
Memoryless Rules for Achlioptas Processes

Andrew Beveridge Tom Bohman� Alan Friezey

Oleg Pikhurkoz

Department of Mathematical Sciences
Carnegie Mellon University

Pittsburgh, PA 15213

March 1, 2007

Abstract

In an Achlioptas process two random pairs off 1; : : : ; ng arrive in each round
and the player has to choose one of them. We study the very restrictive version
where player's decisions cannot depend on the previous history and only one vertex
from the two random edges is revealed.

We prove that the player can create a giant component in

(2
p

5 � 4 + o(1))n = (0 :4721: : : + o(1))n

rounds and this is best possible. On the other hand, if the player wants to delay
the appearence of a giant, then the optimal bound is (1=2 + o(1))n, the same as in
the Erd}os-R�enyi model.

1 Introduction

Let [n] = f 1; : : : ; ng be the vertex set. There arem = m(n) rounds. In an Achlioptas
processtwo random edges arrive in each round and the player, calledPaul, has to accept
one of them (and reject the other). It is not surprising that Paul can ensure that the
obtained graphGm di�ers from a typical Erd}os-R�enyi random graph with the same edge
density. The property most frequently studied in this context is the time when a giant
componentappearswhp , see [3, 4, 5, 6, 7, 11, 14]. Here,whp is an abbreviation forwith
high probability, that is, with probability 1 � o(1) as n ! 1 . A giant component is a
component of size at least�n where� > 0 is an absolute constant.
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Unfortunately, it is still an open question what is the earliest/latest time of the birth
of a giant that Paul can ensure. The asnwer is unknown even forsome simple speci�c
Paul's strategies, such as for example the Product Rule, see[3].

Here, we study the class of more restrictive strategies, which we call memoryless
rules. Namely, Paul's choice at Roundi is a function of the current two random edges,
D i = f x i ; yi g and D 0

i = f x0
i ; y0

i g, and the numberi . It does not depend on what happened
in Rounds 1 to i � 1, that is, Paul does not remember any previous history. Such
restrictions may appear when our online algorithm has to make decisions fast and has
limited computational resources, so processing or storingthe current graph is infeasible
or impractical.

We obtain the complete answer for the even more restrictive case when Paul can see
only one vertexx i from the �rst random edge. Here we assume that the �rst random
edgef x i ; yi g is generated by takingx i 2 [n] and thenyi 2 [n]n f x i g. (An alternative non-
equivalent setting, namely to reveal minf x i ; yi g, is not studied here.) Any memoryless
algorithm of this type is described by the sequence of theacceptance setsA1; : : : ; Am �
[n], where Paul selectsD i if and only if the revealed vertexx i belongs toA i . The graph
constructed is denoted byGm .

Here is one example: suppose Paul acceptsD i if and only if x i � n=2. In Section 3
we will prove the following result about this rule.

Theorem 1 Fix a constant " > 0. Let m = b(c + ")nc, where

c = 2
p

5 � 4 = 0:4721::: (1)

and let eachA i be equal tof 1; : : : ; bn=2cg, i 2 [m]. Then, whp the graph obtained has a
unique giant component. Furthermore, the second largest component is of sizeO((ln n)3).

We show in Section 3 that this simple rule is asymptotically best possible.

Theorem 2 Let c; " be as in (1). For any sequenceA1; : : : ; Am , wherem = b(c � ")nc,
whp the maximum component of the generated graph has at mostO(ln n) vertices.

Clearly, Paul can generate a genuine Erd}os-R�enyi graphG(n; m) by always accepting
the �rst edge. It is well-known that the (unique) giant component appears after (1=2 +
o(1))n rounds. Rather surprisingly, we prove in Section 4 that the constant 1=2 is best
possible.

Theorem 3 For every constant" > 0 and any A1; : : : ; Am � [n], m = b(1=2 + ")nc,
whp the obtained graph has a giant component.

Let us very brie
y describe the main ideas of the proofs as well as de�ne a few
parameters that we will use later. Letm and A1; : : : ; Am � [n] be given andGm be
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the graph constructed by the corresponding memoryless rule. The expected number of
rounds in which any given (unordered) pairf x; yg is accepted is

pxy =
1

� n
2

�
mX

i =1

�
1x2 A i + 1y2 A i

2
+

n � j A i j
n

�
; (2)

where the indicator function 1x2 A i is 1 if x 2 A i and 0 otherwise. Forz 2 [n] let

 z = jf i : z 2 A i gj. We can write aspxy = px + py, where

px =
m � 


n(n � 1)
+

1
n(n � 1)

mX

i =1

1x2 A i =
m � 
 + 
 x

n(n � 1)
; (3)

and 
 = 1
n

P m
i =1 jA i j = 1

n

P n
z=1 
 z.

The probability that f x; yg is chosen at leasti times isO(n� i ) (assumingm = O(n)).
It follows that the probability that f x; yg 2 E(Gm ) is pxy (1 + O(n� 1)). Thus one might
expect that the random graph that containsf x; yg with probability pxy independently of
the other edges is a good approximation to the obtained graphGm . Suchinhomogeneous
random graph models were studied by Alon [1], S•oderberg [13], Bollob�as, Janson, and
Riordan [8], and others. However, given some dependences between the edges ofGm , we
have found it more convenient to adopt the branching processapproach. We proceed in a
manner similar to the proof given in Janson,  Luczak, and Rucinski's book [12, Section 5.2].
Namely, to estimate the order of the connectivity componentC of Gm that contains a
given vertex x, we approximate the breadth-�rst search fromx by an appropriate ideal
branching process. A new technical di�culty in comparison to [12, Section 5.2] that we
face is that the vertices are not homogeneous, so we have to use multi-type branching
processes. All details appear in Section 2.

The case when Paul can use more information about the two random edges than just
one vertex seems to be far more complicated.

In what follows, any inequalities will assume thatn is su�ciently large.

2 Approximation by Branching Processes

Here we will relate the appearence of a giant component to theextinction probability
of certain branching processes. We refer the Reader to Athreya and Ney [2] for all
de�nitions related to branching processes, in particular to Chapter V in [2] which deals
with multi-type processes.

It will be the case that in the ideal multi-type branching processes we will consider
the size of the o�spring X i;j of Type j that a particle of Type i produces has Poisson
distribution and, for every i , the random variablesX i;j are independent. Let us call
such a process aPoisson branching process. Thus all the transition probabilities can be
encoded by themean matrix M , whereM i;j = E(X i;j ).

Unfortunately, we cannot just take (pxy ) for M , since our proof will require that the
square matrixM has a bounded number of rows and that all entries are strictlypositive.
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Therefore, in order to prove a su�cient condition for the existence of a giant component
we proceed as follows.

Let m and A1; : : : ; Am � [n] be given, all depending onn. Assume that m = � 0n
where � 0 > 0 is a positive constant. When necessary, this dependence onn will be
emphasized by a superscript, as inA1 = A(n)

1 . Without loss of generality we can assume
that, for example, n=4 � m � n because outside this range the existence of a giant is
whp predermined irrespective of what Paul does, see Bohman and Kim [6] and Bohman
and Kravitz [7].

Let
pmax =

2m
n(n � 1)

:

We havepx < pmax for every x 2 [n], wherepx is de�ned as in (3).

2.1 A Su�cient Condition For the Existence of Giant

In what follows we will introduce small positive constantsc1; c2; : : : ;. They will not be
speci�ed exactly, but we will indicate there relative sizes.

Let � 0 = (ln n)2 and let k = d1=c1e. De�ne

Vi = f x 2 [n] j ipmax � kpx < (i + 1) pmaxg; i 2 [0; k � 1];

and
I =

�
i 2 [k � 1] j jVi j � n=k2

	
:

Note that, by the de�nition, 0 62I � f 1; 2; : : : ; k � 1g.
Let

V =
[

i 2 I

Vi :

We show next that jV j is close ton. Indeed, let us estimaten0 = jV0j in this case.
We have

n0pmax

k
>

X

x2 V0

px =
1

n(n � 1)

mX

i =1

jV0 \ A i j +
n0m

n(n � 1)
�

n0

n2(n � 1)

mX

i =1

jA i j:

Using the estimatejA i j � j V0 \ A i j + n � n0, we get

n0 � 2m
kn(n � 1)

>
n2

0m
n2(n � 1)

+
n � n0

n2(n � 1)

mX

i =1

jV0 \ A i j �
n2

0m
n2(n � 1)

;

which shows thatn0 < 2n
k . Since,j [ i 2 [k]nI Vi j � k(n=k2) = n=k and [ k

i =0 Vi = [ n], we have

jV j �
�

1 �
3
k

�
n: (4)
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For i; j 2 [0; k] let

M i;j = max
�

(i + j )pmax

k
jVj j � c2; 0

�

wherec2 � c1.

Let t = jI j. Let M be the t � t-matrix with rows and columns indexed byI whose
entries areM i;j . The entries ofM are strictly positive.

The de�nition of I implies that each entry ofM is at least 2pmax
k � n

k2 � c2 � 3� 0c3
1 � c2,

that is, it is bounded from 0 by a constant independent ofn. The Frobenius Theorem
implies that M , as a matrix with strictly positive entries, has a maximal eigenvalue� 1

which is positive and simple.

Lemma 4 Suppose that there exists� 1 > 0 such that � (n)
1 � 1 + � 1 for all su�ciently

large n. Then whp Gm contains a unique giant component. Furthermore, the second
largest component is of sizeO((ln n)3).

Proof. Fix x 2 V. Let us expose the vertex set of the connected component containing
x in the following way. Initially mark all vertices as unsaturated. We do a breadth �rst
search inGm [V ] starting with the vertex x. Let Cx (initially f xg) be the current set of
vertices we have added toV(C). If jCx j � � 0, then we stop. Otherwise take an available
unsaturated vertexy 2 Cx that is closest tox. If no such vertexy is available, then we
stop | we know the vertex set of the component containing x. Expose all remaining
edges ofGm that that are incident to y together with the indices of the rounds in which
they were generated. Add these neighbors ofy to R. Mark y as saturated. We let
Bx � Cx denote the saturated vertices ofCx . Assign to each vertex ofCx , one of thet
types, depending on which of the setsVi , i 2 I , it comes from.

Consider the moment when we expose neighbors of some vertexy, say y 2 Vi . Let
S � [m] consist of the indices of rounds for which we have not previously exposed the
accepted edge. We havejSj � m � � 0 � O((ln n)2). This is becausewhp every set of
� 0 vertices in � spans at most � 0 + O(� 0=ln n) edges and the maximum degree in � is
o(ln n). Here � is the graph spanned by all 2m edges generated. Furthermore, it is also
easy to see that

Pr (Cx contains a cycle) = O(� 2
0=n): (5)

(The probability that some unsaturatedx chooses an unsaturatedy 2 Cx is � 4m� 0=n(n�
1).)

Notice also that our bound on maximum degree implies that when we stop our process
having reached� � 0 vertices we have

jCx j � � 0 + o(ln n):

Conditioning: At any stage the edges inD i ; D0
i ; i 2 S are random subject to the

conditions:
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� If x i 2 A i then f x i ; yi g \ Bx = ; .

� If x i =2 A i then f x0
i ; y0

i g \ Bx = ; .

Note that for any z 2 Vj n Cx and s 2 S, the probability that f y; zg is selected
in Round s is at least as large as the unconditional probability. This is because no
outcome (Ds; D0

s) that results in the acceptance off y; zg in Round s is ruled out by our
conditioning, although some outcomes involving edges meeting Cx can be.

Since the probability that a pair f y; zg is selected in any given Roundq is trivially at
most

Pr
�
Dq = f y; zg _ D 0

q = f y; zg
�

�
2

� n
2

� ;

the probability that f y; zg is selected in anS-round is at least

pyz �
2� 0� n

2

� �
pmax(i + j )

k
�

5� 0

n2
: (6)

Also, the outcomes of the rounds indexed byS are still independent events. Thus,
for j 2 [0; k � 1], the numberYj of neighbors ofy in Vj nCx , counted with multiplicity, is
the sum of jSj independent Boolean random variables, each having expectation at most
Pr (y 2 Dq [ D 0

q) � 4=n. Also, � = E(Yj j previous history) � m(4=n) = O(1). It
follows from Durrett [9], Chapter 2, Equation (6.5), that

sup
A� Z

jPr (Yj 2 A) � Pr (Po(� ) 2 A)j �
16
n

(7)

wherePo(� ) is Poisson with mean� . Note next that if j 2 I ,

E(Yj j previous history) �
�

pmax(i + j )
k

�
5� 0

n2

�
jVj n Cx j �

�
pmax(i + j )

k
�

5� 0

n2

�
(jVj j � � 0) � M i;j + c2=2:

Note also that for i; j 2 [0; k � 1]

E(Yj ) �
pmax(i + j + 2)

k
jVj j � M i;j + 5� 0c1jVj j=n: (8)

We can therefore couple the BFS tree (plus a few extra edges) that we grow fromx
with the following: Given the current y 2 Vi we generatePo(M i;j ) new Red neighbours
for eachj 2 I . Then we generate

Po(� j ); � j = E(Yj j previous history) � M i;j ; c2=2 � � j � 5� 0c1

Blue neighbours inVj for eachj 2 [0; k] and then with probability at most 16=n we invoke
a demonwho will add or delete some number of new neighbours. (This demon will qs1

1A sequence of eventsEn is said to occurquite surely (qs) if Pr (En ) = 1 � O(n� K ) for any constant
K .
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add/delete O(ln n) edges, since the maximum degree isO(ln n) with this probability). It
follows that with probability at least 1 � 16� 0=n the Red part of the BFS tree is the same
as �rst � 0 progeny of theidealised multi-type branching process.

It will be seen that this coupling is valid as long as the number of progeny iso(n).

Let � i = � (n)
i be the extinction probability of B(n)

i , the ideal branching process given
by M (n) that starts with one particle of Type i , i 2 I . Let us show that each� i is strictly
bounded away from 1.

Suppose that this is not true, that is, we can chooseq 2 [k] and a sequence (nl )1
l=1

such that q 2 I (n l ) for eachl and liml !1 � (n l )
q = 1. We can additionally require that I (n l )

does not depend onl. Since the entries ofM are bounded by 2kpmaxn = O(1), we can
assume, by taking a subsequence, thatM (n l ) tends to a limiting matrix M (1 ) , that is,
lim l !1 M (n l )

i;j = M (1 )
i;j for any i; j 2 I .

The matrix M (1 ) is strictly positive and its largest eigenvalue� (1 )
1 is at least 1 + � 1

(because it is the maximum ofkxT M (1 )xk over all unit vectors x 2 Rt ). Hence, [2,
Theorem V.3.2], we can assume that� (1 )

i < 1 � c3; c3 = c3(� 1) for eachi 2 I .

Let X (n)
i;r (resp.X (1 )

i;r ) be the event thatB(n)
i (resp.B(1 )

i ) dies within the �rst r rounds.

We have � (1 )
i = lim r !1 Pr (X (1 )

i;r ), since [ 1
r =1 X (1 )

i;r is the extinction event. So we can
pick a su�ciently large r so that, in particular, for any i 2 I

�
�
� � (1 )

i � Pr (X (1 )
i;r )

�
�
� < c3=4:

Also, by [2, Theorem V.6.2]), we can assume that the probability of B(1 )
i surviving r

levels but having at most, say, (1 +� 1)r=2 particles at level r , is at most c3=4.

Now choosel0 (depending onr ) so that for any l � l0 the variation distance between
the distribution on the �rst r levels of branching forB(1 )

i and B(n l )
i is at most c3=4.

For all such l, B(n l )
i has at least (1 +� 1)r=2 particles at level r with probability at least

p = 1� c3=4� � (1 )
i � c3=4 > c3=2. Hence, the extinction probability ofB(n l )

q can be bounded
from above byp0, the extinction probability of the (single-type) branching process that
producesD = (1 + � 1)r=2 children with probability p and none with probability 1 � p.
The expected number of progeny of an individual in this process isp(1 + � 1)r=2 � c3(1 +
� 1)r=2=2 � 1+ � 1, for r su�ciently large. We have 1 > p 0 = 1 � p+ ppD

0 . If p0 = 1 � p+ " then
" = ppD

0 . As we increaser , D increases and the probability of extinction decreases. (We
can see the latter by a simple coupling argument). We can therefore maker su�ciently
large so thatpD

0 � 1=2. In which case� (n l )
q � p0 � 1� c3=4, contradicting liml !1 � (n l )

q = 1.

So we can assume that� (n)
i � 1 � c4 for somec4 � 1 and for anyi 2 I . Now for each

x 2 [n] let zx = 1 if jCx j � � 0. Let zx = 0 otherwise. The analysis above shows that if
x 2 Vi ; i 2 I then Pr (zx = 1) � � 1 � O(� 0=n). So if Z =

P
x2 V zx , then E(Z ) � � 1n=2.

With a view to applying the Chebyshev inequality, we now estimate Pr (zx = zy = 1) for
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x 2 Vi ; y 2 Vj ; i; j 2 I .

Pr (zx = zy = 1) � Pr (zx = 1 j zy = 1; x 2 Cy)Pr (x 2 Cy) +

Pr (zx = 1 j zy = 1; x =2 Cy)Pr (zy = 1)

= O(� 0=n) + Pr (zy = 1)( Pr (zx = 1) + O(� 2
0=n)): (9)

To verify (9) we observe that

Pr (x 2 Cy) � Pr (�( Gm ) � ln n) + 2( � 0 + ln n)pmax = O(� 0=n):

The term 2(� 0+ln n)pmax boundsjCy j times the probability that an edgef v; xg; v 2 Cy is
discovered in the BFS construction ofCy. Then to estimatePr (zx = 1 j zy = 1; x =2 Cy)
we useO(� 0=n) to bound the probability that we invoke the demon when constructing
Cy. Then we maximally couple the conditioned and unconditioned Red/Blue branching
processes. Then there are� 0 opportunities for these to deviate, each having a probabiliy
of O(� 0=n).

Therefore
E(Z 2) � O(� 2

0n) + E(Z )2

and so

Pr (Z � E(Z )=2) �
O(� 2

0n)
E(Z )2

= o(1):

Now let � x = 1 if the above BFS procedure when started withx and allowed to continue
results in exposing a component of size at leastn2=3. We show that whp there exists a
set X of sizeO((ln n)3) such that

� x = zx for all x =2 X: (10)

We will show then that whp , x; y =2 X and

� x = � y = 1 implies that x and y lie in the same component: (11)

It follows from (10) and (11) that whp there is a component withZ � � 1n=2 � o(n)
vertices and that every other component is of sizeO((ln n)3), completing the proof of the
lemma.

The exceptional verticesX are those for which either (i) we have to invoke the demon
before exposingn2=3 vertices during the BFS construction or (ii)Cx contains a cycle. We
have E(jX j) � 16� 0 + O(� 2

0=n), by (5), and so jX j = O((ln n)3) whp .

We show next that if C �
x denotes the vertices of color� = Red; Blue in Cx then for

somec5 � 1,
Pr (x =2 X and zx = 1 and jCBlue

x j � c5� 0) � n� 2: (12)

For eachy 2 CRed
x let By be the verticesz 2 CBlue

x that are direct descendants ofy i.e. the
path from y to z is Blue, except fory. It follows from (8) that jBy j is dominated by the
number W of proper descendants in a single type branching process where the number of
progeny isPo(� ); � = 5 � 0c1. Let � 0

0 = � 0 + ln n and let Z = W1 + W2 + � � � + W� 0
0

where
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the Wi are independent copies ofW. The moment generating functionE(euP o(� )) =
expf � (eu � 1)g. So for anyt � 1 we have, after puttingu = ln( t=� ),

Pr (Po(� ) � t) � e� tu E(euP o(� )) = e� �
� �e

t

� t
� (3� )t : (13)

Now consider labelling the progeny of a branching process bysequencesi 1; i2; : : : ; i r .
This sequence isi r th child of the i r � 1th child of the : : : of the i 1th child of the root. The
probability that such a particle exists is by (13), at most (3� ) i 1+ ��� + i r . It follows that

Pr (W � t) �
1X

r =1

1X

s= t

X

i 1+ ��� + i r = s
i 1 ;:::;i r � 1

(3� )s =
1X

r =1

1X

s= t

�
s � 1
r � 1

�
(3� )s =

1X

s= t

2s� 1(3� )s � (6� )t :

So,

Pr (Z � t) �
1X

s= t

X

i 1+ ��� + i � 0
0

= s

i 1 ;:::;i � 0
0

� 0

(6� )s =
1X

s= t

�
s + � 0

0 � 1
s � 1

�
(6� )s � 2� 0

0 (12� )t :

We can choosec1 � c5 � 1 so that putting t = c5� 0
0 into the above proves (12).

We now consider the Red branching process at a point wheres generations have been
produced and the total progeny is at least� 1 = � 0 � c5� 0. We will now show that whp
after O(1) more rounds, a su�cient number of Red progeny are at the bottom level. Let
t (0) = [ t1; t2; : : : ; tk ]T where t i is the number of progeny of Typei that are in the �rst
s � 1 levels. Letbi be the number of progeny of Typei at the bottom level and let N i;j

be the number of progeny of Typej that are children of progeny of Typei . Then we
have

bj =
kX

i =1

N i;j � t j : (14)

We will use the following concentration inequalities (see Appendix):

Pr (Po(� ) � � + u) �

(
e� u=3 u � �

e� u2=(3� ) u � �
(15)

Pr (Po(� ) � � � u) � e� u2=(2� ) (16)

Now bj is the sum oft i variables each distributed asPo(M i;j ). We can imagine generating
� 0

0 such random variablesX 1; X 2; : : : ; X � 0
0
. Then (15) and (16) imply that for somec6; c7,

Pr (9t � � 0
0 : jX 1 + � � � + X t � tM i;j j � c6� 1) � � 0

0e� c7 � 0
0 : (17)

To see this, �rst note that X 1 + � � � + X t is distributed asPo(� ); � = tM i;j . We use (15)
and (16) directly with and u = c6� 1 to get the bounds.

It follows from (14) and (17) that

Pr

 �
�
�
�
�
bj �

kX

i =1

t i M i;j + t j

�
�
�
�
�

� c6� 1

!

� e� c7 � 1=2: (18)
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If we continue the process for̀ = O(1) more rounds and lett (` ) take the place oft (0)

then we can write
t T

(l ) = t T
(l � 1)M � c8� 1eT

wheree = [1; 1; : : : ; 1]T and c8 can be made arbitrarily small.

Iterating we get that qs,

t T
(`) = t T

(0) M
` � c8� 1eT (M ` � 1 + � � � + I ):

Now we can write
M ` = � `uv T + O((�� )`J )

where, using the Frobenius Theorem for positive matrices,u; v > 0 are the left and right
(column) eigenvectors of norm 1 corresponding to� , 0 � � < 1 is a constant andJ is the
all 1's matrix. Note that the coordinates ofu; v > 0 are bounded below by some positive
constant that depends only on� 0.

Making ` large we haveqs,

t T
(`) = (1 � c9)� ` (t T

(0) u)vT :

We now return our attention to the actual BFS construction. Let U(0)
j denote the set of

unsaturated vertices of Typej at the time of construction of the (s+ `)th Red generation.
Then, givenzx = 1, we have that qs

jU(0)
j j � c10vj (ln n)2 (19)

wherec10 = ((1 � c9)� ` � (1 + c9)� ` � 1)( t T
(0) u) � c7 > 0.

Now for eachj , choose a subset ofU(0)
j of size exactlyc10vj (ln n)2. Now let U(0) =

S
j U(0)

j and then de�ne the sequenceU(0) ; U(1) ; : : : ; whereU(t+1) is a subset of the neigh-

bors ofU(t ) in V n Cx . Then let U(t )
j = Vj \ U(t ) for j 2 [k].

Assume that
jU(t )

j j = c10(� � c11)tvj (ln n)2

for a small c11 and for all j .

Now jU(t+1)
j j is the sum of

P
i jU(t )

i j(jVj j � O(n2=3)) Bernouilli random variables and

E(jU(t+1)
j j) �

X

i

jU(t )
i jM i;j = c10(ln n)2(� � c11)t

X

i

vi M i;j = c10(� � c11)t � (ln n)2vj :

Furthermore, it dominates a sum of independent variables where for eachi; j we have
probability of being 1 is equal toM i;j . So, applying Hoe�ding's inequality we see thatqs

jU(t+1)
j j � c10(� � c11)t+1 (ln n)2vj :

Then taking subsets we can assume that

jU(t+1)
j j = c10(� � c11)t+1 (ln n)2vj :

10



It follows, after iterating O(ln n) times that we reach� such that jU(� )
j j = �( n2=3) for

eachj . This veri�es (10).

Now suppose that� x = � y = 1 and Cx \ Cy = ; . We use the notationU(x)
j to denote

the unsaturated vertices ofCx of Type j at the time its size reaches �(n2=3) and a similar
notation for y. We let U(x) =

S
i U(x)

i .

The number of edges betweenU(x) and U(y) is the sum, over unexposed rounds, of
Bernouilli random variables and the expected number is at least (see (6) and replace� 0

by O(n2=3))
X

i;j 2 I

jU(x)
i j jU(y)

j j
�

i + j
k

pmax �
O(n2=3)

n2

�
� c12n1=3:

Furthermore, it dominates such a sum of independent variables and we see thatqs there
is at least one edge joiningU(x) and U(y) . This proves (11) and completes the proof of
the lemma.

2.2 A Su�cient Criterion for the Non-Existence of Giant

Let px ; pxy ; pmax ; c1; c2; k; Vi be as above. We re-de�neM to be the k � k-matrix with
entries

M i;j =
(( i + 1) + ( j + 1)) pmax

k
jVj j + c2

1; 0 � i; j � k � 1:

Lemma 5 Suppose that there arec2 > 0 and n0 such that for all n � n0 we have
� (n)

1 < 1 � c2. Then whp each component ofGm has orderO(ln n).

Proof. As before, one can argue that the breadth �rst searchis dominatedby the Poisson
multi-type branching process given byM as long as we have exposed at mosto(n) edges.
Lemma 6 below shows that for someC, the probability that the branching processBi ,
any 0 � i � k � 1 reaches at leastC ln n vertices is at mostn� 2 say. Hence, the expected
number of vertices ofGm in components of size at leastC ln n is o(1) and by Markov's
inequality whp there is no such component.

Lemma 6 There is a positive constant� = � ("; t ) such that the following holds. LetB be
the Poisson branching process with meant � t-matrix M that starts with one particle (of
any type). If the largest eigenvalue ofM is � 1 < 1 � " then, for everys, the probability
that B reaches at leasts vertices is at most(1 + � )1� s.

Proof. Let "0 > 0 be su�ciently small to satisfy

1 � (1 � ")(1 + "0) > 2t2"0:

It is enough to prove the claim for all su�ciently large s, s � s0, wheres0 = s0("; t; " 0).
Let us run the processB level by level until the process dies out or we reach at leasts
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particles in total, after some level has been added. We do notexpose the whole process
but only the following information: the vector n = ( n1; : : : ; nt )T , where ni is the total
number of particles of Typei generated.

Suppose that we have reacheds � s0 particles, s = n1 + � � � + nk . We claim that for
somei; j we have

ni;j � (1 + "0)ni M i;j + "0s; (20)

whereni;j is the total output of Type j particles that are produced (looking forward and
including the next level) by the ni particles of Type i that were born by now. Note that
we do not exposeni;j 's but only state that whatever feasible values these variables have,
they must satisfy (20) for somei; j . Suppose on the contrary that (20) is false for alli; j .
Let 1 = (1 ; : : : ; 1)T be all-1s column vector. For everyj 2 [t] we havenj �

P t
i =1 ni;j + 1,

where the last term accounts for the initial vertex which is not born but given. This
implies that we have the following coordinawise domination:

n � (1 + "0)M T n + "0ts1 + 1:

Taking the l2-norm, using the triangle inequality and the fact thatkM T nk � (1 � ")knk,
we conclude

knk � (1 � ")(1 + "0)knk < " 0t3=2s0+
p

t:

But
P t

i =1 ni = s implies that knk � s=
p

t, which contradicts the choice of"0.

We can generate the branching process by �rst generatingt2 in�nite sequences

(X i;j; 1; X i;j; 2; : : : ); i; j 2 [t];

of independent Poisson outcomes with meansE(X i;j;l ) = M i;j . Now, whenever we have
to determine the o�spring of Type j of a particle of Typei , we take the �rst unusedX i;j;l .
Under this coupling the probability that (20) holds is at most the probability that there
exist n1; : : : ; nt with s = n1 + � � � + nt � s0 and i; j 2 [t] such that

X i;j; 1 + � � � + X i;j;n i � (1 + "0)ni M i;j + "0s: (21)

Note that the sum X i;j; 1 + � � � + X i;j;n i is distributed as the Poisson variablePo(� i;j )
with mean � i;j = ni M i;j . Thus, by the union bound, the probability of (20) is at most

X

s� s0

X

i;j

stPr (Po(� i;j ) � (1 + "0)� i;j + "0s) �
X

s� s0

X

i;j

ste� Ls

for someL = L("0).

To de�ne L we observe that if � i;j � "0s=2 then we can takeL � "0=3 whereas if
� i;j > " 0s=2 then we can takeL � "3

0=6, after using the bounds in (15).

3 Creating a Giant

Here we prove Theorems 1 and 2.
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3.1 Proof of Theorem 1

Let us �rst investigate the following strategy for Paul. We havem rounds and Paul uses
the same acceptance setA in each round, that is, A1 = � � � = Am = A. Let jAj = a.
Assume that the limits

� = lim
n!1

a=n; � = lim
n!1

m=n

exist and 0< � < 1. Let B = [ n] n A be the complement ofA. The function px assumes
two possible values:

px =

(
2mn � ma
n2 (n� 1) ; x 2 A;
mn � ma
n2 (n� 1) ; x 2 B:

When we construct the upper bound matrixM as in Section 2.1, then whenc1; c2 ap-
proach 0, we eventually obtain 2� 2 matrix which for large n is approximately

� �
�

(4 � 2� )� (3 � 2� )(1 � � )
(3 � 2� )� (2 � 2� )(1 � � )

�
: (22)

The largest eigenvalue of this limiting matrix is

� 1 = � (1 +
p

1 + � � � 2) (23)

If � = 1=2 (the case of Theorem 1), then taking� to be strictly larger than 2
p

5 � 4,
we ensure that� 1 is strictly larger than 1, say � 1 � 1 + 2c2 for some positive constant
c2. Since the limit of � (n)

1 is � 1, we have� (n)
1 � 1 + c2 for all su�ciently large n. Now

Theorem 1 follows from Lemma 4.

3.2 Proof of Theorem 2

Let us turn to Theorem 2. Suppose thatm � 2
p

5 � 4 � " for some constant" > 0. We
de�ne the k � k-matrix M as in Section 2.2. In order to prove Theorem 2 it is enough, by
Lemma 5 to show that there is� > 0, depending only on", such that for all su�ciently
large k (= small c1) and all large n, we have� 1 < 1 � � .

Our matrix M has the form:

M = ( 1pT + p1T )D + cM:

Herep is the column vector (pmax=k;2pmax=k; : : : ; pmax) and D is the diagonal matrix with
� 0; : : : ; � k� 1 on diagonal, where we denote� i = jVi j. Furthermore, maxi;j j cM (i; j )j � c2

1

and 1T D1 =
P k� 1

i =0 � 1 = n.

Now for jxj = 1, we have jxT cM xj � kc2
1 � 2c1 and so it su�ces to prove that the

largest eigenvalue ofM � cM is bounded away from 1. With this in mind, M is really
M � cM in the analysis below.

Suppose thatv is a column eigenvector corresponding to eigenvalue� 1 of M . Then

� 1v = M v = 1(pT Dv) + p(1T Dv);
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belongs to the span ofp and 1. Note that v is not a multiple of 1 (otherwise p would
also be such a multiple, and it clearly isn't).

Write
v = � p + � 1; (24)

with �; � 2 R. Note that � 6= 0. Substituting (24) into � 1v = M v and equating the
coe�cients, when expanded in basisf p; 1g, we obtain

�
� 1� = � 1T Dp + � 1T D1;
� 1� = � pT Dp + � pT D1:

From the �rst equation, we get � = � (� 1 � 1T Dp)=1T D1. Substituting this into the
second equation and cancelling� , we obtain

� 1
� 1 � 1T Dp

1T D1
= pT Dp +

� 1 � 1T Dp
1T D1

(pT D1): (25)

SinceD is a diagonal matrix, we have1T Dp = pT D1. Substituting 1T D1 = n we see
that the larger root of the quadratic equation (25) is

� 1 = 1T Dp +
p

npT Dp: (26)

Now,

1T Dp =
kX

i =0

� i
(i + 1) pmax

k
2

2

4
X

x2 [n]

px ;
X

x2 [n]

�
px +

pmax

k

�
3

5 :

But X

x2 [n]

px =
X

x2 [n]

m � 
 + 
 x

n(n � 1)
=

m
n � 1

�



n � 1
+

P
x 
 x

n(n � 1)
=

m
n � 1

and so
1T Dp �

m
n � 1

+
npmax

k
�

m
n � 1

+
1
k

: (27)

Suppose we �x 
 and we want to maximize the right-hand side of (26). Then up to
O(1=k) we have to maximize

pT Dp =
kX

i =0

� i

�
(i + 1) pmax

k

� 2

2

2

4
X

x2 [n]

p2
x ;

X

x2 [n]

0

@p2
x +

2pmax

k

X

x2 [n]

px +
np2

max

k2

1

A

3

5 :

But,

X

x2 [n]

p2
x =

X

x2 [n]

�
m � 
 + 
 x

n(n � 1)

� 2

=
m2 � 
 2

n(n � 1)2
+

X

x2 [n]


 2
x

n2(n � 1)2
:
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and so

npT Dp �
m2 � 
 2

(n � 1)2
+

X

x2 [n]


 2
x

n(n � 1)2
+

2n2p2
max

k
+

n2p2
max

k2

�
m2 � 
 2

(n � 1)2
+

X

x2 [n]


 2
x

n(n � 1)2
+

2
k

:

Now, if we want to maximize this expression over reals, given
 = 1
n

P
x 
 x and the

constraints 0� 
 x � m, then we should take each
 x either 0 or m (except at most one
value) to have equality in 
 = 1

n

P
x 
 x . So

P
x2 [n] 
 2

x � mn
 + m2 and

npT Dp �
(m2 � 
 2)n + mn


n(n � 1)2
+

3
k

: (28)

Going back to (26), we see from (27) and (28) that

� 1 �
m
n

+
�

(m2 � 
 2)n + mn

n(n � 1)2

� 1=2

+
4
k

:

This expression is maximised when
 = m=2 and so ifm = cn then

� 1 � c

 

1 +

p
5

2

!

+
4
k

+ o(1) � 1 �
2
p

5 + 4
4

" +
5
k

which is bounded away from 1 from su�ciently large k. This completes the proof of
Theorem 2.

4 Delaying a Giant

As we have already observed in the introduction, by always selecting the �rst edge Paul
can ensure that a giant component appearswhp after about n=2 rounds. Here we show
that, essentially, he cannot delay the birth of giant any longer, that is, prove Theorem 3.

Let " > 0 be given. Choose su�ciently smallc1 � c2 � c3 > 0. Let M be the matrix
as de�ned in Section 2.1. As we have already observed, we havejV j � (1 � 3=k)n. Let
l = b1=c2c � k. We are going to de�ne a new square matrixL which has approximatelyl
rows and also describes a multi-type branching process. Replace rowi by bjVi j=(n=l)c new
rows and each columnj by bjVj j=(n=l)c new columns. The entry ofL in the intersection
of a row and a column that are derived from rowi and columnj is

(i + j )pmax

k
�

n
l

� c3:

The square matrixL has � rows wherel(1 � 4=k) � � � l . To understand its construc-
tion, here is the interpretation in terms of graphs. To this end, we partition each Vi ,
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into as many disjoint setsUj as possible with eachUi having preciselybn=lc elements.
All the remaining vertices (at most k � (n=l) � n=k) we \discard". The entry L i;j is
approximately the expected number of o�spring in the setUj of any vertex in Ui . Thus
L also well describes a Red branching process as de�ned in Lemma 4. In order to �nish
the proof it is enough to argue that the largest eigenvalue ofL is at least 1 + ".

But the number 1T L1 is approximately the sum overUi of the expected number of
edges from a vertex ofUi into [ j Uj . More precisely, (n=l) � 1T L1 � (2 � O(1=k))e(Gm ),
so

1T L1 > (1 + 3"=2)l:

Also, 1T 1 = l(1 � O(1=k)), so
1T L1
1T 1

� 1 + ";

which implies that the largest eigenvalue ofL is at least 1 + ", as required.
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A Proof of (15) and (16)

Let e� = 1 + u=� .

Pr (Po(� ) � � + u) � e� � (� + u)E(e�P o (� ))

= expf � (e� � 1) � � (� + u)g

= expf u(1 � (1 + �=u ) ln(1 + u=� )g (29)

If u � � then we use
(1 + 1=x) ln(1 + x) � 1 + x=3

for 0 � x � 1.

Plugging x = u=� into (29) gives the required inequality (15) in the caseu � � . If
� � u then we use

(1 + 1=x) ln(1 + x) � 2 ln 2 = 1:386924:::

for x � 1.

For (16) we have, withe� � = 1 � u=� ,

Pr (Po(� ) � � � u) � e� (� � u)E(e� �P o (� ))

= expf � (e� � � 1) + � (� � u)g

= expf u((1 � �=u ) ln(1 � u=� ) � 1)g

� e� u2=(2� ) :
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