
SOME EXTREMAL PROBLEMS

Some extremal problems



Let Pn = f A : A � [n]g denote the power set of [n].

A � P n is a Sperner family if A; B 2 A implies that A 6� B and
B 6� A

Theorem

If A � P n is a Sperner family jAj �
� n
bn=2c

�
.

Proof We will show that

X

A2A

1
� n

jAj

� � 1: (1)

Now
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k

�
�

� n
bn=2c

�
for all k and so
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Proof of (1) Let � be a random permutation of [n].

For a set A 2 A let EA be the event

f � (1); � (2); : : : ; � (jAj)g = A:

If A; B 2 A then the events EA; EB are disjoint.

So X

A2A

Pr(EA) � 1:

On the other hand, if A 2 A then

Pr(EA) =
jAj!(n � j Aj)!

n!
=

1
� n

jAj

�

and (1) follows. �
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The set of all sets of size bn=2c is a Sperner family and so the
bound in the above theorem is best possible.
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Intersecting Families A family A � P n is an intersecting family
if A; B 2 A implies A \ B 6= ; .

Theorem

If A is an intersecting family then jAj � 2n� 1.

Proof Pair up each A 2 P n with its complement
Ac = [ n] n A. This gives us 2n� 1 pairs altogether.
Since A is intersecting it can contain at most one member of
each pair. �

If A = f A � [n] : 1 2 Ag then A is intersecting and jAj = 2n� 1

and so the above theorem is best possible.
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Theorem

If A is an intersecting Sperner family and A 2 A implies that
jAj � b n=2c then

X

A2A

1
� n� 1

jAj� 1

� � 1: (2)

Proof If � is a permutation of [n] and A � [n] let

� (�; A) =

(
1

jAj 9k : f � (k); � (k + 1); : : : ; � (k + jAj � 1)g = A

0 otherwise

where � (i) = � (i � n) if i > n.

We will show that for any permutation � ,
X

A2A

� (�; A) � 1: (3)
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Assume (3). We �rst observe that if � is a random permutation
then

E(� (�; A)) =
n

jAj
jAj!(n � j Aj)!

n!
=

1
� n� 1

jAj� 1

�

and so, from (3),

1 � E(
X

A2A

� (�; A)) =
X

A2A

1
� n� 1

jAj� 1

�
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Proof of (3)
Let A 2 A be an interval of � if � (�; A) > 0. Let

k = minf A 2 A : � (�; A) 6= 0g:

Assume w.l.o.g. that A = [ k] 2 A and � (i) = i for i 2 [n].

If [k] 6= A0 2 A is an interval, let A0 be of type 1 if it contains 1
and of type 2 otherwise.

A type 1 interval is of the form f x; x + 1; : : : ; n; 1; : : : ; ig; i 6= k
and a type 2 interval is of the form
f i; i + 1; : : : ; k; k + 1; : : : ; yg; i 6= 1.
Here i is called the edge of the interval.
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There is at most one type 1 interval with edge i, else A is not a
Sperner family. Similarly for type 2 intervals.

Finally, if there is a type 1 and a type 2 interval with the same
edge i then there are at most k � i type 1 intervals and at most
i � 1 type 2 intervals.

Finally note that each of the at most k intervals contributes at
most 1=k to the sum

P
A2A � (�; A). � .
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Corollary

If A � P n is intersecting and if A 2 A implies that
jAj = k � b n=2c then jAj �

� n� 1
k� 1

�
.

By taking all k-sets containing 1 we see that the above
inequality is best possible.
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Kraft's Inequality

Let x1; x2; : : : ; xm be a collection of sequences over an alphabet
� of size s. Let xi have length ni and let
n = maxf n1; n2; : : : ; nmg.

Assume next that no sequence is a pre�x of any other
sequence: Sequence xi = a1a2 � � � ani is a pre�x of
xj = b1b2 � � � bnj if ai = bi for i = 1; 2; : : : ; ni .

Theorem
mX

i= 1

r � ni � 1:
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Proof: Let x be a random sequence of length n. Let Ei be the
event xi is a pre�x of x. Then

(a) Pr(Ei ) = r � ni .

(b) The event Ei ; i = 1; 2; : : : ; m are disjoint.
(If Ei and Ej both occur and ni � nj then xi is a
pre�x of xj .

Property (b) implies that

Pr

 
m[

i= 1

Ei

!

= Pr(E1) + Pr(E2) + � � � + Pr(Em) � 1:

The theorem now follows from Property (a). �
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