Vertex colorings of graphs without short odd cycles
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Abstract

Motivated by the work of NeSetfil and Rodl on “Partitions of vertices”,
we are interested in obtaining some quantitative extensions of their result. In
particular, given a natural number r and a graph G of order m with odd girth g,
we show the existence of a graph H with odd girth at least g and order that is
poly-logarithmic in m such that every r-coloring of the vertices of H yields a
monochromatic and induced copy of G.

1 Introduction

In 1976, Nesetiil and R&dl [7] proved the following result. Let F be a finite set
of forbidden 2-connected graphs and r be a fixed natural number. Then for every
graph G such that G does not contain a copy of any graph F' € F , there exists a
graph H that also does not contain a copy of any F' € F such that every r-coloring
of the vertices of H yields a monochromatic and induced copy of G. In the proof,
Nesetril and Rodl consider a k-uniform hypergraph H with chromatic number greater
than r (the chromatic number of H is the smallest number of colors needed to color
the vertices of H so that there is no monochromatic hyperedge) such that H does
not contain any cycle of length less than g. Their technique involves embedding
the graph G into each hyperedge of H to obtain the graph H. Clearly, since the
chromatic number of H is greater than r, every r-coloring of the vertices of H will
yield a monochromatic hyperedge of ‘H, and hence a monochromatic and induced copy
of GG. It should be noted that their proof relies on the existence of such k-uniform
hypergraphs which was proved by Erdés and Hajnal [4] using probabilistic methods.
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Lovész [6] gave a deterministic construction for these hypergraphs. In both cases, the
order of H, and so of H, is exponential in the order of G.

In this paper, we are interested in quantitative extensions of the Nesettil-Rodl
result in the particular case when G does not contain cycles of odd length less than g.
Let the odd girth of a graph GG be the length of the shortest odd cycle contained in G.
We prove the following theorem.

Theorem 1 Letr > 1 and g > 3, g odd, be natural numbers and let G = (V, E) be a
graph of order m > 3 and odd girth g. Let n = [(4rmlogm)?9*1]. Then, there exists
a graph H of order at most n and odd girth at least g such that every r-coloring of
the vertices of H yields a monochromatic and induced copy of G.

An asymptotic version of Theorem 1 is given below.

Corollary 2 Letr > 1 and g > 3, g odd, be fized natural numbers. Then, for every
graph G of order m and odd girth g, there exists a graph H of order O((mlogm)?9t1)
and odd girth at least g such that every r-coloring of its vertices yields a monochro-
matic and induced copy of G.

We supplement our main result with the specific case when G is a cycle of length g.
We show the existence of a graph H of girth g such that every r-coloring will yield a
monochromatic copy of a cycle of length g. In fact, every copy of a cycle of length ¢
is induced. Note that we forbid all cycles of length less than g and do not require ¢
to be odd in this case.

Theorem 3 For given natural numbers r > 1 and g > 3 let n = [((2r)9(2g -
g)»)29=Y]. Then, there exists a graph H of order at most n and girth g such that
every r-coloring of H yields a monochromatic copy of a cycle of length g.

More hypergraph notation and terminology: A hypergraph G is defined as a
pair (V,€), where V is a set of vertices, and & C 2V is a set of hyperedges (edges,
for convenience). The order of a hypergraph is the size of its vertex set. Let V =
{v1,v9,...,v,} and €& = {Ey, Es, ..., E,}. If a vertex v; € V is contained in edge
E;, then we say that v; is incident to the edge F;. The incidence matrizx A of G
is an (n x m) (0,1)-matrix such that A(v;, £;) = 1 if and only if v; is incident to
FE;. The number of edges containing a particular vertex v; is the degree of v;. We
say that a hypergraph G = (V, &) is k-uniform if every edge F € & has cardinality
exactly k. It is k-regular if every vertex v € V' is incident to exactly k edges. Observe
that if G = (V, €) is a k-uniform k-regular hypergraph then |V| = |£|. An alternating
sequence of vertices and edges in G of the form (v, By, va, Ea, ..., vp, Ey,v11) is called
a tour of length ¢ if v; # v;41, E; # Ej41, and each E; is incident to both v; and v, for
any i € {1,2,..., ¢} and j € {1,2,...,0—1}. A tour (v, E1,v2, Ea, ..., 0p, Ep,v0p41) 18
a cycle of length ¢ in G if vpyy = vy and v; # v; and E; # E; for any 7,5 € {1,2,...,(}
such that ¢ # j. The girth of a hypergraph G is defined to be the length of the shortest
cycle in G and consequently, the odd girth of a hypergraph is the length of its shortest
odd cycle.



2 Existence of hypergraphs of given girth ¢

In order to prove Theorem 1, we need the following result. Given any integers k > 2
and g > 2, there exists a k-uniform k-regular hypergraph G with girth g. This
was proved in the context of incidence structures by Payne and Tinsley [8] (see also
Sauer [9] who proved a somewhat weaker result). For the sake of completeness and
clarity, we present the result of our interest from [8] in the language of hypergraphs.

Theorem 4 (Payne and Tinsley [8]) For integers k > 2 and g > 2, there exists a
k-uniform k-regular hypergraph with girth g and order n satisfying

(k—1)20+ — 1

<
= k—2

(1)

Proof. We proceed by induction on g.

Base case (g = 2): For all k£ > 2, let G = (V, ) be the hypergraph whose incidence
matrix is a (k x k) matrix consisting of all ones. Since each row consists of k ones,
it implies that every vertex has degree exactly k. Every column has exactly k ones
implying that every edge in G has size k. Thus, G is a k-uniform k-regular hypergraph
with girth 2.

Inductive step (g > 2): This part of the proof is divided into two steps:

1. Given a k-uniform k-regular hypergraph G with girth ¢ — 1, we construct a
k-uniform k-regular hypergraph H with girth at least g.

2. If 'H has girth greater than g, then we can obtain a k-uniform k-regular hyper-
graph IC with girth exactly g.

Step 1 (construction): Let G = (V, &) be a k-uniform k-regular hypergraph of order n
and girth g — 1 with V' = {vy,v9,...,v,} and € = {E}, Es,..., E,}. Let A be its
incidence matrix. Since G is k-uniform and k-regular, A has exactly k ones in each
row and each column with a total of nk ones. Define a (¢ x ¢) (0,1)-matrix @ as
follows,

Q(i,i+1)=1fori=1,...,¢9—1 and Q(gq,1)=1.

With @ defined as above, it is easy to check that for any 0 < ¢ < ¢, we have

Qi+ ) =1fori=1,...,q—¢,
Qi+l —q)=1fori=q—0+1,...,q,

and hence, Q° is an identity matrix (of order ¢) if and only if £ = 0 (mod q). For an
integer ¢ we say that Q° maps z to y if Q*(z,y) = 1. Thus,

Q* maps z to itself if and only if /=0 (mod q). (2)

Set ¢ = 2"%. We now construct matrix B from A as follows:
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(i) Replace each 1in A by a distinct power of the matrix ) as follows. If A(v;, E;) =
1, replace it with the matrix Q,, g, = Q°, where ¢ € {1,2,2% ... 2"},

(ii) Replace each 0 in A by a zero matrix of order q.

The matrix B has exactly k ones in each row and & ones in each column and hence is
the incidence matrix of some k-uniform k-regular hypergraph, say H, of order nq. If
(wy, F1,wa, Fy, ... wg, Fy, weyq) with weyq = wy is a cycle in H, we can trace a closed
tour (not necessarily a cycle) of the same length in G. Therefore, the girth of H is at
least as large as the girth of G, and hence, at least g — 1. However, we will show that
the girth of H is strictly greater than g — 1.

Let us suppose that C' = (wy, F1,wa, Fa, ..., Fy_1,w,) with w, = w; is a cycle of
length g — 1 in ‘H. Note that every 1 in C' comes from distinct Q,, g, ; for otherwise,
we can find a cycle of length less than ¢ — 1 in G, a contradiction. Also observe that
the submatrix formed by restricting B to the rows {w;, ws, ..., w,_1} and columns
{F1,Fs,...,F;1}isa (g —1) x (¢ — 1) (0,1)-matrix in which every row and every
column has exactly two 1’s. Let us assume that the 1 corresponding to (wj, F;)
comes from @,, g, and the 1 corresponding to (w;;1, F;) comes from @, ., g, for each
1 <i < g—1. Furthermore, let the 1 corresponding to (ws, F;) be the 1 in the a-th
row, 1 <z < ¢, of Qy, g, Since C'is a cycle in ‘H, the matrix

—1 —1 —1
QU17E1 Qvg,El QU27E2 vz, B " " Q'Ugflangl Q’Ul,ngl

maps x to itself. Thus, by (2) and (i), we get
by 4 b2 + 0322 + - + 5,21 =0 (mod 2F) (3)

for some b; € {—1,0,1}. It is easy to observe that (3) cannot be satisfied for any
non-trivial choice of b;. This contradicts our supposition, and hence, the girth of H
is at least g.

Step 2 (suppression): For a vertex-edge pair (v;, £j) with v; incident to E; we define
its girth as the shortest cycle containing (v;, E;).

Suppose that the girth of H is greater than g. Then there is a vertex-edge pair, say
(v1, E1), with girth greater than g as well. Let B = (b;;) be the incidence matrix of
H. For convenience let byy = big = -+ = by = by = b3y = --- =bpy = 1 and (vq, E1),
(v1, Fy) and (vy, ) belong to a cycle of length greater than g. Note that it is always
possible to re-arrange the rows and columns of B so that this is true. We suppress
(v1, 1) in the following manner. Delete the first row and first column of B. Since
g > 2, the resulting matrix restricted to the first (k — 1) rows and (k — 1) columns is
a zero matrix. Replace each diagonal entry of this submatrix by a 1. We consider a
sequence of suppressions in which at each stage we suppress a pair (v;, E;), v; incident
to Ej, with girth greater than g. This process eventually ends in a matrix in which
every pair (v;, E;) with v; incident to E; has girth g. It is easily observed that such



a matrix is the incidence matrix of a k-uniform k-regular hypergraph, say I, with
girth g.

Upper bound for the order of : It remains to show that the order of K satis-
fies (1). Let us suppose K is of minimal order n. Suppose v; and v; are two vertices
in IC such that the length of the shortest tour (v;, E, ..., Ej1,v;) between them is
greater than g. Let I(v;) = {Ei1, Eia, ..., Eix} and I(v;) = {Ej1, Ejo, . .., B}, where
I(v) is the set of edges incident to vertex v. Let us form a new hypergraph K’ by
removing v; from Fj;; and making it incident with v; and similarly, removing v; from
E;; and making it incident with v;. Thus, in XK', I(v;) = {E;l,E,-Q, ..., By} and
I(Uj) = {E{l, EjQ, . 7Ejk}7 where Ejll = (Ejl \Uj) Uwv; and Elll = (Ezl \Uz) U vy . The
reader can easily check that the girth of K’ is g and (v;, £7;) is a vertex-edge pair not
belonging to any cycle of length g (otherwise, it would contradict the length of the
shortest tour between v; and v; in K). So, K’ is a k-uniform k-regular hypergraph
with girth g that has a vertex-edge pair (v;, E};) not belonging to any cycle of length
g. As described before, we can suppress such pair to obtain a k-uniform k-regular
hypergraph of girth ¢ and order less than n, contradicting the minimality of n. Thus,
any two vertices of IC are connected by a tour of length at most ¢g. Starting with a
vertex v; and counting the number of vertices v; connected to v; by tours of length
1,2,...,g9, we have

n<1+k-Dk+k-1%++Ek-1)*k=1+k-1)+k—-1)*+-+(k—-1)%,

which evaluates to the expression in (1). O

3 Proof of Theorem 1

The main idea we employ in the proof of Theorem 1 is similar to an approach taken
by the first author and Rédl in [1, 2].

Let r > 1 be a natural number and G = (V| E) be a given graph with odd girth ¢
and order m > 3. Let
n = [(4rmlogm)®9t1]. (4)

To prove Theorem 1, we will prove that there exists a graph H = (W, F') of order
at most n and odd girth at least g such that any subgraph of H induced by a set of
L@J vertices contains an induced copy of G. Fix k such that

3rmlogm < k < 4rmlogm. (5)

From Theorem 4, we know there exists a k-uniform k-regular hypergraph H = (W, F)
with girth g such that

— 1)29+1 _
(]{7 1) 1 < (/C _ 1)29+1 < n,

<
Wis =5 =




where the last inequality follows from (4) and (5). We will construct a “random” graph
H on 'H. We randomly partition each hyperedge K € F into K = XjU---UX,, with
x < |X;| <z +1. Let k = axm + q. Then, by (5),

2rlogm < x < 4rlogm. (6)

Let V. ={vy,...,vn} be the vertex set of G. For each u € X; and w € X, {u,w} is
an edge in H if and only if {v;, v,} is an edge in G. Note that H is well-defined because
every pair of vertices in W is contained in at most one hyperedge of F. Clearly, in
this construction, K does not contain any odd cycles of length less than g. Moreover,
since H itself has girth g, H has odd girth at least g. We will show that there is
a graph H = (W, F) constructed in this manner having the following property. For

every set U C W, |U| = L@J, the graph H[U] contains G as an induced subgraph.

For a fixed U C W, with |U| = L‘TMJ, let Ay denote the event that H[U] contains
no induced copy of G. For every K € F, let Bi denote the event that there exists
some X; in the partition of K = X; U ---U X, such that X; N U = (0. Note that if
Ay occurs, then all events By, K € F must occur. Thus,

Ay € () Bk
KeF
Since all events Bg are independent,

Pr(Ay) < [] Pr(Bx). (7)

KeF

We now obtain an upper bound on Pr(Bg). For a fixed hyperedge K € F, let
|[UNK| = ug. Then for a fixed i, 1 < i < m, the probability that U N X; = ) is equal
to the probability that for a fixed partition K = X; U---U X,,, a randomly chosen
subset T' with |T'| = ug satisfies T'N X; = (). Hence, since z < | X},

Pr(BK)Sm%Sm(kgmymgmexp{—w%}. (8)

Consequently, from (7) and (8), we obtain

Pr(Ay) < mV! H exp {—MTK} = m"lexp {—% Z uK} :

KeF KeF

Since H is k-regular, for any U C W, >~ |U N K| = |U|k, hence yielding

> uk = [Wl/r]k,

KeF



and consequently,
Pr(Ay) < mWlexp {—z ||W|/r]}.

We can bound the probability that there exists some U C W with |U| = L@J
such that the graph induced by H[U] does not induce a copy of G by bounding the
probability of the union of the events Ay over all subsets U C W. Thereby, obtaining

r |W| m‘W‘ ex —T r
P (LUJAU) < (UW!/H) p{—z[|W|/r]}
< (er) Iy Whexp {—x [ |W|/r]} < exp {||W|/r] (1 +logr + rlogm — z)} .

By (6), 1 +logr + rlogm —x < 1+ logr — rlogm. Since m > 3, 1 4 logr —
rlogm < 1+ logr —r < 0 implying that Pr(|J, Av) < 1. Thus, we can conclude
that Pr(, Ay) > 0, i.e., there exists a graph H = (W, F) of order at most n and
odd girth at least g such that every r-coloring of its vertices yields a monochromatic
and induced copy of GG, thus completing the proof of Theorem 1.

Remark 5 It is possible to improve the bound on the order of the graph H in
Theorem 1 in certain specific cases. A generalized p-gon of order (s, t), in the language
of hypergraphs, is a (s4-1)-uniform (¢ + 1)-regular hypergraph with diameter | %] and
girth p. It is known that finite generalized 4-gons and 6-gons of order (s, s) exist when
s is a prime power and generalized 8-gons of order (s, s?) exist when s = 22"*! where
7 is a natural number (see [10] for details). For p € {4, 6}, the order of the hypergraph
is given by £=L. Setting g = p+ 1 for p € {4,6}, the value of n in Theorem 1 can
be improved to [(4rmlogm)?~']. In the case when g = 9 an improvement is also
possible (by applying generalized 8-gons).

4 Proof of Theorem 3

The main idea of the proof of Theorem 3 is based on the seminal paper of Erdds [3] in
which he proved the existence of graphs with high girth and high chromatic number.

For natural numbers » > 1 and g > 3, let

n=[((2r)(2g - g!)*)* "] (9)

and

—1(1, 1 ) _ 29-1
0= 2 <g T g—1> T 29(9-1)°
Clearly, é <f< g%l. We consider the random graph G(n, p) with
p=n"", (10)

and show that in G(n,p):



(i) The probability that there are more than § cycles of length less than g (referred
to as short cycles) is smaller than 1/2.

(ii) The probability that there exists a subset of vertices of size | 3-] that does not
contain a copy of a cycle of length ¢ (denoted by C,) is smaller than 1/2.
The above two properties yield that there exists a graph G of order n with at most

% short cycles such that every subset of vertices of size |3-| contains a copy of Cj.
We then obtain H from G by removing all the short cycles from G. We do this by
deleting one vertex from each short cycle. It is easy to observe that in the newly
formed graph H (of order at least %), every set of LMJ vertices of H contains a
copy of Cy and the girth of H is precisely g.

Number of short cycles: Here we show that the probability, that the number of
short cycles in G(n,p) is greater than %, is less than 1/2. Let X be the random
variable counting the number of cycles of length less that g. Then the expected

number of short cycles in G (n, p) is given by

1=3 i=3

Thus, by Markov’s inequality (see, e.g., inequality (1.3) in [5]),

E[X] <9 pflo—D—1 _ g
n/2 — 3 -3

L
-n 29,

Pr(Xzﬁ)g
2

and consequently, by (9)

n 1
P(X>—> -
T\t =23) <3

Containment of Cy: Now, we show that in G(n,p), the probability that a subset
of vertices of size |3-] does not contain a cycle of length g is less that 1/2. Let Ay
define the event that a fixed subset U with [U| = | 3% ] does not contain a copy of C,,.
We will use the following claim (which we shall prove subsequently).

Claim 1 Let m = |3-] and p be defined as in (10). Then,

Pr(G(m,p) 2 C,) < exp {—%} :

Assuming Claim 1, the probability that there exists some set of size |3-| in G not
containing a copy of C, can be bounded from above by

P (LUJ AU) < (1) mmp 2o

n22(g:}) 1
<2"Pr(G(m,p) 2 Cy) = exp {( 2 (2r)9(2g - 91)2} hE)




where the last inequality follows from the value on n in (9). This completes the proof
of Theorem 3.
It now remains to prove Claim 1.

Proof of Claim 1. Assume for simplicity that J- is integer valued. Let A,, 1 < a <

(’;)@, range over the edge sets of possible copies of C, and let B, be the event

that G(m,p) 2 A,. We apply Janson’s inequality (see, e.g., Theorem 2.18 in [5]),

2
Pr <ﬂ§a) < exp{ —fA}’
o M

p="> Pr(B,) and A= Y Pr(B.NBp).
[e% Aa¢A5
AQMAB;A(Z)

where

We first obtain the following lower bound on u,

— | — g g
u— (™ (g 1)-pg L (m—g) > (mp) ’
g 2 29 4g

(11)
since (m — g)? > m?/2 (as m = 3= and (9)). For the upper bound, we note that

= (m) (9 — 1)!pg _ (mp)* (12)

g 2 29

Next, we bound A from above. Observe that Cj is a strictly balanced graph, i.e., for
every proper subgraph H C Cy,
[E(H)| _ [E(C)

V()| V(G

=1. (13)

In order to compute A, we split the sum according to the number of vertices in the
intersection of A, and Ag, A, # Az. Suppose that A, and Ag intersect in 7 vertices
where 2 <1i < g—1. Clearly, A, N Ag is a proper subgraph of C; of order i. By (13),

|Aa N Ag| <1,

and hence,
Pr(B, N Bg) = plAabdsl — p29=4aNAsl < 29=(—1) (14)

We will also need the following inequality to compute A,

AR < (mp), (15)



which is equivalent to m?'p9~**! < 1. The latter holds since form = 2-,2 < i < g—1,
and 0 < ﬁ, we get

6(g—i+1)—1

g—i+l _ T pfla—it D=1 < p0(g-D-1 _ |

g-i —_— <
mep (2r)o— = !

as required.

Since A, and Ag intersect in 2 <17 < g — 1 vertices, we can evaluate A by summing
over all 4, the product: (number of ways to choose 2g — i vertices from the set of
m vertices) X (the number of ways to choose g vertices for A,) x (the number of
ways to choose the i vertices of intersection) x (the number of cycles of length g on
g vertices)? x Pr(B, N Bg). Hence, (14) yields

O I

207 (29— i)l (g—1)1* , . — 17 s

m . ‘( g ' i) g!(g ) ngﬂﬂ _ (g ) }: m2971p2g71+1’
Z (29 —4)! ¢! 4 4 :

2<i<g—1 2<i<g—1

IN

and consequently, by (15),

A< W S g < U gy = D e g

Using (11), (12) and (16), we bound the exponential term ;T“i in Janson’s inequality
to obtain

—u? —(mp)*9 ~(mp)”
pd (49) [(mp)g (% * W)] ) (49)*(mp)° <%)

and thus,

(mp)? | N2
recion) 29 <o {0} oo | i |

—(mp)*
(29-91)>

<

The last equality follows from the choice of m and p. n
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