SELFSIMILAR BLOWUP OF UNSTABLE THIN-FILM EQUATIONS
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ABSTRACT. We study selfsimilar blowup of long-wave unstable thin-film equations
with critical powers of nonlinearities: v = — (U Ugzz + u”*zum)m. We show
that the equation cannot have selfsimilar solutions (with zero contact angles) that blow
up in finite time if n > 3/2. We show that for 0 < n < 3/2 there are compactly
supported, symmetric, selfsimilar solutions (with zero contact angles) that blow up in
finite time. Moreover there exist families of these solutions with any number of local
maxima. We also study the asymptotic behaviour of these selfsimilar solutions as n
approaches 3/2 and obtain a sharp lower bound on the height of solutions one time
unit before the blowup. We also prove qualitative properties of solutions; for example,
the profile of a selfsimilar solution that blows up in finite time can always be bounded
from below by a compactly supported steady state.

1. INTRODUCTION

Long-wave unstable thin-film equations model the dynamics of a thin film of vis-
cous fluid that is being acted upon by two competing forces. For example, if the film
is hanging from a flat surface then gravity tends to make the film increase the area of
its air/liquid interface, as pendant drops begin to form, while surface tension tends to
make the film decrease the area of its air/liquid interface. As both forces act simulta-
neously, their competing effects lead to a greater variety of short-time and long-time
behaviors than would occur if only one force were present. The thin-film dynamics can
be modeled by:

(1) up ==V (f(W)VAu) = V- (g9(u)Vu).

Here, the air/liquid interface is represented as the graph of a function: z = w(z,y,t)
where v > 0 at all points in the domain. The coefficient f(u) models the effect of
surface tension. It is nonnegative with a degeneracy at zero: f(0) = 0 and f(z) > 0
if z > 0. The coefficient g(u) models additional forces, such as gravity, and is also
nonnegative. In the case of a thin film hanging from a flat surface in the presence of
gravity, f(z) = 22 and g(z) = 23 [13]. We refer the reader to survey articles for more
information on the modeling and the physics of thin liquid films [19, 20].

In [8], Bertozzi and Pugh consider the case where the film thickness is uniform in
one direction: z = u(x,t). They make a conjecture as to the balance between the fourth-
order stabilizing term and the second-order destabilizing term, identifying subcritical,
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critical, and supercritical regimes. For power-law coefficients, the general equation (1)
becomes

(2) Ut = _(unummz)m - (umuw)m

The subcritical regime corresponds to m < n + 2, the critical regime to m = n + 2,
and the supercritical regime to m > n + 2. They conjectured that in the subcritical
regime nonnegative solutions will have uniformly bounded L°°-norms and that in the
supercritical regime there exist initial data that yield solutions whose L°° norm blow
up in finite time. In [8], they proved the subcritical part of the conjecture. Numerical
simulations of the initial value problem confirm the conjecture in the supercritical case,
and suggest that when blowup occurs, the solution focuses in a selfsimilar manner at
isolated points in space. In [9], they considered the n = 1 case and proved that in
the critical and supercritical regimes there exist initial data that yield solutions whose
L°°-norm blows up in finite time.

The existence theory in [8, 9] hinges on the energy that when m # n — 1 and
m # n — 2 has the form:

1

1
Et) = [ =u?(x,t) —
®) /2UI(I’) (m—-—n+2)(m-—n+1)
which is dissipated by the evolution: £(t) < £(0) for ¢t > 0. In the subcritical regime,
one can use a Gagliardo-Nirenberg inequality to prove that given initial data uq, there
exists a constant C' determined by the mass of ug such that ||u(-,t)|| g1 < 4E(t) + C at
almost all times. Hence the dissipation of £ ensures that the H '-norm is bounded and
blowup cannot happen. In the critical regime,
(3) Uy = _(unuxmm)z - (un+2ux)z

Witelski, Bernoff, and Bertozzi [25] found that a sharp Sz.-Nagy inequality [23, 18]
ensures that initial data with sufficiently small initial mass cannot blow up. Specifically,

/u4(:v,t) dx < % (/|u(x7t)| dx)Q/ui(Lt) dz.

For nonnegative solutions that conserve their mass, this implies

(% _ M) /ug(x,t) dr < £(t) < £(0).

u™ "2 (2, t) da,
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If the initial data has sufficiently small mass, f ug dr < 27‘(\/7 =: M., the lefthand
side is positive, allowing the energy &£ to be used in an a priori bound of the H'-norm
of u. The existence theory [8] then follows with weak solutions existing for all time and
having zero contact angles at almost all times (c.f. [25, §2] for another argument for the
criticality of M, in the n = 1 case).

For the interested reader, we provide references to recent articles that bear on the
existence theory and provide additional references to other work. First, for equation (1)
with f(u) = w and g(u) = 0, variational methods yield solutions that are uniform in
one direction (u(x, y,t) = u(x, t)) and can have fixed nonzero contact angles [21]. For
equation (1) with g(u) = 0, if one seeks solutions that are uniform in one direction



there are existence and finite speed of propagation results based on energy methods
(see [3, 16] and references therein). If one considers solutions of equation (1) with
g(u) < 0 in higher dimensions (u(z,y,t) and u(x, y, 2, t)), there are existence results,
finite speed of propagation results, and waiting time results (see [12, 15] and references
therein).

1.1. Special Solutions in the Critical Regime. In this article, we refer to contact lines
and contact angles and so we first define these terms. If v € C'(R) and v > 0 then we
say that ¢ is on the contact line if v(xo) = 0 and v > 0 on (z¢ — &, o) or (zg, To +€)
for some £ > 0. (Note that v could be positive to both sides of x¢.) If v > 0 on a left
neighborhood of z( and lim,,_,,,— v’(z) exists then the contact angle to the left of z
is the arctangent of this limit. Similarly, if v > 0 on a right neighborhood of x( and
limg ..+ v'(x) exists then this limit determines the contact angle to the right of x.
(Note that the contact angles to the left of 2y and to the right of 2y might not be equal.)
If v > 0 holds on only one side of z( then we will refer to the contact angle at z¢ and
will not specify whether it is to the right or left of z.

One line of inquiry [17] involves a study of the steady states of equation (2). Three
types of steady states have been found: constant steady states, positive periodic steady
states, and “droplet” steady states. Droplet steady states correspond to v > 0 where u
is supported on an interval [a, ], is increasing on [a, ¢], is decreasing on [c, b], and has
equal contact angles: uy(a) = —u,(b). There is a natural scaling which allows steady
states to be rescaled to create other steady states. In the critical regime, m = n + 2, the
mass of the zero-contact-angle droplet steady state is M, = 274/2/3 and the rescaling
preserves the mass [17, §3.1.1]. This is relevant because the existence theory in [8, 9]
for equation (2) yields solutions that have zero contact angles at almost all times. And
so these zero-contact-angle steady states are admissible weak solutions.

Another line of research is the study of selfsimilar solutions of equation (3). The
scaling invariance of the equation (z — Az,u — u/\,t — A1), suggest the exis-
tence of solutions of the form:

- Yoty (T
%) u(z,t) = (T + ot) U ((T+at)1/("+4)>
where ¢ = 1 corresponds to a source-type solution and 0 = —1 corresponds to a

solution which blows up at time ¢ = T'. The profile U of the selfsimilar solution satisfies
the ODE

(o
T n+4
where z := /(T + ot)'/ ("4 _If U is symmetric about z = 0 or if there is a point 2o
on the contact line such that the flux UU"" + U"*2U’ goes to zero as z — 2, then
one can integrate up to find
- i 4zU(z) = —U"(2)U"(2) = U"2(2)U'(2).
In the interior of its support, the profile U satisfies the ordinary differential equation

(5) U///(Z) — nié‘:

(2U(2)) = =(U"(2)U"(2) + U"*2(2)U" ()

2UY(2) = U?(2)U'(2) wherever U > 0.



In [1], Beretta used a shooting method analogous to that in [6] to prove the ex-
istence of selfsimilar source-type (¢ = 1) solutions that have compact support and
zero contact angles. In this case, there are monotonicity properties that make the anal-
ysis tractable. Specifically, if zyp > 0 is a local maximum then equation (5) implies
U"(z) > 0if U'(z) < 0 and z > z. Our methods in §4 show that any such solution
must have mass less than M.

Witelski, Bernoff, and Bertozzi [25] use asymptotics and numerics to study the
n = 1 case of equation (3). They find that all source-type selfsimilar solutions with
compact support and zero contact angles have mass less than M. and that they are
linearly stable to mass-preserving perturbations. Using the length of the support as a
bifurcation parameter, they find that there is an upper bound on the possible length of the
support of the droplet profile and that there are two regimes as the length tends to zero; in
one regime the mass tends to zero and in the other regime, the mass tends to M. They
also consider solutions that blow up in a selfsimilar manner in finite time. They find
infinitely many profiles that are symmetric about x = 0, compactly supported, and have
zero contact angles. All these profiles have mass greater than M, and are distinguished
by their number of local maxima. They find that the profiles with more than one local
maximum are linearly unstable to mass-preserving perturbations and that the “droplet”
profile is linearly stable modulo perturbations that would change the blowup time or
the blowup point. Using the length of the support as a bifurcation parameter, they find
that there is an upper bound on the possible length of the droplet profile and that as
the length tends to zero the mass decreases to M, and as the length increases to the
maximum possible length, the mass increases to an upper bound M,,.

1.2. Results. The analytical study of selfsimilar blow-up solutions is especially chal-
lenging because when o = —1 equation (5) loses the convexity properties that are used
in the analysis of the source-type solutions. For this reason, much of our analysis relies
on the fact that the selfsimilar profiles U are “very close” to the steady-state solutions
and then taking advantage of fine information about these steady states. Inthe n > 1
case, this becomes especially delicate near the contact line since the first term on the
right-hand side of equation (5) diverges as U | 0 while the equation satisfied by the
steady state (o = 0 in equation (5)) has no such divergence.
Some of our results include

e If n > 3/2, there are no selfsimilar zero-contact-angle solutions that blow up in
finite time (Theorem 4).

e If0 < n < 3/2 there s a threshold H,, that diverges as n | 3/2, such that there is
no zero-contact-angle selfsimilar solution u with max(u(z,0)) < H, that blows
up at time 7' = 1 (Theorem 9).

e If 0 < n < 3/2 there is a threshold fln, that diverges as n T 3/2, such that if
H > H, then there is a selfsimilar solution u that has compact support and zero
contact angles, has max(u(x,0)) = H, and blows up at time 7" = 1. (Theorems
11 and 19).

e If 0 < n < 3/2 then given ¢ > 0 there exists H. such that if H > H,. then
there is a selfsimilar solution v with compact support and zero contact angles and
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u(z,0) is e-close to a zero-contact-angle droplet steady state as measured in the
C?-norm (Corollaries 14 and 22).

e If 0 < n < 3/2 then for each k € N there exists a selfsimilar solution that
is symmetric about x = 0, has k local maxima, compact support, zero contact
angles and blows up in finite time (Theorems 29 and 30).

1.3. Related Work. Bernis, Peletier and Williams [6] consider source-type solutions
of uy = —(U™Uyys)z. They study the ODE U” = xU'~™ that the profile U must
satisfy. The ODE is tractable in that it has helpful convexity properties (U"’(x) > 0 for
x> 0and U" (z) < 0 for z < 0) although it does have the difficulty that it is singular
at U = 0if n > 1. Using shooting methods, they prove that if 0 < n < 3 there exist
source-type solutions with compact support and zero contact angles. These solutions
are symmetric, unique, and cannot exist if n > 3.

Ferreira and Bernis [14] study the equation in higher space dimensions: u; =
—V - (u"V Au). They consider radially-symmetric solutions and find that if 0 < n < 3
there exist compactly supported source-type solutions with zero contact angles. The
analytical difficulty is that in dimensions greater than 1, the Laplacian in radial coor-
dinates has a singularity at » = 0. Their approach is to rescale the problem to a fixed
interval, regularize the boundary data, solve the regularized problem via a fixed point
theorem, and then take a limit of the regularized solutions to find the desired solution.
In addition, they prove the uniqueness of the solution in an elegant way, without using
the fixed point argument. An obstacle to applying their approach to the evolution equa-
tion (3) arises from the rescaling. They first rescale the problem so that a radial solution
with compact support [0, R] becomes a solution supported on [0, 1], where the rescaled
solution satisfies a specific boundary value problem. Equation (3) has fewer invariances
than their equation, and their rescaling approach leaves an unknown parameter in the
rescaled equation. In [4], they carefully analyze the n 1 3 limit. Letting w,(r,t) de-
note the radially symmetric source-type selfsimilar solution supported on [0, a,], they
find that the rescaled object a”u,, (a,x,t) converges to a parabolic profile with nonzero
contact angle as n T 3 (here D is the spatial dimension).

Bernis, Hulshof and King [5] consider u; = — (4™ z44 ). on the half-line [0, co).
At x = 0 they consider two types of boundary conditions: no-flux and zero contact
angle. For the no-flux boundary conditions, u(0) = u™(0)uy.5(0) = 0, selfsimilar
source-type solutions are shown to exist for 0 < n < 3. These solutions are compactly
supported on [0, a] with zero contact angle at x = a. Such solutions cannot exist
if n > 3 [6]. For the zero contact angle boundary conditions, u(0) = u,(0) = 0,
there is no mass-conservation (the liquid “spills” over the edge at + = 0). In this
case, selfsimilar solutions (“dipole solutions”) satisfy a selfsimilar problem of “second
kind”: a nonlinear eigenvalue problem in which one of the scaling exponents, «, is
determined simultaneously with the solution u. In the n = 1 case, the first moment
of the solution is a conserved quantity, allowing them to determine the value of o and
then prove the existence of dipole solutions. They also prove that the dipole problem
cannot have solutions if n > 2. The authors present three methods for solving the ODEs
that the profiles U must satisfy. They use fixed point arguments (as in [14]) to prove



the existence of the source-type solutions. They use a shooting argument to find the
dipole solutions in the n = 1 case. They then give different proof using a dynamical
system approach which allows them to prove the uniqueness of the dipole solutions. In
this approach, they transform the problem into a three-dimensional dynamical system
in which the profile U corresponds to a heteroclinic orbit. The dynamical system is
nontrivial, with one of the critical points being at infinity, and its analysis is involved.

In [10], Bowen, Hulshof and King continue their work on dipole solutions, study-
ing the 0 < n < 2 range in detail. They use the dynamical systems approach to study
the problem; since n # 1 a four-dimensional dynamical system is needed. To show that
connecting orbits exist they use a numerical construction based on a “shooting method
program”. In particular, they study the n — 1 and n T 2 limit in detail via asymp-
totics to study “almost conserved quantities” and their dependence on n. Specifically, if
n = 1 the first moment is conserved by the dipole solution and is almost conserved by
the dipole solutions for o close to 1. Similarly, if n = 2 there is a selfsimilar solution
that conserves mass and mass is almost conserved by the dipole solutions for n close to
2. Their n T 2 study via asymptotics and computations yields results that are somewhat
similar in spirit to Corollaries 14 and 22. In [24], van den Berg et al. consider dipole so-
lutions on a fixed interval [0, 1]. In this case, separable solutions are the exact solutions
dictated by scaling arguments. The authors prove the existence of a separable solution
if n < 2. The solution is unique and is symmetric about x = 1/2. The existence and
uniqueness is proven using a shooting method combined with elegant comparison ar-
guments involving “super-sub pairs”. They also study the n T 2 limit and find that the
solution, after an appropriately rescaling, converges to a parabolic profile with nonzero
contact angles.

Singularity formation in long-wave unstable thin-film equations with power non-
linearities has been studied in the context of film rupture (v | 0). In particular the
equation with n=3 and m=-1 has been studied by Zhang and Lister [28], and Witelski
and Bernoff [26, 27]. It was shown both numerically and by asymptotic analysis that
the film rupture has a selfsimilar structure. The selfsimilar profiles have been computed
[28, 26] and the stability of the simplest profile has been shown [26, 27].

2. STEADY STATES

In Section 4, we will prove that at one time-unit before blowup, the profile of a
compactly supported, symmetric, selfsimilar solution with zero contact angles is very
close to that of a compactly supported steady state with zero contact angles, with the
significant differences between the two occurring near the contact line. For this reason,
we start by analyzing the steady states of the evolution equation (3).

The steady states are translation invariant. Three types of nonconstant steady states
have been found and studied: positive periodic, compactly supported with zero contact
angles, and compactly supported with equal nonzero contact angles [17]. The simplest
compactly supported steady state is a “droplet” — supported on [a, b], symmetric about
x = (a + b)/2, where it has a global maximum and decreasing to zero as z increases
to b or decreases to a. In fact, if a steady state is supported on [a, b], is positive on
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(a,b), and has equal contact angles at z = a, b then it must be a droplet steady state
[17]. A collection of droplet steady states with supports {[aq,ba]}, 0 € T is also a
steady state if (aq,ba) N (ag,bg) = 0 for a # (3. However such configurations will
not be relevant in this article. If we refer to a steady state with compact support, we are
implicitly assuming the steady state is a droplet. Further, in considering steady states
with compact support we will implicitly assume they have zero contact angles since
such regularity is consistent with the existence theory for equation (2) found in [8, 9].

If V is a steady state, and [a, b] is the support of V, then V' € C*°(]a, b]). If one
takes o € (a, b), one can view V as the solution of the initial value problem

(6)
V" (z) = =V3(x)V'(x); V(zg)=H >0, V'(rg)=£<0, V'(xo) =7<0

(If V is a nonconstant steady state, one can always choose ¢ such that V' (z() < 0 and
V"(xg) < 0.) Whenever we view the solution V' as arising from an initial value prob-
lem, we are implicitly assuming the solution has been defined on its maximal interval
of positivity (which is precisely (a, b)). In other words we “stop” the solution once it
reaches zero. Integrating equation (6) yields
" H3 V(‘T)?) .
@) Viz)=~v+ 3 3
Intuitively, if v is “too negative” then V' will have compact support and nonzero contact
angles and if «y is “not sufficiently negative” then V' will be positive and periodic. In
fact, there is a unique value of v for which V' has compact support and zero contact
angles.
Since { < 0andy < 0, V' < 0on (zg, 2o + ¢) for some € > 0. Let &y, be the
first 2 greater than xg such that V' (i) = 0 or V(@) = O:

V(l‘o) = I‘I7 Vl(xo) = 5

Tnin = sup{x | V' < 0and V > 0 on (zg,7)} Vinin = V(T min)-
Then V' : (2o, Zmin] — [Vinin, H] is an invertible function; we denote its inverse by
2(V'). The change of variables

dv dp a2V
V)= V) = pV) (V)= v,

transforms the second-order initial value problem (7) into the first-order initial value
problem:
d o v
®)  p(V) (V) =7+ 5 =5 forVe (Vi Hl:  p(H) =€

3
We solve this exactly:

) p(V) = —% V6E2+V(H3 —V3) —3(4y + H3)(H - V).

If¢ = 0and V,,,;,, > 0, this solution can be extended to a positive periodic solution
on the entire real line. On the interval [xo, Zymin] + kTmin, V is determined by

A0 pV) = (1) = VI = V) =500+ ) = V).



If ¢ = 0 and V,,,;, = 0, we reflect the solution about x = x( to find a compactly
supported droplet solution on [xg — (Zmin — Z0), Tmin)-

If ¢ = 0 then for vy = —H3/4, Vi, = 0 and V/(2in) = 0. This compactly
supported solution with zero contact angles will play a special role; we denote it by 1
(with its dependence on H being implicit). We further denote the corresponding p and
Tmin bY D and T, Note that if xg =0

H H
dx 1
min = — dV = ——dV.
‘ /‘.dv E/MHMV>

min

Therefore
_ 7/ 6 p 122 T(3)0(5) _ 5.949
"o JVHB=VI) H V3 T(3) H

and the mass (L!-norm) of the stationary solution, 77, is given by

Y

— H
o / 2(V)dV = / / .
2 0 0 VY H Vy(H® — 3) y3) 3

Thus the compactly supported zero contact angle steady states satisfy the following
scaling behavior: as their height increases, their width decreases, and their mass stays
the same.

In Section 4, we show that for H sufficiently large one can find -y slightly larger
than —H?3/4 so that the solution of (5) with o = —1, U(0) = H, U’(0) = 0, and
U’ (0) = ~y has compact support and zero contact angles. We do this by showing that if

€ [-H3/4,—H?*/4 + 3H] then U will be close to V. To do this we will need some

s1mple estimates on solutions of (6). For all H > 40 and v € [— B , —HTS + 3H] the
following hold:

(P1) Vyin € (0.9, 1)1223H7

(P2) Forall V € [Viin, H], [p(V)| < $H>.

(P3) Tmin < Tmin < 5.95/H and if v < —H3/4 + H then s, € (5.8,5.95)/H.
Property (P1) can be verified by evaluating p(V) at the endpoints of the intervals, while

showing property (P2) is a calculus exercise. To prove (P3) it is enough to note that
p(V) = =V (V = Viin)(H = V)(H? + HV + V2 + HViin + VeninV + V5

mzn)
and use appropriate substitution and property (P1) to compare the integral for

with the integral for Ty, .

3. GENERAL PROPERTIES OF SELFSIMILAR SOLUTIONS

We seek a selfsimilar solution that blows up at time 7" = 1. In this case, z = x at
time ¢ = 0 and so we drop the z notation from the introduction and seek solutions of
the equation (5) with 0 = —1 by studying the ODE initial value problem:

1
n+4

(12) U" = — cUY U U Uzog) = H >0, U'(x) =&, U'(20) = 7.



The integral form of equation (12) is:

" H3 U3 1 ’ 1—n !
(13) U :"y—i-?—?—n—ﬂ sU(s) " "ds; U(xg) =H, U'(xg) =¢&.

o
U will be assumed to be defined by the ODE on the closure of its maximal interval of
positivity: a < z¢ < b. Note that when n > 1 then (a, b) is also the maximal interval on
which the (classical) solution exists. After defining U to be zero outside [a, b], formula
(4) yields a selfsimilar solution u of the Cauchy problem for the thin-film equation (3).
If 0 € (a,b) then the solution focuses at z = O ast — 1. If 0 ¢ (a,b) then the
solution’s support moves towards © = 0 as ¢ — 1. (Note that if U does not have
zero contact angles then the resulting solution u does not fit into the existence theory of
[8, 9]. Indeed, in this article we seek U with zero contact angles.)

The above construction yields a selfsimilar solution with connected support. One
could imagine constructing a selfsimilar solution with disconnected support as follows:
seek o and Z( and initial data at zo and Z¢ such that (12) has a solution with maximal
interval of existence (a,b) > xo and (a,b) > #o and [a, b] N [a,b] = 0. After defining
U to be zero outside [a, b] U [a, b], formula (4) yields a selfsimilar solution that blows
up as t — 1. However, Lemma 1 will imply that this solution has at least one nonzero
contact angle, and so we do not consider it here.

Let us return to the case in which U’s maximal interval of positivity, (a,b), is
bounded and 0 € (a,b). In this case, the resulting selfsimilar solution, « is supported
on an interval that shrinks in time. And so, just as one can use the translation invariance
of the evolution equation (3) to construct a configuration of droplet steady states, one
can construct a solution that blows up at time 7' = 1 with the blowup centered at iso-
lated points. Specifically, if |zo| > b — a then u(z, t) + u(x — xo, t) will be a solution
that that blows up as ¢ — 1, with the blow up focused at the points x = 0 and z = xg.
Proceeding in this way, one can construct infinitely many solutions that blow up at finite
time, focusing at different points. This is a sufficiently natural construction that it will
not considered further here.

With this understanding, in the following we use 2 interchangeably as the support
of U and as the closure of the maximal interval of positivity of a solution of the problem
(12). We now prove some qualitative properties of selfsimilar solutions of the thin-film
equation (3).

The following lemma is analogous to Lemma 2.5 in Beretta’s paper [1], and we
closely follow her proof.

Lemma 1. Let U be a solution of the equation (12). If 0 < p < q are such that (p, q)
is contained in the support of U, U(p) and U (q) are both local minima or both local
maxima then U(p) > U(q). Similarly, if ¢ < p < 0 and U(p) and U (q) are both local
minima or both local maxima then U(q) < U (p).

If U is a zero-contact-angle solution with bounded support [a,b] then 0 € (a, b).

Proof. We first prove that U (p) > U(q) when 0 < p < q are consecutive local minima
of U. The theorem then follows immediately if 0 < p < ¢ and U(p) and U(q) are
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local minima (possibly not consecutive). The case in which 0 < p < ¢ and U(p) and
U(q) are local maxima is treated in essentially the same manner. The cases in which
q < p < 0 then follow from the reflection invariance of the equation.

Since p < ¢ are the locations of consecutive local minima, there exists a r € (p, q)
such that U(r) is a local maximum, U is increasing on (p, ) and U is decreasing on
(r,q). We introduce

H? 1 ¥ 1—n
(14) F(z):=~+ 3 Tnrd sU(s) " "ds.
Multiplying equation (13) by U’,
1 1
(15) 5((U’)Q)’ + E(U‘*)’ = F(2)U’.

U : [p,r] — [U(p),U(r)] has an inverse, denoted v~. Similarly, v is the inverse of U
on [r, ql.

Assume the lemma is not true: U(p) < U(q). Take ¢ € [p,r) such that U({) =
U(q). Integrating (15) on the interval (¢, ¢) and using that F' is a decreasing function
on [0, 00) (since p > 0) yields:

02 002 = [ @i+ [ P@U @as

U(r)
= / F(v=(2)) = F(vt(2))dz > 0.
U(a)
This contradiction proves U (p) > U(q), as desired.
It follows immediately that if U is a zero-contact-angle solution with bounded
support [a, b] then 0 € (a, b). O

We see from equation (12) thatthe n < 1 andn > 1 cases should be quite different.
For example, if n > 1 and U | 0 then U"" diverges. This makes the analysis for the
n > 1 case harder, although it does ensure that all solutions U have compact support:

Lemma 2. Assume thatn > 1 and U is solution of equation (12). Let Q) be the support
of U. Then ) is bounded.

Proof. We first prove that if xg € int(2) and zo > 0 then Q is bounded from above.
The invariance of the equation (12) under the reflection about z = 0 then yields that
if o € int(Q) and zy < 0 then 2 is bounded from below. Combining these, €2 is
bounded.

Let zg € int(£2), zg > 0. Assume €2 is not bounded from above. If U(z) < U(zo)
for all z > z( then we use this upper bound in equation (13) to find

U(xo)® 1 ‘ 1—n Ulzo)®  Ulwo)' ™" 2® — a3
—3 _n+4/ sU(s) "ds < v+ FEE——— 5

forall x € (zg, 00). Therefore there exists & > xq such that U" (z) < —2 forall z > Z,
contradicting the nonnegativity of U. Thus it cannot be true that U (z) < U(z) for all
T > Zo.

U'(z) <vy+

zo
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Therefore there exists 1 > x¢ such that U(z1) = U(xo) and U’ > 0 in a right-
neighborhood of z1. We claim there exists at an z3 > z such that U(z3) is a local
maximum. Assume not. Then U is nondecreasing on (1, 00). If there exists zo > x1
such that U(z2) > {¢/3U" (x1) + U(x1)? + 3, we use this lower bound in equation (13)
to find

3 3
U'(z) <U"(z1) + U(?) - U(?) <-1 Vx> uz,.

Hence U cannot be nondecreasing on (1, 00). If there is no such 2, then U(z) <

/30" (z1) + U(x1)3 + 3 forall z > 21 and we can use this upper bound in equation

(13) to prove that U”(z) < —1 for all = sufficiently large, again contradicting that U

is nondecreasing on (z1,00). Thus there exists z3 > x1 such that U(x3) is a local
maximum.

Since U(z) < U(x3) for all z € (x3,00) by Lemma 1, we have an upper bound

for U on (x3,00) and we can repeat the first argument in the proof, contradicting that

U is nonnegative. This proves that {2 is bounded above. O

At this point, U € C*(€2). We now prove that U is C?.

Lemma 3. Let U be a solution of (12) with zero contact angles and let Q = [z, x| be
the support of U. Then U € C?*([xy, z,]), U"(x;) >0, and U" () > 0.

Proof. If n < 1and x — % where = € int(2) and Z is on the contact line then U” (z)
will have a finite limit by equation (13) and U € C?(f2). (Note that for n < 1 one does
not need U to have zero contact angles in order to ensure that U € C2.)

Now assume n > 1. By Lemma 2, U has compact support. Since U has zero con-
tact angles, ; < 0 < z, (Lemma 1). By the zero-contact-angle assumption, U’ (x) — 0
as 1 x, and since we defined U (x,) to be zero, U’ (x,) exists and is equal to zero.
Because . > 0, equation (12) implies U"’ < 0 on (x, — ¢, x,-) for some small positive
€. We now prove that U” > 0 on this interval. Assume that U”(z’) < 0 for some z’
in the interval. Then U” < 0 on (2/, z,-) and hence U’ is decreasing on (2, z,). Since
U(z') > 0and U(z,) = 0 there exists a point 2" in between where U’ (z"") < 0. But
then U’ < U’(z”) on (2", x,], contradicting the fact that U’(z,) = 0. Thus U"(z) is
positive and decreasing once z is sufficiently close to x,., implying that U” (x,.) exists
and is nonnegative. By the invariance of the equation U" (x;) exists and is nonnegative.
This proves U € C?([z;, z,]), as desired. O

In fact, these arguments prove that if £ # 0 is a touch-down point of U and
U'(x) — 0as x — & then U”(Z) is defined and finite. We use this observation to
prove a non-existence result:

Theorem 4. If n > 3/2, then there are no zero-contact-angle solutions U of equation
(12).

Proof. Assume U is a zero-contact-angle solution. By Lemma 3, U € C?([x,z,])
where [z, ;] is the support of U and U”(x,.) > 0. Since U’ is bounded on [z, 2],
equation (12) implies U"”" — —oo as ¢ — x,.—. Let 0 < x < x,. be such that U"" < 0
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on (z, ). Integrating equation (12),

Ty Ty 3 _ T 3
U”(IT)—U”(I) :_n—li—4/ SU(S)lindS— U( ) 3 U( )

which implies [" sU(s)'™"ds < oo. On the other hand, since U”(z) > 0, U” is
decreasingon (z,z,) and U (z,) = U'(z,) = 0,if s € (z,2,) then U(s) < U"(z)(s—
x,)%/2. And thus for n > 3/2,

T " 1-n g,
o0 > / sU(s)' " "ds > (UT(:C)> / s(s — x,)?7?"ds = oo.

This is impossible, proving that U does not exist. (|

Remark. Note that the reasons for the nonexistence result of the Theorem are
localized near the contact line. Furthermore, note that only the first of two terms on
the righthand side of (12) was relevant for the argument. A similar term, of the same
sign, appears in the equation for the receding traveling fronts (cU"’ = U'™", ¢ < 0)
of the thin-film equation equation (uy = —(u™Uzyy),). Therefore it is not surprising
that zero-contact-angle receding traveling fronts do not exist when n > 3/2. What is
more, Beretta, Bertsch, and Dal Passo [2] proved that if n > 3/2 and u is a solution of
us = —(u"Uyzy ), then the support of u cannot contract as time passes.

We now present a comparison result relating the selfsimilar profiles U to steady
states V.

Lemma 5. Let U solve (12) with xg > 0, U(xo) = H, U'(x0) = Eand U" (x0) = n
and V solve (6) with V (xo) = Ul(xo), V'(xo) = U'(xo) and V" (xo) = v2 > 7.
Assume either £ < 0or& = 0and~2 <0. Let

X :=sup{z |U' < 0and U > 0 on (xq,)}.
Then for all x € (x0,X), U(zx) < V(z). Furthermore, let v be the inverse of U
restricted to [xo, X|. Then for all y € [Vyin, H), U'(v(y)) < p(y), where p is defined
by (9).

Proof. Fory € [U(X), H| define

v(y)
qly) =U'(v(y)) and G(y) = n—1|—4/ sU(s)'™™ds > 0.

xo

The integral form of the equation can then be written as

H3 3

W) =7+ 5 -5 -G, aH)=¢

Therefore using (9), fory € [U(X), H) N [Vinin, H)

1
qly) = —%

It follows that U (X) < Vjin, proving the second claim of the lemma. The first claim
now easily follows. O

H
662+ y(H? — %) — 3(dyy + HO)(H — y) + 12 / G(2)dz < ply).



V'(0) = U"(0) > V'(0) = —H>/4

Figure 1: An illustration of comparison results of Lemmas 5 and 7. The initial data for U are such that it
touches down with zero contact angle. V' > U by Lemma 5, while U > V by Lemma 7.

Recall that if 79 = & = 0 and V" (0) = —H?3/4 then V, the solution of (6), has
compact support and zero contact angle and is denoted V. We use Lemma 5 to find a
comparison result in which U is bounded by V:

Corollary 6. Let U be a solution of (12) with support [z}, x,|. Assume that U has a
local maximum at xo and U"(zo) < —H3/4. If zo > 0 then U is decreasing on
(20, 2r) and limsup, - U'(x) < 0. Ifzo < 0 then U is increasing on (z1,x0) and
liminf,_ + U'(x) > 0.

We now give a comparison result in which V' is bounded by U.

Lemma 7. Let U be a solution of (12) that touches down with zero contact angles at
x = +L and has a global maximum at xo = 0. V and P are defined above, after
equation (10) with H = U (0).

a) U is invertible on intervals [xo, x1], [€1,%2), ... [¥k—1,zk] where 2y, = L and
U'(xzj) = 0forj = 0..k. Let v;, j = 1...k, be the respective inverses. Then
U'(vi(y) > Dly) fory € (U(xj—1),U(x;)) forj =1...Fk

b)! U >V on(0,L) andm =2 fOL U(z)dz > 27/2/3.

1 Although in the paper [1] it is claimed that there exist selfsimilar spreading (i.e. source-type) solutions
of the thin-film equation (3) of any mass, Witelski, Bernoff, and Bertozzi [25] noted that that is not the case.
In fact for the ODE that describes the profile of the selfsimilar spreading solutions a claim analogous to this
one can be shown. Only that in that case U < V/, which implies that the mass of the solutions is less then the

critical mass 2m+/2/3.
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Proof. Proof of claim a). First consider the interval [z, 21]. Let ¢(y) = U’ (v1(y)) and
H = U(0). Because U has zero contact angles, v = U"(0) > —H?/4 by Corollary 6.
Since V”(O) = —H?3 /4, there exists some ¢ > 0 such that ¢(y) > p(y) on (H — ¢, H).
Assume ¢ > pis not true on (U(z1), U(xo)). Let Y be the largest y € (U(x1), U(xo))

R R —

such that ¢(y) = p(y). Then ¢'(Y) > P'(Y) and hence U" (11 (Y)) <V (V " (Y)).
Let # = 11 (Y). We use & to shift V, introducing V(z) = V(z — & +V (Y)). V
satisfies equation (6) with initial data V' (Z) = U(Z), V(&) = U'(2) and V" (%) >
U”(Z). Since & > 0, Lemma 5 (with p = p) implies that ¢(y) < p(y) for y €
[U(z1),U(zo)) and thus 0 = q(U(z1)) < P(U(x1)) < 0. This is impossible and
hence ¢ > pon (U(z1),U(xo)) as desired. Now consider the interval [z;_1, x;] where
2 < j < k. If U is increasing on the interval, the result holds immediately because
ply) < 0fory € [0,H]. Assume U is decreasing and let ¢(y) = U’(v;(y)). By
assumption, ¢(U(z;—1)) = 0 and p(U(x;j_1)) < 0, hence there exists some ¢ > 0
such that ¢(y) > P(y) on (U(zj_1) —€,U(zj-1)). Arguing as above, ¢ > P on
(U(z;),U(xj—1)) as desired.

Proof of claim b). Giveny € [0, H),let0 < &1 < --- < & < L be all those points
that satisfy U(Z;) = y. Let n be the inverse of V. Using part a) and the fundamental
theorem of calculus, one argues that n(y) < Z;. This implies U > V on (0, L), as
desired. The mass statement then follows because U is symmetric about x = 0. |

The methods just used also yield a more general comparison result:

Corollary 8. Let U be a zero-contact-angle solution of (12) supported on (x, x,). As-
sume U (%) is a global maximum. Let V be the zero-contact-angle solution of (6) with
V(0) = H := U(%). Then U(x) > V(x — &) forall x € (v,2) U (2,2,) and
m= ["U(x)de > M..

The fact that m > M, = 27/2/3 is not surprising because, as explained after the
equation (3), it is known that the solutions of mass less than M. do not blow up [25].

Proof. If £ = 0, then the result is simply Lemma 7. Since the equation (12) is invariant
under reflection about z = 0, we can assume that & < 0. Let V(z) = V(z — #). To
establish the claim for all z; < z < z, reflect U about x = 0 so that £ > 0, define
ro = Z, and repeat the arguments in the proof of Lemma 7. The £ < x < z, case
remains. Lemma 1 implies that since Z is the location of a global maximum it must also
be the location of the right-most local maximum on (z;, 0].

Let [Z, 1], [z1, 23], . - ., [*k—1, k] where 2, = x, be the maximal intervals where
U is invertible. Consider first the interval [#,z1]. Let v be the inverse of U on the
interval, let q(y) = U’(v(y)) and let G be as in Lemma 5. Let V! : [0, H] —
[&, & + Typin), resulting in p(y) = V'(V~(y)) = B(y)-

Case 1°If z; < 0. Then G(y) < 0 on [U(z1), H). Thus, arguing as in the proof
of Lemma 35, yields that ¢(y) > p(y) fory € [U(x1),H). Thus U > V on (&, z1].
The analysis on [z, x2] is trivial since U is nondecreasing on the interval while V' is
decreasing. The proof of the claim on the remaining intervals reduces to the one given
in Lemma 7.
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Case 2° If ; > 0. Arguing as above we obtain that ¢(y) > p(y) ony €
(U(0), H). Since ¢(U(0)) > p(U(0)) the argument on [0, z1] reduces to the case
treated in Lemma 7. So does the argument on the rest of the intervals. O

We close this section with a nonexistence result that partially complements The-
orem 4. Specifically, for n € (0,3/2) it is not possible to find selfsimilar blow-up
solutions of the thin-film equation (3) that have zero contact angles if they are not “suf-
ficiently large” one time unit before blow up:

Theorem 9. Assume 0 < n < 3/2. There are no zero-contact-angle solutions of (12)
that have max{U} < max{1, (3 — 2n)~2/11}.

Proof. Let U be a zero-contact-angle solution of (12) with maximum H achieved at
T = xo. Because of the symmetry of the equation, we can assume that z¢g > 0. Let
[x1, 2] be the support of U. Since U has a maximum at xq, v := U”(z9) < 0. By
Lemma 3,0 < U”(x,) < co. From equation (13),

H3 H3 1 Ty

> U () =

- U l—nd
3 3 “nya), U

Case 1° n € (0,1). By Lemma 7 follows that U > V(- —x¢) on (2o, o +Tmin ),
3

and we know that V(z) > H — 2%, Therefore

Ty \/g/H H3 4H717n
/ sU(s)' ™ "ds > / (s +xo)(H — ?82)1771615 > —.
x 0

o 2—n

Hence
3 1 4H-'—n
S
3 " n+4 2—n
Case 2° n € [1,3/2). From equation (13), U"(z) < H3/3 for x € [xo, ;).
Therefore U (z) < (x — x,.)2H3 /6 and hence

/xr sU(s)'™"ds > @ /xr s(s — ) "ds
= gl-n r

Zo Zo

— H"" >1 = H > max{l,(3-2n) ¥/}

H3—3n (xr _ 160)4_2" 2H—n—l

> .

- 2 3—2n - 3-2n
where in the last inequality we used x, — g > Tpnin > 5.9/H (by Lemma 7 and (11)).
It follows that H4+" > 3_12n, and hence H > max{1, (3 — 2n)~2/11}. 0

4. EXISTENCE OF ZERO-CONTACT-ANGLE SOLUTIONS

In this section, we prove that if 0 < n < 3/2, equation (12) has a zero-contact-
angle solution, U, that has compact support [—L, L], is symmetric about x = 0, and

is decreasing on [0, L]. Recall that the steady state with V(0) = H, V’(O) = 0, and
V”(O) = — H?3/4 has compact support and zero contact angles. To prove the existence

of the desired U, we first prove that if U(0) = H, U’(0) = 0, and U"(0) is “close” to
—H?3/4 and V is the steady state with the same initial data as U then if H is “large”
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this will ensure U and V' are “close” for the first downstroke of U. We then use this
information in a shooting argument to prove the existence of the desired U. We carry out
the argument for explicitrange of H and thus our arguments involve a number of explicit
constants. The reader who would like to only understand the gist of the argument can
read the proofs without going through explicit computations and only assume that H is
very large.

4.1. Then € (0,1] Case. We first prove that the steady state V' controls U for the first
downstroke of U:

Lemma 10. Let 0 < n < 1. Assume U(0) = V(0) = H, U'(0) = V'(0) = 0,
and U"(0) = V"(0) = v € [-H3/4,—H3/4 + 3H]. Let U and V be the resulting
solutions of equations (12) and (6) respectively. If y > —H? /4 then V is defined on R.
Ify = —H?3 /4 then'V is taken to be extended to R via formula (10). Define

X :=sup{z >0|U <0andU > 0o0n (0,z)}.
IfH > 40 then X < 6.2/H and for all x € [0, X|

16)  |U(x) - V(z)| < % U'(z) — V'(2)] <9, [U"(z) — V"(z)| < 1.3H.

Proof. We reintroduce the notation xy > 0 for the point at which the initial data are

specified, since that will be useful in Section 5. Introducing W = U — V/, note that

W (&) = = U (@) = (Ua) + V@)V (2) W(a) = U(2) W (2).
n

Let g(x) := max{|W"(s)| | s € [xo,x]}. g is absolutely continuous and nondecreas-
ing, [W'(z)| < g(z) (x — z0), and |[W (z)| < g(z)(x — 10)?/2. Hence
/ aU " (x) — x9)? 2
<z Y ASadiiied VA _
9@ < —— 5 9(2) + U (z)( — 20) g(2)

at almost all = in the domain of U. (The domain of g equals the domain of U by Lemma
5.) Lemma 5 also implies U (z) < V() for x € [z, X]. Therefore

A7) ¢@) U @)+ @ = 20’ V@)V(@)] + (@ = 20)V(@)lg(2)

L (U) + V)V (@) E

and hence

I (=20 VIV () [+ (s—z0)V(s)ds [ SUT"(s)
= ——ds.

Zo

Here, we used a Gronwall inequality: Let ¢ and v be nonnegative, continuous functions.
If

G'(z) < ¢(x) +(2)G(z) forallz >a

then for all x > a
(19)

G(z) < i YOG (a) + / B(s)els Vs < oJi w(s)ds (G(a) + / «:(s)ds) -
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We now go back to xg = 0 and introduce x; := min{G—HQ, X}. Let &pp be, as
before, the location of the first positive minimum of V'; V/(2,:,) = 0 and V' < 0 on
(0, Zymin ). To bound g(x) on [0, z1] we estimate

Tmin 1
1 :/ 2V (s)|V'(s)| + sV?(s)ds and II :/ s2V(s)|V/(s)| + sV2(s)ds.
0 Tmin

Integration by parts yields
I<2 / sV?2(s) ds
0

Let ¥ = (y + H®/4)/H3. By property (P1) in §2, Vypin = V(zmin) < 129H. Also
since V satisfies (7) for all s, V"' (s) < H3(1/12 + 4). Therefore, since 4 < 1/500,
(20) V(z) < min{H,124H + I;—;(:cmm —z)?} Vo
Using this estimate and ,;, < 5.95/H (Property (P3) in §2), one finds

I< 2/0xmm sV?3(s) ds < 5.8.

We now estimate II. If 1 < x4, then I < 0, so let us assume 1 > Toin.
Since 1 < 2Tymin, V' > 0 on (Zmin, x1). Hence using (20) along with the fact that
1 — Tiin < 0.4/ H we obtain

1 [ 1
II = 5/ (s*V3(s)) ds < 52:%‘/2(171) < 0.02.
Therefore
Z1
1) / 2V (s)|V'(s)| + sV3(s) ds = T+ 1T < 5.9
0

and the Gronwall inequality (18) imply

2 (6.2)%5
2 8

Since g is nondecreasing function, for all z < x;

1
(22) g(z1) <e® ZH“” H " <13H

27
T
The second two inequalities were found by integrating and using z < x; < 6.2/H.
We finish by proving that x; = X, thatis X < 6.2/H. Assume not; assume
X > 6.2/H. Therefore 21 = 6.2/H and U’ < 0 on [0, z1]. Let 25 be the lesser of
6.2/H and the smallest x > 2, for which V(x) = 3. If V(z2) = 3 then V' (x2) =
—p(3) > 10 and therefore |V'(z2) — U’(z2)| > 10, contradicting the estimate (16).
Hence x5 = 6.2/H and V < 3 on (@, 6.2/ H). By equation (7), V" (z) > H3 /12—
27/3 > H3/13 for & € (min,6.2/H). Finally, 6.2/ H — xp;, > 0.25/H and hence
V'(6.2/H) > 0.01H? > 10, which leads to a contradiction as before. This proves that
21 = X and hence the bounds (16) hold on [0, X], as desired. |

U"(z) = V"(z)| < 1.3H = |U'(z) = V'(z)| <9 and |U(z) — V(z)| <

We now prove the existence result:
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Theorem 11. Assume 0 < n < 1. Given H > 40, there exists vy € [-H?3/4, —H3/4 +
3H)| such that the solution of (12) with U(0) = H, U’(0) = 0, and U"(0) = ~ has
compact support [—L, L), U'(£L) = 0, and U is decreasing on [0, L].

This is proven using a shooting argument. Let U be the solution of equation (12)
with initial data U(0) = H,U’(0) = 0 and U"(0) =y < 0. We define

a(H,v) :=min{z > 0| U'(z) =0 or z = oo}

(23) B(H,v) :==min{z > 0| lim U(s) =0 or x = oo}
X(H,~) := min{a(H, ), 3(H,)}
We also define

ST(H) ={yeR™ |a(H,~) <B(H,7)}
ST(H)={y€eR" |a(H,v) = B(H,7)}.

By construction, S~ (H) U ST(H) = R™. If there exists v € S~ (H) N ST (H) and
X (H, ) is finite then the desired solution exists.

(24)

Proof LetI = [—H®/4,—H®/4+3H], ST = S*(H)N I and S~ = S~(H)N 1.
Since X (H, ) is finite for 7 € I by Lemma 10, it suffices to show that Stns- # 0.
We first prove that S~ and S are both  nonempty. By Corollary 6, —H 3/4 € S- \ST. St
We now prove that —H?3 /A+3H € S S+. Let U and V be the solutions of (12) and
(6) with v = —H3/4 + 3H. Then by property (P1) in §2 Vyin > 30/H. If vy € S~
then X = 3(H,~) and by bound (16) [U(X) — V(X)| < 27/H. But U(X) = 0 (since
€ 57), contradicting the bound (16). Thus —H3 /4+3H ¢ S~ hence —H?3 /4+3H €
S+, as desired.

Since n < 1 and o (= X)) is uniformly bounded for v € S+ by Lemma 10, the
continuous dependence on initial data implies that S+ is closed in I. (Recall that for
n < 1 the ODE (12) is not singular at U = 0.) We now prove that if S* NS~ = () then
St is open in . Since [ is connected and St is nonempty, it would then follow that
S+ = I which is impossible because —H?/4 ¢ S*. Therefore S* N S~ # () and the
desired solution exists.

Proving that if St N S~ = { then S* is open uses Lemma 10. Indeed, if H is
not sufficiently large, it is possible for S+ to not be open; see Figure 2. Assume that
STNS~ =0. Lety € ST, and U be the solution of equation (12) with U(0) = H,
U'(0) = 0, and U”(0) = «. Then U(X) > 0 and, by Lemma 5, V;,.;r, > U(X).
By estimate (16), V(X) — Viin < V(X) —U(X) < 27/H. Since v € I, Vi <
36/H. Therefore V(X) < 63/H. By equation (6), it follows V" (X) > H3/12 —
(63/H)31/3 > 3H. Estimate (16) then implies U”(X) > H > 0. So for z slightly
larger than X, U’(x) > 0. Continuous dependence on initial data now implies that S+
is open in I, as desired. O

Now that we have proven the existence of a selfsimilar compactly supported so-
lution with zero contact angles that is symmetric about x = 0, we wish to prove that



Figure 2: An illustration of how, when H is small, S*(H ) can fail to be open. On the left, we plot solutions
U versus z. All three solutions have U(0) = H and U’(0) = 0 but the values of U’'(0) vary. On the right,
we present a phase-plane plot, plotting —U’ versus U. Uz has two critical points, Us has one, and Us has
none. Hence for small € > 0, (U5 (0) — &, U4 (0)) C S™(H) and [UY(0),U4(0) + &) C ST(H) and
S+ (H) is not open.

the larger H is, closer the profile U is to the steady state profile V. To do this, we first
introduce a weighted C?-norm:

HUH[I,y] ‘= max {(y - x)2||UHHL°°[x,y]7 (y - x)HUIHL*”"[I,y]v ”UHL“’[I,?J]} :
We first prove that steady states are close to one another with respect to this norm:

Lemma12. Let H > 40, a > 1and 0 < ¢ < 1. Let § = e °/40 and let V
be the solution of (6) with initial data V(0) = H, V'(0) = 0and V''(0) = ~ €
(—H?/4,—H?/4 + §H2). Let V be the solution of (6) with initial data V (0) = H,
V'(0) =0, and V" (0) = —H3 /4. Then ||V = V||p.6.2/m) < eH *2.

By property (P3), V is supported on [T in, Tmin] Where Zpnin < 5.95/H. In
Lemma 12, Lemma 13, and Corollary 14, the weighted norm is referring to a longer
interval than the support of V. To do this, we assume that /" has been continued by (10)
beyond its support (basically by reflection about © = Z,;,,)-

Proof. Note that §H~* < 3H and hence by property (P3) z,,in < Tmin- From (9)
it follows that V' > V on [0, Z,nin]. V is symmetric about z = @, and V is (after
extension) symmetric about i, and so it follows that V' > V on [0, 2%,,5,]. To
estimate the difference between V and V' we use the approach of Lemma 10. Let W =
V —V and g(z) := max{|W"(s)| | s € [0,2]}. Arguing as in the proof of Lemma 10
one obtains

§(@) < (V(2) + V@)IV'(@)| 5 9() + V' (@)ag ()
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Using that V' < V and the Gronwall inequality (19) yields:

(@) < i FVEIV/ () +3V2(9)ds 5pr—a

The estimate (21) implies that g(z) < e®§H~* for all z € [0,6.2/H] C [0, 2Zmin)-
The claim now follows from the definitions of g and ¢ by integrating in x. (|

We now prove that the selfsimilar profile U is close to the compactly supported
zero-contact-angle steady state V' with respect to the weighted C2-norm:

Lemma 13. Let H > 100, and vy € [—H?3 /4, —H?3 /4 + 3H| such that the solution of
(12) with U(0) = H, U’(0) = 0 and U"(0) = ~ touches down at L with zero contact
angle. Let V be the solution of (6) with V(0) = H, 7/(0) =0, and V”(O) = —H3/4.
Then ||[U — V| o,1] < 3/4c*H* ™ and L < Tpnin + 12cH > where ¢ = 6.2%¢5.

Proof. Let V be the solution of (6) with the same initial data as U. From the second
inequality of estimate (22) it follows that [|U — V||j0,r) < 5¢H ~3~" forall z € [0, L].
Therefore Vi < 5¢H 37", Property (P1) now implies that 10(y + H?3/4)/H? <
5¢H 3" and hence v < —H3/4 + ¢/2H'"" < —H3/4 + 3H. Lemma 12 now
implies that ||V — V| o,r] < 20e®cH ~3~". The triangle inequality then implies ||U —
Vllo,r) <3/4cPH37",

Recall that V.5, = V(@44 ) and by property (P3) Zin < Tmin. Further, Lemma
7 implies that ,,;, < L. Arguing as in the final paragraph of the proof of Lemma 10,
one can replace X with L and show that V' < 3 on [zyn, L] hence V" > H3/13
on [Zymin, L]. Therefore 0 = U’(L) > V'(L) — 5¢/5.9 H=2~". Using that V'(L) >
H?/13 (L — xpnin) we conclude L — Tpnin < L — Typin < 12¢H 57", as desired. O

Now we can conclude that the shape of the profiles U is approaching the stationary
solution as H — oo. Let Uy (2) := & U(Lz) and Vg, := £V (Tminz) for z € [0, 1].

Corollary 14. Let H > 100. Then ||Ug, — V|l c2p0,1) < ¢2H~*~" where c is as in
Lemma 13.

In [25], Witelski et al. presented evidence for such a result. They considered
source-type and blow-up selfsimilar solutions with droplet profiles, parametrizing them
by the length of the support. Via asymptotics, they found that as the length tends to
zero, the profiles of both the source-type and blow-up selfsimilar solutions are, to the
first order, that of a droplet steady state. Also, they presented numerical evidence that
as the length tends to zero, their masses tend to M.. As the length of the selfsimilar
solution tends to zero, the height tends to infinity and so their results are directly related
to the above corollary.
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Proof. For z € [0,1]

=2
" // ~ Toiny =
U2) - V0] = | B0 (L2) — Z8T @)
L2 - L2 P =2 .
< ]Fw" - v”><Lz>] [T 1)+ B (7 (1) - V@i
231 HP T, 2=
< U =Vl + 12852 2Ty Tmin TR0 (0)

3c2 6\% 1 H?
< _H 4" 4 40cH 4 — ) =12eH 5 "H?—
1 e <H> o 3

< PH 4,

In the above, £ € (Tymin, L) is from an application of the mean value theorem. Using
that Ugp,(0) = V,(0) and UZ,, (0) = Vlsh (0) the claim now follows. O

In some sense, if one views the mass as a bifurcation parameter then as the mass
tends to M., the blow-up selfsimilar solution loses its timescale and so its tending to
a droplet steady state is not surprising. There are other results in the literature that
are reminiscent of this. For example, in [11] Bowen and King consider the thin-film
equation uy = —(u™ Uy, ), on the interval [—1, 1] with boundary conditions that allow
the solution to drain. Via asymptotics, one finds that there can be no draining for n > 2
and the authors use asymptotics and numerics to demonstrate that as n T 2 the draining
selfsimilar solutions are, to first order, that of a droplet steady state. Another example
is found in Bernoff and Witelski’s study [7] of source-type selfsimilar solutions for
us = —(u™Uyy ). In this case, the critical exponent is n = 3. Using asymptotics and
numerics, they demonstrate that as n — 3] the profiles of the source-type self similar
solutions are, to first order, that of a droplet steady state.

4.2. The n € (1,3/2) Case. Forn > 1, U'~" blows up as U approaches zero and so
estimating the difference between U and V' is more delicate than in the 0 < n < 1 case
of Lemma 10. We do the estimates in two steps. In the first step U(z) assumed to be
bounded below (i.e. x is not near the contact line), and hence the U =" (z) term does not
have a significant effect. In the second step, we consider those x that are near the contact
line. Here, the difference between U and V' (in C'?) can grow arbitrarily large if U were
to approach zero sufficiently slowly. But we have no a priori information on how fast
may U be approaching zero. In fact, our aim is to get this information by comparing U
to V. This seemingly circular situation is resolved by Lemma 18. This lemma allows us
to extend the bounds on the U — V fromy = — H?3/4+ H (for which U can be analyzed
using only the first step) to an appropriate subset of [—H?/4, —H? /4 + H] N ST (H).

Lemma 15. Let 1 < n < 3/2. Assume U(0) = V(0) = H, U’(0) = V'(0) = 0, and
U"(0)=V"(0) =~ e [-H3/4,—H3/4+ H]. Let U and V be the resulting solutions
of equation (12) and equation (6) respectively. If v > —H?3 /4 then V is defined on R.



22

Ify = —H?3 /4 then V is taken to be extended to R via formula (10). Define
1
Xewt :=sup{z >0 |U' <0andU > 57 " (0,2)}.
IfH > 40then5/H < Xyt < 6/H and for all x € [0, X ¢y

25  |U@) - V()| < % U'(z) — V' (2)] < 3, [U"(z) — V"(z)| < g

H

(=V'(Xecut), V(Xeut))
(~U'(a), U()) (U (Xeut), U(Xeut)) (=U'(z),U(z))

L
2H

Figure 3: Phase diagram relevant to the proof of Lemma 15. Here we plot (—U’,U) and (=V’, V'), param-
eterized by x, where U and V' are solutions of equations (12) and (6) respectively. U(0) = V(0) = H,
U’(0) = V'(0) = 0and V" (0) = U"(0) € St N [-H3/4,—H?/4 + H]. The bounds in Lemma 15
hold for z < Xyt where Xyt is determined by U. In the figure, o > X ot is the first positive x at which
U'(z) = 0. Lemma 17 and Lemma 18 are concerned with € (Xcut, .

Proof. Let x1 := min{6/H, X, }. We will prove that x; < 6/H and hence X.,,; <
6/ H. Using the Gronwall inequality (18) combined with (21),

glx) < eﬁ/ nj—4U(S)l_nd8 V€ (0,21)
0

Therefore since H > 40,
(26)

1 1\'"™1/6)\ 1 1
<el—— (= | = 6 2"7240""136| H < —H.
g(xl)_en+4<2H> 2<H) <[61+4 <3
Because g is nondecreasing, |[U" (z) — V" (z)| < H/2 for all z € [0, z1]. Integrating
and using = < 6/ H then yields

U (z) = V'(z)] <3 and |U(x)—V(z)| < )

T Vo € [0, z1].
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We now prove that x; < 6/H, and hence the above bounds hold on [0, X ., as
desired. Assume not; assume z; = 6/H. Note that U’ < 0 on [0,2;]. Let x5 be
the lesser of 6/H and the smallest * > Xy, for which V(z) = 1. If V(z2) = 1
then V'(x2) = —p(1) > 3. Therefore |V'(x2) — U’(x2)| > 3 which contradicts the
estimate (25). Therefore we can assume that V(z) < 1 on (Zin,6/H). It follows
from equation (7) that V"' (z) > —H3/4 + H*/3 —1/3 > H3/13 on (zyin,6/H).
Since 6/H — Xy > 0.05/H it follows that V/(6/H) > 0.003H? > 3, which leads
to contradiction as before. Therefore 21 < 6/H, as desired. A similar argument (using
property (P3)) shows that X.,,; > 5/H. O

We now show that y = —H?3/4 + H isin ST (H). Further, we show that in Figure
3, the resulting curve (—U’, U) crosses the vertical axis with a fairly large “speed”:

Lemma 16. Let 1 < n < 3/2. Assume U(0) = H, U'(0) = 0, and U"(0) = v =
—H3/4+ H. Let U be the resulting solution of equation (12). Let ST(H) and S~ (H)
be as defined in (24) and o(H,~y) be as defined in (23). If H > 40 then v = —H?3 /4 +
H € ST(H)\S™(H). Furthermore U" (a(H,~)) > H3/23.

Proof. Let X := X(H,v), « := a(H,~) and 8 := S(H,~). Recall from Lemma 15,
Xewt = supf{z >0 | U < 0andU > ﬁon (0,2)} < 6/H. Hence Xout = a,
or U(Xeyt) = 1/(2H). We claim that X.,; = «. Assume not; then U (X ) =
1/(2H). Combining this with the bound (25) yields V(X.,;) < 10/H. This is im-
possible because Property (P1) in §2 implies that the smallest value V' achieves satisfies
Vinin > 10/ H. Therefore X.,; = «. By definition, X.,; < § and so @ < (3 and thus
v e ST(H)\S™ (H).

The bound (25) then implies that |[V'(«)| < 3. By the formula (9) for p(V) it then
follows that V' («) < 1 and equation (7) then implies that V" («) > H3/12 —1/3 >
H?3/13. Therefore bound (25) implies that U () > V" (a) — H/2 > H3/23, as
desired. g

We now prove that if 7y is such that the resulting solution U comes close to touching
down in the first lap (i.e., U(x) < 1/(2H) for some z < «) then U’ can be controlled.
This will be useful in arguing that an inflection point, like that of Us in Figure 2, cannot
exist for H sufficiently large.

Lemma 17. Let 1 < n < 3/2. Assume U(0) = H, U'(0) = 0, and U"(0) = v €
[—H?/4,—H3/4 + H)]. Let U be the resulting solution of equation (12). Let X c; be
as defined in Lemma 15:

1
Xewt =sup{x >0|U' <0and U > 57 " (0,2)}.

Assume H > 40. Let o(H, ) be as defined in (23) and S+ (H) be as defined in (24).
Ify € ST(H) and X oyt < a(H, ) then for all © € (Xeut, o(H, 7)), U"(z) < 0 and
U’ (x) > 0.

Proof. Let a := «(H,~y). By assumption, X,y < « and so U(Xcy) = 1/(2H).
We now find bounds for U’ (Xcyut), U”(Xeut), and U” (X ). Using bound (25),
V(Xcut) < 55 + % Therefore equation (9) implies |V (Xcut)| = —p(V(Xeut)) <



24

VH(9.5H +1)/6 < \/5/3 H. Estimate (25) then yields |U’(Xcut)| < +/5/3 H +
3 < 2H. Also note that equation (7) implies U"(X¢yut) > V" (Xewt) — H/2 >
—H3/4+ H3/3 - (10/H)3/3 — H/2 > H3/13. Using equation (12) and the lower
bound 5/H < X, of Lemma 15, one finds U"" (X ,,;) < 0.

Assume U #£ 0 on (X .y, ). Then there exists a smallest x3 € (X1, @) such
that U"'(x3) = 0. From the equation (12), and since U (z3) < 1/(2H), it follows that

23 10 1
- —— U

n+4 g~ ame U @)
and hence U'(z3) < —2H < U'(Xcuw). Therefore U”(z) < 0 for some z €
(Xeut,x3). Since U"(Xeyt) > 0 and U” < 0 on (Xeyut, x3) there exists a unique
22 € (Xcut, x3) such that U” (x2) = 0. Furthermore U” (23) < 0.

Since U” () > 0 there exists a smallest 4 > x3 such that U” (x4) = 0. Integrat-
ing the equation (12) yields

0=U"(z3) = Uzs)' ™™ — U(x3)*U'(23) <

H? U3 1

"o - Ue ¥ 1—-n
U'=~v+ 3 3 n+4/0 sU(s) " "ds.

Since U"(x2) = U" (x4)

3 4 2 _ .2
(%) > U(x2)® = U(rs)® = n—?l)-4 /:EQ sU(s)' ™" ds > aZ ) T2 %(m — T2).
Hence x4 — 20 < H™2.

Since U” > 0 on [Xcyt,x2), it follows that U'(ze) > U'(Xew) > —2H.
Similarly, U” < 0 on (z3,z4) and so U'(z4) < U'(z3) < —7/2H. Therefore
U'(z4) — U'(z2) < —H/2 and the mean value theorem implies there exists x5 €
(w2, 24) such that U” (z5) < —H? /2. Therefore

3 _ 3 T4
0= U"(ag) = 0" () + L TEE L ™
n

< H3+1 : 3<0
2 3\2H ’

Ts5

This contradiction proves U"’ < 0 on (Xyz, @), as desired.
Finally, since U” (o) > 0, the negativity of U implies that U”(z) > 0 for z €
(Xcuh a)- D

Lemmal8. Let 1 < n < 3/2. Assume H > max{40,3(3 — 2n)~2/1'} and v €
ST(H)N[—H3/4,—H?/4+ H] where S*(H) is as defined in (24). U is the solution
of equation (12) with U (0) = H, U'(0) = 0, and U"(0) = . Let a(H, ) be as defined
in(23). IfU"(a(H, 7)) > H3/24 then U" (a(H, 7)) > H3/23.

Proof. Let o := «(H,~). Recall that Xy := sup{z > 0 | U’ < OandU >
1/(2H)on (0,2)} < 6/H by Lemma 15. If X.,; = « then arguing as in the proof
of Lemma 16 yields U” (o) > H?/23.
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Now consider the case Xyt < . Then U(X,yt) = 1/(2H). Since U” is decreas-
ing on (X,yut, @) (by Lemma 17) and U” (o) > H? /24, it follows that U” > H? /24 on
(Xcut, @). Hence

H3
Ulx) > Ula) + 4—8(96 —a)? Vo € (Xeus, @).
Specifically 1/(2H) > H3/48(a — X¢ut)?, implying Az := o — Xy < 5/H?. This
implies
(27) a<6/H+5/H?<6.2/H.

Let V' be the solution of equation (6) with same initial data as U. Using bound
(25), V(Xeut) < 10/H. Recalling that |V’| < H?/3 by Property (P2) in §2, V(x) <
10/H + (H?/3) - (5/H?) < 2 forall z € (Xeus, ). We will now use the Gronwall
inequality (19). To do this we first bound

* H?6.1%2 5 6.1 5
2 | 172
/XCM V(s)|V'(s)]s* + VZ*(s)sds < 2 Wl e +4 5 < 0.09

To apply the Groénwall inequality (18), we denote 1 (s) := V(s)|V'(s)|s? + V2(s)
and ¢(s) := 255U ""(s). Combined with the inequality above, the inequality (21)
implies that ;" 1(s)ds < 5. Using the inequality (26) it then follows
g(a) S / ¢(S)€f: w(z)dzds
0

Xeut

< ef(f‘ 1p(s)ds/

0

H 0.09 po
<= 45 / sU(s)* "ds

¢(s)ds + ef e V(s / ¢(s)ds

Xeut

2 4
(28) n + Xcut

11 [ 3 e
<H+?/ths(g(8_a)2> ds

1.1 6.1 g3 pgd—2n

o222 e
D 7 S e
n—4

H +10
<A 3—2n

Therefore |U” (o) — V" ()] < H + 10H"*/(3 — 2n). Because 400/(3 — 2n) <
H™?2 < H™" it follows that U" () > V" (o) — H3/40 — H > H?/23, as desired.
In the last step, we used equation (7) to find V" (o) > H3/12 - 23/3 > H3/13. O

We can now prove the existence result:

Theorem 19. Assume 1 < n < 3/2. Given H > max{40,3(3 — 2n)72/11}, there
exists v € [—H3/4,—H?3/4 + H] such that the solution of (12) with U(0) = H,
U'(0) = 0, and U"(0) = ~ has compact support [—L, L], U'(£L) = 0, and U is
decreasing on [0, L].
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Proof. Let ST := ST(H) and S~ := S~ (H) be as defined in (24). By Lemma 16,
—H3/4A+ H € ST(H). Let

m=inf{y |7 €[y, ~H?/4+ H| = 7 € S* and U(«(H, 7)) > 0}

where U is the solution of (12) with initial data U (0) = H, U’(0) = 0, and U"(0) =4
and «a(H,7) is as defined in (23). Note that —H3/4 < ~; since —H3/4 € S\S+
by Corollary 6. We will show that U, the solution of (12) with U"(0) = =1, touches
down with zero contact angle and is decreasing up to the touch down. More precisely
we show that U («(H, 1)) = 0.

Let A:={ye ST |U"(a(H,~)) > H3/23}. By Lemma 16, —H3/4+ H € A
and hence A is nonempty.

We claim that A is closed in [y, —H?3/4+ H]. Let {v;n} C AN[y1, —H3/4+ H]
be a convergent sequence with limit v. We will prove that v € A. Let U,,, and U be the
corresponding solutions of (12). Arguing as for (27) one finds that a(H, +) is uniformly
bounded for v € A and so the sequence «,,, := «(H, 7y, ) has a subsequence converging
to some &. To keep the notation simple we assume that the whole sequence converges.
From (13) it follows that H3/3 > |U/.| on [0, c,,]. Therefore by the Arzela-Ascoli
lemma there exists a subsequence, which we again assume to be the whole sequence
U, such that U,,, — U and U/, — U’ uniformly on compact subsets of [0, &) and
pointwise on [0, &). By continuous dependence of solutions of (12) on initial data, U is
a solution of the equation with initial data U(0) = H, U’(0) = 0, and U”(0) = 7 on
the interval where U is positive.

We now show that U is positive on [0,&). If not, then there exists the smallest
positive < &, call it g, for which U is zero. For m sufficiently large, xo < .
Since U/ (o) > H3/23 it follows from Lemma 17 that either U,,,(x) > 1/(2H) or
U (z0) > H3/46 (ciy, — 20)%. Therefore U(xg) = limy,— 0o Un (7o) > 0, contra-
dicting U (zg) = 0.

Thus U is a solution of (12) on [0, &). By continuous dependence of solutions on
initial data U, converges to U” pointwise on [0, &). Also U’ < 0 on [0, &) and so
U(&) := lim,_4- U(z) exists. We now argue that o := a(H,~) > &. Assume not.
Since U is decreasing on [0, &), one has U’(a)) = 0 and U”(«) = 0. There are two
cases to consider: U(a) > 1/(2H) and U(a) < 1/(2H). If U(«r) > 1/(2H) then
Lemma 15 holds on [0, a]. Specifically, |V"(a)| < H/2, implying H/2 < V(a) <
2H/3 by equation (7). Using the formula for p(V') given after (P3), it follows that
[V'(«)| > H?/9. But this is impossible because Lemma 15 and U’(a) = 0 imply
[V'(a)] < 3. If U(a) < 1/(2H) then for m sufficiently large U,, () < 1/(2H) and
a < . Applying Lemma 17 to the interval (o, av,y, ), it follows that U/ (o) > H?3 /23
hence U"” () > H?/23. This contradicts U” (a) = 0, proving o > é.

If U(&) > 0then & < B(H,~) and the solution U can be continued slightly be-
yond é&. Continuous dependence of solutions on initial data then implies that U] (ay,)
converges to U’ (&) and hence U’(&) = 0. Therefore « = & and so v € S*. Fur-
thermore, U/ (v, ) converges to U” () and therefore U” (o) > H?3 /23, proving that
~v € A, as desired.
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We now consider the case U (&) = 0. Here, & = B(H, 7). Since U, are decreasing
on [0, &), Uy, converges to U on [0, &), and U takes arbitrarily small values near &,
we conclude that lim,,, oo Uy () = 0. Since U]}, is uniformly bounded on [0, cvy,],
the fact that U/, (o, ) = 0 implies that U’(z) — 0 as © — & and hence U'(&) = 0.
Thus @ = & and so y € S*. It remains to prove that U”(«) > H?/23. Note that
for m large enough U,y () < 1/(4H). Therefore, since U}/, < H?/3, it follows that
Upn < 1/(2H) on (c,,—1/H?, av,,). Lemma 17 then implies that U}’ is decreasing and
is greater than H3/23 on (v, — 1/H?, a,y, ). Therefore U” is decreasing and is greater
than or equal to H3/23 on (o« — 1/H?, o). Therefore U" (o) = lim,_ - U"(z) >
H?3 /23, proving that v € A, as desired.

We now prove that A is openin (y1, —H?/4+ H]. Fix ¥ € AN (y1,—H?3/4+ H].
Since U(a(H,%)) > 0 and U” (o(H,7)) > H3 /23, continuous dependence on initial
data implies there exists a neighborhood O C (y1,—H?3/4 + H] of 7 such that for
all v € O, one has U(a(H,~)) > 0and U"(a(H,~)) > H?3/24. By construction,
(y1,—H3/4+ H] C ST(H) and so Lemma 18 implies U" (a(H,~)) > H3 /23 for all
~ € O. This proves O C A, as desired.

The set A is closed in [y1, —H3 /4 + H] and so it is also closed in (1, —H?>/4 +
H]. The interval (y;,—H?3/4 + H] is connected and so (y1, H3/4 + H] C A. It
then follows that [y, —H3/4 + H] C A (because A is closed in [y, —H3/4 + H)).
Therefore, 71 € A andso —H?*/4 < v € ST and U"(a(H, 1)) > 0. We now
argue that U(a(H,v1)) = 0. If U(a(H, 1) > 0, there exists a neighborhood of 7 in
(—H3/4,—H?/4 + H] that is contained in S (see Figure 2). Further, by continuous
dependence on initial data one can choose the neighborhood such that U («(H,v)) > 0
for all 7y in the neighborhood. This contradicts 7;’s definition as an infimum. Therefore
U(a(H,v1)) = 0, as desired. O

Let H,in(n) be the infimum of the set of H’s for which there exist zero-contact-
angle solutions U that are symmetric about z = 0 and have compact support. Theorem
19 gives an upper bound on H,,;, (n) and Theorem 9 gives a lower bound:

(3 —2n)"/" < Hppin(n) < max{40,3(3 —2n)"2/11}  vn e (1,3/2).
That is, Hpin(n) ~ (3 — 2n)~2/! as n increases to 3/2.

Lemma 20. Let H > max{40,3(3 — 2n)~%/1'} and v € [y1, _THS + H] where 7, is
as in the proof of Theorem 19. Let U be the solution of (12) with U(0) = H, U’(0) = 0,
and U"(0) = ~ and V the solution of (6) with the same initial data. Then |U —

Vl0.a(mq) < cH"° where ¢ = (6.1)%(12e® + 10(3 — 2n)~%/11),

Proof. We start by applying the arguments of the proof of Lemma 15. Recall that
Xeyt :=max{z |z < o(H,7) and U(z) > 55 }. By Lemma 15, Xy < 6/H. From
inequality (26) follows that for x € [0, X ¢y
62v/2
10
where g(z) is as before the max{|U"(s) — V" (s)| | s € [0, z]}.

eGHn—3

g(z) <
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If & > X+ we also apply the techniques of the proof of Lemma 18. Note that
since v > +y; the conditions of Lemma 18 are satisfied. From (28) now follows that
9(z) < 29(Xeut) + 10H" /(3 — 2n) for z € [Xcut, o). Combining the two inequali-
ties implies that

g < (125 +10(3 — 2n) /1) g3
on [X ., @], which after integrating twice implies the claim. O

Corollary 21. Ler H > max{100,3(3 — 2n) =2/} and let U be the solution of (12)
with U(0) = H, U'(0) = 0 and U"(0) = ~1. Let V be the solution of (6) with
V() = H, V(0) = 0, and V"' (0) = —H3/4. Then ||U — V||, < 5eeS H"
where ¢ was defined in the lemma above and L is the point where U touches down.
Furthermore L < Tpin + 3cH™ 7.

Proof. Recall that by Theorem 19, U touches down with zero contact angle and that
by Lemma 18, L < 6.1/H. Let V be the solution of (6) with the same initial data as
U. From the lemma above it follows that ||U — V||jo,r) < cH"® forall z € [0, L].
Therefore Vi < cH™ 5. Property (P1) now implies that 10(y + H?®/4)/H? <
cH™ 5 and hence v < —H?3/4+ 5H" % < —H?*/4 + H. Lemma 12 now implies
that |V —V|[j9,z] < 4ce® H™~5. Combining the inequalities now implies the first claim
of the lemma. Arguing as in the proof of Lemma 13 one obtains that L < ., +
3cH™ 7. O

The following corollary shows that as H grows the shape of the blowup solution
approaches, in C2, the shape of a steady state. The claim follows by repeating the
argument of Corollary 14.

Corollary 22. Let H and U be as above. Then ||Ug, — V o1 || c20,1] < 6¢ceSH" = and
HUsh - Vsh||L°°[O,1] < 1/H-

5. EXISTENCE OF MULTI-BUMP ZERO-CONTACT-ANGLE SOLUTIONS

A selfsimilar solution of the thin-film equation is said to have k bumps if it has
exactly k local maxima. For solution that is symmetric about x = 0 this corresponds
to the solution of equation (12) having k positive local extrema for x > 0. In this
section we show that for any k there exists a compactly supported symmetric solution
of (12) with zero contact angles and k£ bumps. This is done via a shooting method using
estimates we established in §2 and §4. In the following, we outline the proof when
n € (1,3/2). The proof for n € (0, 1] is analogous but simpler.

We first consider the case & is odd. Let U be a solution of (12) with U(0) =
H,U’(0) =0and U"(0) = v < 0. Consider all points z > 0 such that U’(z) = 0 and
U(z) is a local extremum. This excludes inflection points and it excludes the contact
line if the contact angle is nonzero. Let a; = 0 < a2 < as,... be all such points.
If ag41 exists but a2 does not exist, then U is symmetric, has & bumps and zero
contact angles. In §4, we proved that if H is sufficiently large, then one can find ~
such that as(= «(H, ")) exists but ag does not. Let V be the solution of (6) with the
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same initial data as U. Note that V" is large where V' = 0. One of the key steps in
84 was to prove that if H is large enough, then U is sufficiently close to V' to ensure U
has no inflection points where U’ = 0, in its first lap. This allowed us to carry out the
topological arguments needed for the shooting argument.

To prove the existence of multi-bump solutions with zero contact angles, we will
argue similarly. Consider V on [0, (k + 1)Znin], Where 22, is the period of V.
Similar methods to those that yielded the bound on [|U — V|| (g q,] in Lemma 20 can
be used to bound ||[U — V'||{0,a,,,] if H is large enough. (The larger £ is, the larger H
must be taken.) In [25], Witelski, Bernoff, and Bertozzi computationally observed this
closeness between U and V' for multi-bump solutions. This closeness will then imply
that U has no inflection points where U’ = 0 in its first k/2 laps and, in particular (for
appropriate set of 7), U”(ag11) > € > 0. This nondegeneracy condition will then
enable us to use topological arguments.

5.1. Bounding U — V for one lap. The estimates over a number of laps of U starting
from 0 will be deduced from an estimate on a single lap of U that starts at g > 0.
For this reason, in the following we introduce z as the location of the initial data. If
U(zo) = H,U'(x9) = 0,and U"(z¢) = « and U is the resulting solution of (12), we
define oy (z9) = o < az(x0) < az(xg) < ... as above. We define

SH(H,z0) = {7 <0 a1 (x0) exists },
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@9 S, (H,z0) = {7y < 0| ay2(z0) does not exist }.

We first state a technical lemma concerning the steady states. Its proof is similar
to the proof of Lemma 12 so we omit it.

Lemma 23. Let Vi and V, be two solutions of (6) such that Vi is nonnegative and
has maximum H. For every a > 0 and every € > 0 there exists 6 > 0 such that if
Vi(0) = V2(0)] < 6H™72 [V{(0) = V3(0)] < 6H ™%, and |V{"(0) — V3'(0)| <
6H = then |Vi — Va|\(0,13/m) < eH 2. Although equation (6) is presented with the
assumption that vy < 0, these bounds hold regardless of the sign of .

Lemmas 16, 17, and 18 are stated for U with initial data specified at o = 0. One
can easily check that if the initial data had been specified at ¢ > 0 the analogous lem-
mas would still hold although one would have to choose H large enough (depending on
z0). These analogous lemmas are assumed in the following. In particular the analogue
of Lemma 16 implies that for H large enough —H3/4 + H € S{ (H, x). This allows
us to define
(30)

HS
v (zo) :=1inf{vy |7 € [y, e + H]) = 7€ S (H,x0) and U(ao(H,7,70)) > 0}.

The following states that if /1 is sufficiently large, U and V" are close to each other
for the first downstroke of U: [z, az(zo)]. Its proof is very similar to the proof of
Lemma 20 and so we omit it.

Lemma24. Let 1 < n < 3/2, C > 0, and e € (0,1). Then there exists Hy such
that if H > Hy, z9 € [0,0/H], U(l‘o) = V(Io) = H, U/(ZC()) = V/(ZC()) =0,
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U'(xg) = V'(z0) = v € [n1(w0),—H3/4 + H] and U and V are the resulting
solutions of (12) and (6) respectively then ||U — V|| 0.0z (x0)] < eH~"/2. Furthermore
xo+5/H < az(rg) < zo+6.1/H.

We now prove that by taking H larger still, they are close to each other for the lap
of U: [CE(), a3 (,To)]

Lemma25. Let 1 < n < 3/2, C > 0, and ¢ € (0,1). Then there exists Hy such
that if H > Hs, zg € [0,0/H], U($0) = V(.To) = H, U/(CC()) = V/(CC()) =0,
U"(z0) = V"(x0) € (71(x0), —H?/4+ H] and U and V are the resulting solutions of
(12) and (6) respectively then |U — V|| (zo.as(z0)) < €H /2. Furthermore, as(xo) +
5/H < Oég(ibo) < 042(.1'0) +6.1/H.

Proof. Let as = (o) and ag = (o). Lemma 24 provides the closeness for the
first downstroke of U. For the upstroke of U we introduce V5, the solution of (6) with
Va(lag) = Ulag), Vi(az) = U'(ag) = 0, and Vy’'(az) = U”(a2). By Lemma 23,
we can assume that ||Vo — V|[a;,a,) < %H*WQ. And so to prove the first part of the
Lemma, it suffices to show that [|U — V2| (ay,0e) < 5 H /2.

Let 2,4, be the location of the first maximum of V5 after ay. Arguing as in Lemma
5 yields that Vo > U on (2, Tmaz)- Recall that U < H on (ag, as) by Lemma 1. Let
g(z) .= max{|U"(s) = V5'(s)| | s € (a2, 2)}. Let 3 := min{a2+6.1/H, as}. Using
the Gronwall inequality (18), one obtains that for x € [, x3]

() < ef;;(sfocz)sz(s)|V2’(S)\Jr(S*Oéz)VzQ(S)dS / LSUl—n(S)dS

oy M+ 4
Let A := {x € [ag,z3] |U(s) > (H3/100)(s — a2)? on [ag, z]}. Note that A in
Vil < .

9

nonempty and closed. The estimate on ||V — V|| implies that V2 < 1.1H,
for z € A one obtains

((E _ a2)3—2n

<e™(C +12.2)100" ' H?73
g(2) < (C +122) =
Since 2 — a2 < 6.1/ H, for H large enoughand z € A

€
< —H3/?
9@) < 359
Therefore |U(z) — Va(z)| < SEWH_:’/Q(:C —a)? for z € A which implies that U (z) >
Vo(z) — g5 H 3/ (x — a2)? > £ (2 — a3)?. Therefore A is open in [az, 23]. Since
A is also closed, A = [ag,x3]. Arguing as at the end of the proof of Lemma 15 one
obtains that x5 = a3 and a3 — a2 > 5/ H which concludes the proof. O
5.2. Bounding U — V for more than one lap. For an odd number k& we introduce:
€19
= inf{y |7 € [y, ~H’/A+ H] = 75 € S (H,0) and U(ax+1(H,7,0)) > 0}
By repeating the argument needed to prove the previous lemmas one obtains:
Lemma 26. Let 1 < n < 3/2, ¢ € (0,1), and k be an odd number. Then there exists
Hy, such that if H > Hy,
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a) —H?/4+ H € S} (H,0) and hence vy, is well defined.
b) IfU(0) = V(0) = H, U'(0) = V'(0) = 0, U"(0) = V"(0) = v € (&, —H?/4+
H] and U and V are the resulting solutions of (12) and (6) respectively then
U = V0,00 < eH /2
Furthermore, 5(k — 1)/H < oy, < 6.1(k — 1)/H.

5.3. The Shooting Argument. We are now in a position to begin the shooting argu-
ment.

Lemma 27. Let 1 < n < 3/2. Let S§ (H,0) be as defined in (29) and ~y3 be as defined
in (31). Then for all H large enough 3 € S§ (H,0).

Proof. Let H be large enough so that the estimates of Lemma 26 hold with e = 1/2.
Let S = S (H,0). Further, if U is a solution of (12) with initial data U(0) = H,
U’(0) = 0, and U”(0) = =, we will denote the local extrema of U by 0 < aa(y) <
ag(y) < ...

From the definition of 3, (v3, —H?®/4+ H] C S5 . In other words 4 (7y) exists for
all v € (3, —H?3/4+ H]. We would like to conclude that by continuous dependence of
solutions on initial data a4 (~y3) also exists. The concern is that for U, the solution of the
(12) with U(xg) = H, U'(x0) and U (z9) = 73, U(2(73)) = 0 and then a4 (y3) does
not exist. To exclude that possibility we provide for all v € (3, —H?3/4 + H] a lower
bound on U (a2 (7)), where U is the solution of (12) with U (z¢) = H, U'(z¢) = 0, and
U"(zo) = . Once

By Lemma 1 the local minima of U are decreasing, and so there exists ¢ € (a3(7),
a4 (7y)) such that U(¢) = U(az(y)). We now obtain a lower estimate on U (az(y)) —
U(a4(y)). By integrating (15) between aa(+) and ¢ and using integration by parts one
obtains

%U’(C)2 = /: (7—!— %3 — %3 S /01 sU(s)lfnds)U’(:C)dx

2(7v) n+4
U ¢ ¢ U 2—n
— _ (QQ(W))/ (EU(I’)l_nd(E—‘r/ €z (S) dr
ntd Ja) as(y) M4

1 ¢ .
T hntd /mm 2U(z) (U (x) — Ulaz(v)))dx

The estimates of Lemma 26, along with properties of approximating function V' imply
that, U > H/2 on a subinterval of (az(v), () of length greater that 1/H and that
U(az(7)) < 1. Therefore, for H large,

1., 9 11H1*"7H7”
2 EE T T
Therefore U’(¢) < —H~™/2/4. From (13) follows that U" < ﬁl—g, and hence U’ <

—H~"/2/8on (¢, + H~"/?>73). Therefore a4(y3) > ¢ + H"/?>~3 and

aa(y) /2 H-n-3
w%w»—wo:/ U oyt < s H
¢
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Thus U(az(y)) = U(() > H=3 /8 for all v € (v3,—H?/4 + H]. Continuous
dependence on initial data (arguing as in the proof of Theorem 19) implies that for
v = 73, Ulaz(ys)) > 0 and that a(vs) exists. This proves v3 € S5 (and that
Y3 > 1) O

Corollary 28. Let1 < n < 3/2. Forevery odd k > 0, for all H large enough-~y, € S;'.

To prove this, it suffices to prove that U(a,—1(7x)) > 0. Once this is known,
U(c(yx)) > Oforall even j < k — 1 by Lemma 1 and so 41 (k) exists as desired.
The proof that U (a—1 (%)) > 0 is very similar to the proof of Lemma 27 and so we
omit it.

Given any odd number k, we can now prove the existence of a zero-contact-angle
selfsimilar solution, with k local maxima, that is symmetric about x = 0 and blows up
attime 7" = 1.

Theorem 29. Let 1 < n < 3/2 and k be an odd positive number. Then if H is large
enough there exists ~ such that the solution of (12) with U(0) = H, U’(0) = 0, and
U"(0) = ~ has exactly k local maxima, has support [—L, L] and U'(+L) = 0.

Proof. Let S = S} (H,0) and S, = S, (H,0) as in (29). It suffices to show that
Y € S;" NS, . We have proven the claim for k = 1 in Theorem 19; the proof for k > 1
is quite similar in spirit.

Let H be large enough so that the claims in Lemma 26 hold with ¢ = 1/2. Corol-
lary 28 ensures that v, € S,':. The estimates of Lemma 26 and the properties of the
approximating V' imply that U"” (cg4+1(7x)) > 1. If U(ak+1(yk)) were greater than
0, then by continuous dependence on initial data there would exists a neighborhood O
of v such O C S} and U(ay41(7)) > 0 for all ¥ € O, which would contradict the
definition of ~y. Therefore a11(7%) = 0 and hence v, € S,j NS, which completes
the proof. O

To prove the analogous result for & even we need to consider different kind of
initial data. For k odd the solution has a global maximum of size H atz = 0. As z
increases, U then “oscillates” with subsequent local maxima having values close to H
and and subsequent local minima having values that get closer and closer to zero until
U touches down: on [—L, L], U looks (approximately) like k periods of a nonnegative
periodic steady state.

For k even, the solutions have a local minimum at z = 0. To find multi-bump
selfsimilar solutions that blow up at time T = 1, we will initial data where U (0) is small
and U”'(0) is large. The solution then has a large global maximum and the solution then
oscillates until it touches down.

Theorem 30. For any even positive k, and for all 0 large enough there exists h > 0
such that the solution of (12) with initial data U(0) = h, U'(0) = 0, and U"(0) = 0,

has exactly k positive extrema and touches down with zero contact angle.

Proof. (Sketch) Given 6 large, let H = +/120. Let I = (0, H3). Note that solutions
of the equation (6) with initial data V'(0) = h € I, V'(0) = 0,V"(0) = 0, oscillate
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between h and a value close to H. Applying the same techniques as before one can
show that U and V stay close for a number of periods of V' (when 6 is large enough).
That enables one to argue via a shooting argument as before. O

We believe that present techniques are sufficient to provide multibump analogue
of Corollaries 14 and 22. Moreover, in [25, Figure 7] Witelski et al. presented com-
putational evidence suggesting that as the number of bumps tends to infinity, & — oo,
that the profile of the selfsimilar blow-up solution tends that of a configuration of k
zero-contact-angle droplet steady states with “touching” supports?.

6. CONCLUSIONS AND FUTURE DIRECTIONS

We studied selfsimilar blow-up solutions of the unstable thin-film equations with
critical powers of nonlinearities u; = —(u"Uzzz + u"+2uw)m. We have shown that
for n > 3/2 there are no selfsimilar blow-up solutions with zero contact angles. For
n € (0,3/2) the thin-film equation possesses a family of symmetric selfsimilar so-
lutions with zero contact angles. The profiles, U, of these solutions can have one
or more local maxima. Their global maximum one time unit before blow up must
be greater then max{1, (3 — 2n)~2/1'}. We have also shown that for every H >
max{40,3(3 — 2n)~2/11} there exists a single-bump blowup profile, with maximum
equal to H, that will blow up at T = 1. What is the least value of H, H,;n(n),
for which such selfsimilar profiles exist is open. Witelski, Bertozzi and Bernoff [25]
gave a formal argument in the case n = 1 that if U is the single-bump profile with
U(0) = Hppin(1) then U”(£L) = 0 at the contact line 2 = +L. We believe that the
same is true for all 0 < n < 3/2.

An important open problem is the uniqueness (up to translation) of symmetric
one-bump solutions given their maximal height. Lemma 5 provides a comparison result
between a solution U of (12) and a solution V' of (6). If there was an analogous compari-
son result between two solutions U; and Us of (12), uniqueness would follow. However,
computations show that such a result is false in general. Nevertheless it may be possible
to prove a more restrictive type of comparison result that would apply only to £ = 0 and
71,2 near —H3 /4, which should be enough for uniqueness. Another open problem is to
show that all selfsimilar zero-contact-angle solutions (with connected support) have to
be symmetric.

The scale invariance of the equation is such that that the steady states centered
at 0 with connected support and zero contact angles are dilation invariant and all have
the same mass. We have shown that the profiles of selfsimilar blowup solutions are
pointwise above the (centered) droplet steady states of the same height (except at the
maximum where they are equal), and hence have greater mass. We have also remarked
that analogous statement is true for selfsimilar spreading solutions whose profile (al-
ways single-bumped) is below the profile of the (centered) droplet steady state of equal
height. Furthermore we know that for all 0 < n < 3 initial data of mass less than M.

2That is, if there are three droplets then the support of the configuration would be [-L — L/2, L +
L /2] with the individual droplets supported on [-L — L/2,—L/2], [-L/2,L/2], and [L/2,L + L/2]
respectively.
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yields a weak solution that exists for all time, and hence no blowup occurs. Numerical
experiments of Witelski, Bernoff, and Bertozzi [25] suggest that for n = 1 generic ini-
tial data of mass greater than M. yield solutions that blow up in finite time. We expect
this is true for all n > 0. Of course, not all initial data of mass greater than M, yield
solutions that blow up. For example, if one takes two droplet steady states with disjoint
support the resulting solution is time independent.

It would be very interesting to gain a more refined understanding of the dynamics
of the blow up of these equations. For n € (0,3/2) it is expected that the blow up
is governed by the selfsimilar blow-up solutions we have found. It is intuitively natu-
ral that multi-bump selfsimilar solutions should be unstable since a small perturbation
could make one “bump” blow up sooner then the others. Witelski, Bernoff, and Bertozzi
[25] show numerically that when n = 1 the selfsimilar multi-bump blow-up solutions
are linearly unstable. This fact has been rigorously established for the multi-bump self-
similar blow-up solutions constructed here in [22].

On the other hand, single-bump solutions are expected to be stable (modulo invari-
ances of the equation, that is translations and dilations) and hence govern the blow up of
the equations. Again, linear stability analysis was demonstrated numerically for n = 1
in [25], and is proven in [22] for the solutions constructed here.

Let us now assume that for each H > 0 there exists at most one single-bump
selfsimilar blow-up solution of maximum height H that blows up at 7' = 1. Denote
Ug this solution at time ¢ = 0. We have shown that Ug is getting closer and closer
to the zero-contact-angle droplet steady state, Vi, of the same maximal height and as
H — oo the mass of Uy approaches M.. It was shown numerically in [25] that for
n = 1 the mass of Uy is decreasing as H increases and the solution with smallest
has the largest mass, that we denote by M,,. For n = 1, M,, is not much larger than M..
It would be valuable to prove that the mass is indeed decreasing as H increases and to
provide a good upper bound on M,,. Our results suggest M,, — M. asn — 3/2.

Since selfsimilar behavior is expected to govern the blowup of these equations it
is expected that even for initial data of large mass only a portion of mass somewhat
greater than M, “participates” in the blow up. More precisely, we expect that at the
blowup time mass concentration occurs in the following way: For a solution u that
blows up at time T there exists a function f € L' and points 2; € R and real numbers
m; > M., i=1,..., N such that

N
u(-,t)—\f—kZmiém. as t1T
i=1

Generically N = 1 and m; < M,,. If this picture is correct one could continue solutions
past the blowup time by discarding the mass that has blown-up, not unlike the drops that
have fallen off the ceiling. That is, by considering the initial problem with f as initial
data at time 7.

Finally, studying the blowup of solutions for n > 3/2, when no zero-contact-angle
selfsimilar blow up solutions exist, is another challenging problem. We believe that
generic initial data with mass greater than M. yield solutions that blow up in finite
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time in a focusing selfsimilar manner. However, since there are no zero-contact-angle
selfsimilar solutions any blow up solution must involve an inner (selfsimilar) solution
and an outer solution to which the selfsimilar solution matches. It is not clear to us how
the solution of the initial value problem would select how much mass will be carried by
the selfsimilar portion and how much mass would remain behind in the outer solution.
Indeed, this is also an open problem for the 0 < n < 3/2 initial value problem.
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