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Exampre 5. Elimination degree sequence. An instance presents a graph
G =(V, E) and a sequence (d,, d,,..., d,y) of non-negative integers not
exceeding |F| — 1. The question is: Can we number the vertices of G with
the integers 1,2,....|V| so that, for each i, the vertex numbered i has
exactly &, higher-numbered vertices adjacent to it?

Proof of NP-complereness for planar bipartite graphs. The construction is
exactly that used for Example 2, and shown in Fig. 8. The sequence
comprises 4g 3's, followed by 114 — 2¢ ('s. (Note that the constructed
graph has 154 — 2t vertices.) Assume that we can number the vertices as
required. Now it is clear that all degree 1 vertices must have d, =0, and
hence all elements must have o, = 3. This leaves g vertices to receive
d,= 3, and these must be g triples which are numbered before all their
elements. But each element is numbered before all but one of the triples
which contain it. Each such triple has o, = 3. As there are only g triples
with o, = 3 these must induce a maiching, Again the argument is reversible.

The same construction and argument gives the NP-completeness of the
following problem: Given an undirected graph G and a set § of nonnegative
integers, can we direct all the edzes of G so that each vertex has an indegree
in §7 It remains NP-complete if we have to direct the edges to form an
acyclic graph by the same construction, and this version i obviously very
close to the elimination degree sequence problem.

We believe that our main result can be used to give easy NP-completeness
proofs for planar cases of many other problems.
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