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Abstract

The well-known Ramsey number R(t, u) is the smallest integer n such that
every Kt-free graph of order n contains a subset of u vertices with no K2.
Erdős and Rogers considered a more general problem replacing K2 by Ks for
2 ≤ s < t. Extending the problem of determining Ramsey numbers they
defined the following function fs,t(n) = min

{
max{|S| : S ⊆ V (H) and H[S]

contains no Ks}
}

, where the minimum is taken over all Kt-free graphs H of
order n. In this paper, we present some old and recent developments concerning
function fs,t(n).

1 Introduction

In 1930, Frank Ramsey published a seminal paper “On a problem of formal logic” [13]
beginning a new area of research known today as Ramsey theory (for a comprehensive
introduction to Ramsey theory see, e.g., [9]). In particular, Ramsey proved that for
given integers t and u there is an integer n such that any blue-red coloring of the
edges of the complete graph Kn yields either a blue copy of Kt or a red copy of Ku.
Such smallest integer n is denoted by R(t, u). In other words, R(t, u) is the smallest
integer n such that every Kt-free graph of order n contains an independent set of
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size u, or equivalently, it contains a u-subset of vertices with no K2. One can consider
a more general problem replacing K2 by Ks for some 2 ≤ s < t. Following this
approach in 1962 Erdős and Rogers [7] introduced the following function. For fixed
integers 2 ≤ s < t let

fs,t(n) = min
{

max{|S| : S ⊆ V (H) and H[S] contains no Ks}
}
,

where the minimum is taken over all Kt-free graphs H of order n. (As a matter of
fact a variation of this function was already considered by Erdős and Gallai [6].) We
will comment first on the meaning of l ≤ fs,t(n) < u. To prove the lower bound it
means to show that every Kt-free graph of order n contains a subset of l vertices with
no copy of Ks. To prove the upper bound it requires to construct a Kt-free graph of
order n such that every subset of u vertices contains a copy of Ks.

As we have just seen the problem of determining fs,t(n) extends that of determin-
ing Ramsey numbers. More precisely,

R(t, u) = min{n : f2,t(n) ≥ u}.

Therefore, the problem of determining the precise value of fs,t(n) for 2 ≤ s < t is
rather hopeless. Beside of that, this function has attracted a considerable amount of
attention and has been studied by several researchers.

In this paper, we review both old and recent results on function fs,t(n).

2 The most restrictive case

In this section we consider the case when t = s + 1. Erdős and Rogers [7] proved
using a probabilistic argument that

fs,s+1(n) ≤ O
(
n1−1/O(s4 log s)

)
. (1)

Their proof is based on the concentration of measure phenomenon in the high-
dimensional sphere. A similar idea was also used by Alon and Krivelevich [1] who gave
an elegant construction of aKs+1-free graph such that every subset ofO

(
n1−1/O(s4 log s)

)
vertices contains a copy of Ks (see Section 2.1 for details).

Bollobás and Hind [2] improved (1) showing that for any ε > 0 and s ≥ 3,

fs,s+1(n) ≤ O
(
n1− s+3

(s−2)(s+1)
+ε). (2)

Moreover, they gave the first lower bound showing that for s ≥ 2,

Ω
(
n

1
2

)
≤ fs,s+1(n). (3)

Subsequently, Krivelevich [10, 11] improved the previous bounds and showed that

Ω
(
n

1
2 (log log n)

1
2

)
≤ fs,s+1(n) ≤ O

(
n1− 2

s+2 (log n)
1

s−1

)
. (4)
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Summarizing the previous results one can see that the best bounds have essentially
been of the form

Ω
(
n

1
2
+o(1)

)
≤ fs,s+1(n) ≤ O

(
n1−ε(s)),

where ε(s) tends to zero as s goes to infinity. This raised the following question asked
by Krivelevich [10] and later by Sudakov [14, 15]. Is it true that for every 0 < δ < 1
and s sufficiently large fs,s+1(n) is greater than n1−δ? We showed in [4] that this is
not the case proving that for every fixed integer s ≥ 2,

fs,s+1(n) ≤ O
(
n

2
3

)
. (5)

In the next sections we present proofs of (1), (3), and (5).

2.1 Proof of fs,s+1(n) ≤ O
(
n1−1/O(s4 log s)

)
(Alon and Krivele-

vich [1])

We start with notation. For two vectors x̄ = (x1, . . . , xk) and ȳ = (y1, . . . , yk) of
integers we define the Hamming distance between x̄ and ȳ as,

d(x̄, ȳ) =
∣∣{i : xi 6= yi and 1 ≤ i ≤ k}

∣∣.
Moreover, for a nonempty subset U ⊆ [s]k and a vector x̄ ∈ [s]k denote the distance
between x̄ and U as,

d(x̄, U) = min{d(x̄, ȳ) : ȳ ∈ U}.

Finally, for a given δ > 0 define the δ-neighborhood U(δ) of a nonempty subset U ⊆ [s]k

as,
U(δ) = {x̄ ∈ [s]k : d(x̄, U) ≤ δ}.

Now we construct a graph H = (V,E) as follows. Let s ≥ 2 be a fixed integer and
let k be a sufficiently large positive integer (in particular k ≥ s). Let

V = [s]k and E =
{
{x̄, ȳ} ∈ V 2 : d(x̄, ȳ) > k

(
1− 1/

(
s+1
2

))}
.

First we show that H is a Ks+1-free graph. Assume by contradiction that there are
x̄1, . . . , x̄s+1 ∈ V such that H[{x̄1, . . . , x̄s+1}] = Ks+1, i.e.,

d(x̄i, x̄j) > k
(
1− 1/

(
s+1
2

))
(6)

for every 1 ≤ i 6= j ≤ s + 1. Since every coordinate can attain only s distinct values
we infer that for every coordinate h, 1 ≤ h ≤ k, there is a pair of vertices in Ks+1

having the same value of the h-th coordinate. Thus,∑
1≤i<j≤s+1

d(x̄i, x̄j) ≤ k

(
s+ 1

2

)
− k =

(
s+ 1

2

)(
k − k/

(
s+ 1

2

))
,
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and consequently, there is a pair x̄i, x̄j of vertices of Ks+1 such that d(x̄i, x̄j) ≤
k − k/

(
s+1
2

)
which contradicts (6).

It remains to show that every sufficiently large subset of vertices of H contains a
copy of Ks. First we show that every sufficiently large subset of vertices of H contains
an s-simplex defined as follows. An s-simplex is an s-subset {x̄1, . . . , x̄s} of vertices V
so that

d(x̄i, x̄j) = k for every 1 ≤ i 6= j ≤ s. (7)

For simplicity we also endow V with the normalized counting measure P (which can

be also viewed as the probability measure) defined as P (A) = |A|
|V | for every A ⊆ V .

Proposition 2.1 If V0 ⊆ V and P (V0) >
s−1
s

, then V0 contains an s-simplex.

Proof. By symmetry, every vertex of V belongs to the same number of s-simplices.
Clearly, if an s-simplex S is not in V0, then at least one vertex of S is not in V0.
Hence, choosing randomly and uniformly a simplex S among all s-simplices in V we
infer that

P (S * V0) ≤ s
|V | − |V0|
|V |

= s(1− P (V0)) < s

(
1− s− 1

s

)
= 1,

and thus, there is an s-simplex S in V0.

In order to finish the proof we will need the following isoperimetric inequality. For
the proof see, e.g., Lemma 3.3 in [1] or Proposition 7.12 in [12].

Proposition 2.2 For c > 0 define δ(c) = d
√
k(
√

(log s)/2 + c)e. If U ⊆ V and
P (U) ≥ exp(−2c2), then P (U(δ)) >

s−1
s

.

Let

c =

√
k

2
(
s+1
2

) −√(log s)/2− 1 =

√
k

2
(
s+1
2

)(1 + o(1)), (8)

where o(1) tends to zero as k tends to infinity. Note that

δ(c) =
⌈√

k(
√

(log s)/2 + c)
⌉

=
⌈
k/2
(
s+1
2

)
−
√
k
⌉
<

k

2
(
s+1
2

) −√k + 1. (9)

Recall that |V | = sk and so by (8)

exp(−2c2) = |V |−2c2 log|V | e = |V |−
2c2

log |V | = |V |−
2c2

k log s = |V |−
(2+o(1))

s2(s+1)2 log s .

We show that every subset U ⊆ V of size

|U | = |V | exp(−2c2) = |V |1−
(2+o(1))

s2(s+1)2 log s
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contains a copy of Ks. Indeed, if P (U) ≥ exp(−2c2), then by Proposition 2.2
P (U(δ)) >

s−1
s

, where δ = d
√
k(
√

(log s)/2 + c)e. Hence, by Proposition 2.1 (ap-
plied to V0 = U(δ)) the set U(δ) contains an s-simplex S (cf. (7)). Let x̄1, . . . , x̄s ∈ U(δ)

be its vertices. It remains to show that the set U induces a copy of Ks.
It follows from the definition of U(δ) that for every x̄i there is ȳi ∈ U such that

d(x̄i, ȳi) ≤ δ, (10)

where i = 1, . . . , s. Let 1 ≤ i 6= j ≤ s. Then, by the triangle inequality

d(x̄i, x̄j) ≤ d(x̄i, ȳi) + d(ȳi, x̄j) ≤ d(x̄i, ȳi) + d(ȳi, ȳj) + d(ȳj, x̄j),

and consequently by (10),

d(x̄i, x̄j) ≤ d(ȳi, ȳj) + 2δ.

Hence, since d(x̄i, x̄j) = k and by (9) 2δ < k/
(
s+1
2

)
− 2
√
k + 2 < k/

(
s+1
2

)
,

d(ȳi, ȳj) ≥ d(x̄i, x̄j)− 2δ > k − k/
(
s+1
2

)
.

That means that the vertices ȳ1, . . . , ȳs ∈ U form a copy of Ks in H.

This completes the proof of (1).

2.2 Proof of Ω
(
n

1
2

)
≤ fs,s+1(n) for s ≥ 2 (Bollobás and Hind [2])

We show that for any s ≥ 2 and n large enough

b((s− 1)n)
1
2 c ≤ fs,s+1(n). (11)

Let G be a Ks+1-free graph of order n. We are going to show that G contains a set
of b((s − 1)n)

1
2 c vertices with no copy of Ks. Let v be a vertex of maximal degree

and let W be the set of neighbors of v. Clearly, G[W ] is Ks-free, and hence, if |W | ≥
b((s− 1)n)

1
2 c then we are done. Therefore, we may assume that |W | < b((s− 1)n)

1
2 c.

Consequently, the chromatic number of G satisfies

χ(G) ≤ |W |+ 1 ≤ b((s− 1)n)
1
2 c. (12)

Let W1, . . . ,Ws−1 be color classes in a χ(G)-vertex-coloring of G such that |W1∪· · ·∪
Ws−1| is maximal. Clearly G[W1 ∪ · · · ∪Ws−1] is Ks-free. Moreover, by (12),

|W1 ∪ · · · ∪Ws−1| ≥ (s− 1)
n

χ(G)
≥ b((s− 1)n)

1
2 c,

and hence, (11) holds, as required.
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2.3 Proof of fs,s+1(n) ≤ O
(
n

2
3

)
for s ≥ 2 [4]

The main idea we employ here is similar to an approach taken in [3].
First we recall some basic properties of generalized quadrangles. A generalized

quadrangle Q(4, q) is an incidence structure on a set P of points and a set L of lines
such that:

(Q1) any two points lie in at most one line,

(Q2) if u is a point not on a line L, then there is a unique point w ∈ L collinear
with u, and hence, no three lines form a triangle,

(Q3) every line contains q + 1 points, and every point lies on q + 1 lines.

It is known that for every prime power q such an incidence structure Q(4, q) exists
with |P | = |L| = q3 + q2 + q+ 1. For more information about generalized quadrangles
see [8, 16].

Fix an integer s ≥ 2. For every m we are going to construct a Ks+1-free graph H
of order Θ(m3) such that any induced subgraph of order b|V (H)|/mc contains a copy
of Ks. Thus, setting n = (cm)3, c = c(s), implies

b|V (H)|/mc ≤ c3m2 = cn2/3,

and consequently, (5) holds.
By Bertrand’s postulate there is a prime number q such that

s2m ≤ q + 1 ≤ 2s2m.

Let Q(4, q) be a generalized quadrangle with a set P of points and a set L of lines.
We construct a “random graph” H with vertex set P . Clearly,

|V (H)| = |P | = q3 + q2 + q + 1 = Θ(m3).

First, we partition every line L ∈ L into s sets of the same size ` (for simplicity, we
assume that s divides q + 1), hence

` =
q + 1

s
≥ sm. (13)

More precisely, for each line L we choose one ordered partition

L =
s⋃
i=1

Li

satisfying |L1| = · · · = |Ls| = ` randomly and uniformly from the set of all such
partitions. Now we join every u ∈ Li and w ∈ Lj, 1 ≤ i < j ≤ s, by an edge
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obtaining a complete s-partite graph of order s`. Note that by (Q1) every edge is
determined by a unique line. Moreover, condition (Q2) yields that H contains no
clique of size s+ 1. We show that in some such graph H (randomly chosen from the
space of such graphs) every set U ⊆ V (H), |U | = b|P |/mc = Θ(m2), contains a copy
of Ks.

For U ⊆ V (H) with cardinality |U | = b|P |/mc letA(U) be the event thatKs is not
a subgraph of H[U ]. Clearly, A(U) implies A(L ∩ U) for each L ∈ L. Consequently,

A(U) ⊆
⋂
L∈L

A(L ∩ U),

and since all events A(L ∩ U) are independent,

Pr(A(U)) ≤
∏
L∈L

Pr(A(L ∩ U)). (14)

For a fixed line L ∈ L we bound from above the probability that A(L ∩ U) occurs.
Let L =

⋃s
i=1 Li be a partition of L. Note that if A(L∩U) happens then for some i,

1 ≤ i ≤ s, Li ∩ U = ∅, i.e., Li and U are disjoint. Let |U ∩ L| = uL. The probability
that for a fixed i, 1 ≤ i ≤ s, U ∩ Li = ∅ equals the probability that for a fixed
partition L =

⋃s
i=1 Li a randomly chosen subset T with |T | = uL satisfies T ∩Li = ∅.

Hence,

Pr(A(L ∩ U)) ≤ s

(
q+1−`
uL

)(
q+1
uL

) ≤ s

(
q + 1− `
q + 1

)uL

≤ s exp

(
− `uL
q + 1

)
.

Consequently, (14) yields,

Pr(A(U)) ≤ s|L| exp

(
− `

q + 1

∑
L∈L

uL

)
.

Moreover, since every point in U belongs to exactly q + 1 lines∑
L∈L

uL =
∑
L∈L

|U ∩ L| = |U |(q + 1).

Hence,
Pr(A(U)) ≤ s|L| exp (−`|U |) = s|P | exp (−`|U |) .

This implies that

Pr

(⋃
U

A(U)

)
≤
(
|P |

b|P |/mc

)
s|P | exp (−`|U |) ≤ (em)|P |/ms|P | exp (−`|U |) ,
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where the union is taken over all subsets U ⊆ V (H) with cardinality b|P |/mc. Finally,
note that by (13) `|U | ≥ smb|P |/mc ≥ 99

100
s|P |, and hence,

Pr

(⋃
U

A(U)

)
≤ exp

(
|P |
(

1

m
+

logm

m
+ log s− 99

100
s

))
,

which tends to zero as m tends to infinity.

This completes the proof of (5).

3 General bounds

Here we discuss general bounds on fs,t(n) for any t ≥ s + 1. First observe that for
any t ≥ s+ 1,

fs,t(n) ≤ fs,s+1(n).

Consequently, (1), (2), (4), and (5) trivially bound from above fs,t(n). In particular,
for every t ≥ s+ 1,

fs,t(n) ≤ O
(
n

2
3

)
.

Moreover, some of the previous results can be easily generalized. For instance, Bol-
lobás and Hind [2] showed

Ω
(
n

1
t−s+1

)
≤ fs,t(n).

Subsequently, Krivelevich [10, 11] slightly improved this lower bound and also gave a
new general upper bound,

Ω
(
n

1
t−s+1 (log log n)1− 1

t−s+1

)
≤ fs,t(n) ≤ O

(
n

s
t+1 (log n)

1
s−1

)
. (15)

Recently, Sudakov [14, 15] improved the lower bound showing that

Ω
(
n

s
2t

+O(1/t2)
)
≤ fs,t(n).

In fact, he showed a more general result. For a fixed s ≥ 3 consider a sequence
{ai}∞i=3−s defined as ai = 1 for every 3 − s ≤ i ≤ 0, a1 = 3s−4

5s−6
, and 1

ai
= 1 +

1
s−1

∑i−1
j=i−(s−1)

1
aj

for every i ≥ 2. Then, for any s ≥ 3 and k ≥ 2,

Ω
(
nak(s)

)
≤ fs,s+k(n). (16)

We found in [3] an explicit formula for ak(s) in a special case when s ≥ k ≥ 2 showing

that 1
ak(s)

= 1 + 3s−2
3s−4

(
s
s−1

)k−2
. Consequently, for any s ≥ k ≥ 2,

Ω
(
n1/(1+ 3s−2

3s−4
( s

s−1
)k−2)

)
≤ fs,s+k(n).
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Furthermore, we showed [3] that for any ε > 0, k ≥ 1, and sufficiently large s ≥ s0 =
s0(ε, k),

fs,s+k(n) ≤ O
(
n

k+1
2k+1

+ε
)
. (17)

Consequently, for every ε > 0 and sufficiently large integers k ≥ k0 = k0(ε) and
s ≥ s0 = s0(ε, k),

Ω
(
n

1
2
−ε) ≤ fs,s+k(n) ≤ O

(
n

1
2
+ε
)
. (18)

Below we present the main ideas from the proofs of (16) and (17).

3.1 Proof of Ω
(
nak(s)

)
≤ fs,s+k(n) (Sudakov [14, 15])

For simplicity we show a slightly weaker result which was also proved by Sudakov [14].
We define a new sequence of integers {bi} which is easier to handle. Let s ≥ 4 be
a fixed integer and {bi}∞i=2−s be defined as bi = 1 for every 2 − s ≤ i ≤ 0 and
1
bi

= 1 + 1
s−1

∑i−1
j=i−(s−1)

1
bj

for every i ≥ 1. It was shown in [14] that for any k ≥ 0,

Ω
(
nbk
)
≤ fs,s+k(n). (19)

Since for all i ≥ 1, bi < ai, (19) is weaker than (16).
In order to prove (19) we need two auxiliary results which we state without proofs

(for details see Lemma 3.1 and 3.2 in [15]). The first one is the well-known estimate
on the size of maximum independent size in s-uniform hypergraph.

Proposition 3.1 Let H be an s-uniform hypergraph on n vertices with m ≥ Ω(n)
edges. Then, H contains an independent set of size

α(H) ≥ Ω

(
n

s
s−1

m
1

s−1

)
.

The next proposition gives an estimate on the number of edges in an s-uniform
hypergraph. Let H = (V, E) be a hypergraph and U ⊆ V . We denote by NH(U) the
neighborhood of U in H, i.e.,

NH(U) =
{⋃

E : U ⊆ E and E ∈ E
}
\ U.

Proposition 3.2 Let H = (V, E) be an s-uniform hypergraph of order n. Then, the
number of edges is bounded by

|E| ≤ O

(
n
s−1∏
u=1

max
U⊆V, |U |=u

|NH(U)|

)
.
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Note that if H is a graph (2-uniform hypergraph) of order n and with m edges, then
Proposition 3.2 suggests the obvious bound m ≤ n∆(H). Moreover, observe that
Proposition 3.2 is tight for complete s-uniform hypergraphs.

The heart of the proof of (19) lies in the following proposition. Denote by N∗G(U)
the set of all common neighbors in G = (V,E) of vertices from U ⊆ V , that is,

N∗G(U) = {v ∈ V : {v, u} ∈ E for all u ∈ U} \ U.

Proposition 3.3 Let G = (V,E) be a graph of order n such that each of its cliques
induced by U ⊆ V of size u, 1 ≤ u ≤ s− 1, satisfies

|N∗G(U)| < n
bk+1

bk+1−u . (20)

Then G contains a Ks-free subgraph of order Ω(nbk+1).

Proof. Let H be an s-uniform hypergraph whose vertices are the vertices of G and
whose edges are all copies of Ks in G. Clearly, an independent set in H corresponds
to a Ks-free subgraph in G. Therefore, in order to finish the proof it is enough to
show that

α(H) ≥ Ω(nbk+1). (21)

Also observe that
|NH(U)| ≤ |N∗G(U)| (22)

for any subset of vertices U of size at most s−1 inducing a clique in G. Denote by m
the number of edges of H. Then, Proposition 3.2, (22) and (20) yield,

m ≤ O

(
n
s−1∏
u=1

max
U⊆V, |U |=u

|NH(U)|

)
≤ O

(
n
s−1∏
u=1

max
G[U ] is a clique, |U |=u

|N∗G(U)|

)

≤ O

(
n
s−1∏
u=1

n
bk+1

bk+1−u

)
= O

(
n

1+
Ps−1

u=1

bk+1
bk+1−u

)
= O

(
n

1+bk+1
Ps−2

i=0
1

bk−i

)
. (23)

We may also assume that m ≥ Ω(n). For otherwise, if m ≤ o(n), then H contains
an independent set of size n−m ≥ n− o(n) ≥ Ω(n). Thus, Proposition 3.1 and (23)
imply that H contains an independent set of size

α(H) ≥ Ω

(
n

s
s−1

m
1

s−1

)
≥ Ω

(
n

1−
bk+1
s−1

Ps−2
i=0

1
bk−i

)
.

Finally note that the recurrence relation for sequence {bi} yields

bk+1 = 1− bk+1

s− 1

s−2∑
i=0

1

bk−i
.

This completes the proof of (21) and so the proof of Proposition 3.3.
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Now we are going to prove (19). For a fixed s ≥ 4 we show by induction on k ≥ 0
that any Ks+k-free graph G of order n contains a Ks-free subgraph of order Ω(nbk).

If k = 0, then G itself is Ks-free, and hence, fs,s(n) = nb0 for b0 = 1. Next suppose
that the statement holds for all k′ ≤ k, i.e., fs,s+k′(n) ≥ Ω(nbk′ (s)). We show that it
also holds for k+1. Let G be a Ks+(k+1)-free graph. We need to show that G contains
a subset of Ω(nbk+1(s)) vertices with no copy of Ks.

First let us assume that k ≥ s− 2. Let U be a subset of vertices of G which forms
a clique of size 1 ≤ u ≤ s− 1. Then, k+ 1−u ≥ 0 and the subgraph of G induced by
N∗G(U) contains no clique of size s+(k+1−u). Hence, if |N∗G(U)| ≥ nbk+1/bk+1−u , then
the inductive hypothesis applied to N∗G(U) yields that G[N∗G(U)] contains a Ks-free
subgraph of size Ω(|N∗G(U)|bk+1−u) ≥ Ω

(
nbk+1

)
. Thus, we may assume that (20) holds,

and consequently, Proposition 3.3 yields (19).
Now let us suppose that 0 ≤ k < s− 2. Similarly, as in the previous case one can

assume by the inductive hypothesis that |N∗G(U)| < nbk+1/bk+1−u for every subset U
inducing a clique in G, but now only of size 1 ≤ u ≤ k+ 1. We show that this is also
true for any k+ 1 < u ≤ s− 1. Clearly, every clique induced by U of size larger than
k + 1 contains a sub-clique induced by U ′ ⊆ U of size k + 1. Since N∗G(U) ⊆ N∗G(U ′)
and b−(s−2) = · · · = b0 = 1 , we obtain for |U | = u that nevertheless

|N∗G(U)| ≤ |N∗G(U ′)| ≤ n
bk+1

b0 = n
bk+1

bk+1−u ,

for all k + 1 < u ≤ s − 1. Consequently, we may assume that the assumption of
Proposition 3.3 is satisfied and so (19) holds, as required.

3.2 Sketch of the proof of fs,s+k(n) ≤ O
(
n

k+1
2k+1+ε

)
for s ≥ s0 =

s0(ε, k) [4]

First we recall some basic properties of projective planes (for more information see [8,
16]). A projective plane PG(2, q) is an incidence structure on a set P of points and
a set L of lines such that:

(P1) any two points lie in a unique line,

(P2) any two lines meet in a unique point,

(P3) every line contains q + 1 points, and every point lies on q + 1 lines.

It is known that for every prime power q such an incidence structure PG(2, q) exists
with |P | = |L| = q2 + q + 1.

Fix an arbitrarily small ε > 0 and an integer k ≥ 1. Let s be a fixed and sufficiently
large integer depending on ε and k only. We will show that for every integer m there
exists a graph H of order b(cm)2+ 1

k
+2εc, c = c(s), such that H is Ks+k-free and any
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subgraph of H induced by a set of cardinality b|V (H)|/mc contains a copy of Ks.

Thus, setting n = (cm)2+ 1
k
+2ε implies

b|V (H)|/mc ≤ c2+ 1
k
+2εm1+ 1

k
+2ε = cn

k+1+2εk
2k+1+2εk ≤ cn

k+1
2k+1

+ε,

and consequently, (17) will hold.
By Bertrand’s postulate there is a prime number q such that

m1+ 1
2k

+ε ≤ q + 1 ≤ 2m1+ 1
2k

+ε.

Let PG(2, q) be a projective plane with a set P of points and a set L of lines. We
construct a “random graph” H with the vertex set P . Clearly,

|V (H)| = |P | = q2 + q + 1 = Θ(m2+ 1
k
+2ε).

We partition every line L ∈ L into s+ 1 sets

L =
s⋃
i=0

Li (24)

randomly and uniformly from the set of all partitions (24) satisfying

|L1| = · · · = |Ls| = ` = sm and |L0| = q + 1− s`.

Observe that |L0| �
⋃s
i=1 |Li| as m tends to infinity. The edges of H are all pairs

{u,w}, where u ∈ Li, w ∈ Lj and 1 ≤ i < j ≤ s. In other words,
⋃s
i=1 Li induces a

complete s-partite graph of order s`, which we denote by Ks(L). The edge set of H
then equals

E(H) =
⋃
L∈L

Ks(L).

Note that since every two points from P lie in a unique line the graph H is well-
defined.

Denote by H = H(ε, k, s, q) the space of all such graphs H. Note that

|H| =
((

q + 1

`

)(
q + 1− `

`

)
. . .

(
q + 1− (s− 1)`

`

))|L|
=

(
(q + 1)!

(`!)s(q + 1− s`)!

)|L|
.

One can show that a graph H randomly chosen from the space H has the following
properties:

(i) every set U ⊆ V (H), |U | = b|P |/mc = Θ(m1+ 1
k
+2ε), induces in H a subgraph

containing a copy of Ks, and

(ii) H is Ks+k-free.

The proof of property (i) is similar to the proof from Section 2.3. The proof of (ii) is
more technical and so we also skip it (for details see Theorem 1.2 in [4]).
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4 Concluding remarks

In this paper we presented the current stage of research on function fs,t(n). In [5]
Erdős asked to estimate fs,t(n) as accurately as possible. In particular, he conjectured
the following.

Conjecture 4.1 (Erdős [5]) For s+ 1 < t,

lim
n→∞

fs+1,t(n)

fs,t(n)
=∞.

Sudakov [14] showed that this conjecture holds for

(s, t) ∈ {(2, 4), (2, 5), (2, 6), (2, 7), (2, 8), (3, 6)}.

Indeed, by (3) we obtain that f3,4(n) ≥ Ω(n
1
2 ) and by (16) we get f3,5(n) ≥ Ω(n

5
12 ), f3,6(n) ≥

Ω(n
10
31 ), f3,7(n) ≥ Ω(n

4
15 ), f3,8(n) ≥ Ω(n

40
177 ), and f4,6 ≥ Ω(n

4
9 ). On the other hand,

(15) implies f2,4(n) ≤ O(n
2
5 log n), f2,5(n) ≤ O(n

2
6 log n), f2,6(n) ≤ O(n

2
7 log n), f2,7(n) ≤

O(n
2
8 log n), f2,8(n) ≤ O(n

2
9 log n), and f3,6(n) ≤ O(n

3
7 (log n)

1
2 ), which imply Su-

dakov’s result.
Motivated by (3), (5) and (18) we state another conjecture.

Conjecture 4.2 For every ε > 0 and s large enough,

fs,s+1(n) ≤ O(n
1
2
+ε).

In view of (4), if Conjecture 4.2 holds then it is best possible.
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