Chapter 30
An Efficient Algorithm for the Vertex-Disjoint Paths Problem in Random Graphs

Andrei 7. Broder*

Abstract

Given a graph G = (V,E) and a set of pairs of vertices
in V, we are interested in finding for each pair (ai,4;) a
path comnecting a; to b;, such that the set of paths so
found is vertex-disjoint. (The problem is A/P-complete for
general graphs as well as for planar graphs. It is in P
if the number of pairs is fixed.) Our model is that the
graph is chosen first, then an adversary chooses the pairs
of endpoints, subject only to obvious feasibility constraints,
namely, all pairs must be disjoint, no more than a constant
fraction of the vertices could be required for the paths, and
not “too many” neighbors of a vertex can be endpoints.

We present a randomized polynomial time algorithm
that works for almost all graphs; more precisely in the Gn,,
or Gn,p models, the algorithm succeeds with high probability
for all edge densities above the connectivity threshold. The
set of pairs that can be accommodated is optimal up to
constant factors. Although the analysis is intricate, the
algorithm itself is quite simple and suggests a practical
heuristic.

We include two applications of the main result, one in
the context of circuit switching communication, the other in
the context of topological embeddings of graphs.

1 Introduction

Given a graph G = (V, FE) with n vertices, and m edges,
and a set of k pairs of vertices in V', we are interested
in finding for each pair (a;, b;), a path connecting a; to
b;, such that the set of paths so found is vertex-disjoint.

Finding vertex-disjoint paths in graphs is a basic
computational question with a variety of algorithmic
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applications. For arbitrary graphs the related decision
problem is A'P-complete, and it remains in AP even
when the input is restricted to planar graphs [3]. The
problem is in P if « is fixed — Robertson and Seymour
[8], through the graph minors technique. A more
efficient algorithm is known only for the case k¥ =
2 [10). For large k it is natural to look for sub-
optimal algorithms, that is, algorithims that can solve
the problem provided that k is within a certain factor
of an obvious upper bound or within a fraction of
the maximum achievable, but few results have been
obtained so far.

The situation is similar for the edge-disjoint prob-
lem. However the problem is solvable in polynomial
time on strong expanders (up to a polynomial-log factor
of a trivial upper bound [7, 2]), and in random graphs
(up to a constant factor of a trivial upper bound [1}).
For a certain class of planar graphs, Kleinberg and Tar-
dos [5] developed an algorithm that can find O(1/logn)
fraction of the number of achievable paths. See refer-
ences therein for other special cases.

Returning to the vertex-disjoint case, Hochbaum
[4], and Shamir and Upfal [9], have studied the vertex-
disjoint paths problem in the random graph models
Gnp and Gnm. Both papers show (using different
techniques) that there exists a constant C' > 1 such that
for p > <182 (or m > $nlogn) a set of O(y/n) disjoint
pairs of vertices can be connected whp! by vertex
disjoint paths. In the model used in these two papers the
pairs of vertices are fixed before the edges of the random
graphs are chosen. These results are relatively weak
in two respects: (1) The number of paths is far from
optimal: a random graph with (n log n) random edges
has whp diameter O(logn), thus O(+/n) paths use only
a vanishing fraction of the vertices. (2) Since the set
of pairs is fixed before the random edges are chosen,
the result does not model the typical communication
problem where the underlying graph is fixed.

Here we obtain a significantly stronger result: we
show that with high probability a random graph is such

TA sequence of events £y, is said to occur with high probability,

abbreviated whp, if limgn ~co Pr(€n) =1
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that our algorithm will be able to find vertex-disjoint
paths for any set of pairs of endpoints in the graph,
subject to constraints that are optimal up to constant
factors. In other words in our model the graph is chosen
first, then an adversary chooses the pairs of endpoints
to be connected.

Our main result is formulated in the following
theorem.

THEOREM 1.1. Suppose that G = Gppm and m >
F(Inn + w), where w(n) — co. Let d = 2m/n. Then
there exist two postlive constants «, 3 such thei whp
there are vertez-disjoint paths connecting a; to b; for
any set of pairs

F={(ai,b) ] ai,bi €V, i=1,...,x}
satisfying:
A1l. The pairs (a;,b;) fori=1,...,..., &, are disjoint;

A2. The total number of pairs, k, 1s not greaier than
anlnd/Inn.

A3. For every vertexr v € V, no more than a f3-
fraction of its set of neighbors, N(v), are prescribed
endpoints, that is |N(v)N(AUB)| < B|N(v)|, where

A= {a;} and B = {b;}.

Furthermore, these paths can be consiruclied by an
(explicit) randomized algorithm in polynomial time.

Note that the three conditions above are implied, up
to constant factors, by the following obvious constraints:
(Al.) A vertex can be the end-point of no more than
one vertex-disjoint path.

(A2.) Most pairs of vertices in G are, whp, at distance
Q(logn/logd); hence in general, with n vertices we can
connect at most O(nlogd/logn) pairs.

(A3.) If vertices are allowed to have all of their
neighbors is A U B, then an adversary can choose
a vertex u and all vertices at distance 2 from u as
endpoints. Then, clearly u cannot be connected to a
vertex at distance 3. However a weaker, more “global”
condition might be possible here — this is an open
problem. (On the other hand such a global condition
might not be checkable in polynomial time.)

Thus, we get a tight (up to constant factors)
characterization of the sets of pairs of vertices that
can be connected by vertex disjoint paths in a random
graph.

The techniques used in the proofs build on our re-
sults in [1], where we obtained an optimal construction
of edge-disjoint paths in random graphs. Our construc-
tion was based on the analysis of random walks on
certain subgraphs of a random graphs, through tight
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bounds on the eigenvalues of these subgraphs. Here
we push this technique further to allow the analysis of
vertex-disjoint paths construction (i.e., vertices rather
then edges are eliminated from the graph during the
construction of the paths). But the algorithm remains
very simple, in essence:

1. From all endpoints in parallel go to a random vertex
using flow techniques so that the set of pairs to be
connected becomes a random set.

2. Remove from the graph all vertices used in the flow
phase.

3. Connect each random pair in turn by a random
path removing vertices as you go.

This of course suggests a very simple heuristic for
practical problems.

One application of the disjoint paths problem is in
the context of circuit switching communication, where
the pairs of stations that request connection have to be
assigned disjoint paths. Depending on the particular
communication model, the circuit switching problem is
translated to either an edge-disjoint or a vertex-disjoint
paths problem. Communication algorithm are usually
measured in terms of routing an arbitrary permutation
request (that is, each node is the source or destination
of one communication request). In the context of circuit
switching the goal is to minimize the number of rounds
required to realize an arbitrary permutation.

Our technique leads to an optimal (up to constant
factors) algorithm for this question on random graphs.
Let &« = n/2, and assume that n is even. A partition
of a set S into A;,A4s,...,A; is an eguipartition if
[Ai — Aj| < 1forall i #j.

COROLLARY 1.1. Suppose that G = Gnpm, n ts
even, and m = an > %(lnn + w), where w(n) —
oc. Then there exists an absolute constant v > 0
such that whp the following holds: For every partition
(a1,b1),(az,b2),...,(an/2,bny2) of [n] into n/2 pairs, a
random equipartition of [n/2] into r = [ylnn/Ind] sets
X1,Xq,..., X, is such that for each X; there exists in
G a set of vertex disjoint paths P; joining the pairs in
X;. Furthermore these paths can be constructed by o
(ezplicit) randomized algorithm in polynomial time.

This means that the number of rounds needed for
routing an arbitrary permutation is O(lnn/Ind) on
almost all graphs.

Our second corollary concerns topological embed-
dings of graphs, a subject that has been extensively
studied in the context of communication networks for
parallel computers [6]. A graph G = (V, E) contains a
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topological copy of H = (W, F') if there exists an injec-
tion f: W — V and paths P = {P, : ¢ € E'} such that
(i) if e = {z,y} then P, is a path from z to y and (ii)
the paths P are internally vertex disjoint.

COROLLARY 1.2. Suppose that G = Gn, and
m = %9 > Z(lnn + w), where w(n) — oo. Then
there erist posilive constants p and o such that whp
G contains a topological copy of any graph H = (W, F)
provided that
(i) The size of the vertez set of H satisfies |W| < n/2.
(i) The size of the edge set of H satisfies |F| <
pnlnd/Inn.
(iii) The mazimum degree in H is bounded by od.

In this abstract we will present only an outline proof
of Theorem 1.1 for the case m > Cnlnn, where C > 0 is
some large constant. This will allow us to give the main
ideas of the proof without dealing with the technicalities
caused by vertices of low degree. The proofs of the
corollaries are given in Section 5.

2 Notations

As usual, let G, , denote a random graph with vertex
set {1,2,...,n} = [n] in which each possible edge
is included independently with probability p, and let
Gn,m denote a random graph also with vertex set [n]
and exactly m edges, all sets of m edges having equal
probability. The degree of a vertex v is denoted by
dg(v).

For a set of vertices S C V we denote its set of
neighbors in T by N(S:T) = Ng(S:T)={veT\S:
Jw € S with (v,w) € E}. We let N(S) = N(S:V) and
N(v) = N({v}). Finally, the subgraph of G induced by
S C V is denoted G[S] = (S, Es) where Eg is the set of
edges in E that have both endpoints in S.

3 The algorithm

We present a procedure, PATHS, that under the premises
of the theorem, constructs the required paths in poly-
nomial time. Our algorithm divides naturally into two
phases: In Phase 1 (steps S1-S3) we aim to replace the
given sets of endpoints A and B by two random sets A
and B; and in Phase 2 (steps S4 and S5) we connect
these random endpoints using certain random walks.

We will view the paths notationally as sequences of
vertices (as opposed to sequences of edges).

Algorithm PATHS

S1. Choose a random subset X; of [n] by placing each
v € V independently in X; with probability 1/3.
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(Thus whp |X;| =~ n/3.)
Let X =X, UAU B.
S2. Choose a random 2k-subset K = {wy,ws,...,wa,}

of X1 by choosing w; uniformly at random from
X1 \ {U)],wz,. . .,w,'_l}.

Find, using a network flow algorithm, 2k vertex
digjoint paths from A U B to K in the graph
I' = G[X].

For 1 < i < & let d; (resp. I;z) denote the other
endpoint of the path with one endpoint a; (resp.
b;). Denote the path from a; to d; by Wi(l) and the
path from &; to b; by VVZ-(S) for 1 <i<k.

Note that if a; € K (resp. b; € K) the flow
construction is simply @; = a; (resp. b; = b;).

S3.

S4. Randomly partition Y = [n]\ X into two sets Z1, Z»
by placing v € Y into Z; with probability 1/2.
For j = 1,2,...,2k construct a random walk VV]
of length 7 = [4lnn/Ind] starting at a random
Zy-neighbour @; of w; in the graph T; = G[Yj],
where

-1
Y; =2\ W
t=1
Let t; be the endpoint of the walk W;. Now
for 1 <i< rkif @ = w; welet a;, = @w; and

W = w; + W'J and if Ei = wyg we let B,- = iy and

2

VV,.(4) = Wi (reversed) + wy

S5. For 1 < ¢ < &k construct, using the subroutine
WALK described in section 4.2.2, a random walk
Wi(s) of length 7, from a random Z,-neighbour a;
of ; to a random Z,-neighbour b* of b; in the graph

I = G[Y,] where

i—1
?;, = 74 \ U Wt(s)'

t=1

S$6. Output the paths

Wi = (WD, w® w® wD W) 1<i<x,

after cycles (if any) have been removed. (Cycles
are possible only within a walk — the walks do not
intersect.)

By construction W; goes from a; to b; and these
paths are vertex disjoint.

Further details of Steps S3, S4, and S5 are given in the
next section.
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4 Proof of Theorem 1.1 in the case m > Cnlnn

4.1 Analysis of the flow phase: S1 - S3. Let
Bin(n,p) be a binomial random variable with parame-
ters n and p. We will use the well known bound

Pr(|Bin(n, p) — np| > enp) < 267713,
(4.1)

Let 6(G) = minyev d(v) and A(G) = max,ev d(v).
It 1s easy to show that if C is sufficiently large then whp
G = Gp,m has the following properties:

P1. d/2 < §(G) < A(G) < 2d.

0<e<.

P2. For any set of vertices S C V with |S]| < 20n/d the

number of its neighbors satisfies | N{S)| > d]S}/40.

P3. For any two sets of vertices 5;,S2 C V with
81 NSy = B and |S;| x |S2] > 2n?%/d there is at

least one S; : S5 edge.

From now on we assume then that our graph G has
these three properties.

Let S=(AUB)\K and T = K \ (AU B). Suppose
that S cannot be joined to T by s = |S| vertex disjoint
paths. Then (by Menger’s theorem) there exists a set
W, with |W| = s — 1 such that no component of T'\ W
contains a vertex of both S and T'. Let L = W\ (SuT),
a=|SNW|,and b= |TNW|,so that |L| = s—a—b-—1.

Let the components of I'\ W be C1,C4,...,C, and
suppose that S\ W C D; = C; UC2 VU --- U C; and
T\W C Dy = Coy1 UCy2U - UCr. (We must
have £ > 1, otherwise W 2 S which implies |W| > s.
Similarly » > £.) Let n; = |D;| for ¢ = 1,2, and let
v = min{ni,ns}. Condition P3 implies that

2

2
—Z— > v(ny +na —v) > v(ny +ny)/2 > vn/10.

Thus v < 20n/d. Assuming without loss of generality
that v = n; we see from P2 that |[N(D;)| > dv/40.

Now for any set D C V, the size of its neighborhood
[N(D : X)| is distributed as Bin(JN(D){,1/3). Let &
denote the event

{3IDCV :1<|D|<20n/d and

IN(D : X)| < [N(D)\/6}.

Then by P2 and (4.1),

WEIE

20n/d

Pr(£)) <

k=1
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for large enough C. So we can assume |[N(D; : X)| >
dr/240. On the other hand |[N(D; : AU B)| < 28dv,
by assumption A3 of Theorem 1.1 and P1. So D; must
have ((1/240) — 28)dv distinct neighbours in L. But
|L| < v and we have a contradiction for 3 sufficiently
small.

Thus Steps 51-S3 will be successful whp on any
graph with properties P1-P3.

4.2 Analysis of the random walks phase. A
random walk on an undirected graph G = (V,E) is a
Markov chain {X;} on V associated with a particle that
moves from vertex to vertex according to the following
rule: The probability of a transition from vertex v, of
degree d, to a vertex w is 1/d, if {v,w} € E and 0
otherwise. Its stationary distribution, denoted by # or
m(G), is given by m, = dy/(2|E]). A trajectory W of
length 7 is a sequence of vertices [wo, wy,...,w,] such
that {w¢,wy41} € E for 1 <t < 7. The Markov chain
induces a probability distribution on trajectories in the
usual way. We use PC(;T)(u, v) to denote the probability
that a random walk of length 7 starting at v terminates
at v.

It is well known that the second eigenvalue A of the
transition matrix determines the rate of convergence of
a Markov chain to its steady state. A useful form of this
result was obtained by Sinclair and Jerrum {11]:

PG 0) = ml <27, /72
Ty

We will need the following result from [1]:

THEOREM 4.1. Let d = dy,ds,...,d, be a degree
sequence with mazimum degree A = o(n'/?) and min-
imum degree § such that A/§ < @ for some constant
8 > 0. Let G be chosen randomly from the set of sim-
ple graphs with degree sequence d. Let 0 < ¢ < 1 be
an arbitrary constant and G be the set of veriex induced
subgraphs H of G which have degree at least cé. Let
K > 0 be an arbitrary constant. Then with probability
1-—- O(n~K) every graph H in G has second eigenvalue
at most Y/VA where v = (0, ¢, K).

To apply this theorem and (4.2) we will first deal
with the condition A(G) = o(n!/?), then show that
whp we can restrict our random walks to vertex induced
sub-graphs H of G,,,, with

(4.3) S(H) > d/10.

(4.2)

Note that although Theorem 4.1 is couched in terms of
random graphs with a fixed degree sequence, it applies
to Gn,m since given its degree sequence, G, m is still
randomly chosen.
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We handle A(G) = o(n'/?) by assuming from now
on that d < n1/19 If d > nl/!% we simply choose a
random set of |n'1/19/2] edges from the m previously
chosen and delete the rest. Since for any initial d we
have Inn!/1® > (Ind)/10 this assumption only affects
the constants «, # in the statement of Theorem 1.1. We
must now show that (4.3) holds during steps S4 and S5.

4.2.1 Analysis of Step S4. If C is large and o,/
are small then whp for i = 1,2 and any v € [n]

(4.4) d/A<|N(v:2Z)| <d/2.

Thus whp (4.3) holds for H = T';. Consider the j’th
walk of Step 54. For v € Y; U X, let Z; , denote the
number of vertices in N (v : Y;) that are visited by the
j’th walk. Let ¢¢ = Pr(Z;, = k). We claim that
independent of previous walks,

ab®*~1logn
4. < -
(45) T = d*—2nlogd’
for some constants a,b > 0.

To prove (4.5) for k = 1, let k,(¢) be the probability
that the walk is at a neighbour of v € Z; at time t. We
claim that

(4.6) hy(0) = O(d/n).
Indeed for v € 7,
Pr(w; € N(v: Z1))

= Z Pr(w; = w')

w/ €N(v:Z,)

= 2 )

w/ EN(v:Z;,)EEN(w':Xy)
1
=W X 2
w'€EN(v:Z1) EEN(w":X,)

= O(d/n),

Pr(w; = w',w; = §)

Pr(d; = w' | w; = ¢)

assuming that for 1 < j < 2«
|V (w; : Yj)| > d/10.

This is true for j = 1 by (4.4) and for the remaining j’s
it is part of the induction, based on the use of (4.5) and
(4.10).

Now given (4.6) we show inductively that for all
v € V, we have hy(t) = O(d#)) where #9) is the
stationary distribution of a random walk on Y;. This
follows from the stationarity equations: suppose that
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hy(t) < cd#i?, then

W
-5 = cdi) = O(d/n).

<ecd Z 5 =

weN(v:Y;) di

Hence

4 dlogn
1 < z;hv(t) =0 (nlogd) :
t=

Fix I'; and for vertex v let p, be the probability
that a random walk of length 7 from N(v : Yj) ever
returns to N(v : Y;). We claim that

(4.7) py = 0O(d™1).

This gives (4.5) since

(4.8) gk < (po)* 71D ho(t).

Let Dyg for 2 <t/ <t —2 be the event that the
walk is at distance 2 from N(v : Y;) at time ¢/, at a
neighbour of N(v :Y;) at times¢' +1,...,£ -1, and at
N(v :Y;) at time t. Let Dy be the event that the walk
never gets further than one away from N (v : Y;) before
its first return to N(v : Y;). Then

T2 T
po SPr(Do)+ Y, Y Pr(Duy).

tI=2t=t'42

(4.9)

Assuming d < n!/10

whp

it is easy to show that in Gy m,

e No vertex is in more than one triangle.
e No pair of vertices are joined by more than two
distinct paths of length at most three.
This implies that

Pr(Dy) = O(d™1)

and

PI‘(Dt_k,t) = O(d_k)
This proves (4.5) and therefore for any constant ¢ > 0,
as n — oo we have

=~ ab*~llogn

B(exp(¢Zi0) S 14 Gz o g®
k=1
2ae‘dlogn
nlogd

2ae‘dlogn
SexP( nlogd )

<1
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1t follows that for ¢ > 0,

2K
Pr(> Zjy > t)

(4.10) =

< exp (—ct + 2&M.g—n>

nlogd
< exp(—ct + 4aae’d) = O(n~2),

if ¢ = d/10, and ¢ and o are suitably chosen. Since the
minimum degree in T'; is at least d/4 whp, this proves
that whp 6(T'2«) > d/10 and so (4.3) holds for H = T;.

Now if o, are small then |Yj| > n/4 and 7\,
the stationary distribution on I';, is almost uniform i.e.
there exist constants a,b > 0 such that whp

(4.11) a/n <) <b/n.

Next let pl) = Pg) (w;,-). Since we have chosen
7 = [4Inn/Ind]|, Theorem 4.1, with § = 5, ¢ = 1/10,
and K = 2, and equations (4.2) and (4.11), imply that
P is also nearly uniform, in other words the points ;,
are nearly uniformly distributed.

4.2.2 Analysis of Step S§5. The analysis of Step
S5 i1s complicated by the fact that we specify both
endpoints of the walk. It helps for us to think in
the following terms. At the start of Step S5 we have
W = {u1,ts,...,Wex} C Z;. Furthermore, w; has
been chosen randomly from Z; \ {@;,Ws,...,w;j-1} in
such a way that if v € Z; \ {W1,Ws,...,Wj~1} then
the conditional distribution $() defined by pV)(v) =
Pr(v = w; | W1, Ws,...,Wj—1) is nearly uniform. The
analysis of [1] shows that algorithm wALK depicted in
Figure 1 generates a random walk from a} to bf in L.

Note that assuming (4.3) holds for I'; we have from
Theorem 4.1 that p, is nearly uniform and in fact s will
be bounded below by some absolute constant ¢ > 0.

To complete the proof we have to show that (4.3)
remains true also during S5. The proof is similar to
the one in subsection 4.2.1 except that now there the
complication that we start several walks from the same
point. We have shown in [1] that the algorithm waLK1
depicted in Figure 2 generates a path with the same
output distribution as WALK.

It is easier to analyse WALK1 rather than waLk
because the former is just a random sequence of random
walks. In order to placate some additional correlation
we make the algorithm choose another random a} for
each of the r walks on I;.

Fix v € Y;. Consider the r walks as a single walk of
length r7, which restarts at a random Yj-neighbour a;

BRODER ET AL.

subroutine waLk(a},b?, Ty, T;, w;)

begin

/* By constructi?n, wj = b;, and by
definition V(I';) = Y; and V(T;) = Y;. */

Py — Pf(‘:)(a;*,v) for v € Y;

(7).
ﬁu - Z PI‘j.(wJ’U)A
uEN(v:G)NY; IN(U ' G) n }/’l
/* Py = the distribution of b7 */
Pmin — min{pv v e YA’:}:
Pmax — max{p, : v € Yj}
Choose r from the geometric distribution
with probability of success § = pmin/Pmax
for k from 1 to r— 1 do
Choose z} according to Pr(zy = v) =
(pv - ﬁquin/ﬁmax)/(l - S)

forveY;

od

z, — b}

for k from 1 to r do

Pick a walk Wy of length 7 in f‘,-

according to the distribution on
trajectories, conditioned on
start point = a and
end point = z,

od

output WT

end WALK

Figure 1: Algorithm WALK

of d; every T steps. We distinguish between start visits
to N(v : Y;) when a} € N(v : Y;) and free visits. The
number of start visits, A,, 1s binomial random variable
with parameters r and p, < a/d for some constant
a > 0. Furthermore one can show with a proof similar
to that of (4.7) the following

LEMMA 4.1. AssumeY; satisfies ({.3) and consider
a random walk W of length 7 in Y;. If W starts at vertex
in N(v : Y;) (resp. not in N(v : Y;) U {v}) then the
probability that the walk returns (resp. visits) N(v : Yi)
k times is O(d™*).
Now let A; denote the number of free visits to N (v: )A/,)
and let ¢ = Pr(A; = k). Then §; is at most

,
Z hy(t) Pr(k — 1 free visits to v after t | a;, X; = v),

t=1

where h,(t) = O(d/n) is the unconditional probability
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subroutine waLK1(a?,T;, T, w;)

begin

/* By construction, w; = b;, and by
definition V(T;) = ¥; and V(I;) = ¥;. */

Py — Plg:)(a;‘,v) for v € ¥;

R PED (i, u)

Dy — Z —_—

ueN(w)ny; [N (u: G)NY|
/* Py = the distribution of &} */

Pmin — min{p, : v € ¥;};
Pmax — max{p, : v € Y;}
r—0;

for v €Y

forever do
re—r+1;

Pick a walk W of length 7 according
to the distribution on trajectories,
conditioned on start point = a

Let z} be the endpoint vertex of W;

With probability f)x:pmin/(p,,:ﬁmx)
accept W) and exitloop

od
output W}
end WALK]

Figure 2: Algorithm waLK1

that the t’th vertex of the walk is in N(v : ;).

Now given r, the k — 1 free visits to N(v : ¥;) can
be distributed among the r walks in at most kj_':"l’z)
ways. So in view of Lemma 4.1 we have

Pr(k — 1 free visits to N(v : Y;) after ¢ | a;, X, = v,7)
k4r—2\ fey*-L
< - _ r—1
—(r—1)(d) o(1 — o)1,

for some constant ¢ > 0. Hence

. ddr [k+r—=2\ se\k-1 -1
QkS*n—< e 1 )(E) c(l—0o)" 1,

for some constant ¢’ > 0.

So if g is the probability of k visits to N(v : f’,)
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then

k+r-— 2) (g)k—e—1 o1 — o=

for some a’, ¥ > 0 and we can proceed as in subsection
4.2.1.

(Note that visits to v itself are not a problem as
they cause v to be deleted and we don’t have to worry
anymore about the size of its neighbourhood.)

5 Proof of the Corollaries

5.1 Proof of Corollary 1.1. Partition [n/2] ran-
domly into r sets X1, X3,... X, withr = [yIlnn/(Ind)]
and v to be chosen. Then let Y; = {(a;,b;) : j € X;}
and Z; = J;ex,{a;,8;}. Each set Y; is of size & s =
[nlnd/(yInn)]. Each set Z; is the union of two ran-
dom subsets {a; : j € X;} and {b; : j € X;}. Then
|N (v : Z;)| is approximately the sum of two (correlated)
binomials. Thus if |N(v)] = v then

Pr(IN(v: Zi)| > 0v))
fv
<2(;,) (%)

v fv
<9 (2361/) < (nlnd_G_z/_) = o(1/n),

fvn vInn Gvn

for large enough y. So we can assume

(5.12)  IN(v:Z)|<OIN(v)l, VveV.

Thus we can apply Algorithm pPATHS to compute the
paths joining the pairs in each Y;. (There are o(lnn)
sets Y; and the failure probability for PATHS is certainly

o(1/Inn).)

5.2 Proof of Corollary 1.2. Choose a set S of |W]|
vertices of G of degree > d/2 and define a 1-1 mapping
f: W — S. For each e = {z,y} € F randomly
choose distinct neighbours z., y. of f(z), f(y) in G. By
Theorem 1.1, if p, o are sufliciently small, then for most
choices of {z.,y.} we can find vertex disjoint paths
joining z. to y. for all e € F'.
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