GENERATING FUNCTIONS AND RECURRENCE
RELATIONS

Generating Functions



Recurrence Relations

an = fu(an 1;@n 2;::5 @0 k): (1)
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Linear Recurrence

Fibonacci Sequence

an=a, 1+ a, » n 2

ap=a; = 1.
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b, = jBnj = jfx 2f a;b;cg" : aa does not occur in xgj:
b;=3: abc

b, = 8: ab ac ba bb bc cacb cc

bh = 2b, 1+ 2b, > n 2
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bn = 2b, 1+ 2b, > n 2:
Let
B,= B[ B{?[ B

WhereBr(])zfXZBn:xlz gfor = a;b;c.

Now jB”j = ijB'9j = B, 1j. Themapf:BP 1 B, 4,
f(bXxoX3:::Xn) = XoX3::iXy IS a bijection.
B = fx 2 By: x; = aand x, = b or cg. The map
b
g:BP ! B, [ B,
g(axaXz::i:Xn) = XpX3:::Xp is a bijection.

Hence, jB?j = 2jB, ,j.
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Towers of Hanoi

Peg 1 Peg 2 Peg 3

H n is the minimum number of moves needed to shif

N rings from Peg 1 to Peg 2. One is not allowed to
place a larger ring on top of a smaller ring.
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Hn = 2H, 1+ 1

==

Generating Functions

H.. moves

1 move

H.. moves




A has n dollars. Everyday A buys one of a Bun (1 dollar), an
Ice-Cream (2 dollars) or a Pastry (2 dollars). How many ways
are there (sequences) for A to spend his money?

Ex. BBPIIPBI represents “Day 1, buy Bun. Day 2, buy Bun etc.”.

c
S
1

number of ways
= Upp T Upy t Upp

where up.g is the number of ways where A buys a Bun on day

1 etc.
Un;e = Un 1, Ung = Unp = Un 2.
So
Un = Upn 1+ 2U4 2;
and

Up = up = 1:
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(ordinary) generating function  a(x) is given by

a(x) = ag+ a;x + apx?+  anx"+

and we write

an = [x"]a(x):

Generating Functions



an=1

a(x) = 7 =1+ x+x%+ +x"+
apn=n+1.
a(x):#:1+2x+3x2+ +(n+ 1)x"+
(1 x)?
an = n.
_ X — 2 3
a(x)—m—x+2x +3x°+ +nx"+
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Generalised binomial theorem:

an= |
—_ _>4 n.
ax)=(1+x) = X'
n=0 n
where
_ (1 2 ( n+1)
n n! '
ap = m+rr]1 1
1 x m n_ m+n 1 .
a(x)—m— i (x)—n:O N x":
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General view.
Given a recurrence relation for the sequence (a,), we

(a) Deduce frorr]:jt, an equation satis ed by the generating
function a(x) =, anx".

(b) Solve this equation to get an explicit expression for the
generating function.

(c) Extract the coef cient a, of x" from a(x), by expanding a(x)
as a power series.

Generating Functions



Solution of linear recurrences

a, 6a, 1+9a, »=0 n 2

ap=1;a; = 9.

(an 6a, 1+ 9a, 2)x" = 0 2)

Generating Functions



anx" = a(x) ag ax
n=2
= a(x) 1 9x:
R s
6a, 1x" = 6x a, x"1?!
n=2 n=2
= 6x(a(x) ao)
= ox(a(x) 1):
R xR
9a, X" = 9x% a, ,x" ?
n=2 n=2
= 9x2a(x):
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a(x) 1 9x 6x(a(x) 1)+ 9x%a(x) = O
or
a(x)(1 6x+9x?) (1+3x) = O
a(x) = 1+ 3x _ 1+ 3x
1 6x+9x2 (1 3x)?
xR R
= (n+ 1)3"%"+ 3x  (n+ 1)3"x"
n=0 n=0

= (n+ 1)3"x" + n3"x"
0 n=0

5
1

= (2n+ 1)3"x™
n=0

an=(2n+ 1)3"



Fibonacci sequence:

%
(@ ap 1 ap 2)x"=0
n=2
s 3 *®
anx" an 1x" an x"=0:
n=2 n=2 n=2

(ax) a ax) (x(a(x) ay)) x*a(x)=0:

ax)= ———M—:
(x) 1 x x2

Generating Functions



a(x)

where

are the 2 roots of
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Therefore,

1 X 1 X
a(x) — 1 lan 2 ann
i 2n=0 1 2n=O
» n 1 n 1
- 1 2 Xn
n=0 1 2
and so
n1 n1
a, = -L 2
2
01 p— ! n+1 pJ n+11
_ lg 5+1 1 75 .
Ps 2 2 '
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Inhomogeneous problem

an 3a, 1=n> n 1

ap = 1.
R R
(an 3a, )x" = n2x"
n=1 n=1
S R b
n’x" = nin 1)x"+  nx"
n=1 n=2 n=1
_ 2x2 , X
@ x)® @ x?
X+ x?
@ x?
R
(an 3a, 1)x" = a(x) 1 3xa(x)
n=1

= a(x)(1 3x) 1



X + x2 1

a) = T a1 3
A B C D+ 1
= + + +
1 x (1 x)2 (1 x) 1 3x
where
x+x% = Al x)’(1 3x)+B(1 x)(1 3x)

+C(1 3x)+ D@1 x)%

Then
A= 1=2:B=0;C= 1;D=3=2:
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So

a(x) = 1= 1, 5=
1 x (1 x)® 1 3x
AR R S RAR
) 2 2
n=0 n=0 n=0
So
1 n+2 5_n
= — + —
fn 2 2 >3
2
= § 3j l+ 53”:
2 2 2 2
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General case of linear recurrence

ant+ Ciap 1+ + Ckan k = Un; n k:

X
(@n+clan 1+ +ckan k up)x"=0

It follows that for some polynomial r(x),

u(x) + r(x)
a(x)= ———=
R TCY
where
YK
q(x)= 1+ cix+ X2+  +coxk= (1 %)
i=1
and 1; o;:::; g arethe roots of p(x) = 0 where

p(x) = xKg(l=x) = x*+ cix* 1+  + co.
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Products of generating functions
R hs
a(x) = anx"; b(x)) = bnx":
n=0 n=0
a(x)b(x) (ag+ apx + apx®+ )
(bo + byx + box?+ )
aobo + (aghy + ajbg)x +
(aphz + aiby + asbg)x? +

where

Ch = ab, «:
k=0
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Combinatorially, suppose that A; B are sets of objects and A
contains a, objects of weight n and B contains b, objects of
weight n, foralln 0.

We now consider pairs of objects (a;b) wherea 2 A;b 2 B.
The weight of pair (a; b) is the weight of a plus the weight of b.

Cn is the number of pairs of weight n.
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Simple example:
LetA= B = f0;1;2;:::;gwhere the weight of i is i.

We want to count the number of pairs (a;b) witha+ b = n.
(This is of course n + 1).

an=by,=1;n Oandsoa(x)= b(x)= 1=1 x).

Thus

c(x)

I
—~
=)
+
[EEN
~
X

P
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Suppose that we have r generating functions

3
ai(x) = ai;nXn
n=0

and a;., is the number of objelgts in Aj and weight n. Then if
c(x) = ar(x)ax(x) a(x)= | ocnx"then c, is the number
of sequences x1xXo X where

weight(x1) + weight(x,) + + weight(x;) = n

This can be proved by induction on r.
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X1+ X = nisgiven by

Kt =y "= "L

a1 x) n n
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Derangements

Explanation: {(‘ dn « is the number of permutations with
exactly k cycles of length 1. Choose k elements ( ; ways) for
which (i) = i and then choose a derangement of the
remaining n  k elements.

So
1 = X i dn k
- k! (n Kk)! '
R XX '
x" = 1 dhk (3)
k!'(n k)!
n=0 n=0 k=0
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Let

2 d
— m.,m
d(x) = o)
m=0
From (3) we have
1 _ X
T x e”d(x)
e X
e = 1 x
Xy,
n=0k=0 k!
So
do _ X (D¥
nl ki
k=0
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Triangulation of n-gon

Let
an, = number of triangulations of Py 1
X
= axan k n 2 (4)
k=0

ap=0,a;=a,= 1.

+
1 n+1
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Explanation of (4):
axan x counts the number of triangulations in which edge
1;n+ 1is contained in triangle 1;k + 1;n+ 1.
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But,

n=2
since ag = 0;a; = 1.
] ]
XX XX
aa, ¢ x" = aga, ¢ X"
n=2 k=0 n=0 k=0

= a(x)%
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So
a(x) = x + a(x)?

and hence
p_—— p
a(x)_1+ 1 oax 1 1 4
B 2 2 '
But a(0) = 0 and so
a(x) = 1 P14
= !
1 1 Xt oon 2 ]
= — — + -
2 2 1! T g ()
n=1
X 12n 2
= — x":
n n 1
n=1
So
a _} 2n 2
""non 1 °
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