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VIII. Autonomous Systems: Stability and Liapunov Function

Let g : R
n → R

n be given and consider the autonomous system

(A) ẋ = g(x).

We assume throughout this section that g is continuous and has the uniqueness prop-
erty. For each y ∈ R

n, δ > 0 we put

(8.1) Bδ(y) = {z ∈ R
n : ||z − y|| < δ}.

Definition 8.1: Let x∗ be a critical point for (A). We say that x∗ is

(a) stable if ∀ε > 0, ∃δ > 0 such that for every p ∈ Bδ(x
∗) we have η+(p) = ∞ and

||ϕ(t, p) − x∗|| < ε for all t ≥ 0.

(b) asymptotically stable if it is stable and ∃δ ′ > 0 such that for every p ∈ Bδ′(x∗)
we have η+(p) = ∞ and ϕ(t, p) → x∗ as t → ∞.

(c) unstable if it is not stable.

Theorem 8.2 (Liapunov): Let x∗ be a critical point for (A) and U be an open
subset of R

n with x∗ ∈ U . Assume that V : U → R is continuously differentiable and
define V̇ : U → R by

V̇ (z) = OV (z) · g(z) ∀z ∈ U.

(a) If V is locally positive definite at x∗ and V̇ is locally negative semidefinite at
x∗ then x∗ is stable.

(b) If V is locally positive definite at x∗ and V̇ is locally negative definite at x∗ then
x∗ is asymptotically stable.

(c) If V (x∗) = 0, V̇ is locally positive definite at x∗ and ∀δ > 0, ∃z ∈ Bδ(x
∗) ∩ U

with V (z) > 0 then x∗ is unstable.
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