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Minimizing Movement(
xk+1 ∈ arg min

x
F (x) +

|x − xk |2

2dt

)
⇒
(
xk+1 − xk

dt
= −∇F (xk+1)

)
The minimizing movement approximates the gradient flow.

x ′ = −∇F (x)

Gradient flow provide the steepest direction in the space.

Direction=Angle=Inner product
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Theorem (AC curve in Wp)

Let (ρt)t∈[0,1] be an absolutely continuous curve in Wp(Ω). Then

for a.e. t ∈ [0, 1], there exists a vector field vt ∈ Lpρt (Rd) such that

∂tρ+∇ · (ρv) = 0,

‖vt‖Lp(ρt) = |∂tρ|(t).

For p = 2 we can bring Hilbert structure on the tangent manifold.
Riemannian structure
The tangent pair (s, u) is defined s = −∇ · (ρu)

gρ(s1, s2) := 〈u1, u2〉ρ :=
∫
u1u2dρ .
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ρk+1 ∈ arg min
ρ

F (ρ) +
W 2

2 (ρ, ρk)

2dt

1

dt

(
F (ρ)− F (ρk) +

W 2
2 (ρ, ρk)

2dt

)
=

F (ρ)− F (ρk)

dt
+

W 2
2 (ρ, ρk)

2dt2

≈ g(gradF (ρk), ∂tρ) +
1

2
|∂tρ|2

= 〈∇δF
δρ

(ρ), v〉ρ +
1

2
‖v‖2

ρ

Gradient of F

gradF (ρk) = −∇ · (ρ∇δF
δρ

(ρ)) and ∂tρ = −∇ · (ρv)

.

On the Geometry of SVGD Won E Hong



Functional gradient flow Motivation of SVGD Geometric structure Second order calculus Convergence criteria

Thus we aim to get vector field from the minimization problem

min
v
〈∇δF

δρ
(ρ), v〉ρ +

1

2
‖v‖2

ρ

So variation on v let us to conclude

vmin = −∇δF
δρ

(ρ)

(∂tρ, vmin) and (gradF (ρ),∇ δF
δρ (ρ)) implies that

∂tρ = −gradF (ρ)
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KL divergence

KL(ρ||ν) :=

∫
dρ

dν
log(

dρ

dν
)dν

We initialize the particles with some simple distribution ρ, and
update them via the map T (x) = x + εφ(x), where ε is a small
step size
Functional optimization

arg max
φ∈H

{
− d

dε
KL(Tρ||ν)|ε=0 s.t. ‖φ‖H ≤ 1

}
− d

dεKL(Tρ||ν)|ε=0 = Eρ[∇ log ν(x)>φ(x) +∇ · φ(x)] =: Eρ[Sνφ]
where Sν is called the Stein operator. Note that Eν [Sνφ] = 0
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The Stein discepancy

D(ρ||ν) := max
φ∈H
{Eρ[Sνφ] s.t. ‖φ‖H ≤ 1}

If we let H = Hd
0 where H0 is a RKHS for a p.d. k(x , x ′) then

φ∗ρ,ν(·) ∝ Ex∼ρ[Sν ⊗ k(x , ·)],

where Sν ⊗ k(x , ·) := ∇ log ν(x)k(x , ·) +∇k(x , ·).
Let ν = dν

dx = e−V yields

X i
n+1 = X i

n −
ε

N
(

N∑
j=1

∇k(X i
n,X

j
n) +

N∑
j=1

k(X i
n,X

j
n)∇V (X j

n))

∂tρt(x) = ∇ ·
(
ρt(x)

∫
Rd

k(x , y)[∇ρt(y) + ρt(y)∇V (y)]dy

)
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Definition

The kernel k is integrally strictly positive definite if for all finite
nonzero signed Borel measure ρ,

∫ ∫
k(x , y)dρ(x)dρ(y) > 0.

Let (Hk , 〈·, ·〉) be the RKHS associated with the kernel k so that
f (x) = 〈f , k(x , ·)〉Hk

,
Define the linear operator Tk,ρ : L2(ρ)→ Hk via

Tk,ρφ =
∫
k(·, y)φ(y)dρ(y), φ ∈ L2(ρ).

For ρ ∈ Pk(Rd), Tk,ρ is compact, self-adjoint and p.s.d..

Definition

Pk(Rd) = {ρ ∈ P(Rd) : ρ admits a smooth Lebesgue density,
suppρ = Rd ,

∫
Rd k(x , x)dρ(x) <∞}
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Definition (Tangent plane)

For ρ ∈ Pk(Rd), we define the tangent space

TρM =

{
ξ ∈ D′(Rd) : there exists v ∈ Tk,ρ∇C∞c (Rd)

Hk
d

such that ξ +∇ · (ρv) = 0 in the sense of distributions

}
and the Riemannian metric gρ : TρM × TρM → R by

gρ(ξ, χ) = 〈u, v〉Hd
k
,

where ξ +∇ · (ρu) = 0 and χ+∇ · (ρv) = 0
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Lemma

1 (TρM, gρ) is a Hilbert space.

2 For all ξ ∈ TρM there exists a unique v ∈ Tk,ρ∇C∞c (Rd)
Hk

d

such that ξ +∇ · (ρv) = 0 in the sense of distributions.

Also (Tk,ρ∇C∞c (Rd)
Hk

d , 〈·, ·〉Hd
k
) ≈ (TρM, gρ).

Definition (L2 functional derivative)

d

dε
|ε=0F(ρ+ εφ) =:

∫
δF
δρ

(ρ)φdx

for φ ∈ C∞c (Rd) with
∫
φdx = 0.
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Lemma (Stein gradient)

Assume that Tk,ρ∇ δF
δρ (ρ) ∈ Tk,ρ∇C∞c (Rd)

Hk
d . Then the

Riemannian gradient associated to TρM, gρ) is given by

(gradkF)(ρ) = −∇ ·
(
ρTk,ρ∇

δF
δρ

(ρ)

)
.

Proof

gρ
(
gradρF , ∂tµt |t=0

)
=

d

dt
F(µt)|t=0

for all sufficiently regular curves (µt)t∈(−ε,ε) ⊂ M with µ0 = ρ and
∂tµt |t=0 ∈ TρM. Then we can find the corresponding vector fields
(wt)t∈(−ε,ε) satisfying ∂tµ+∇ · (µw) = 0.
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(RHS) =

∫
δF
δρ

(µt)∂tµtdx
∣∣∣
t=0

=

∫
∇δF
δρ

(µt)(ρ),w0dρ

=

∫
∇δF
δρ

(µt)(ρ), 〈kx ,w0〉Hd
k
dρ

= 〈Tk,ρ∇
δF
δρ

(ρ),w0〉Hd
k

Since w0 ∈ Hd
k arbitrary. Thus

gρ
(
gradρF , ∂tµt |t=0

)
= 〈Tk,ρ∇

δF
δρ

(ρ),w0〉Hd
k

in other words, (gradρF ,Tk,ρ∇ δF
δρ (ρ)) = (ξ, u) such that

ξ +∇ · (ρu) = 0. �
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Corollary

The gradient flow dynamics of the KL-divergence with respect to
the Stein geometry is given by the Stein PDE.

∂tρ = −gradρF

Furthermore, for solutions (ρt)t≥0 to the Stein PDE it holds that

d

dt
KL(ρt ||π) ≤ 0.
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Definition (Stein distance)

For µ, ν ∈ M we define the Stein distance

d2
k (µ, ν) = inf

(ρ,ν)∈A(µ,ν)

{∫ 1

0
‖vt‖2

Hd
k
dt, vt ∈ Tk,ρ∇C∞c (Rd)

Hk
d

}
= inf

ρ

{∫ 1

0
gρt (∂tρt , ∂tρt)dt : ρ0 = µ, ρ1 = ν

}
.

Lemma

The following hold:

1 The Stein distance dk is an extended metric on M.

2 If k is continuous and bounded, then there exists a constant
C > 0 such that, W2(µ, ν) ≤ Cdk(µ, ν), for µ, ν ∈ M.
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Proposition (Geodesic equations)

Let (ρt , vt)0≤t≤1 be a critical point the Stein distance. Then

∂tρ+∇ · (ρTk,ρ∇Ψ) = 0

∂tΨ +∇Ψ · Tk,ρ∇Ψ = 0,

for some function Ψ : [0, 1]× Rd → R, and vt = Tk,ρ∇Ψ

comparison with the decoupled equation W2

∂tρ+∇ · (ρ∇Ψ) = 0

∂tΨ +
1

2
|∇Ψ|2 = 0,

The stein geometry explains the mean-field limit of an interacting
particle system.
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Proof Let’s substitute vt = Tk,ρt∇Φt with Φt ∈ C∞c (Rd),
t ∈ [0, 1], to obtain

d2
k (µ, ν) = inf

(ρ,Φ)

{∫ 1

0
‖Tk,ρ∇Φ‖2

Hd
k
dt : ∂tρ+∇ · (ρTk,ρ∇Ψ) = 0,

}
in the sense of distribution. So (ρ,Φ) satisfies

−
∫ 1

0

∫
∂tΨdρ− 〈∇Ψ,Tk,ρt∇Φt , 〉ρdt +

∫
Ψ1dν −

∫
Ψ0dµ︸ ︷︷ ︸

(c)

= 0

for all test functions Ψ.
Constraint functional

E(ρ,Φ) := sup
Ψ

{
(c) =

{
0 if (ρ,Φ) solves the condition,

∞ otherwise.

}
by the linearity in Ψ.
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Therfore

1

2
d2
k (µ, ν) = inf

(ρ,Φ)
sup

Ψ

{1

2

∫ 1

0
‖Tk,ρt∇Φt‖2

Hd
k
dt + E(ρ,Φ)

}
Note the convexity in Φ and concativity (in fact, linearity) in Ψ.
Thus by exchanging inf and sup to obtain

1

2
d2
k (µ, ν) = inf

(ρ,Φ)
sup

Ψ

{
−
∫ 1

0

∫
Ω
∂tΨdρdt +

∫
Ω

Ψ1dν −
∫

Ω
Ψ0dµ

+ inf
Φ

{
1

2

∫ 1

0
‖Tk,ρt∇Φt‖2

Hd
k
− 〈∇Ψ,Tk,ρt∇Φt〉L2(ρ)dt

}}
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inf
Φ

{1

2

∫ 1

0
‖Tk,ρt∇Φt‖2

Hd
k
− 〈Tk,ρt∇Ψt ,Tk,ρt∇Φt , 〉Hd

k
dt
}

= −1

2

∫ 1

0
‖Tk,ρt∇Ψt‖2

Hd
k
dt

So let Φ = Ψ, formally

δ

δρ

(1

2
‖Tk,ρ∇Ψt‖2

Hd
k

)
(x) = ∇Ψ(x) · (Tk,ρ∇Ψ)(x),

δ

δΨ

(1

2
‖Tk,ρ∇Ψt‖2

Hd
k

)
(x) = ∇ · (ρTk,ρ∇Ψ)(x).

�

On the Geometry of SVGD Won E Hong



Functional gradient flow Motivation of SVGD Geometric structure Second order calculus Convergence criteria

Lemma (Computing the Hessian)

Let (ρt ,Ψt)t∈(−ε,ε) be a Stein geodesic and ρ0 = ρ, Ψ0 = Ψ. Then

d2

dt2
KL(ρt ||ν)|t=0 = Hessρ(Ψ,Ψ),

where

Hessρ(Φ,Ψ) =
d∑

i ,j=1

∫ ∫
∂iΦ(y)qij [ρ](y , z)∂jΨ(z)dρ(y)dρ(z),
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Lemma

where

qij [ρ](y , z) = δij

d∑
l=1

∫
∂xl

(
e−V (x)k(x , y)

)
eV (x)dρ(x)∂ylk(y , z)

−
∫
∂yj∂xi

(
e−V (x)k(x , y)

)
eV (x)dρ(x)k(y , z)

−
∫
∂xj

(
eV (x)∂xi (e

−V (x)k(x , y))
)
k(x , z)dρ(x).
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Theorem (Informal)

Assume that there exists λ > 0 such that

d2

dt2
KL(ρt ||π) > λ

∫ ∫
∇Ψ(y) · k(y , z)∇Ψ(z)dρ(y)dρ(z),

Hessρ(Ψ,Ψ) > λgρ(v , v),

for all (ρ)t∈(−ε,ε) (ρ,Ψ) satisfying the geodesic equation. Then

KL(ρt ||π) ≤ e−2λtKL(ρ0||π)

along solutions ρt of the Stein equation.
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Remark

or

∂tKL(ρt ||π) =

∫ ∫
∇(

ρt
π

)·k(y , z)∇(
ρt
π

)dπ(y)dπ(z) =: IStein(ρt |π),

IStein is called ‘Stein-Fisher information’.
Assuming a ‘Stein-log-Sobolev inequality’

KL(ρt ||π) ≤ 1

2λ
IStein(ρt |π)

the exponential decay estimate also would follow.
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Remark

• The exponential convergence to equilibrium does not hold if k
is too regular i.e. k ∈ C 1,1(Rd × Rd) then the inequality only
hold for λ = 0

• ‘Measuring Sample Quality with Kernels’ (Gorham, Lester
Mackey 20’) deduced that if k ∈ C 1,1 the Kernelized Stein
Discrepancy does not imply weak convergence of measure.
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Thank you!
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