21-301 Combinatorics
Homework 1
Due: Friday, September 5

1. How many integral solutions of
Ty + 2o+ T3+ X4+ T5= 100

satisfy 1 >4, x9 > 8, 3 > —2, x4 > 3 and x5 > 07
Solution Let

y=a1—4, Yp=22—8, yYs=x3+2, ys=x4—3, Ys5=Ts.

An integral solution of 1 + x5 + 23 + x4 + x5 = 100 such that z; > 4, x9 > 8, x3 > —2,
x4 > 3 and x5 > 0 corresponds to an integral solution of y; + yo + y3 + ys + y5 = 87
such that y1,...,y5 > 0. From a result in class,
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2. Show that if n > ¢ > 0 then
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Solution Let S = (Lﬁqnfl]) If {1 < xy <+ < Typans1} € S then put X in Sy if
Tma1 = — k + 1. Our assumption n > ¢ implies that z,,,;1 < /+1andso 0 <k < /.

The sets So, S1, ..., Sk partition S and |Sk| = (é;f) (‘”k).

n

3. How many ways are there of placing k& 1’s and n — k 0’s at the vertices of an n vertex
polygon, so that every pair of 1’s are separated by at least ¢ 0’s?

Solution Choose a vertex v of the polygon in n ways and then place a 1 there. For the
remainder we must choose aq,...,a, > ¢ such that a; + --- 4+ ar = n — k and then go
round the cycle (clockwise) putting a; 0’s followed by a 1 and then ay 0’s followed by a
1 etc..

Each pattern 7 arises k times in this way. There are k choices of v that correspond to
a 1 of the pattern. Having chosen v there is a unique choice of a,as, ..., a; that will
now give .

There are ("_M_l) ways of choosing the a; and so the answer to our question is
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