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Abstract

We study the the following question in Random Graphs. We are given two disjoint sets L, R
with |L| = n = am and |R| = m. We construct a random graph G by allowing each x € L to
choose d random neighbours in R. The question discussed is as to the size u(G) of the largest
matching in G. When considered in the context of Cuckoo Hashing, one key question is as to
when is u(G) = n whp? We answer this question exactly when d is at least three. We also
establish a precise threshold for when Phase 1 of the Karp-Sipser Greedy matching algorithm
suffices to compute a maximum matching whp.

1 Introduction

For a graph G we let u(G) denote the size of the maximum matching in G. In essence this paper
provides an analysis of u(G) in the following model of a random bipartite graph. We have two
disjoint sets L, R where L = [n], R = [m]| where n = am. Each v € L independently chooses d
random vertices of R as neighbours. Our assumptions are that o > 0, d > 3 are fixed and n — oc.
One motivation for this study comes from Cuckoo Hashing.

Briefly each one of n items € L has d possible locations hi(z), ha(z),...,hq(x) € R, where
d is typically a small constant and the h; are hash functions, typically assumed to behave as
independent fully random hash functions. (See [21] for some justification of this assumption.)
We are thus led to consider the bipartite graph G which has vertex set L U R and edge set
{(z,hj(x)): x€ L,j=1,,2,...,d}. Under the assumption that the hash functions are completely
random we see that G has the same distribution as the random graph defined in the previous
paragraph.

We assume each location can hold only one item. When an item z is inserted into the table, it
can be placed immediately if one of its d locations is currently empty. If not, one of the items in
its d locations must be displaced and moved to another of its d choices to make room for x. This
item in turn may need to displace another item out of one its d locations. Inserting an item may
require a sequence of moves, each maintaining the invariant that each item remains in one of its d
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potential locations, until no further evictions are needed. Thus having inserted k items, we have
constructed a matching M of size k in G. Adding a (k + 1)’th item is tantamount to constructing
an augmenting path with repsect to M. All n items will be insertable in this way iff G contains a
matching of size n.

The case of d = 2 choices is notably different from that for other values of d and the theory for the
case where there are d = 2 bucket choices for each item is well understood at this point [9, 20, 22].
We will therefore assume that d > 3.

We will now revert to the abstract question posed in first paragraph of the paper.

2 Definitions and Results

This question was studied to some extent by Fotakis, Pagh, Sanders and Spirakis [15]. They show
in the course of their analysis of Cuckoo hashing that the following holds:

Lemma 1 Suppose that 0 < ¢ < 1 and d > 2(1 + ¢)log(e/e). Suppose also that m = (1 + ¢)n.
Then whp G contains a matching of size n i.e. a matching of L into R.

O

In particular, if d = 3 and m ~ 1.57n then Lemma 1 shows that there is a matching of L into R
whp.

This lemma is not tight and recently Mitzenmacher et al [12] observed a connection with a result
of Dubois and Mandler on Random 3-XORSAT [10] that enables one to essentially answer the
question as to when p(G) > n for the case d = 3. More recently, Fountoulakis and Panagiotou [11]
have established thresholds for when there is a matching of L into R whp, for all d > 3.

We begin with a simple observation that is the basis of the Karp-Sipser Algorithm [16, 2]. If v is a
vertex of degree one in G and e is its unique incident edge, then there exists a maximum matching
of G that includes e. Karp and Sipser exploited this via a simple greedy algorithm:

Algorithm 1 Karp-Sipser Algorithm
1: procedure KSGREEDY (G)
2 M— o
3 while I # @ do
4 if I" has vertices of degree one then
5: Select a vertex & uniformly at random from the set of vertices of degree one
6
7
8
9

Let e = (¢,7n) be the edge incident to &
else
Select an edge e = (v, u) uniformly at random
: end if

10: M — M U {e}
11: ' —T\{¢n}
12: end while
13: return M
14: end procedure




Phase 1 of the Karp-Sipser Algorithm ends and Phase 2 begins when the graph remaining has
minimum degree at least two. So if I'1 denotes the graph I' remaining at the end of Phase 1 and
71 is the number of iterations involved in Phase 1 then

H(G) =71+ p(T). (1)

Our approach to estimating 1(G) is to (i) obtain an asymptotic expression for 71 that holds whp
and then (ii) show that whp I'; has a (near) perfect matching and then apply (1).

We summarise our results as follows: Let z; satisfy

et —1

and let

Thus whp Phase 1 of the Karp-Sipser Algorithm finds a (near) maximum matching if & < . In
particular, if d = 3 then 2z; =~ 1.251 and a1 ~ .818 and thus m = 1.222n is enough for a matching
of L into R.

Andrea Montanari has pointed out that our proof of Theorem 2 via the differential equations
method is not new and already appears in Luby, Mitzenmacher, Shokrollahi and Spielman [13] and
also in Dembo and Montanari [8]. We will prune this from the final version of the paper, but leave
it in here for now.

Now consider larger «. Let z* be the largest non-negative solution to

(é)dlwe%—l:o.

Theorem 3 If a > oy then whp
(a) z*>0.
(b) 1 ~n <1 — (é—Z)d1>.

(c) If d > 3 then

p(Ty) = min {|Ly], Ry} = min {n — 7, (1= (14 )™ m + o(m) } . (4)

Here L1 C L,R; C R are the two sides of the bipartition of I'1, after deleting any isolated
vertices from the R-side.

3 Structure of the paper

We first prove Theorem 2. This involves studying Phase 1 of the Karp-Sipser Algorithm. For this
we first describe the distribution of the graph . This is done in Section 4. The distribution of I



is determined by a few parameters and these evolve as a Markov chain. To study this chain, we
introduce and solve a set of differential equations. This is done in Section 5. We show that the
chains trajectory and the solution to the equations are close. By analysing the equations we can
tell when Phase 1 is sufficient to solve the problem. This is done in Section 6. If Phase 1 is not
sufficient then the graph I'y that remains has degree d on the L-side and minmum degree at least
two on the R-side. We show that whp I'y has a matching of size equal to the minimum set size of
the partition. [12] and [9] and [11].

4 Probability Model for Phase 1

We will represent G and more generally T' by a random sequence x € Qp p = (R% U {(IHL A
sequence x € Qp, g is to be viewed as n subsequences X1, X, . .., X, where X; = (21,%j2,...,%4) €
R% or Xj = 0 = (%*,...,%). The «’s represent edges that have been deleted by the Karp-Sipser
algorithm. For x € Qf, r we define the bipartite (multi-)graph I'x as follows: Its vertex set consists
of a bipartition Ly = {j € L : x; # o} (the left side) and R (the right side). The edges incident
with j € Ly are (j,x;;), i € [d] i.e. we read the sequence x from left to write and add edges to I'x
in blocks of size d. Each block being assigned to a unique vertex of L.

We should be clear now that our probability space is {27, g with uniform measure and not Gy g =
{Fx X E QL,R}'

Given a graph I'x we let v; = v;(x) = |R;j(x)| where R;(x) is the set of vertices in R that have
degree j > 0. We let v = v(x) = |Rx| where Rx = [J;5, R;(x).

For the graph G we choose x(0) uniformly at random from (R%)* and put G = [x(0)- Next let
I'(0) = G and let I'(t) = ') be the graph I' that we have after ¢ steps of Phase 1 of the Karp-
Sipser algorithm. The sequence x(t) is defined as follows: Observe first that the vertex £ of degree
one is always in R. Suppose that it is incident to the unique edge (n,£),n € L. Then we simply
replace x, in x(t — 1) by o to obtain x(¢). We should thus think of the Karp-Sipser Algorithm as
acting on sequences x and not on graphs. We write x — y to mean that y can be obtained from
x by a single Phase 1 step of the Karp-Sipser Algorithm.

Let 9(t) = (w(t),v1(t),v(t)) where w(t) = [Lx(| is the number of vertices on the left side of the
bipartition of I'(¢). Assuming that we have only run the Karp-Sipser algorithm up to the end of
Phase 1, we have w(t) =n —t. Also

7(0) ~ (n, ade %m, (1 — e~ — ade™*)m) whp. (5)

We will omit the parameter ¢ from #(t) when it is clear from the context. Let Xy be the set of all
x € €y, g with parameters .

Lemma 4 Suppose x(0) is a random member of Xy). Then given 6(0),...,v(t), x(t) is a random
member of Xy for all t > 0.

Proof: We prove this by induction on t. It is true for ¢t = 0 by assumption and so assume it is true
for some t > 0. Let ¢(t) = (w, v1,v) and now fix a triple ¢ = (v’ = w—1,v],v’) as a possible value
for 5(t +1). Fix y € Xy 1 1. We first compute the number of x € A such that x — y. Let
b = v — v’ be the number of vertices in Rx \ Ry. Some of these will be in Ry(y) and some will be
in Ri(y). So we choose non-negative integers by, by such that by + by = b. Next let a = vy —v] + by



be the number of vertices in Rq(x) N Ry(y). We can choose a vertex 1 so that Ly \ Ly = {n} in ¢ *&e*
ways and now let us enumerate the ways of choosing x,, = (¢i,(2,...,(q). Our choices for (; are

(i) distinctly from Ry(y) (i.e. ¢; is distinct from rest of the (j), (ii) non-distinctly from Ry(y) (i.e.

¢ = (; is chosen more than once in the construction), (iii) from R;(y) and (iv) from Ry,. We must
exercise choice (i) exactly a times, choice (ii) at least twice for each of by distinct values, choice (iii)

at least once for each of b; distinct values and choice (iv) the remaining times.

The number of choices for x, depends only on ¢ and ¢, i.e. for each y € Xy we have that
D(v,7") = |{x € Xy : x — y}| is independent of y, given ¥ and .

Similarly given x there is a unique ¢ € Rj(x), which when removed determines y. Thus N(7) =
Hy : x — y}| is fixed given ¢. Thus if x(¢) is a random member of X then

P(x(t+1) =yl|v(0),...,0(t))
= Z P(x(t) = x|7(0),...,9(t)) - P(x(t + 1) = y|5(0),...,0(t — 1),x(t) = x)

XEXg(t)
-1
= > P(x(t+1) =ylx(t) = x) - | Xy
XEXg(t)
Lo NGED)
which is independent of y given ¥(t) and so y is a random member of X(t41)- O
Lemma 5 The random sequence ¥(t),t =0,1,2,... is a Markov chain.

Proof: As in [2],

P(@(t+1)|v(0),0(1),...,9(t)) = Z P(x' | (0),3(1),...,3(t))

X’EXg(t+1)

= > > P, x|#0),5(1),...,T(t)

X’GXg(t+1) XEXg(t)

= ). ) PEE0),35(1),. .., 5t - 1),x)
X’GXg(t+1) XEXg(t)
xP(x [ 4(0),9(1),...,0(t))

= > D Pl

X’E.)(‘g(t+1) XEXg(t)
which depends only on #(t), v(t + 1). O

Lemma 6 Conditional on v if x is selected uniformly at random from Xy then each vertex i € Ry
has degree Y; where Y; = Poi(z; > 2), a Poisson random variable conditioned to take a value at least
two, and z satisifes

2(ef—1)  dw—v

O ©)

where f(z) =e* —z — 1.

The Y; are also conditioned to satisfy > ;_; Y; = wd — v;.



Proof: Suppose we first fix the edges incident with vertices of degree one in x. Then we randomly
fill in the remaining dw — v1 non-x positions in x with values from some fixed v-subset Ryx of R,
subject to each of these v vertices having degree at least two. The degrees Y; of these vertices will
have the description described in the lemma (for a proof see Lemma 4 of [2]). O

From [2] we can use the following lemma

Lemma 7 [2]
(a) Assume that logn = O((vz)%). For every j € Rx and 2 < k <logn,

P(l@zkﬁ)z#ﬁz) <1+0<k2;1>> (7)

(b) For allk > 2,j € Rx

5 Differential Equations

Let ¥ be the current parameter tuple and ¢ be the tuple after one step of the Karp-Sipser algorithm.
The following lemma gives E[¢" — 9]9] for each step of Phase 1 of the Karp-Sipser algorithm.

Lemma 8 Assuming logv = O((vz)%) and v1 > 0 we have

d—1 d—1vz? 1
E[v} —wn]d] = =1 — &1 + K+0<—>

dw dw f vz
d—1v2? 1
/_ 7 _ -
E[v" — v|7] dw 7 +O<vz>

Proof: First note that v; > 0, one vertex £ € R with deg(¢) = 1 will be picked and ¢ and its
neighbor n € L will be removed from G;. This implies that w decreases by 1 and the number of
edges removed is d, i.e. all edges incident to n. Let § be the number of multiple edges incident to
1. Then we have

d 1
A< d. Coe < .
E[0]9] < d - P(n is incident to parallel edges) < d<2> (wd)s EJ: E[deg(7)2] (8)
d? 1
< —oE[Y(Y — 1)|7] = —
< BV (v - Dj =0 (1)

where Y has distribution (7).

Explanation: The dw choices of neighbours for the remaining vertices in L form a list with vy
unique names and wd — v; non-unique names and where the number of times a vertex appears
among the wd — vy has distribution (7). Also, if we construct this list vertex by vertex, it will
appear in a random order. So the probability that j appears in two of the choices for 7 is bounded

by % and this justifies (8).



The change in v; comes from & being removed, minus the number of other degree one vertices
adjacent to 1 and plus the number of vertices adjacent to i of degree exactly two. Any change from
vertices of degree three or more is absorbed by the O (%) term for multiple edges.

The expected change is then

3 d—1 2d—1)_. 1
r_ = — | — — —
E[v] — v1]|7] 1 - 1(1)1 1)+ Jo 1 E[v2|0] + O <w>

d—1 d—12z2 1
__g_d=t o pdot2 <_> (9)
vz

Similarly for v, the change is only due to vertices adjacent to y of degree exactly two, modulo
multiple edges. Thus

d—12z22 1
E[v’ — v|7] = —d—%v +0 <—>
O
Lemma 8 suggests that we consider the following pair of differential equations
dy1 d—1 d—1 yC2
LA A N 10
dt dw " Taw 70O (10)
-1 2
dy _ d—1y¢ (11)
it~ Tdw f(Q)

where w = n — t and ( satisfies
(£ =1) dw—y

G

(12)
The boundary conditions are (see (5))

¢(0) = ad, y1(0) = made™?, y(0) = m(1l — (14 ad)e™*?). (13)
The y1,y, ¢ are of course the deterministic counterparts of vy, v, z respectively.

Lemma 9 The solution to (10), (11) and (13) is

1 = m( ((%) w +e ¢ — 1) (17)



Proof: We take the derivative of (6) with respect to t. The RHS becomes, using (10) and (11)

i<dw—y1>:1<_d_<_1_d—1£+d—1£ ¢? >_dw—y1l<_d—1£ ¢? >>
dt y y d w d wf() y oy d wf(()
:_d—l<dw—ylJr ¢ dw—y C2>
dw y f(©) y [
d—1 (g(ef— D) + ¢ f(C) — ¢3(ef - 1))

T dw IGE
d—1 (b —1)F = (Pet
dw ( 1(0)? ) (18)
On the other hand, on differentiating the LHS of (6) (with z replaced by () we get
d <<<e< - 1)) (e e~ A — (S — 1P dc
dt \ f(¢) f(¢)? dt
(€ — 1) — ¢2eC dg
= —. 19
FOF 1
Comparing (18) and (19) we see that
ldg_ d-1
T (20)
Integrating yields
Cd
a1 = constant
Plugging in ¢(0) = ad we see that
¢! _ (ad)?

This verifies (14) and (15).
Going back to (11) and (20) we have
dyd¢ _dy _ (d-1)y ¢¢ _ 1d¢ y¢?

dcdt — dt — dw f(O) C(dt f(Q)
So
ldy ¢
yd¢  f(Q)

and integrating yields
Iny=—-C+Inf()+C

Taking 3(0) = m(1 — (1 4 ad)e™*?) gives C' = Inm and we see that (16) holds.
We now solve for y; in terms of ¢ as a function of d. It follows from (12) and (16) that

y1 = dw + Ce Sm —m(

= <%> ot Ce™Sm —m(

(O



O

At this point we wish to show that whp the sequence 9(t),t > 0 closely follows the trajectory
y(t) = (w,y1,y),t > 0 described in Lemma 9. One possibility is to use Theorem 5.1 of Wormald
[24], but there is a problem with an “unbounded” Lipschitz coefficient. One can allow for this in
[24], but it is unsatisfactory to ask the reader to check this. We have decided to use an approach
suggested in Bohman [4].

Next let K be a large positive constant and let v < 1/K. Then let
gx) =1 —a) " + K1 —2)™

and
Err(t) = n?3g(t/n).

Then define the event
E(t) = {U(T)Z(T) > n'/? and C(1) > ¢(t1) +n~ 7 and |0(7) — 9(7)|, < 2Err(1) for 7 < t}
where
t1 =min{t > 0: yi(t) =0}. (21)
Now define four sequences of random variables:
i vi(t) =y (t) £ Err(t) E(t—1) holds
Xl (t) = x+ .
T(t—1) otherwise
XEE) = v(t) —y(t) £ Err(t) E(t—1) holds
o XEE—-1) otherwise
)~F is convex we have

1 o1 hi
TN ) A s A g 2

for L>0and 0 <x <ax+h<1. So,

Because (1 —x

K
n—t

g((t+1)/n) —g(t/n) = g(t/n). (22)

Suppose that £(t) holds. We write

dw—yl_dw—vl
Yy v

_ '(dw—w)(v—y) Lumy
yu v

Y <Err(t)>‘ 23)

v

(For this we need (dw — y1)/y = O(1). But this follows from (12) and the fact that ¢ is decreasing
— see (20)).

Putting F(x) = 2’1 we have (see (19)) F'(z) = (71 —a%e” . nd since

@) (@)
(o] ,:L'k
(€" —1)? —a?e" = (2F —2—k(k - Ok} (24)
k=4 )

9



we see that F'(x) = Q(1) in any bounded interval [0, L].
Hence from (23) we have

o <EL(’5)> = F(¢) — F(z) = Q(I¢ — z)

v

or

C - 2] :0<ET;"“)>. (25)
Using (25) we obtain
O
() fOI = f(2) f(z) f(0)
< KjErr(t) (26)

for some K1 = Kq(a,d) > 0.

For the second term we use

This implies that (x—z) =0(1) for x > 0.

Now with f = f((),

=0(¢Wn),

" d—1 2 d-1 4 2 ¢_1
i) = L (1 (] (2 )

=0(¢C™Wn™).

If £(¢) holds then, where p, = 41 = déin__lt),

E(X{ (t+1) = X () | 9(t) =
E(or(t+1) —vi(t) [ 9(t) — (w1

(E+1) — () +n23(g((t + 1)/m) — g(t/m)) =
(D) 2(£)2 2 n2/3
~ p0r(t) — () + o ( J(f( (i’;)) - yji?f(g) ) +0 (—v(t)lz(t)) S0+ gt /m)

o n*g(t/n)
- n—t
> 0.

This shows that X, (t),t > 0 is a sub-martingale. Also,

X (4+1) - X7 (0)] <
(t+1) 0B+ sup [y(E+0)] + 0 (g((t +1)/m) — glt/m) = O(L).

10



It follows from the Azuma-Hoeffding inequality that we can write
PEL<t<t: X () <X{(0) - n3/%) < Q%)
By almost identical arguments we have
PAL<t <t : Xy (t) > X7 (0) +n?/%) < =20,

X
P(Hl <t<t: X+(t) < X—i—(o) _ n3/5) < e_Q(n1/5)‘
PE1<t<t;: X (t) > X (0)+ n3/5) < e_Q(n1/5)‘

It follows that whp, when £(t) holds, we have

o1(t) — y1(t)] < Ere(t) +n®® + |1 (0) — y1(0)| < 2Err(t). (27)
o(t) = y(t)] < Err(t) +n? + v(0) — y(0)] < 2Err(t). (28)
Now by construction, &£(t) will fail at some time ¢ < ¢;. It follows from (27), (28) that whp it will
fail either because (i) v(t2)z(ta) < n'/? or ((t2) < ¢(t1) +n~7. We claim the latter. Observe that if

C(7) > C(t1) + n~7 then (14)—(17) imply w,y; = Q(n'~9/(@=D) and y = Q(n'~27). Together with
(27), (28), this implies that v(ts)z(t2) = Q(n'=37) > nl/2.

In summary then, whp the process satisfies

2/3
|0(t) = §(t)|oo <2Err(t2) = O (ﬁ) = O(n?/PHED/A1)) for 1<t <ty (29)
and
v1(ty) = O(n'™7) where to = t; + O(n*™7). (30)

We use (14) for (29) and (17), (25) for (30).

6 Analysis of Phase 1

We will first argue that whp Phase 1 is sufficient to find a matching from L to R when there is no
solution 0 < ¢ < ad to

N e
<@> te$—1=0. (31)

It follows from (17), (21) and (30) that in this case Phase 1 ends with there being at most O(n'~7)
vertices of L left unmatched, whp. Furthermore at time ¢ we will have

¢\ T d—2
w~ = n, v1 ~ dw and v = O({d-1vq)
ad

where ¢ = ((t2) = O(n™7).

Lemma 10 Suppose that t1 = 0. Then whp at time to, I' is a forest.

11



Proof: Let R>3 denote the set of vertices of degree at least two in the R-side of I'. Let P(dy, ..., d)
denote P(X; = dy,..., X} = di) where X3,..., X, are truncated Poisson conditioned only to sum
to dw — v1. For large k we use the bound

k
P(Xi=di,..., X, =dy) < O(n (32)
For k = O(1) and dy, ... ,d;, = O(logn) we write
k k zdz‘
PXi=di,...,.Xp=dp) = [[P(Xi=di | X; =dj,j <i)=(1+01) ][] ) (33)
j i=1 "

It is equation (7) that alows us to write the final equality in (33). The extra conditioning X; =
dj;,j < i only changes the required sum.

Thus let By, denote O(n'/?) for k > ?(d )1 ,)Y and 1+ o(1) otherwise. The expected number of cycles
can be bounded by o(1) = (P(3 vertex of degree > logn)) plus

k

353 S Pldi-..di) % <Z> (d(d — 1))"3(%!)21_[1 (dw = ﬂ(gﬁ&uf)_ il =

k>2 SCR>5 2<dy,...,d<logn i=
|S|=k

ZB’“@ ﬁd'f <w><> 2f[1dw—2z+;<;wl)—2i+1>>§

(34)

o

0

Explanation of (34): We condition on the degree sequence. Having fixed the degree sequence, we
swap to the configuration model [5]. Having chosen S C R and k vertices W in L and their degrees,
we can work within tnis model. We then choose a cycle through these vertices in (k!)? ways. We
then choose the configuration points associated with our k-cycle in (d(d—1))* Hle d;(d; — 1) ways.
We then multiply by the probability H
with the edges of the cycle.

i=1 (du= 2H_2)(dw 57T of choosing the pairings associated

Corollary 11 Suppose that t1 = 0. Then whp at time to, I’ contains a matching from Ly into
Rr. Furthemore, such a matching will be constructed in Phase 1.

Proof: We can assume from Lemma 10 that I' is a forest. Each vertex of Lp has degree d and

so Hall’s theorem will show that the required matching exists. (Any Hall witness would induce a
cycle). Finally note that Phase 1 of the Karp-Sipser algorithm is exact on a forest. O

12



6.1 Threshold for Phase 1 to be sufficient

Put A = (ad)~'/(4=D and B = 1/(d — 1) so that (31) can be written as
AB+eC—1=0. (35)

Assume B is fixed. We find a threshold for A in terms of B for there to be no positive solution to
(35). We find the place ¢* where the curve y = 1 — e~¢ touches the curve y = ACP ie. where

AP = 1-¢¢
ABCPTt = ¢

In which case

C* ¢ * 1- e_C*
2 =¢* —1land A" = 36
5 QL 0
or
o d o* < 37
¢ =gy mde = gr T e (37)

In general, keeping B < 1 fixed let
faQ) = AP +e ¢ —Tand Ly = A™YE.

We must show that if A > A* then the only solution to f4({) =0,0< L, is ( =0.

Observe that fa(La) = e %4 >0 and f4(0) = 0. Also, if A< 1then1< Ljandif A<1—e!
then fa(1) < 0 and there must be a positive solution to f4(¢) = 0.

Observe that A" > A implies (i) Ly < L4 and that (ii) fa/(¢) > fa(C) for ¢ #0. So if f4(¢) has
no positive solution then neither has f4/. We argue that f’(¢) = 0 has at most 2 solutions, which
implies that f4(¢) = 0 has at most two positive solutions. As we increase A to A* these solutions
must converge, by (ii).

Now

e 1

¢1-B T AB’

But the function g(¢) = ¢ /(¢ is convex for any ¢ > 0. Indeed

(¢ — )7

fa(Q) = 0iff

>0

and so ¢g(¢) = a has at most two solutions for any a > 0.

6.2 Finishing the proof of Theorem 2

We now have to relate the above results to the actual process. We know from our analysis of the
differential equations that for some A > 0,

’Ul(tg =1t + A’I’L_ﬁ/) = O(’I’Ll_w).

When (3 = ((t1) = 0, Lemma 10 and Corollary 11 imply Theorem 2.
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So assume that ¢; > 0. Thus o > o* and A < A*. We argue that if z4 is the solution to (35) then
24 decreases monotonically with A. Indeed, if A’ > A then fa/(¢) > fa(¢) for (4 < (< Ly < La.

Now (Celz__l)lz is strictly monotone decreasing with z and so

(d—1)za < (d— 1)z~

e*a —1 e*ar —1

= 1. (38)

The second equation in (38) is the first equation in (36).

At time ty we will have v; = O(n'™7)) and v = Q(n). For the next o(n) steps we have from (9)

that p ) ( )
P #) — da—12" _ (d—1)za
E(v] —v1 | %) = =1+ (1 +0(1)) dw 7T 1+ (14 o0(1)) 1

for some small positive . In which case, whp, v; will become zero in O(n'~7logn) steps. Indeed
(39) implies that the sequence

< —¢ (39)

X, — vi(ta + k) +ek if vi(ta+k) >0
F Xip_1 otherwise

is a supermartingale that cannot change by more than d in any step. The Azuma-Hoeffding
inequality implies that for T'= 2X(/e we have

P(’Ul(tg —|—T) > 0) < P(XT —XO > €T—X0) < eXp{—%} = 0(1).

Le. whp vi(te+T) =0 and v(ta +T) = v(t2) — o(n) = Q(n).

7 Proof of Theorem 3

Let us summarize what we have to prove. We have a random bipartite graph I'; with partition
L1, Ry and |L1| = ny = aymy, |R1| = my. Each vertex in Ly has degree d and each vertex in R has
degree at least 2. At this point it is convenient to drop the suffix 1. So from now on, m,n, a,I" etc.
refer to the graph left at the end of Phase 1.

The degrees of I' satisfy, dr(a) = d for a € L. The degrees of vertices in R are distributed as
the box occupancies X1, X, ..., X, in the following experiment. We throw dn balls randomly into
n boxes and condition that each box gets at least two balls. In these circumstance the X;’s are
independent truncated Poisson, subject to the condition that X; + Xs + - -+ X,, = dn, see Lemma
6 with v; = 0. Thus for any S = {b1,b2,...,bs} C R and any set of positive integers k; > 2,i € S
we have .

kilf(2)

P(dr, (bi) = ki,i € §) < O(n'*) [
ics

for k > 2 where z satisfies
2(e#—=1) nd

fe o m
The O(n'/?) term accounts for the conditioning 3", » dg(b) = dn We will prove

14



Theorem 12 Let I' be a bipartite graph chosen uniformly from the sets of graphs with bipartition
L,R, |L| = n,|R| = m such that each vertex of L has degree d > 4 and each vertex of R has degree
at least two. Then whp

w(I') = min{m,n}.

7.1 Useful Lemmas

Define the function ((7),y > 0 to be the unique solution to

u(e —1)
fay
Let g be defined by
g(x) = (4@ = )" f(¢ ().
Observe that
f¢(z) _ g(z)

O o

Lemma 13 The function g(z) is log-concave as a function of =

Proof: We will write ¢ for {(z) and f for f(¢{) throughout this proof. Now @ = x from which
we get

¢ _ f?
dr (€ —1)2 — (2 (41)
and note that % > 0 for ¢ > 0. Taking the derivative of log(g(x)) we get
d d
. log(g(z)) = . (x log(e$ —1) + (1 — z) log(e® — ¢ — 1))
C—1 d < ¢—1
zlog<e 7 >+£ <a:ece—_1+(l—a:)e 7 >
Now x = C(e(}_l) SO
€S e —1 (& f—((ec—1)et —1
G = =) (€= (= 1= e+ Qe — )
— e
(£ — 12— 8
— I
_dx
S
Thus we have p C
et —1
. log(g(x)) = log < 7 ) +1 (42)

15



Taking the second derivative we get

b= (e (571) )
foe(ef =¢—1) = (&£ —1)*d¢

es —1 f2 dx
1 d¢
(e —1)f da ( (C=De )
and since —(¢ — 1)e¢ — 1 is strictly negative for ¢ > 0 we get that g(z) is log-concave 0

Lemma 14 ((x) is concave as a function of x.

Proof: We begin with (41). We note from (24) that the denominator
(e —1)% — (2% > 0.

Then we have

*¢C 21+ () +e (=6 —e*(2+((C—4) + 5+ (¢ +2) +e4(6 —2¢(2¢ +3))) d¢
dz? ((e8 —1)% = ¢2ef)? dz’

Now let -
$u) = dpu™ = 2(1 + u) + 1 (u)
n=0

where
Pu) =Y =e"(—6 — e (2 + u(u — 4)) + v (5 + u(u + 2)) + €*(6 — 2u(2u + 3))).
n=0
We check that 19 = —2 and ¥, = 0 which implies that ¢9 = ¢1 = 0. One can finish the argument

by checking that

3"2(n? — 13n 4+ 18) + 2"(n? 4+ 2n — 6) — (n* — 4n3 + 10n? — Tn — 6)
¢n = - <0

n!

for n > 2. This is simply a matter of checking for small values until the 3" term dominates. O
Next let

Uy -1
H(u) =log f(u) —u —2logu = log (%)

Lemma 15 H(u) is convex as a function of u.
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Proof:

d? d (e —1 2
710 = (o 1)
eu

(e —1—wu)—(e*—1)2 2

B 72() T
et —1—wue" 2
T Pw @
CuP(e" — 1 —ue") +2(e" — 1 — u)?
a u? f2(u)
22 + uet + u? + du + 2 — ude® — due® — 4e¥

u? f2(u)
Let
[ee]
$(u) = 26* + ue" +u? + du + 2 — ule® — duc® —de" = Gpu.
n=0

Direct computation gives ¢g = ¢1 = ¢ = 0 and for n > 3

1
On = 5(2”"'1 +nn—1)—n(n—1)(n—2) —4n — 4).
One can then check that ¢35 = ¢4 = ¢5 = 0 < ¢y, for n > 6. Thus %H(u) > 0 implying that H (u)
is convex. O

7.2 The case m~n

We will first prove Theorem 12 under the assumption that m = n and then in Sections 7.3 and
7.4 we will extend the result to arbitrary m. We will as usual prove that Hall’s Condition holds
whp. We will therefore estimate the probability of the existence of sets A, B where |A| = k and
|B| < k — 1 such that Np(A) C B. Here Np(S) is the set of neighbours of S in I'. We call such
a pair of sets, a witness to the non-existence of a perfect matching. There are two possibilities to
consider: (i) A C L and B C Ror (ii) A C R and B C L. We deal with both cases in order to
help extend the results to m # n. We observe that if there exist a pair A, B then there exist a
minimal pair and in this case each b € B has at least two neighbours in A. We deal first with
the existence probability for a witness in Case (i) and leave Case (ii) until Section 7.2.2. We then
combine these results to finish the case m = n in Section 7.2.3. We will deal computationally
with minimal witnesses where each vertex in B has at least 2 neighbours in A. If v has a unique
neighbour w in A then A\ {w}, B\ {v} is also a witness.

7.2.1 Casel

We estimate

7 (k, ¢, D) =
P(3A,B: |A| =k <n/2,|B| =€ <k —1,Np(A) = B,d(B) = D,da(b) > 2,b € B) <

17



d dk—1

o < ) (kd)! Hdn—z: (43)

() 5 fia

2<$b<db,b€[£} b=1

> zp=kd
Zbe[l] dpy=D
Zbg[e] dy=dn—D
dn
1/2 m '(kd)!z
0w (1) (7)o T
Cl o
Hx— > 14 ) H
2< 2y, bE[€] b=1 2<dy be[f] b=k 0<yy,bEll] b= 1Y
beb kd > dy=dn—D Sy yp=D—kd
O 1/2 > kd)'zdnx
f)m
[ukd )e) <[udn—D](eu 1 u)m—e) ([uD—kd]eue) < (44)

m i (A — BNV (kd)! 2% f(2)E f(¢)mR+t gP—dk
O(n1/2)<k> <k B 1> e2F| |/ (dn)! f(z)m zkd qln_D (D —kd)! <

dn—

where (1 = ((y) < z where y = = k+1

2k|m—n|/n

> 2 due to our minimum degree assumption for R. The

term e accounts for replacing ( ) by (krfl) for k exceeding m /2.

O(n}/2e2klm=nl/n) <Z> (km > (d(n = k))! (kd)!z™ f(2)*7" f(Q)™ 5 (k= )P~ )

—1) @) f)m M D (D—kd)l

n—~k
kel () (= ()’"f L
() P () %)

Putting k¥ = an and m = fn and h(u) = u*(1 —u)' ™™ and x = d — y where 0 < = < d — 2 we

obtain, after substituting (Z) =0 (W(a)") etc.

elm—nla h(a)41\" P % e%a \
WL(’“’E’D)S()( ni7? ><h((a;ﬂ)ﬁ> <f<z>‘ffi f(éili)‘z < : >) | v

Explanation of (43): Choose sets A, B in (Z) (?) ways. Choose degrees dy, b € R with probability

oY) 1T, dz i such that > pcpdp = D, 3 pgpdy = dn — D for some D > 2({). Choose the
degrees z4,a € A 1n the sub-graph induced by A U B. Having fixed the degree sequence, we swap
to the configuration model. Choose the configuration points associated the z4,a € A'in [[,c 4 (xda)
ways. Assign these D choices of points points associated with A in D! ways. Then multiply by the
probability (kd)! Hfdo ! dn - of a given pairing of points in A.

Explanation of (44) to (45): If A(z) = >, a,z" where a, > 0 for n > 0 then a, < A(()/("
for any positive ¢ and A(¢)/¢"™ is minimised at ¢ satisfying (A'({)/A(() =

For the remainder of Section 7.2 we assume that

n<m<n+o(n”®). (47)

18



It follows from (47) that we only need to consider
k<ko=m/2=n/2+on"?)

It also follows that T
( h(a) >n f(G) e o(n"/3a)
h(a/B3)P F(z)=a
Thus (46) becomes
n—~k
1 7/8 o [ 27 f(G1) (eﬁf
k,0,D) =0 | — | e®™ " Dh(a) 2 . 4
7TL( (ag] ) <n1/2> ( ) (f(Z) Cf_m T ) ( 8)
Case 1.1: 0 < k‘gmin{k:o,( d) n}
Observe (see (40)) that
2 f(Q) _ d gld—a)
fz) ¢ g(d) (d—z)te
where g(x) is as defined in Lemma 13
It follows from (42) that
gld—=z)\ d q d
“log < T ) /d G Tosla(0)d > /d_x(log(l LSy + 1)d (49)
Now Ce¢ < e~! which implies that log(1 + (e™¢) > Ce¢/10. Also
_,_ ¢ .2 _ ¢
t e —17 +2  (+2
z(2d —4 —x)

And so ( <t < (+2. Thus
d d
/ (log(1 + ¢e™) + 1)dt > / (
d—x d—zx

gld—z) - e~ "1(z) where ¥(z) = e2a(d=4-2)7 and ¢, =
and so 1(x) < e~(@=2)2a% in the range of interest. Plugging this into the last parenthesis of (48)

t—2
t =
>d x+ 20

10~
+10d
Note that d—x > 2

20d

This implies that C)

gives

1
k.0 =0 (1
This immediately yields
n(1=2/d) dk-n'/10 A2 k0
> > < 1/2> h(a)! 2" = o(1). (51)

Azr= > Y m(kt,D)<
l<k=ern D=dk

l<k=ern D=dk
We use the notation As; so that the reader can easily refer back to the equation giving its definition

19



We will work with D < klogn because it is easy to show that whp the maximum degree in T' is
o(logn). The bound for As; comes from (50), using the fact that h(a) is bounded away from 1 and
x = o(1) in this summation. As; is the first of several sums that together show the unlikelihood
chance of a witness. We will display them as they become available and use them in Sections 7.2.3,
7.3 and 7.4.

a

z\ 1—a
<1*—“> > in (50) is maximized when z = ad, provided

T

The main term h(a < = md —
ad<d—2ork<n (1 — %) This in turn gives

s 1 1 t=a\ "
wu06.0) =0 (7 ) vt <h(“)d_2 (e o) )

)
—¢ (#) ROk <h<a>d—2 (dd%jdad@ _ a)—d>l‘“>"
)

eo(n7/8a)¢(ﬂj‘)n (aa(d—Q)(l _ a)—2(1—a))n (52)

1
172

3

The function py(a) = a2 (1 —a)~21=9 is at most 1 and is log-convex in a on [0,1 — 2]. Indeed,
if L1(a) = log pg(a) then

dL
d—;:d+(d—2)loga+2log(l—a) (53)
Ly d—2—da

= 54
da? a(l —a) (54)
We have L;(0) = 0 and L} (0) = —oco. It follows that for every K > 0 there exists a constant
er(K,d) > 0 such that
pala) < e K for a <ep(K). (55)
We let e, = e1,(1,d).
We can immediately write
nl/10 klogn nl/10 logn 1
ogn o(kn—1/8
Ass= Y > mu(k6,D)= > Zo( 1/2> (kn™%) = o(1). (56)
{<k=2 D=dk {<k=2 D=dk
The bound for Asg is derived from (52) using p(a) < 1.
Along the same lines we have
erm klogn ern klogn logn ,
—o(n—1/8
Asp= Y Y mktD)= >, > 0 < 1/2> ST = o(1). (57)
L<k=nl/10 D=dk £<k=nt/10 D=dk

The bound for As;7 comes from (52) and (55).

Now ¢(d) = (1 — %)(d_2)2/d (%)_4/d decreases in d and is < .9 for d > 5. So if d > 5 then for some
constant 0 < & < 1 we have

logn klogn
logn on / a n
Ass = Z > w(k,t,D) = Z > O<n1/2>e(78>g =o(1). (58

{<k=ern D=dk4nl/10 {<k=ern D=dk-+nl/10
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—a

The bound for Asg comes from (52) and using the fact that pg(a) <e
Case 1.2: d = 3,4.

Now consider the cases d = 3,4. Putting 03 = .15, £ = .49 we note that pg(54) < .995 for d = 3,4
and so arguing as above we have

Ban klogn Ban logn log n s
A= > S mmen) = Y Y <n1/2 > o) en 1) (59)
{<k=ern D=dk+n1/10 {<k=ern D=dk+n1/10

Because we can choose any value for ¢; in the bound (48) we can simplify matters by choosing
(1 = 1 independent of = to get

71(k, D) = O (#) ) gy (fi) f ézlﬂ (x(fﬁ_aa)f”) " (60)
(2%5) =oofi)
" mu(k.D) < 0 (5 ) (h(a)e"ae0<"”8a> (%@)) (62)

l1—a
Now the function Ly(a) = h(a)e™ (%%) is log-convex in a. Our initial choice of n will be
1.5 and we note that with this choice, when d = 4, L9(.49), L2(.51) < .9 and so

ko klogn ko klogn
logn -1/ n
Agg= > > mkeD)< > >0 < lg/2> o™ TR) (g)m = o(1). (63)
0<k=p4n D=4k Z<k Ban D=4k

When d = 3, with the same choice for 1, we have Ly(.15), L2(2/5) < .98 and so

2n/5 klogn 2n/5 klogn

Ags = Z Z (lﬁ L, D Z Z 0O <17(l)1g/;l> eo(n7/8a)(,98)n = 0(1) (64)

{<k=.15n D=3k-+n1/10 {<k=.15n D=3k+nl/10

We repeat this idea once more. Putting n = .5 we get La(2/5), L2(.51) < .995 from which we
deduce that

klogn klogn
logn\ 7/, n
Ags = Z > mp(kt,D) < Z > O<n1/2>e( )(.995)" = o(1).

{<k=2n/5 D=3k+n1/10 {<k=2n/5 D=3k+n1/10
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7.2.2 Case 2

Now let us estimate the probability of a violation of Hall’s condition with A C R. We once again
begin with arbitrary m. Let

wr(k, 0, D) =
12 m n m Zd“ l d D—-1 1
D! =
o )<k> (f) 2 77l <$b> 3 (66)
2<dq,a€[m)| a=1 b=1 =0

2<zy <d,be[l]
> aeik] 4a=>pe(g To=D
3wzt da=dn—D

0w (1) () e

JoE Oall s || s 1))

2<d,,aclk] a=1 2<da,a¢[k] a=k+1 & 2<ay, <d,be[f] b=1

~

>, da=D >, da=dn—D >, ap=D
m\ (n) 2z
O<””2><k>(z>m—mﬁ
x () u)t ([udn P)e —1—u)m_k> ([P +w)? = (1 + du))) <
O(n/2)e2Him= n|/n< >< ”1>
x([uD]e 1) >([u (e —1— )m—'f) ([uD]((1+u)d—(l+du))k)§ (67)

11/2)2k|m—n|/n 1 fC1) f(C2)m_k<dk>
o () )

where (; = ((D/k) and (2 = ¢ (d”:i)) — actually any value for (q, (s is valid —

m

(OB QT w
”(#) o ( e (o) (8) (6) <a>”> o)

= L e2a\m—n\ h(@a/d) ~d f((l)af(<2)g_a n
_O< > (h(a) ( (70)

i h(a/B)Ph(6/d)ed f(z)P (fo  d-fa

where a = k/n, m = fn and D = 0k < dk.

Explanation of (66) Choose sets A, B in (') () ways. Choose degrees dq,a € R with probability

om'AH 11, . 'f( 7 such that Yacalda = D, 3 ¢ 4da = dn — D for some D > 2k. Choose the
degrees xp, b € B in the sub-graph induced by AU B Having fixed the degree sequence, swap to the
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configuration model [5]. Choose the configuration points associated with the 23,0 € Bin [[,cp (d)

Ty
ways. Then multiply by the probability D! Hi’;f)l ﬁ of a given pairing of points in A.

We assume that (47) holds for the remainder of the section. In which case we have

h(a) f(C?)ﬁ_l _ eo(rfl/sa)
h(a/B)P f(z)°~1

and we only need to consider
k<ky=m/2=n/2+o(n?).

Thus, (70) becomes

1 sy h(Bajd)t 2t F(G) F(G) )
wr(k, ¢, D) <O (W) <€°(" . h(a)(Qh(g/)d)“d f(2) f(gfla) f(élz‘)ea ) i

It follows from Lemma 13 that we can upper bound

. CNEC T e ()
f)\ ¢ o G ( %)d—ae
_ g(ad + (1 — a)4=29) g
> g(d) gab (%)d—aﬁ

Plugging this into (71) gives

1 eo(nfl/sa)aaG 1 — g)d—ab "
mr(k, 0, D) §0< 1/2) < ( d) (72)
n a

aa@(l_a)dfaﬂ
Now let Rl (9) = log W . Then
a d

Ri(0) = aloga — alog(1l — a) — alogf + alog(d — 0).

wopy . ad
R{(0) = 5d—10) <0.

Thus R;(0) is concave and is maximized when # = ad. Because # > 2 we can only use this for
a>2/d.

Case 2.1: k> 2n/d.
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wu(k,£.0) <0 (15 <60(n1/8a),fi)d2(+1ad_ “)d_a%)
—0 <#> (eo(nfl/sa)aa%—a(zmd)(1 B a)d—azd—(l—a)(Z—i—ad))n
_0 <#> (eo(nfl/sa) ~20(] _ a)(d—2)(1—a))n
=0 () ¢ it - ar (73)

where the function pg is defined following (52).
We find that

! 9\ (@22 1/
pa(l—2/d) = <1_6 <1 - E> > < .9ford>5. (74)
Now pg(1 —2/d) < 9/10 and py(.5) < .8 for d > 5. So, with the aid of (55),
ko klogn ko  klogn ) s
Brs= Y > mktD)< > > 0 (W) ()" ford>5.  (75)
{<k=2n/d D=2k {<k=2n/d D=2k

We will treat d = 4 under Case 2.2.
Case 2.2: 2 <k < 2n/d.

In this case the expression in (72) (ignoring error terms) is maximized at § = 2. Then
o 1 eo(nfl/Sa)amz(l _ a)d—2a "
(@)*h (3)
1 eo(n’l/sa) 1— a)d—2a—2(1—a) "
0 <n1/2> B (2 ad
(@)

o 1 eo(nfl/sa)(l_a)d—2 "
nl/2 h(2 ad
(2)

mr(k, D)

IN

Let Ry(a) =log (%z‘;))‘idz). Then
d
, d—2
d—2
1" _
RQ(&)— (1_a)2<0

Thus Ra(a) is strict concave and its maximum is taken at a = 0 and Ra(a) < Rg(0)a for all
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a € [0, 2]. Furthermore, Ry(0) < —3/10 for d > 6. It follows that if d > 6 then

nl/10 nl/10

B = 2 S w0 <Y S0 <n1/2> 071 — (1), (76)

{<k=2 D=2k {<k=2 D=2k

2n/d dk 2n/d dk s
Brr = > Y mkeD)< > Y 0 ( >e—<3/10+0<" k—o(1). (77)

(<k=nl1/10 D=2k ¢<k=n1/10 D=2k
For d = 3,4,5 we use a better bound on [u”]((1 + u)? — 1 — du)* in (67).
Case 2.2a: d =5.
[WP)((1 +u)® — 1 - 5u)f = [uP](10u? + 10u? + 5u® 4 u®)*)
= [uP~2](10 + 10u + 5u% 4 u®)F
3

2 k
— 10F1P-2%1 (1 u-ou
0%[u J(1+u+ 5 —1-10

3k

(n ")

k
=10 9D—2k

1

h(g)

k eo(nfl/sa)aaG(l _ a)5—09 " 10 *
mr(k, D) <O <n1/2> ( h(a)? ) (29 2h (552 )3)

< k > 60(”’1/8@ 1Oaaa(€—2) (1 5—2—a(9—2) ) "
1/2 _ 0— 3
n (26 2h T >

3a\ ™

Replacing the ——7 factor in (72) which comes from ( g) gives, for d=5,

Qb
0.’!

I
Q

0—
a T
0 () |0 - (%)

" 2 (52)

D‘

Let p(x) = % for any x € [0, 1], note that if P(z) = logp(x) then

P'(x) =logq —logx + log(1 — x)

1 1
P”(x) - _ - _

<0
r 1—=x

and so p(z) is maximized when log ¢ = log (ﬁ) or r = W and the maximum value is 1 4 ¢

Thus from (78) we get

samsag) o))
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3a
Let R3(a) = log (10“(1 —a)? (1 + ﬁ) ) Then

6 2—a
Ri(a) = log10 — —— + 31
{(a) = log 10— -0+ °g<2_2a>
3a

Ri(a) = CEE =) > 0.

So Rj(a) is log-convex on [0, Z]. We have R3(0) = 0 and R4(0) = log 10 —3 < —3/4 and R3(2/5) <
—1/4. Tt follows that

2n/5 5k

nl/10 2n/5

> Z <n1/2> ot > Z <n1/2>e_(3/4+0(n7/8))k:0(1)- (79)

t<k=2 D=2k (< k=n1/10 D=2k
Case 2.2b: d = 4.
[WP((1 +w)* =1 — 4u)? = [WP=2*)(6 + 4u + u?)*
2

4 U F
kr, D—2k

1

6" [u ]<—|—6u—|—6>

<6l (14 g)k

4 2—a
1 ——+21
Rlj(a) =log6 —l— og <2—2a>

" 2a

Rj(a) = 2ofi=a > 0.
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Thus Ry is log-convex on [0,.51]. We have R4(0) = 1 and R}(0) =log6—2 < —1/5 and R4(.51) <
—1/20. Tt follows from this and (55) that

ko 4k
B80 - Z Z WR(kagaD) S
l<k=2 D=2k

nl/10

ko
o(n—1/8q _ o(n—1/8
> Z (n/) LD Z <n1/2)e<1/5+< Y = o(1). (80)

¢<k=2 D=2k f<k=nl/10 D=2k

Case 2.2c: d = 3.

[WP]((1 4+ u)® — 1 = 3u)* = [uP~2*](3 + u)*

eo(n’l/sa)aae(l _ a)3—a€ " 33—0 k
7(a)? (0 —2)

3—0 a
o(n’l/sa)aa(€—2)(1 CL 1 —a(6— 2) h(3 >

R(a) =

Case 2.2c(ii): 0 < k < ag = ko/n.
(a) 6 > 2.0005 and 0 < a < ap.
We go back to (71) and make the choice ¢; = (» = z and replace h(6/d)~% by (%) and

consider the function

h(fa/3)33(3-0)a

B®.0) =3 G =2
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so that mr(k,¢,D) <O (#) Fi(0,a)". Let G1(0,a) =log(F1(0,a)). Then

o (St
58521 . <10g ( > ~log(6 — 2) + log(af) — log <1 - %‘9)) (82)

G, (3-a)f—6

da?  a(l-— a)( —ab) (83)
Gy ((3—a)b? — 120+ 18)a
507 = 0B —al)(0—3)(0—2)" (84)

It follows from (83) that

30 —6
G1(0,a) is a convex function of a for 0 < a < ay = — for 6 fixed,2 <0 <3 (85)

and
G1(0,a) is a concave function of a for ag < a < 1, for 6 fixed,2 < 6 < 3. (86)

It follows from (84) that
G1(0,a) is a concave function of € on [2, 3] for a fixed, 0 < a < 1. (87)

A calculation shows that if g;(0) = G1(6,ap) then

0) = 55105 (g7 (58)
§1(8) = —ﬁ < 6+ 2(3 — 6)log <3129>> (89)

Furthermore, if g2(0) = % la=a, then
02(0) = log (ﬁ) | (90)

(a) 2.0005 < # <3 and 0 < a < 10000,
For a < e719990 we have % <log10— (0 —2)log1l/a < —2. So,

Fi(0,a) < e for 0 < a < e 10990 20005 <6 <3. (91)

(b) 2.46 < 0 < 3 and 71090 < g < qq.

Now ag > ag for § > 2.46 and so (85) implies that G1(6,a) < max {G1(9,e_10000),G1(9,a0)} for
246 < 0 < 3 and e 1090 < g < qg. Now (91) implies that G1(2.46,e710090) < 2710000 3nq
(82) implies that % |6=2.46.a=c—10000< 0 and so (87) implies that G1(¢, e 100%0) < —2¢~10000 for
2.46 < 0 < 3. Also, by direct calculation, we have G1(2.46,ap) < —.002 and % \9:2,467a:a0< 0
and so G1(0,ag) < —.002 for 2.46 < 6 < 3. Thus,

_9¢— 10000

Fi(0,a) < for e719000 < ¢ < g and 2.46 < 6 < 3.
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() 2.0005 < 0 < 2.25 and e 1090 < g < qq.
We take (1 = .6 and (2 = 2.1 in (71) and let

3 a 1—-a
Fg(@, CZ) = F1(0, a) f?z) f(ila) f(<32—)€a =F (9, a)eﬁz+02a+7—2a9
1 2

where

eP2 — Zsf(C2) €02 f(Cl) e — G2

G )

Let G2(0,a) = log(F»(0,a)). 6;522 = 682521 nd 88(?22 = 8;9%1 and so (85),(86) and (87) hold with Gy
replaced by Go. Putting v2(0) = G2(0, ap) we see that v5(0) = ¢7(6) — 12"2 > 0, using (89) (o2 <
—3.127). Thus 2 is convex on 2.0005 < 6 < 2.25. Furthermore 72(2.0005) 72(2.25) < —.00003 and
s0 72(0) < —.00003 for 6 € [2.0005,2.25] and therefore G2(6,a) < —.00003a/ag < —.00003a when
0 < a < ag and 0 € [2.0005,2.25]. Next let ¢2(6) = &2 |,_,,. We have ¢o(0) = g2(0) + 02 + 120 <
—.05 for 2.0005 < 0 < 2.25, using (90) (12 < 1.253). So Ga(0,a) < ¢2(0) — .05(a — ag) for a > ay
when 6 € [2.0005, 2.25]. Thus

F5(0,a) < e 000030 £ o =1000 < 4 < g4 and 2.0005 < 0 < 2.25.

Now suppose that we repeat the idea of the previous paragraph, but this time we take (; =
1.4 and (2 = 3 in (71) and use the same notation. Putting v2(0) = G2(0,ap) we see that
v (0) = g{(0) — 232 > 0, using (89) (02 < —2.27). Thus 7, is convex on 2.25 < § < 2.46.
Furthermore ~9(2.25),72(2.46) < —.05 and so 72(f) < —.05 for § € [2.25,2.46] and therefore
G2(0,a) < —.05a/ap < —.05a when 0 < a < ag and 0 € [2.25,2.46]. Next let ¢2(0) = BGQ la=ay -
We have ¢2(0) = g2(0) + 02 + 120 < —.2 for 2.25 < 6 < 2.46, using (90) (12 < 763) So,
G2(0,a) < ¢pa(0) — .2(a — ag) for a > ag when 0 € [2.25,2.46]. Thus

F5(0,a) < e~ for 71000 < 4 < gy and 2.25 < 6 < 2.46.

(d) 2 < 6 <2.0005 and e19%0 < g < qj.
For this we simplify our estimate of wr(k, ¢, D) by removing some terms involving 3 from (70).

mr(k,6,D)<PEACRBCL: |Al=k|Bl=k-1, NF A) C B,dp(b) >2,b€ B) <

(") X Tl

2<dq,a€[m]
2<ap<d,be[k—1]
2aeik] Fa=>pepp—1] To=D

k O\ /n\ (m\ D! (dn — D)! LS} -
0 < > ( >< ) > 14 > H
1/2 k ! !
ml/ k)\k) f(z)f (dn)! 9<dq ack] a=1 } da! 2<ay<dbelk—1] b=1 xb
>, da=D Doy Tp= D

%) (Z) (C’;) f‘(f)k (%) () — 1= w)) (PN 4w — @+ du)t) <




o) (1) ()8 () (é)D
a d 9
=0 () (ramtarsrsnrama (¢ z>>>
=0 (i )(OWS )h<a>(29f?</e?d>ad< 6 >> (52)
. F(,0) = 2(53%3(—3_20)? <ﬂ?) f(6)>

We take (; = .0001 and then

f(C1) 2° —.86

— < .e

¢l fz)
for 2 < 0 < 2.0005. Keeping some slack, we define

h(@a/3)33(3_6)a6_'85a
h(a)2h(0 — 2)@

F4(9, CL) =

and G4(0,a) = log(F(6,a)). Now let v4(6) = G4(6, ag). We have v}(0) = g{(6) — 23 and v} (0) =
g1 (0) + &3 and we find from (89) that 74 is concave on 2 < 6 < 2.0005. Furthermore v4(2) = 0
and using (88) we see that v}(2) < —.8 and so g1(0) < —.8(0 — 2) for 6 € [2,2.0005]. So G4(0,a) <
—8a(0 — 2)/ag < —.8a(f — 2) for 0 < a < ag. Next let ¢4(0) = 994 |,_y,= go(0) — .85. We see
from (90) that g2(0) < —.5 for 2 < 6 < 2.0005 and thus G4(0,a) < —.5(a —ay) for a > ap when 6 €
[2,2.0005]. Replacing e~ by e~ in the definition of Fy(6,a) we get Fy(6,a) < e~ (40-2)a/5+a/100)
for 0 < a < ap when 2 < 0 < 2.0005. So, for some small constant ¢ > 0,

ko ko
ng_ZZkaKD ZZe =o(1). (93)

{<k=2 D=2k {<k=2 D=2k

7.2.3 Finishing the case m ~n

We repeat our observation that the maximum degree A in T" is o(logn) whp. Therefore

Case 1: m > n.

As1+ Ase + As7 + Ass + Brs + Brg + Brr d > 6
As1 + Asg + As7 + Ass + Brs + Brg d=25
Asy + Asg + As7 + Asg + Asg + Ags + Bsg d=4
As1+ Ase + As7 + Asg + Aes + Ags + Bos  d =3

P(u(T) <n) <o(l) +

where the o(1) term accounts for P(A(T") > logn). We use Brs + Brg + B77 to account for witnesses
A C L, B with |A| > n —n"/%. This is because if A’ = R\ B and B’ = L\ A then |A'| =m —k + 1
and |B'| =n — k and Np(A4’") C B’ and there will be a minimal witness A”, B” with A” C A’.
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Case 2: m <n.

Bis + Brg + By + Ase + Asr d > 6

Brs + Brg + Asg + A d=5
P(u(T) < m) <o(1) 4 { 70" 770 T80T

Bz7 + Bgo + Ase + Asy d=4

B27 + Bgz + Ase + Asy d=3

We point out for use in the next section that our computations allow us to claim that we have

n—n3/4 klogn _Q(n3/4)
> wp(k, ¢, D) = Ofe ). (94)

k=n3/4 D=dk
£<min{k—1,m/2}

Our computations also allow us to claim that

n_n3/4

dk
> Y mrlk D) = 0(eA), (95)

k=n3/4 D=2k
£<min{k—1,n/2}

7.3 The case m > n + n*?

Let G(n,m) denote the set of bipartite graphs with |L| = n,|R| = m that are d-regular on L and
degree at least 2 on L. Here n + n/5 < m < dn/2. In fact suppose first that m < {dn where
€ < 1/2is a constant. Suppose that G(n,m) is chosen uniformly at random from G(n, m).

If there is no matching from L to R, then let a minimal witness A, B be small if |A| < n3/* and
large if |A| > n —n3/* and medium otherwise.

7.3.1 Small/Large Witnesses

We go back to (46). We can drop the e(™~™¢ term since k is small. We see that f(¢1) < f(z)
f=a o Nz
implies that the term Z;,a ! (?d)j;_a <61?’) is maximised over § > 1 when § = 1. Next let
fm)T=a ™

H(B) = Blogh(a/B) then H'(B) = log(l — a/B) and H" () = z-%—. Thus h(a/B3)? is log-convex

B(B—a)
in § and so
h(a/B)” > exp {H(1) + H'(1)(8 — 1)} = h(a)(1 — a)”"" (96)
Going back to (52) we see that now we have
w(k 6, D) < O <n11/2> <(1 fidi‘;)ﬁ_1> , (97)

We can drop the e2(n"*a) hecause we are dealing with m explicitly.

By taking e7,(/) in place of e1(1) we can take K = (3 in (55) and plugging this into (97) we see
that

n3/4 klogn

> N wpkt,D) <0 <n3/2> <(1 i‘j)“ﬁ_ly = o(1). (98)

{<k=2 D=dk
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To deal with £k > n — n3/4 we treat this as k < n3/4 in Section 7.2.2. Indeed, if there is such a
witness A, B, let A’ = R\ B and B’ = L\ A. Then Np(A’) C B’ and |B’| < |A’| and so we can
find a witness A”, B” with A” C A/, B” C B’ and |B"| < n3/4.

We use (92) for this calculation. Now

h(fa/d) _ (82)7 (1 — fa)d=% _
h(a)h(a/ﬁ)ﬁh(e/d)ad aa(l _ a)l—a (%)a < _ %>6_a (%)90 (1 . %)da—Ga
—9)a > kg © 4
a0—2) exp{—(d—ea)kzkdk Zk F=1) 5 Zﬁk Bk = 1) + (da — 6a) Z—k}
=1 =1
= exp o (145~ (@ 0)logl1 - 0/) - 0) + O} (%9)

So from (92) we can write

e O< 1/2> ((%)9_2‘“{”%‘(d—9>10g<1—9/d)—9+o<a>}%%)an

(100)

Now we claim that
=2 > 5 and that f(z)z~2 is monotone increasing in z. (101)
First notice that f(z)z™° = > 2, %,72 which is clearly monotone increasing. Second note that

¢1 = ¢(#) and since il( 2) > 0 we have

_dg(x) f())?
xll_)H;O r xh—>oo (e((x) — 1)2 — C(Z’)26C(x)
. f(¢)?
N clggo (e —1)2 — (2e$ 1

and since ((z) is concave we have %(;) > 1. This, along with lim, ,,- {(x) = 0, implies that
((x) > = — 2. We can then lower bound

1=z (0-2" 2 2069

Using this we see from (100) that if

4
94 =
* log(1/az)

1
k,¢,D)<O|——)e".
7TR( )— <m1/2>e

0> 0)=

then

In which case we have

n3/4

> > wr(k6,D) <O <m1/2> =o(1). (102)

1<k=260>6)
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When 6 < 6y we have 6 = 2+ o(1), £(¢1)/¢? = 1/2 + o(1). Therefore

D=0 1 L2~ (d=2) log(1-2/d)+o(1) \ ¥ 1
< .
7TR( IRS) ) = <m1/2> 2f(2) ( 03)
Now for d > 4 we have
S2e—(d=2)log(1-2/d)+o(1) g
<= (104)
2f (=) 10
and so
w 1\ 9\
SN wr(k D) <O —75 ) |7 ) =oD). (105)
ml/2 10
k=1 0<0o
When d = 3, the expression on the LHS of (104) is at most 1.26. So in this case we go back to (92)
and replace h(@/ld)ad by (fgg:;) = 2@ After this (99) is replaced by
a9=2)% exp {a <1 + % + 0log(0/d) — 0> + o(a)} .
And then (103) is replaced by
k
1 »2¢—2log(3/2)+o0(1) 1 1
< < — | =
i 0:0) <0 () ( 2 (2) <0 () 7
and so
’I’L3/4 1 1
S>> wr(k,6,D) <O (W) o = o). (106)
k=1 0<6o

7.3.2 Medium Witnesses

Let d;(n,m) denote the number of R-vertices of degree ¢ > 2 in G(n,m) and let D;(n,m) =
E(di(n,m)).

We define three events:

Ai(n,m—1) = {G eGn,m—1): Ji:|di(n,m—1)—Di(n,m—1)] >n?°/i32<i< logzn}

(107)

Ao(n,m—1)={G € G(n,m—1): Fi:di(n,m—1) #0,i > log’n} (108)

B(n,m) = {G € G(n,m) : |d2(n,m) — Da(n,m)| > 2n3/5} (109)
We argue next that if A(n,m) = Aj(n,m — 1) U Ay(n, m) then

P(A(n,m) U B(n,m)) = e~os"n), (110)

For any t > 0 we have

P(|di(n,m — 1) — Di(n,m — 1)| > t) < O(n*?)P(Bin(n, q) > t)
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where ¢q; = %
We will now use the following bounds (see for example [1])

2~/ (111)
(e/ ). (112)

P(|Bin(n,p) — np| > t)

<
P(Bin(n,p) > anp) <

If i < log? n then we can use (111) with ¢t = n3/5 /i3 to deal with A;(n,m) and also with B(n, m). If
i > log?n then ng; < e~?(°8" ") We can therefore use (112) with a = 1/ng; to deal with Aa(n,m).
This concludes the proof of (110).

Now consider a set of pairs X C G(n,m — 1) x G(n,m). We place (G1,G2) into X if Gy is obtained
from (7 in the following manner: Choose a vertex x € R of degree at least four in G;. Suppose that
its neighbours are y;,i = 1,2,...,k in any order. To create G we (i) replace z by two vertices z
and m and then (ii) let the neighbours of = in G5 be y1, y2 and let the neighbours of m be ys, ..., yg.

For G € G*(n,m — 1) let
m(G) = [{G2: (G,G2) € X} |

and for G € G*(n,m) let
7T2(G) = ‘ {Gl : (Gl,G) S X} ‘

Si=) (;)Di(n,m -1)

i>4

We note that if

then

G ¢ A(n,m — 1) implies that |m(G) — 1| < O(n®/).

m1(G) < (m2—1) for all G € G(n,m — 1).

G ¢ B(n,m) implies that |73(G) — Dy(n,m)| < n3/.

m2(G) < m for all G € G(n,m).

We then note that
(£1 = 0(n*®)|G(n,m —1)| < |X| < (Da(n,m) + n®/° + me= 2" ) G(n, m)|.

Now let P, Q be properties such that if (G1,G2) € X and Gy € Q then G; € P. Let (G1,G2) be
chosen uniformly from X and let Px denote probabilities computed w.r.t. this choice. Then

IPI(21 + O(n?/)) + m|A(n,m — 1)|
| X

Px(GQ S Q) < Px(Gl S 77) <

and
(1Q] = IB(n,m)[)(Da(n, m) —n®"?)
RY

Px(G2 € Q) >

So,
(19l = 1B(n,m))(Da(n,m) —n®®)  _ [P|(S1+O0(n/?)) + m|A(n,m — 1)
1G(n, m)|(Da(n,m) +n3/5 + me=20g®m) = |G(n,m — 1)|(Z1 — O(n3/%))
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So,
19|
G(n, m)|

So, if P; is a property of G(n,j) for j =n,n+1,...,m,

|Prm| |Pnl
G(n, m) G(n,n +n*/%)

We use (113) in the following way: First let B;, n+ n*5 < j < m be the property that G € G(n, j)
contains a minimal witness A, B with A C L,n%* < |A| < n/2. If (G1,G3) € X and G € B, then
G1 € B—1. Indeed A, BN [m — 1] is a minimal witness in G;. Applying (113) and (94) we see that
whp B,, fails to occur. Now let B;- be the property that G € G(n,j) contains a minimal witness
A, B with A C R, n%* <|A|,|B| < min{|A| — (j —n),n/2}. If (G1,G9) € X and G has a witness
A, B with A C L and n/2 < |A| < n—n%* then G € B.,,. Indeed A’ = R\ B,B' = L\ A is also a
witness in Go. Now if Gy € B, with a witness A’, B’ then A’ N [m — 1], B’ is a witness in G and
so contains a minimal witness A”, B” where |A”| > |B"| +m —n > n**ie. Gy € B, _,. Applying
(113) and (95) we see that whp B/, fails to occur. This deals with medium witnesses.

P

< (14 O(n=2/5y)ym—n (113)

It only remains to consider m close to dn/2 i.e. where { defined at the beginning of this section is
close 1/2. Observe first that the number of edges incident with vertices of degree greater than two
is at most 3dn(1 — 2¢). If there are d; vertices of degree i = 2,> 3 then ds + d3 = m = £dn and
2dy 4 3ds < dn which implies that dy > dn(3¢ — 1). So the number of edges incident with vertices
of degree greater than two is at most dn — 2dn(3¢§ — 1).

Now consider a witness A, B where |A| = yn. We must have ydn < 2yn+3dn(1—2¢£) which implies

that v < % which can be made arbitrarily small. Now the estimate in (97) will suffice up to

k < ern and so we only need to make £ close enough to 1/2 so that v < e, (which depends only
on d and not 7).

7.4 The case m < n —n*/5

We once again consider medium witnesses separately from small or large witnesses.

7.4.1 Small/Large Witnesses

We first go back to (92) and deal with wg(k,¢, D) for k < n3/* as we did in Section 7.3. For
k > n —n3* we deal with 77 (k, £, D) for k < n®*. We will go back to (46) and write

e -0 () () (742 (%) () )

d(m—n)+(D—dk)+1
m—k+1

1-8< W =0 <k:logn> and that x = O <k:logn>.

Now z = > 0 implies that

n n

Also, ¢1 = ((d — x) implies that f(¢1) = f(2)(1 — O(x)). Therefore,
1-8
) 1ma — eO(a2 log? n)

/\
==
I
S
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Arguing as for (97) we get

1 p(a)eO(a2 log? n) "
mu(k,6,D) < O <n1/2> < o

Taking p(a) < e™® as in (57) and noting that b < 1 here we get Thus

n3/4 klogn n3/4 klogn

Z Z wr(k, ¢, D) < Z Z O <#> <e—a+o(a2 1og2n))" = o(1). (114)

k=1 D=dk k=1 D=dk

7.4.2 Medium Witnesses

Now consider a set of pairs Y C G(n,m) x G(n+ 1,m). We place (G1,G2) into Y if G is obtained
from G in the following manner: Choose 0 < k < n. Replace edges (¢,y) by ({4 1,y) for all £ > k
and all y. Add vertex k+ 1 and d edges (k+1,y;),7 =1,2,...,d.

Note that if (G1,G2) € Y and G; has a matching of R into L then so does Ga.

For G € G(n,m) let now
m(G) = [{G2: (G, G2) € Y}

and for G € G(n+1,m) let
7T2(G) = ’{Gl : (Gl,G) S Y} ’

z2z<n+1)<1_%>d

Let

and for G € G(n+ 1,m) let
L3(G) = [{v € L : all neighbours of v have degree at least 3}|.

Let
Cn+1,m) = {G €G(n+1,m): |L3(G) — Bo| < n3/5} .

Let
We note that

e G € G(n,m) implies that 71(G) = (n+ 1)(7}).
e G ¢ C(n,m+1) implies that |m(G) — | < n3/°.

e m(G) <n+1forall GeG(n+1m).

We then note that

%:(w&)(?).

Y
By = < \g<n—’+ ’1 g S Te et (nt 1)eoe" ),
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Now let P, Q be properties such that if (G1,G2) € Y and Gy € Q then G; € P. Let (Gy,G2)
be chosen uniformly from Y and let Py denote probabilities computed with respect to this choice.

Then

Py(Go € Q) <Py(Gy € P) = w

Y]
and 3/5
—|C 1 o —
oy (G € 0) 5 (19— 10+ L) (S5 =)
Y]
Arguing as in Section 7.3 we see that if P; is a property of G(j,m) for j =m,m+1,...,n,
| Pl 19|

< (1+0(n=2/5y)n—m (115)

G(n,m) G(m + /5, m)

First let Bj,m + 5 < j < n be the property that G € G(j,m) contains a minimal witness
A, B with A C R,n3/4 < |A| < m/2. If (Gl,Gg) € X and Gy € Bn+1 then G; € B,. Indeed
A,B N n]is a witness in G;. Applying (115) and (95) we see that whp B, fails to occur. Now
let B; be the property that G € G(j,m) contains a minimal witness A, B with A C R, n3/t <
|Al,|B| < min{]|A| — (j —m),m/2}. If (G1,G2) € X and G2 has a witness A, B with A C R and
m/2 < |A| < m —n%* then Gy € B.,,. Indeed A’ = L\ B, B’ = R\ A is also a witness in G. Now
if Gy € B), with a witness A’, B’ then A’ N [m], B’ is a witness in G; and so contains a minimal
witness A", B” where |A”| > |B"| +n —m >n3*1ie. Gy € B/, ;. Applying (115) and (94) we see
that whp B/, fails to occur. This deals with medium witnesses.
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