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Abstract

For eachk 2, let ¢ 2 (0;1) be the largest number such that there existk-uniform
hypergraphs onn vertices with independent neighborhoods and (x + o(1)) | edges as
n!l . We prove that ¢ = 2logk=k + (loglog k=k) ask!1 . This disproves a
conjecture of Raredi and the last two authors.

1 Introduction

The neighborhoodN (S) of a (k  1)-setS in a k-uniform hypergraph (henceforth a k-graph) is
the set of verticesv such that S[f vgis an edge. Forn k 2, let f (n; k) be the maximum
number of edges in ak-graph on n vertices such that all its neighborhoods areindependent
sets (that is, span no edge). Mantel proved in 1907 thatf (n; 2) = bn?=4c, and this was the
rst result in extremal graph theory. Thus the problem of com puting f (n;k) is a natural
generalization of Mantel's result.

A k-graph is odd if it has a vertex partition X [ Y such that all edges have an odd number
of points less thank in Y. It is easy to see that all neighborhoods in an oddk-graph are
independent sets. Leth(n; k) be the maximum number of edges in an oddk-graph. Then the
previous observation implies thatf (n;k)  b(n; k). It was conjectured in [8] that there exists
some functionng(k) such that n > n o(k) implies

f(n; k) = b(n; k): Q)

There was some evidence for this, as it reduces to Mantel's #torem fork = 2, and it was
proved for k = 3 by Rdredi, Pikhurko, and Simonovits [9, 10], thereby settling a conjecture of
Mubayi and Redl [18]. Recently, (1) has also been proved fok =4 [8]. As we will show here,
(1) is not that far from the truth for k =5.
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Since exact results are rare in extremal hypergraph theorypne often studies asymptotics.
In this case, we can dene , =limpy  f(n;k)= E which is easily shown to exist [12]. Now
conjecture (1) implies that ¢ = 1=2 for all evenk and ¢ " 1=2 ask!1 for odd k. Thus
a weaker statement than (1) would be that ¢ = lim 1 b(n;k)= E , and an even weaker
statement is that (! 1=2 ask!1l

In this paper we show that conjecture (1) is false for allk 7, and in fact that ! 1.
This follows from an old construction of Kim and Roush [16] wtich gives lower bounds for the
Tuan problem for complete k-graphs. Thus the small cases shed little light on the behawr
of .

We are able to obtain rather sharp estimates on the rate at whth  converges to 1:

Theorem 1. Ask!1l |, we have
log logk log logk
k k 7
wherelog denotes the natural logarithm. Furthermore, fork 7, we have ¢ > 1=2, hence (1)
is false fork 7.

1
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This leaves open the casek =5 and 6, where we believe that (1) still holds.

Conjecture 1. f(n;k) = b(n;k) for k 2 f 5;6g and n su ciently large.

We will present the lower bounds in Theorem 1 via constructis in the next section.
Sections 3 and 4 are devoted to the proof of the upper bound. Welose with some concluding
remarks, related open problems, and a sketch of the proof thashows that 40=81 = 0:493::

5 < 0:534.

We associate ak-graph with its edge set. For a vertex subsetS of sizek 1, let d(S) =
iN(S)j. Let \lﬁ = fX V :jXj= kg We denote p] = f1;:::;ng. Let Bin(k;p) denote
the binomial distribution with parameters k and p. In Sections 2{4, the asymptotic notation
(0O(1), o(1), etc) will refer to the case whenk is xed and n!1

2 Construction

In this section we prove the lower bound in Theorem 1 by meansfoa construction due to Kim
and Roush.

Construction 1 (Kim and Roush [16]). Let Y1 [ :::[ Y, be a partition of [n] into sets,
each of sizebn=Ic or dn=le. Let the k-graph H consist of allk-sets that have at least one point
in eachY;. Partition H into H1[ [H |, where
( N
Hi= S2H: ijS\ Yjj j modl
i=1

)



By the Pigeonhole Principle, we may assume that there is ara 2 [I] with jH4j jHj =l. Now
let
F=HnHg:

O

Proposition 1. Forany > Othereis akg = kg( ) such that for allk kg and all su ciently

largen (i.e. n>n g(k; )), Construction 1 produces ak-graph F on n vertices with independent

neighborhoods such that

2logk N
k

loglogk n
k k °

JFi> 1 @a )
Proof. To see that F has independent ngighborhoods, consider &( 1)-sgf S. Then N (S)
cannot have a point in eachY; for then !:1 ij(STf vg)\ Yij:v2 N(S) covers all con-
gruence classes modulb. But then N (S) is an independent set, since every edge d¢f has a
point in each ;.

Let k>ko( )be xedand n!1 . If | isa xed function of k then we have

. 1 n n b n=lc
iFj 1 T K [ K
1 Nk n
1510 1=+ )
= 1 |_1 (I DA 1=K+ E :

Setl = k=((2 )logk)e, where = loglog k=logk. Then using (1 1=)* < e ¥ and
k =log k, we obtain

N 2 )logk 1 1 n
F 1 — = = :
F K k" n ok
This gives the required bound. O

Proposition 2.  For any k 7, we have | > 1=2.

Proof. Let us take | = 3 in Construction 1. The Inclusion-Exclusion Principle shows that
jHi=§F =1 3 (2=3)k+3 (1=3)%+ o(1). The right-hand side assumes valueS%2 > 3 for
k =7 and, as it is not hard to show, is an increasing function ofk 7. SinceF contains at
least 2=3 edges oH, the proposition follows. O

3 Lemmas

This section contains some auxiliary results needed in the of of the upper bound of Theo-
rem 1.



Lemma 1. For every k there is an ng such that for all n, x, andy with x+ y=n ng and

2h 'y 3, we have

X y n 1=2
max ——X11 4
oi k1 My Ky
Proof. Let ng = ngo(k) be su ciently large. Let p= x=nandg=y=n=1 p. ForO i k 1,
letp = 7 Y, " Yand b = k. 1pig< 1. We begin by noting that the hyper-

geometric distribution (as given by p;) can be bounded by the binomial distribution (as given
by ). Consider an experiment in which we choos& 1 elements of h] uniformly at random
with replacement. Let X  [n] with jX | = x, and let D be the event that the k 1 random
choices are distinct. Note that Iy is the probability that exactly i of our randomly chosen
element fall in X and p; is the probability that exactly i of our randomly chosen elements fall
in X when we condition onD. Therefore,

b b
Pr(D) 1

Pi 1 (2)

2

Note that b < bjs+q ifandonlyifi< (k 1)p (1 p). Therefore, if we setipg = b(k 1)pc
andii = ip +1 then max; b = maxfh,;b,g. By assumptions ony we haveip 1, so we can
apply an estimate given in Bollokas [2, Inequality (1.5)], giving

k 1) Tk pp (k ng

ho 21 o(k 1 Io) lo k 1 io
3 2ky
- io 13, (kDp 'O a1 © -
where we used the estimateg®; P =1 7P oy e, etc. A similar
upper bound holds fork,. Now the lemma follows from (2) since%ezz 2 < 4. O

Lemma 2. For every k there is an ng such that for alln  ng the following holds. Suppose
that we have two familiesF and G of k-subsets and(k  1)-subsets of[n], respectively, such
that jFj (1 f)} andjGj g, ", . Let[n]= X[ Y with x = jXj andy = jYj satisfying

dAny 1. Suppose that realsD < f %g°< 1 satisfy

g°f+f°g>f+f°go+4f00n:—ky: (3)
Then thereisani, 0 i k 1, with
Fii=jfK 2F :jK\ Xj=igi (1 f‘b’i( kyi )
and
iGi=ifL2G L\ Xj=ig ¢ |, 7 (5)



Proof. Suppose on the contrary that no suchi exists. Consider

s= @ Dy i 0 Pa 1+ 6)

n n
k k 1

P
Since eitherF; or G is small (as de ned by (4),(5)) for eachi, we haves !(=o max(a;; b),

where

Xy X y
ai - (l g()(l f% 1 nk 1 + fOI knl 1
k k 1
Xy X y
h — (1 g%lnkl +f090| kn|1:
k k 1
Since x y
0K 0 (n k+1)(k i) |
i = 1 f 1+
a b n @ ¢ Ky k+i+1)
there is anig suchthatay b for0 i<iganda b forig i k. Hence,
ix 1 xk
S a + b
i=0 i=ig
—_ n 1Pi01x y 0O— n 1Pi01x y h
LetP = 20 i ki andP= 7, i20" i k1 1 - Letuschoose arandom

(k  1)-subsetL of [n] and then let K be obtained fromL by adding a random vertexx 2 L.
Then K is also uniformly distributed. Note that P (resp. P9 is the probability that K (resp
L) has less thanig vertices in X. SinceL K, P P% On the other hand P® P is
exactly the probability that x 2 X and jL\ Xj = ig 1. It follows from Lemma 1 that
Pr(jL\ Xj=ipo 1) 4 n=kyandsoP® P 4 n=ky. Hence,

s PQL 9@ 9+ P%%+@ P)@ dd+@ PHY
PQL @ 9+ Pfo%+@ P ¢O+@ P)f°g°+4f°Dn:—ky
=1 g°+f°go+4f00n=—ky:
From (6), we obtain that
Q@ Oa fHH)+f%h s 1 go+f°g°+4f°Dn=—ky;

and this contradicts (3). O

4 The Upper Bound on K

Take small > 0. Let k  ko( ) be suciently large. Choose large ng = no(k; ). With
foresight, we de ne

Co=4+ c1=5+2 c,=5+3 c3=5+6:



For brevity of notation, let =loglog k=logk. We will show that for all k >k we have

(2 _(5+7))logk _, 2Iogk+(5+7)

k k

log logk
k

k<1 .
Suppose that this is false for some& > ko. Then for in nitely many n, in particular for
somen > n o(k; ), we can nd a k-graph F with vertex set [n] and independent neighborhoods

such that
(2 c3)logk n

jFj> 1 " K :
De ne
3 k
(log k)<
Our goal isto nd sets Aj;:::;A;;B1;:::;B; [n] such that the following conditions hold.

Condition 1: For everyi 2 [l], the setA; is independent (with respect toF ), is disjoint from
Bi, and has size

= 1 (2 c¢1)logk N @)
k
Condition 2: The setsBj;:::; B, are pairwise disjoint, each of size
b= (2 cz)logkn : (8)
k
Indeed, if we have such sets then, forany 1 i<j I, the setAj\ Aj has at mostn 2b

elements because its complement containB; [ Bj as a subset. Since everk-setin[!_; Ak‘

is missing from F, we have by a simple version of the Inclusion-Exclusion Priniple that

Ia I n 2b n iFj <2Iogk n
Kk 2 k Kk k k

n

Dividing by | and usingk >ko( ) and n>no(k; ), we get

I 12 2logk
(l ) k2 C1 2k4 2Co k !

which is a contradiction (for < 1andk ko( )).

observations regarding kK  1)-sets of large degree. First, observe that for everyl{ 1)-setS,

we have loak  2loaloak
ds)< 1 8 kog o9 n; ©)

for otherwise | jFj 49 > 1l&%k 0 \hich is a contradiction. Let G be the collection

of (k 1)-setsS2 [ suchthatd(S) n b

Claim 1. jGj 2 ", .



Proof of Claim. Let jGj= g ,"; . We have

X
K 1 @ Glogk e d(S)
Kk k
s2(,")
n (2 c)logk n logk 2loglogk
kl(1 g)l—k n+gkl 1 " n;

where the last expression comes from (9). Solving fog yields

(s ©) 2k?=n
1 ¢, +2loglogk=Ilogk

g

(We used the facts thatcz ¢ =3 and ¢; > 2 in the last inequality.) This completes the
proof of Claim 1. O

Now we describe how to inductively construct the setsA; and B;. Suppose that we have
constructed A;:::;Ap; B Bpwith 0 p < satisfying Conditions 1 and 2. Let

2n

(og k) T (10)

y:

andx = n y. Take an arbitrary partition [ n] = X [ Y with Y [ jp:l ([n]nA;j) and jYj =y,
which is possible since each senfnA; hasn a 2nlogk=k elements andp <|. Our task
now is to construct Ap+1 and B+ .

For an integer i, de ne
Fi=fS2F :jS\ Xj=ig and G=fS2G:jS\ Xj=ig
Also, let
f =2logk=k; g=2 ;: f °=log?" k=k; ¢°=
A short calculation shows by (10) that (3) holds:

log®* k logk
C >
Kk k
for some absolute constantC. So Lemma 2 implies that there is ani such that jF;j
@ 97 0, andjGj R

Let = f%( ). Let us show that there isa (k 1)-setTo 2 G; such that

9 O+(gt f 49 neky)> 0

JY nN (To)j (y k+i+1) (11)

Suppose on the contrary that no suchTy exists. Then counting the number of pairs K;z)
with K 2F; andz2 K\ Y in two di erent ways, we obtain

k b 197 T Kk DFi<
iGi(L )y k+i+1)+ 31 iGij (y k+i+1):

k [



It follows that

iGi(y k+i+1)<f°)i( kyi k i)

X

Since|Gj <« 1, this contradicts the choice of .

Choose an arbitrary setBp+; X that contains all of X nN (Tg) and such that jBp+1j = b.
(Thisis possible becaus¢Xj n Ib bandTy 2 G,sojXnN(Tg)j] n d(Tg) b) Forevery
j 2 [p], the setB; Y is disjoint from Bp+1 X, so Condition 2 holds. LetZ = Y nN (To)

and A= [n]n(Bp+1 [ Z). Note that A% as a subset oN (To), is an independent set. Moreover,
by the de nition of Tg (i.e. by (11)), we have

(2_c)logk log®* k 2n

Al noboy K Kk (ogky® 1

Let us take for Ap:1 an arbitrary a-subset of A® Condition 1 clearly holds, nishing the
proof. O

5 Concluding Remarks and Open Problems

By suitably modifying the proof that 4 = 1=2 from [8], we can obtain fairly good bounds for

5. Here is a sketch of the proof. Suppose thaGis a 5-graph with independent neighborhoods
and 1 edges. By Zykov symmetrization, we may assume that all verte degrees are ( +
o(1)) 2 . Now let A be a neighborhood of maximum size, sayAj= n ,and B =[n]nA. Let
h; be the number of edges of5 with exactly i points in B; note that hg = 0 by our hypothesis.
Let ; be the sum, over all 4-setsS with i pointsin B and 4 i points in A, of d(S). Then

one obtains

g 1 I n 1 = 4hy1+2h; (12)

n 1 n
2 ( 2 ) n > = 3h,+3h3 (13)
n @ 5 AL 3 = 2hg+4hy: (14)

On the other hand, using the fact that all degrees are almost gual we get

X
(L )n ( + o) 2 = d(x)= hy+2hy+3h3+4hy +5hs: (15)
x2B

=]
Now consider 34 (12)+1=6 (13)+1=4 (14)+ (15), observe that i5=1 h; = jGj, and
divide by n®. This gives that,asn!1

151 ) 3+5@ )2 2+5(1 )® + o(1):

5 1



Maximizing this function over all 2 (0:5; 1) yields < 0:534 and hence 5 < 0:534. On the
other hand, we haveb(n;5) = (g‘—cl’ +0(1)) ¢ (take jYj = (% + 0o(1))n for the lower bound),
which shows that 5 g2 > 0:493.

Our results are similar in avor to the following problem about the Tuan numbers of
complete hypergraphs. Letty denote the maximum proportion of edges in ak-graph on n
vertices, asn ! 1, that contains no copy of the completek-graph on k + 1 vertices. Thus
t> = 1=2 by Mantel's theorem. The most famous conjecture in this ar@a, due to Tuan [23],
is that t3 = 5=9, which is achieved by (among others) the 3-graph with vert& partition
Y1; Y2; Y3 into almost equal parts and all edges with two points inY; and one point in Yj.+1
(indices modulo 3) or one point in eachY;. Perhaps just as interesting is to determine the
growth rate of ty ask ! 1 . Frankl and Redl [7] proved that 1 tx = O(log k=k) via a
construction that has similarities to Construction 1 in thi s paper. On the other hand, the
known upper bound isty =1 (1 =k), where the best results are due to Chung and Lu [3].
It would be very interesting to obtain sharper estimates forty. Perhaps the methods of this
paper can be used to show that 1 tx = ! (1=k), an open question for whose solution de
Caen [4, Page 190] o ered 500 Canadian dollars.

For2 m k let the book Bx.m be the k-graph with the following m + 1 edges: k
1][f k+i 1gfori2[m],andfk;k+1;:::;2k 1g. The problem of computing the Tuan
function ex(n; By.m) has been actively studied [1, 5, 6, 8, 9, 10, 14, 18, 20, 21].l€arly, the
property not containing By as a subgraph is equivalent to having empty neighborhoods,cs
f (n; k) = ex(n;Bkk). Our results can be modi ed to show, for example, that for ary function
m = m(k) < cilogk, wherec; is a constant, we have

logk

(Bkk m)=1 K (16)

ask!1 ,where (F)=Ilimpy ex(nF)= E denotes the Tuan density of a k-graph F.

Indeed, the upper bound on (Byk m) follows from Theorem 1 and the trivial observation
that ex(n; Byk) ex(n;Bxx m). The lower bound (16) can be obtained by taking thek-graph
F of Construction 1 with | = k=g logk wherec,  max(cp; 1) and removing those edges of
F that intersect some part Y; in at most m vertices. Asn!1 | the proportion of edges that
we delete is approximately at most

| Pr(Bin(k;1=l) <m) le ®"9k4< k—12:
(We apply the Cherno bound here, see e.g. [11, Corollary 2.B) Therefore, the size of the
family F is at least (1 1=1)(1 1=k?) E , and (16) follows.

On the other hand, it is easy to show that (By.,m) = 0o(1) if m = o(k). Determining the
behavior of (By.m) for the intermediate values of m is an interesting open problem.



A related problem which has been studied a fair amount receny (see, e.g., [13, 15, 17, 22])
is the maximum possible minimum degree (of K 1)-sets) that a k-graph can have without
containing some xed con guration. Let g(n; k) denote the maximum minimum degree of a
k-graph on n vertices with independent neighborhoods. Then it was showrin [19] that the
limit ¢ =lim 1 g(n;k)=nexists. Itistrivial to see that  1=2 for all k, and odd k-graphs
show that if k is even, we have equality. It would be interesting to determne the behavior of

k for k odd. As with ty, the small cases seem dicult. For k = 3, the construction for t3
above minus the edges with one point in eaclY; shows that 3 1=3. In fact, we make the
following conjecture.

Conjecture 2. For every > 0, there existsng such that if n > ng and G is an n-vertex
3-graph with every pair lying in at least (1=3+ )n edges, thenG contains a neighborhood that
is not an independent set. In particular, 3 =1=3.

Construction 1 has the following generalization. We begin vith some de nitions that es-

tablish the general setting. Leta;l 2 be xed parameters. Consider the digraphD with
vertex set ZL and an arc fromx = (x1;:::;x)) to y = (y1;:::;yy) if and only if there exists a
coordinate k such that 8
<X if i 6 k
Yi =, . :
-xp 1 ifi=k

Note that the out-degree of each vertex id. We say that a subsetX of Z., is a perfect coverof
D if the out-neighborhoods of the elements ofX form a partition of Z.. In other words, the
setX is a perfect cover if for everyy 2 Z. there exists a uniquex 2 X such that the arc (x;y)
(i.e. the arc directed from x to y) is in D. Note that a perfect cover containsa'=I vertices.

the collection F has independent neighborhoods. To see this, consider & ( 1)-set T. Since
X is a perfect cover, there existsx 2 X such that (x;yt) is an arc in D. It follows that there

exists an indexk such that T [f zg 62 Ffor all z 2 Y. In other words, the neighborhood of
T (in the hypergraph F) does not intersectYy. Since every edge irF intersects Y, it follows

that F has independent neighborhoods.

In order to ensure a lower bound on the cardinality of the colection F , we consider situations

where there is a partition of Zg into perfect covers Xq;:::;X,. Each X; corresponds to a
collection F;. Furthermore, each setS that intersects Y1;:::;Y is excluded from exactly one
of the collectionsF;. Therefore, there is an indexi such that jFij is at least (1 1=l) times
the number of k-sets S that intersect Yi;:::;Y,

10



Note that Construction 1 is given by this general setting by taking a = | and letting
( N )
Xj= x22Z: ixj=]
i=1

For a second example, seh = 2 and supposel = 2P for some integerb 2. Fix a Hamming
codeH f 0;1¢' 1; thatis, x a set of strings H f 0;1g ! with the property that every
string in f0;1g' 1 is either in H or adjacent (in the (I 1)-cube) to exactly one element ofH .
Note that

of Z), into perfect covers. Thus, the Hamming code gives another awstruction that achieves
the bound given by Construction 1.
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