r)) is analytic in the disk |z| < r, except at
x = r, which is on C. So, to be precise, we apply Cauchy’s formula to a
contour that is C with a small circular dent which leaves the point z = r
outside, and then let the radius of the dent go to 0.
Since the pth summand (times v!/v") is

w

> o, K1, Ne(p; A) < vy,

A=1
the inequality (38) shows that the overall contribution to s(v) of p < v —
(logv)\/v is

O(vexp{—2i(logv)*}) = O(v " ¥) for all K > 0.
So, substituting p = v — ay/v, we concentrate on «a < logv. We substitute
z =re?, —rm<f<m,

into the integral in (58).

We will first examine the case of large . Now

1—re? r+1 i(1-r)
o8 = 3 + 5 cot(0/2)

and we deduce that if e = (logv)/v'/? then

uniformly for |#| > € and all p.

Further,

v vr
€

= p exp{—pu(1 — cosf)}, (59)

(&

TH
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where (cf. (63)) uniformly for o < logv

% = exp{v — 2a® + O(a®v 1/?)} < ¢”
if v is sufficiently large. The second factor in (59) is at most
exp{—cpb’} < exp{—cpe’} < exp{—c(logr)*}.
(c>c >0).

So if C, represents the portion of C' with |#| > € then

[ (=) og (i) do = O(e'vK) (60)

v
Th x

for any constant K > 0.

Turn to the dominant contribution that comes from small 8, i.e., |§] < ¢, or

— substituting = u/y/v — from |u| < logr. We have

1—re? = 1—r—7rif+0O(6?

)
- 2 _ ¢ ——ui + O(6%)

Vo P
_ \Lf(a_iu)w((“'“')'“'),

and
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where

Rloyu) = [ul(a+ |u] <1+log<a|j; |\u\>)

< ful(a+ ) {1+

< (ot ul) (61)

Also, since logz = O(y/x) for x > 1, and log z = log |z| + O(1) (z € C ), we

have '
(@ = itog (“=2)| = O(S(ax ),
—iu
where ( )2
a+|u
S(Oé, u) = |U|71/2 (62)
The other factor in the integral is
Pl exp{vz — plogx}
= exp{pe? — p(logr +i6)}
u
= exp{u— plogr — 6%+ O(ulf*)} (63)
2 2 3
= exp{l/—%—%—FO(%)}.
Also '
i
x v

So the real part of the integrand in (58) (when the variable of integration is

u, not x or #) can be expressed as

v—a?/2 2 2

e U2 (alog a ;;u + uarctan(a/u)) +0 (Q(a, u)) . (64)

(&

2y 13/2
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Here, using (61) — (63)

Qla,u) = ¢ 2(R(a,u) + S(a, u)(a+ |u])?)
-0 (ey—a2/2—u2/2 <(a+ lu])? + (o + |U|)9/2>>

ul/2
- 0 (eu—a2/2—u2/2(02 +u2 + ag/Q\u\_l/Z +u4)) .
In particular,
| Qaudn = 0@ (1 +a? + )
= 0> **(1+a%).

Also, since o < logv,

2 1 42
/ e /2 (a log a —i;u + uarctan(a/u)) du = O (/ |u|e_“2/2du)
|u|>logv u |u| >logv
= O(e_(logu)2/2)‘

Therefore the real part of the integral in (58) becomes

1/*042/2 00 2 2 1 5 ufa2/2
‘ / e v/ (alog o tu +uarctan(a/u)> du+0 (( +a)e )

2V J-co u2 13/2

Summing this expression over v — (logv)\/v < p < v — 1 we obtain via the

Euler summation formula

V! e’ 00 9 0o 2 0{2 + u2 1
_ —a /2/ —u?/2 .
s(v) Iy /a:O e e (oz log 2 + uarctan(a/u)) duda+0O (—\/17>

(By Stirling’s formula, v! = v/27rv(v/e)”(1 + O(r™1)).)

Setting o = pcos ¢, u = psin @, duda = pdpdp we see that the leading term

in s(v) is
1 00 2 /2 .
= ([ e ) ([ tcossostfosecsl) + sinl /2.~ [0))do) = /2
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and the lemma follows. O

Consequently
SW) = £+ 00 ) + Y pS(). (63

But,
E(X,) =1+ Uz‘; Do aB(X,). (66)

We prove by induction that

S(v) ==-E(X,)+ O(logv). (67)

o3

Let A be the hidden constant in (65) and (, = |S(v) — 7E(X,)/2|. Then,
(65) and (66) imply

v—1

Cu < Z pu,pcu + AV_I/Q-

u=0
Assume inductively that ¢, < Blog(u+1) for 4 < v where B can be adjusted
to handle values of v < 2. Then

v—1
(,<B Z Py log(p+1) + Av~1/2,
u=0
Substituting
v—p
1 1) = 1 1) +1 (1 - )
og(pk+1) og(v +1) + log g
V=i
< 1 1) — ——
< loglv+1) - 228,
yields
v—1
¢, < Blog(v+1)— Y (v — wpyy+ A2
v+1 =0 ’

< Blog(v+1),
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if — in addition to the abovementioned restriction on B — we choose

V2 41
B > sup —;— + .
v>2 M:O(V - /'[’)pu,u

That the supremum is finite follows from (3). This completes the inductive

proof of (67).
It remains to notice that
E(Y,) = C(n,n) = S(n) + c(n,n) and c(n,n) = O(logn),

since ¢(n, n) is the expected number of cycles in a random mapping from [n]

to [n]. (Indeed,

M=

c(n,n) =

B
Il
—

Z) (k — 1)ln"* /"
()

|
M=

= =

nk

)

B
Il
—

VAN
M=

=
Il
—

5 Proof of Theorem 3

First of all let D(i) denote the number of iterations that expose the trader i
as a root before i is finally deleted. Let M (i) denote the number of traders
remaining (including 7) at the end of the iteration which makes i a root for
the D(i)’th time (with M (i) = n if D(i) = 0). By symmetry, (D(7), M (7))

are equidistributed for all .

Lemma 8
(68)



Proof The trader 7 will go away with the best among the M (i) goods.
This good is preceded (on i’s preference list) by all D(i) goods lost for i,
and some of the remaining n — D(i) — M (i) goods. Conditioned on D(i) and
M (3), the latter has the same distribution as an occupancy number of a cell
in the uniform allocation model with n— D(i) — M (%) indistinguishable balls,
and M (i) + 1 cells. Thus

. N . n—D(i) — M(i)
= 14D
B(R() | D), M) = 1+ D)+ e
~ n—=D(@)+1
= D _
O+ =3 +1
Now remove the conditioning to obtain the lemma. a

We proceed to estimate the expected values of the quantities in the RHS of
(68).

Lemma 9

limsupE(D(1)) < 1.

n—oo

(In fact lim,_,, E(D(1)) = 1 but we do not need this.)

Proof Let T'(n) = I, D(i). We prove the lemma by showing that

E(T(n)) < n+ O(v/n). (69)

Now T'(n) is the total number of trees produced during the course of the
algorithm, not counting the n trivial trees at the very start of the process.
Let t(v, k) denote the expected number of trees produced starting with a
random forest from )., not counting the x trees we begin with. Then if
v>1,

1

t(v, k) i (v, &5 i, A) (A +t(p, A))

1=1

<
|

=
Il
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Ui i (v, Ky p, M)A + Vi ip(l/, K oy N)T( 12y A). (70)

u=1 p=1A=1

Now the first sum in (70) is independent of x and one can easily check by
direct computaton that conditional on v,y > 1, the distribution of A is
1+ B(p—1,1— p/v) where B(.,.) stands for a Binomial random variable.

Hence

<
\

Zu: p(v, Ky phy D)X = szép,w(l—%(,u—l)(l—H))

1A=1 v

=
Il

v—1

< 1+z_:p,,,u(u—u). (71)

We see from (70) that (v, k) is independent of x and so we use t(v) from

now on. So (71) implies

1) <1+ 3 ol = )+ 3 Pt ()

u=0
Consequently,
tv) < EX,)+v
= v+0(Vv).
It remains only to notice that E(T'(n)) = t(n). O

It follows from Lemmas 8 and 9 that
1
E E 2
(R.) = O(n) + nz ( I 1) (72)

Now let M'(i) < M (i) denote the number of members present at the begin-
ning of the iteration which results in the elimination of member 7. The upper

bound in the theorem follows directly from
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Lemma 10 Uniformly in w € €,

n

> (W) < (1+0(1))logn.

=1

Proof Let A, denote the number of members deleted at iteration k.
Then

n 1 Al AQ AS

Sl = + + + -

=S A\M'(i)+1 n+l n—-—A4A1+1 n—-—A1—Ay+1

’il 1
< _
=
= (1+0(1))logn.

|

For the lower bound we shall assume (following a method of [10], [11], [12])
that the random preferences are induced by an n x n matrix [z; ;] where
the z; ; are i.i.d. uniform [0,1] random variables. Thus member ¢ orders the
goods of other members (including his own) in the increasing order of the
entries of his own row. The core allocation is an ordered sequence of groups
of members of sizes ¢1,4s, ..., £, where {1 + {5+ ---+ ¢, = n and a sequence
of permutations 7wy, 79, ..., 7, on each of the groups which must satisfy the
following necessary condition. If a member ¢ belongs to the sth group then

i prefers m4(i) to anything in the groups ¢t > s.

Thus, for every m >n and 7 > 1,

n

1 1 on
P(R<m) < n! Z/ L / i [HQ = z)%"PO_B(n— Li,z;) <m —n)dzidzs . ..dz,
1= Tn=0 =1

i=1

+P(X, > 1), (73)
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where the B(n—L;,z;) (i =1,2,...,n) are independent; and the sum is over

all 1 <r < 7,0,y ...,¢ such that £, + 4y +---+ ¢, = n; and

b+ b, if1<i<{,
Godnved b, ifl +1<i<l+1y

Li -
tr ifly+--+41+1<i<n.
Explanation: Having fixed 7, ¢y, o, ..., £., the number of ways to partition
[n] into the ordered sequence of subsets of cardinality /1, ..., ¢, and then to
choose a sequence of permutations 7, ..., 7, one for each set, is
n
!l = nl.
(£1,£2,...,£T> a
Given the values z1, ..., z, of the member’s assigments, (1 — z;)“~! is the

conditional probability that member ¢ prefers his choice to those in the per-
mutations 7,1, ..., T, and to other possible choices within his group. Finally,
given xy,...,2T,, {R(i) —1:1 <i < n}isdistributed as {B(n — L;,z;) : 1 <
i <n}.

Letting I denote the n-fold integral in (73), we estimate it from above by
applying the Chernoff method to bound P(>7 ; B(n— L;,x;) < m—n). For
any 0 < z <1,

1 1 n R B(n—L;,z;)
I < / / I_I(I—acz-)L"’lH’:1 (= )dxldxz---da:n

xr1=0 n=0 i=1 zmmn
1 1 = L;—1 L;
- J/ "'j/ 2 TLA = 2) 5 (2 + 1 — )" Fidadas . . . day,
xr1=0 xn=0 i1

IN

o L[ esploai(Li= 1) = a1 = )0 - L)}

= IHL—1+G—@M—LM”.

=1
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The bound depends on z. Not surprisingly, we select it so as to get the best
estimate. Denoting A\; = >7__ [;, we proceed

T

I < 2" ™[ =1+ (1 —2)(n—X))™"

s=1
= 2" Mexp{— > Llog(n —1—z(n— X))}
s=1
< 2V Mexp{— /n log(n — 1 — z(n — x))dz} (ifz<1—n1
0
< ZMexp{—z"'(n—=1)log(n —1)+n+z""(n—1-2n)log(n —1—2zn)}
< exp{-nlogn+n— (6 —v+0(n?)n' “logn + O(logn)} (74)

if 2z=1-n"2,0 € (0,1) and m = ynlogn. Let us choose 7 = |n’|,§ €
(1/2,1). Then the term P(X, > 7) in (73) is subexponentially small by

Lemma 5. Next observe that the number of terms in the summation in (73)

Z(f:i) <.

r=1

1S

So n! times the sum is bounded by
n!n” exp{—nlogn+n — (0 — v+ O(n™?))n' " logn + O(logn)}
< exp{n’logn — (0 — v+ O(n~%))n*~"logn + O(logn)},

which is subexponentially small too, if 6 < 1 — 0 and o > . If v < 1/2,
the conditions are met by choosing 6 € (1/2,1) and o € (y,1 — d) both
sufficiently close to 1/2.

This completes the proof of Theorem 3. a

Note: It seems reasonable to guess that E(R,,) ~ cnlogn but we are at a loss
as to what the actual value ¢ € [1/2,1] is. It would also be very interesting

to prove that R, is concentrated around E(R,).

46



Incidentally and importantly, the idea of generating random preferences via
the matrix X = {z;;} makes it clear that the deletion algorithm can be
used as a greedy heuristic for the n x n linear assignment problem with
cost matrix X. The expected value of the assignment delivered by the al-
gorithm is n~'E(R,), thus asymptotically between %logn and logn. Is the
algorithm better than two classic greedy algorithms which deliver expected

values asymptotic to logn?
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A Proof of Lemma 3

We let &, = (v /1)7, and show

éu_ry

v

v—1 I3 _
56 (4) () - ot Mgy, (@
n=1

which is equivalent to (12). Let

Express

log p

and

v—1 el/)ﬂ v— u+1
S(v,a,u) = — ( ) [T
wan =5 (%) (5
logl/—i-log(l—#) (1<pu<v)

logl/—il<y_'u)u (76)

u=1 u v




Then

Swau) =3 ——mm |,

1 <a+t—1
t=0

>R@J+u) (78)

where p
R = 3 (2) -
p=1 \ H

With this notation the sum in (75) becomes

N 00
> (&iS(u, 8;,0) + 3; (S(V, 6;,0)logry — > u'S(v, 5i,u)>> , (79)
1=0 u=1

where §; = (i — 1)/2 — 4.
We now proceed to obtain an asymptotic expansion for R(v,t).

First of all let F(z) = (ev/z)® and G(x) = log F(x). The Taylor expansion
of G at x = v is given by

(80)

Thus

where, in particular,

1 1 1

X3 = _6:X4 - _E;XE, = —2—0

Using (81) in the definition of R(v,t) we obtain

R(v,t) = ¢” VZ_I exp {—M} (v—p) ' +e” i e XV: exp {—M} (v—p) T

2v 2v
(82)

We now need a result from Knuth and Pittel [5] (Lemma 1 of that paper).

r—1
pu=1 r=3V p=1
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For every fixed y > —1 and a > 0,

Here I' is the Gamma function and ¢ is the Riemann (-function.

Now for fixed t,r,
- (v — p)? } - W |
Z exp {_7 (V _ M)r—l—t—i—l — Z exp { —— ,ur+t+
2v 2v
pn=1 p=1
0o 2
= Y exp {_U_} WL O(e 1),
s 2v

Thus (82) and (83) give that for every a > 0

t+2 @ (=1)8¢(—t — 1 — 29)
_ t/2 (t+2)/2
R 9) (2 b ( 2 ) R D7 i

2ai+5 V):rl (2(r+t)/2F (T + é + 2) Yr+t42)/2 4
r=3

a—r+1 _11' —r—t—-1-—9;
Z ( Z') C( r : Z)) + O(l/(a+1))> . (84)
- 2! v

Thus for any A > 0

R(o, 1) = e/t (Z o1+ O~ A“’”>) (55
for some constants p; ;. In particular,

_\fry—l/Q _ gy—l + O(Z/_3/2)> ’

Ry = e (VI Ay 0),

R(v,2) = e (2 + 0(1/_1/2)) . (86)

R(1,0) = v <1 -
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To compute these quantities we needed to know certain values of the Gamma

and Zeta functions. We remind the reader that for non-negative integer n,

(2n)!
nl22n

(i) P(n+1) =nl,D(n+ 1) 7 and

(ii) ¢(=2(n+1)) = 0,¢(=1) = —1/12.

It turns out that R(v,t) is essentially of order e’v(*+2)/2 for moderately large

t’s as well. Indeed, by definition of R(v,t) and (80),
v 1
Rt) < ¢ exp{—o =} v — )"
p=1

— 0 (e” (/0“ flz)de + Igggcf(u)))
(f(ac) _ e—zQ/(2u)xt+1)

(t+1)/2
= O (el/ <2t/2F(t/2 + 1),,(t+2)/2 n (t+ 1) y(t+1)/2)>

e

= O(Ri(v,1)), (87)
where R, (v,t) = e’v{+2)/2(t/e)t+1)/2,

We will need yet another bound for R(v,t) that holds for ¢ > 3v/4. The
function (ev/z)*(v — z)"*!, = € (0,v], attains its maximum at the root

7 € (0,v) of the equation

log(v/z) = (t+1)/(v — x).
Clearly
log(v/z) > (t+1)/v,
so that

T < pe” /Y, (88)
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Therefore

(Z) -2 = expfz+(t+1)(logly — ) +3/(v — )}

T
_ (t+D)(z/v)?
< it (t+ Die/v) :
< v7exp {m + 1— (z/v) (89)
Here
_ 2 —2(t+1)/v
(t+1)(_./1,'/1/) S v 6_(t+1)/u+t+1 [ (+)/
1—(z/v) v 1—e(tt)/v
S 26—(t+1)/uy
< (27w
< 0.95v.
Using (89) and the last estimate,
R(v,t) < Ry(v,t) == v exp{0.950}, (t > 3v/4). (90)

Finally, z < 1 for ¢t > vlogv (see (88)). Therefore, for ¢ > 2vlogv we have

R(v,t) < v(ev)(v —1)"!
< Rs(v,t) := 3uit3e VIV, (91)

We use (85), (87), (90), and (91) to find an asymptotic expansion for S(v, a, u)
given in (78) for fixed a and u. (The reviewer observed correctly that trun-
cating expansions (76) and (77) via the Taylor formula would allow to get
the desired expansion by using (84) only. However the estimates (86), (89)
and (90) are still needed to treat Y,5; u™'S(v,a,u). An advantage of our
approach is that it works for this sum in exactly the same way. So we can

afford just to sketch the corresponding derivation that would have been quite
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protracted in this more complex case.) Fix T' > 1 and write

1 a+t—1
Z putatttl ( ¢ )R(V’tJF u) = 01+ X + X),
t>T
where
3v/4
1 a+t—1
2vlogv 1 a + t—1
22 = t_32/4 7yu+a+t+1 ¢ Rg(l/,t+ U),
1 a+t—1
Xg = t>2§)gy ]/u+a+t+1( " >R3(Vat+u)-

The ratio of the (¢ + 1)-st term to the ¢th term in ¥; is at most

latt pttutl

vi+l (ttuw (£>I/Q<1+O(%)>

o (10 (3)
< 0.87,

IN

if T' is sufficiently large. Then (see (85))

1 a+T -1
21 = O(m( T )Rl(V,T+U))

— O(@VV_(u+2a+T)/2).

By (90), the generic summand in X, is of order

1
0 (Uu+a+t+1 ta—ll/t+u+260.95u> — O((log v)*"e*%),

So
22 — 0(60.961/)

o4



Finally,

ta—l
— _ v ttud3 —(ttutl)/v
Y3 = O Z Vu—l—a-l—t-l—ly €
t>2v log v

= 0 (Z/2 /Z:gya:“_le_”dx)
= O(v). (94)

Consequently
¥+ 8y + 85 = O(ery wt2atT)/2) (95)

Furthermore, using (85), for every A > 0:

1 a+t—1
KZT et ( . )R(l/, t+u) =
v, —(a+u —(J at+t—1 -
oV y—(a+u/2) ( Z v (J+t)/2< . )pt+u,j +O0(v (A+1)/2)) . (96)

So, choosing T' > A and using (95), we establish that (96) is an asymptotic

expansion for S(v, a,u) (a,u being fixed) for every A > 0.
Hence for any A > 0, for fixed u,
A
S(V, 525“) — euy57(i+u71)/2 (Z O_iujl/fj/2 + O(V(A+1)/2))
5=0

where

I (t—0+(i—3)/2
TEDY ( ( )/ )Pt+u,j—t-

t=0 t

Thus, in particular, using (86),

oio0 = 1,0i10=—F—

00,02 —
3 3



We also need an analogous expansion for ¥2° , =15 (v, a, u), a being arbitrary

and fixed. Choose B > 0 and write

L1 fa+t-1
Z u Vu—|—a—i—t—i—1 t

)R(u, t+u) =" +3"+ 3"
u+t>B

where X'/ 3" ¥ are the sums over u,t such that B <t+u < 3v/4, 3v/4 <
u+t < 2vlogv, and u +t > 2vlogv respectively. Analogously to (95), we

obtain
S+ Y4+ 3" = 0(e" b VPR, (97)

where b is an absolute constant. The estimate (97) shows that we can get
a required expansion for 32, u=1S(v, a, u) by choosing B large enough and

writing — term by term — an expansion for 32 , u='S(v, a, u) based on (96).
Let us now consider the LHS of (75).

Coefficient of ¢v°~(=1/2Jogy: 0 for i = 0, while for 1 <i < N +1

i i—1
Bi — Bi—1 — Z Bi0j0,i—j = —Pi—1 — Z Bi050,i—;j-
j=0 7=0

Coefficient of e’1°~(=1/2; ( for i = 0, while for 1 <i < N +1

7
A~ A~ 5 =1
Q — Q1 — Z Qj0j 045 + Z Biv” Oju k-
j=0 utj+h=i
u>1,5,k>0

Equation (75) follows immediately if we can choose (&, 5;), (0 < i < N) to
satisfy (9) and (10). (The cases where i = 0 follow from 0,90 = 1.)

The lemma follows by multiplying (75) by v!/v” and using (2) and (8). O
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