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A partially ordered set or poset is a set P and a binary
relation < such that foralla,b,c € P

O a < a (reflexivity).
@ a <bandb < cimplies a < c (transitivity).
@ a<bandb < aimplies a = b. (anti-symmetry).

Examples

© P=1{1,2,...,} and a < b has the usual meaning.

Q@ P=1{1,2,...,} and a < b if a divides b.

@ P ={A1, Ay, ..., An} Where the A; are sets and <=C.
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A pair of elements a,b are comparableifa <borb < a.
Otherwise they are incomparable.

A poset without incomparable elements (Example 1) is a linear
or total order.

We writea < bifa<banda#b.
Achainisasequencea; < a, < --- < as.

A set A is an anti-chain if every pair of elements in A are
incomparable.

Thus a Sperner family is an anti-chain in our third example.
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Let P be a finite poset, then
min{m : 3 anti-chains A1, A,,...,A, with P = JI_, Aj}=
max{|C|: Ais achain}.

The minimum number of anti-chains needed to cover P is at
least the size of any chain, since a chain can contain at most
one element from each anti-chain.
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We prove the converse by induction on the maximum length p
of a chain. We have to show that P can be partitioned into p
anti-chains.

If © = 1 then P itself is an anti-chain and this provides the basis
of the induction.

So now suppose that C = x; < Xp < --- < X, IS a maximum
length chain and let A be the set of maximal elements of P.

(An element is x maximal if Ay suchthaty > x.)

A is an anti-chain.
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Now consider P’ = P \ A. P’ contains no chain of length . If it
contained y; <y, < --- <y, thensincey, ¢ A, there exists

a € A such that P contains the chainy; <y, <--- <y, <a,
contradiction.

Thus the maximum length of a chain in P’ is , — 1 and so it can
be partitioned into anti-chains A; UA, U ---A,,_,. Putting
A,, = A completes the proof. O
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Suppose that C,,C,, ..., Cp, are a collection of chains such
that P = (J", Ci.

Suppose that A is an anti-chain. Then m > |A| because if
m < |A| then by the pigeon-hole principle there will be two
elements of A in some chain.

(Dilworth) Let P be a finite poset, then
min{m : 3 chains C4,C,,...,Cn with P = ™, Ci}=
max{|A| : Ais an anti-chain}.
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We have already argued that max{|A|} < min{m}.
We will prove there is equality here by induction on |P]|.
The result is trivial if |P| = 0.

Now assume that |P| > 0 and that . is the maximum size of an
anti-chain in P. We show that P can be partitioned into p
chains.

LetC = X1 <Xz <--- < Xp be a maximal chain in P i.e. we
cannot add elements to it and keep it a chain.

Case 1 Every anti-chain in P \ C has < u — 1 elements. Then
by induction P \ C = Ui‘:ll CiandthenP =CuU U{:ll C;i and
we are done.
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Case 2 There exists an anti-chain A = {a;,a,...,a,} in P\ C.
Let

@ P ={xeP: x<a forsomei}.
@ PT={xeP: x> aforsomei}l.

Note that

© P =P~ UPT. Otherwise there is an element x of P which
is incomparable with every element of A and so p is not the
maximum size of an anti-chain.

@ P NPT = A. Otherwise there exists x, i,j such that
a; < X < a; and so A is not an anti-chain.

Q x, ¢ P~. Otherwise x, < a; for some i and the chain C is
not maximal.
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Applying the inductive hypothesis to P~ (|P~| < |P| follows
from 3) we see that P~ can be partitioned into ;. chains
Cc;..Cy,...,C, .

Now the elements of A must be distributed one to a chain and
so we can assume thata; € C;” fori =1,2,..., .

a; must be the maximum element of chain C, ", else the
maximum of C;” isin (P~ N P*)\ A, which contradicts 2.

Applying the same argument to P we get chains
C{,C5,...,C, with a as the minimum element of C;" for
i=212 ... p¢.

Then from 2 we see thatP = C, UC, U --- U C,, where
Ci=C uUClisachainfori=1,2,...,4u. O
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Three applications of Dilworth’s Theorem
(i) Another proof of

Erd6s and Szekerés
ap,ap, ..., a2, contains a monotone subsequence of length
n+ 1.

LetP = {(i,a): 1<i<n?+1}andletsay (i,a) < (j.a) if
i <janda < a.

A chain in P corresponds to a monotone increasing
subsequence. So, suppose that there are no monotone
increasing sequences of length n + 1. Then any cover of P by
chains requires at least n + 1 chains and so, by Dilworths
theorem, there exists an anti-chain A of size n + 1.
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Let A= {(it,a;): L <t<n+1}wherei; <iy <--- <ips1.

Observe that a;, > a;,, for 1 <t < n, for otherwise
(it, &) < (it41, &) and A'is not an anti-chain.

Thus A defines a monotone decreasing sequence of length
n—+ 1. O
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Matchings in bipartite graphs

Re-call that a matching is a set of vertex disjoint edges.

Perfect matching

™~
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Let G = (AU B, E) be a bipartite graph with bipartition A, B.
ForS CAletN(S)={beB: JaecS,(a,b)ecE}.

ai b]_
az b2
as b3
ay b,

N(az,a3) = {by, b3, bs}
Clearly, [IM| < |A|, |B| for any matching M of G.

PARTIALLY ORDERED SETS



(Hall) G contains a matching of size |A| iff

IN(S)| = IS| vS CA.
ap bl
az b2
as b3
ay by

N({a1,az,as}) = {by,b,} and so at most 2 of a;, a,, a3 can be
saturated by a matching.
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If G contains a matching M of size |A| then
M = {(a,f(a)): a< A}, wheref: A — B is a 1-1 function.

But then,
IN(S)[ = [f(S)| =S
forall S C A.
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Let G = (AUB,E) be a bipartite graph which satisfies Hall's
condition. Define a poset P = A U B and define < by a < b only
ifac AbeBand(a,b)ecE.

Suppose that the largest anti-chain in P is
A={aj,ay,...,an,b1,by,....;bc} and lets = h + k.

Now
N({al,az,...,ah}) C B\{bl,bz,...,bk}

for otherwise A will not be an anti-chain.

From Hall's condition we see that

|B| —k > h or equivalently|B| > s.
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Now by Dilworth’s theorem, P is the union of s chains:

A matching M of size m, |A| — m members of Aand |[B| — m
members of B.

But then
m + (|A] —m) + (|[B] —m) =s < [B|

andsom > |A|. O
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Marriage Theorem

Suppose G = (AUB,E) is k-regular. (k > 1) i.e. dg(v) =k for
allv € AUB. Then G has a perfect matching.

Proof
k|A| = [E| = k|B|
and so |A| = |B|.
Suppose S C A. Let m be the number of edges incident with S.
Then

k|S| =m < k|N(S)|.

So Hall's condition holds and there is a matching of size |A| i.e.
a perfect matching.
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Intervals Problem

l1,12,...,Imny1 are closed intervals on the real line i.e.
i = [a;,bj] where &y < bj for 1 <j < mn+ 1.

Either (i) there are m + 1 intervals that are pair-wise disjoint or
(i) there are n + 1 intervals with a non-empty intersection

Define a partial ordering < on the intervals by I, < s iff by < as.
Suppose that I, I;,, ..., l; is a collection of pair-wise disjoint
intervals. Assume that a;, < a;, --- < a;. Thenlj <l --- <l
form a chain and conversely a chain of length t comes from a
set of t pair-wise disjoint intervals.

So if (i) does not hold, then the maximum length of a chain is m.
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This means that the minimum number of chains needed to
cover the poset is at least [™-1] = n + 1.

Dilworth’s theorem implies that there must exist an anti-chain
{UTRL PR g ¢
Let a = max{a;,,aj,,...,a,,r and b = min{b; ,bj,,..., b .}

J10 M2

We must have a < b else the two intervals giving a, b are
disjoint.

But then every interval of the anti-chain contains [a, b].
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