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ABSTRACT. As V. I. Arnold observed in the 1960s, the Euler equations of incompressible
fluid flow correspond formally to geodesic equations in a group of volume-preserving diffeo-
morphisms. Working in an Eulerian framework, we study incompressible flows of shapes
as critical paths for action (kinetic energy) along transport paths constrained to be shape
densities (characteristic functions). The formal geodesic equations for this problem are Euler
equations for incompressible, inviscid potential flow of fluid with zero pressure and surface
tension on the free boundary. The problem of minimizing this action exhibits an instability
associated with microdroplet formation, with the following outcomes: Any two shapes of
equal volume can be approximately connected by an Euler spray—a countable superposition
of ellipsoidal geodesics. The infimum of the action is the Wasserstein distance squared, and is
almost never attained except in dimension 1. Every Wasserstein geodesic between bounded
densities of compact support provides a solution of the (compressible) pressureless Euler sys-
tem that is a weak limit of (incompressible) Euler sprays. Each such Wasserstein geodesic is
also the unique minimizer of a relaxed least-action principle for a two-fluid mixture theory
corresponding to incompressible fluid mixed with vacuum.

1. INTRODUCTION

1.1. Overview. In this paper we develop several points of connection between least-action
principles for incompressible fluids with free boundary and Wasserstein distance between
shapes (as represented by characteristic-function densities). In particular, we show how
Wasserstein distance between shapes (and more generally, compactly supported measures
with bounded densities) arises naturally as a completion or relaxation of the problem of de-
termining geodesic distance along a ‘manifold’ of equal-volume fluid domains.

The geometric interpretation of solutions of the Euler equations of incompressible inviscid
fluid flow as geodesic paths in the group of volume-preserving diffeomorphisms was famously
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pioneered by V. I. Arnold [4]. If we consider an Eulerian description for an incompressible
body of constant-density fluid moving freely in space, such geodesic paths correspond to

critical paths for the action
1
A= // plv|? dz dt (1.1)
0 JRI

where p = (pt):c(0,1] is @ path of shape densities transported by a velocity field v € L?(pdx dt)
according to the continuity equation

Op+ V- (pv) =0. (1.2)

Here, saying that p; is a shape density means that p; is constrained to be a characteristic
function for a fluid domain Q;:
pt=1q,, te€]0,1]. (1.3)

Naturally, then, the velocity field must be divergence free in the interior of ), satisfying
V - v = 0 there. Equation holds in the sense of distributions in R? x [0, 1], interpreting
pv as 0 wherever p = 0.

In this Eulerian framework, it is natural to study the action in subject to given
endpoint conditions of the form

po=1Lla,, p1=1q,. (1'4)
These conditions differ from Arnold-style conditions that fix the flow-induced volume-preserving
diffeomorphism between 2y and €21, and correspond instead to fixing only the image of this
diffeomorphism. As we show in section [3] below, it turns out that the geodesic equations that
result are precisely the Euler equations for potential flow of an incompressible, inviscid fluid
occupying domain ), with zero pressure and zero surface tension on the free boundary 0€);.
In short, the geodesic equations are classic water wave equations with zero gravity and surface
tension. The initial-value problem for these equations has recently been studied in detail—
the works [36] 18, 19] extend the breakthrough works of Wu [56], 57] to deal with nonzero
vorticity and zero gravity, and establish short-time existence and uniqueness for sufficiently
smooth initial data in certain bounded domains.

The problem of minimizing the action in subject to the constraints above turns out
to be ill-posed if the dimension d > 1, as we will show in this paper. By this we mean that
action-minimizing paths that satisfy all the constraints , and do not exist
in general, even locally. Nevertheless, the infimum of the action defines a distance between
equal-volume sets which we will call shape distance, determined by

ds(Q, Q)% = inf A, (1.5)

where the infimum is taken subject to the constraints (1.2]), (1.3)), (1.4) above. By the well-
known result of Benamou and Brenier [6], it is clear that

ds(Qo, Q1) > dw (1o, Lo,), (1.6)

where dy(Lq,, Llo,) denotes the usual Wasserstein distance (Monge-Kanotorvich distance
with quadratic cost) between the measures with densities 1o, and Lg,. This is so because the
result of [6] characterizes the squared Wasserstein distance dyy (Lg,, 1o,)? as the infimum in
(1.5) subject to the same transport and endpoint constraints as in and , but without
the constraint that makes p a characteristic function.

Our objective in this paper is to develop several results that precisely relate the infimum
in and corresponding geodesics (critical paths for action) on the one hand, to Wasser-
stein distance and corresponding length-minimizing Wasserstein geodesics—also known as
displacement interpolants—on the other hand. Wasserstein geodesic paths typically do not
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have characteristic-function densities, and thus do not correspond to geodesics for shape dis-
tance. A common theme in our results is the observation that the least-action problem in
is subject to an instability associated with microdroplet formation.

The idea that Arnold’s least action principle for incompressible flows may suffer analytically
from instability or non-attainment appears to have led Brenier and others starting in the late
1980s to investigate various forms of relaxed least-action problems for incompresible flows
[8, 10} 48] 11, 12], 3], [l B7]. Such relaxed problems involve generalizing the notion of flows
of diffeomorphisms to formulate a framework in which existence of minimizers can be proved,
using convex analysis or variational methods. Our microdroplet constructions also provide
a precise connection between Wasserstein geodesic paths (which correspond to pressureless,
compressible fluid flows) and relaxed least-action problems for flows of incompressible-fluid—
vacuum mixtures.

1.2. Main results. Broadly speaking, our aim is to investigate the geometry of the space
of shapes (corresponding to characteristic-function densities), focusing on the geodesics for
shape distance and the corresponding distance induced by . Studies of this type have
been carried out by many other authors, as will be discussed in subsection One issue
about which we have little to say is that of geodesic completeness, which corresponds here to
global existence in time for weak solutions of the free-boundary Euler equations. In addition
to other well-known difficulties for Euler equations, here there arise further thorny problems
such as collisions of fluid droplets, for example.

Geodesic connections. Our first results instead address the question of determining which
targets and sources are connected by geodesics for shape distance, and how these relate to
(1.5). The general question of determining all exact connections is an interesting one that
seems difficult to answer. In regard to a related question in a space of smooth enough volume-
preserving diffeomorphisms of a fixed manifold, Ebin and Marsden in [24), 15.2(vii)] established
a covering theorem showing that the geodesic flow starting from the identity diffeomorphism
covers a full neighborhood. By contrast, what our first result will show essentially is that
for an arbitrary bounded open source domain )y, targets for shape-distance geodesics are
globally dense in the ‘manifold’ of bounded open sets of the same volume. The idea is that
it is possible to construct geodesics comprised of disjoint microdroplets (which we call Euler
sprays) that approximately reach an arbitrarily specified 21 as closely as desired in terms of
an optimal-transport distance.

Below, it is convenient to denote the distance between two bounded measurable sets €,
7 that is induced by Wasserstein distance by the overloaded notation

dw (Q0,1) = dw (1, 1a,), (1.7)

and similarly with LP-Wasserstein distance d,, for any value of p € [1, 00].

Theorem 1.1. Let Qy, Q1 be any pair of bounded open sets in R® with equal volume. Then
for any € > 0, there is an Euler spray which transports the source Qo (up to a null set) to a
target Q5 satisfying doo(21,925) < . The action A® of the spray satisfies

ds(Qo, Q5)% < A° < dy (Q0,Q1)? +¢.

The precise definition of an Euler spray and the proof of this result will be provided in sec-
tion[dl A particular, simple geodesic for shape distance will play a special role in our analysis.
Namely, we observe in Proposition [3.4] that a path t — Q; of ellipsoids determines a critical
path for the action constrained by f if and only if the d-dimensional vector
a(t) = (ai(t),...,aq(t)), formed by the principal axis lengths, follows a geodesic curve on
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the hyperboloid-like surface in R¢ determined by the constraint that corresponds to constant
volume,
ajas - - - ag = const. (1.8)

{3

.
o

(a) Source disk € decom- (b) Displacement interpolants at (c) Expanded target (14 ¢)T'(Q0)

posed into microdroplets B; at path midpoint t = % at ¢ = 1, indicating expanded

t=0. microdroplet images (1 4 €)T'(B;)
(dark) and ellipsoidal approxima-
tion of T'(B;) (light). e = 0.25.

FIGURE 1. Illustration of Wasserstein geodesic flow from Qg to Q1 = T(Qyp),
where T is the Brenier map. Source )y is decomposed into countably many
small balls, few shown. Matching shades indicate corresponding droplets trans-
ported by displacement interpolation. Euler spray droplets are nested inside
Wasserstein ellipsoids and remain disjoint.

To prove Theorem [1.1 we decompose the source domain €y, up to a set of measure zero,
as a countable union of tiny disjoint open balls using a Vitali covering lemma. These ‘mi-
crodroplets’ are transported by ellipsoidal geodesics that approximate a local linearization of
the Wasserstein geodesic (displacement interpolant) which produces straight-line transport of
points from the source )y to the target €2;. Crucially, the droplets remain disjoint, and the
total action or cost along the resulting path of ‘spray’ shape densities is then shown to be
close to that attained by the Wasserstein geodesic.

The ideas behind the construction of the Euler sprays are illustrated in Figure The
shaded background in panel (c) indicates the target ; = T(€p), expanded by a factor
(1 +¢), where T': Qy — €4 is a computed approximation to the Brenier (optimal transport)
map. The expanded images (14-€)T'(B;) of balls B; in the source are shown in dark shades, and
(nested inside) ellipsoidal approximations to T'(B;) in corresponding light shades. We show
that along Wasserstein geodesics (displacement interpolants), nested images remain nested,
and that the ellipsoidal Euler geodesics (not shown) remain nested inside the Wasserstein-
transported ellipses indicated in light shades.

The result of Theorem directly implies that a natural relaxation of the shape distance
ds—the lower semicontinuous envelope with respect to Wasserstein distance—agrees with
the induced Wasserstein distance dyy. (See [T, section 1.7.2] regarding the general notion of
relaxation of variational problems.) In fact, by a rather straightforward completion argument
we can identify the shape distance in as follows.

Theorem 1.2. For every pair of bounded measurable sets in R® of equal volume,

ds(Qo, 1) = dw (Q0, 21).
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As is well known, Wasserstein distance between measures of a given mass that are supported
inside a fixed compact set induces the topology of weak-x convergence. In this topology,
the closure of the set of such measures with characteristic-function densities is the set of
measurable functions p: R? — [0, 1] with compact support. The result above is a corollary of
the following more general result that indicates how Euler-spray geodesic paths approximately
connect arbitrary endpoints in this set.

Theorem 1.3. Let py, p1: R — [0, 1] be measurable functions of compact support that satisfy

Rd Rd

(a) For any e > 0 there are open sets Qg, 1 which satisfy
doo(po; Lay) + dos(p1, Lo,) <&,
and are connected by an Euler spray whose total action A® satisfies
A® < dw(po,p1)? +e.

(b) For any ¢ > 0 there is a path p° = (pf)ic0,1) on (0,1) consisting of a countable
concatenation of Euler sprays, such that

pi Spo ast— 0, pf D ast— 17,

and the total action A® of the path satisfies

1
= [ [ il dzd < dw (oo )+ =
0 R4

The results of Theorems and concern geodesics for shape distance that only approx-
imately connect arbitrary sources 2o and targets €2;. A uniqueness property of Wasserstein
geodesics allows us to establish the following sharp criterion for existence and non-existence
of length-minimizing shape geodesics that exactly connect source to target.

Theorem 1.4. Let Qy, Qi be bounded open sets in R? with equal volume, and let p =
(Pt)iefo,1) be the density along the Wasserstein geodesic path that connects 1q, and 1g,. Then
the infimum for shape distance in (1.5)) is achieved by some path satisfying the constraints

(11.2),(1.3),(L.4) if and only if p is a characteristic function.

For dimension d = 1 the Wasserstein density is always a characteristic function. For
dimension d > 1 however, this property of being a characteristic function requires that the
Wasserstein geodesic is given piecewise by rigid body motion. (See Remarks 2.31)

Limits of Euler sprays. For the Euler sprays constructed in the proof of Theorem the
fluid domains €2; do not typically have smooth boundary, due to the presence of cluster points
of the countable set of microdroplets. The geodesic equations that they satisfy, then, are not
quite classical free-boundary water-wave equations. Rather, our Euler sprays provide a family
of weak solutions (p%, v, p?) to the following system of Euler equations:

Op+ V- (pv) =0, (1.9)
O(pv) + V- (pv @ v) + Vp = 0, (1.10)

with the “incompressibility” constraint that p® is a shape density, meaning it is a characteristic
function as in (T.3]). Both of these equations hold in the sense of distributions on R? x [0, 1],
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which means the following: For any smooth test functions ¢ € C°(R? x [0,1],R) and & €
Ce(RY x [0, 1], RY),

1 t=1
/ / p(0yq+v-Vq)dxdt = / pq dx , (1.11)
0 JRd R4 t=0
1 t=1
/ / pv‘(atf)—i—v-Vﬁ)%—pV'fDda:dt:/ pv-vdx (1.12)
0 JRd R4 t=0

Now, limits as ¢ — 0 of these Euler-spray geodesics can be considered. By dealing with
a sequence of initial and final data pf = ]19(’?’ b = ILQ;f that converge weak-+, we find that
it is possible to approximate a general family of Wasserstein geodesic paths, in the following
sense.

Theorem 1.5. Let pg, p1: R? — [0, 1] be measurable functions of compact support that satisfy

Ju= for

Let (p,v) be the density and transport velocity determined by the unique Wasserstein geodesic
that connects the measures with densities py and p1 as described in section 2.

Then there is a sequence of weak solutions (p*,v*, p*) to f, associated to Fuler
sprays as provided by Theorem that converge to (p,v,0), and (p,v) is a weak solution of
the pressureless Fuler system

Op+ V- (pv) =0, (1.13)
Or(pv) + V- (pv ® v) = 0. (1.14)

The convergence holds in the the following sense: p* — 0 uniformly, and
oF =, prPoF 2 po, PRk @ oF 2 pv @ v, (1.15)

weak-x in L™ on R x [0, 1].

This result shows that one can approximate a large family of solutions of pressureless
Euler equations, ones coming from Wasserstein geodesics having bounded densities of compact
support, by solutions of incompressible Euler equations with vacuum. (For densities taking
values in [0, R] instead of [0, 1], one can simply scale the densities coming from the Euler
sprays, by multiplying by R.)

The convergence in can be strengthened in terms of the TLP topology that was
introduced in [29] to compare two functions that are absolutely continuous with respect to
different probability measures—see subsection The result of Theorem essentially
shows that while oscillations exist in space and time for the densities p* and velocities v* in
Theorem there are no oscillations following the flow lines. Our analysis of convergence
in the TL? topology is based upon an improved stability result regarding the stability of
transport maps. We describe and establish this stability result separately in an Appendix,
due to its potential for independent interest.

Relazxed least-action principles. Our next result establishes a precise connection between
Wasserstein geodesics and a relaxed least-action principle for incompressible flow of two-fluid
mixtures. In particular this relates to work of Brenier on relaxations of Arnold’s least-action
principle for incompressible flow [8, 10, 11} 12} 13, 14]. The mixture model is a variant of
Brenier’s model for homogenized vortex sheets [I1], and is related to the variable-density
model studied by Lopes et al. [37]. Our model, however, also allows one fluid to have zero
density, corresponding to a fluid-vacuum mixture. In this degenerate case, we show that the
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Wasserstein geodesic provides the unique minimizer of the relaxed least-action principle—see
Theorem

An important point of constrast between our results and those of Brenier [12] and Lopes
et al. [37] concerns the issue of consistency of the relaxed theory with classical solutions. The
results of [12] and [37] establish that classical smooth solutions of the incompressible fluid
equations do provide action minimizers locally, for sufficiently short time. However, the result
of Theorem above shows that for any smooth free-boundary fluid motion (corresponding
to a shape geodesic) that is not given locally by rigid motion, the solution never achieves
minimum action, over any positive interval of time.

Shape distance without volume constraint. Our investigations in this paper were moti-
vated in part by an expanded notion of shape distance that was introduced and examined
by Schmitzer and Schnérr in [46]. These authors considered a shape distance determined
by restricting the Wasserstein metric to smooth paths of ‘shape measures’ consisting of uni-
form distributions on bounded open sets in R? with connected smooth boundary. This allows
one to naturally compare shapes of different volume. In our present investigation, the only
smoothness properties of shapes and paths that we require are those intrinsically associ-
ated with Wasserstein distance. Thus, we investigate the geometry of a ‘submanifold’ of the
Wasserstein space consisting of uniform distributions on shapes regarded as arbitrary bounded
measurable sets in R?. As we will see in Section [8] below, geodesics for this extended shape
distance correspond to a modified water-wave system with spatially uniform compressibility
and zero average pressure. In Theorem below we extend the result of Theorem for
volume-constrained paths of shapes, to deal with paths of uniform measures connecting two
arbitrary bounded measurable sets. We show that the extended shape distance again agrees
with the Wasserstein distance between the endpoints. The proof follows directly from the
construction of concatenated Euler sprays used to prove Theorem [L.3|(b).

1.3. Related work on the geometry of image and shape space. The shape distance
that we defined in ([1.5]) is related to a large body of work in imaging science and signal
processing.

The general problem of finding good ways to compare two signals (such as time series,
images, or shapes) is important in a number of application areas, including computer vision,
machine learning, and computational anatomy. The idea to use deformations as a means of
comparing images goes back to pioneering work of D’Arcy Thompson [49].

Distances derived from optimal transport theory (Monge-Kantorovich, Wasserstein, or
earth-mover’s distance) have been found useful in analyzing images by a number of work-
ers [28, 32, [43], [47, 53, [54]. The transport distance with quadratic cost (Wasserstein distance)
is special as it provides a (formal) Riemannian structure on spaces of measures with fixed
total mass [3], 42, [51].

Methods which endow the space of signals with the metric structure of a Riemannian
manifold are of particular interest, as they facilitate a variety of image processing tasks. This
geometric viewpoint, pioneered by Dupuis, Grenander & Miller [23] 31], Trouvé [50], Younes
[58] and collaborators, has motivated the study of a variety of metrics on spaces of images
over a number of years—see [23], 30} B3] [46], 59] for a small selection.

The main thrust of these works is to study Riemannian metrics and the resulting distances
in the space of image deformations (diffeomorphisms). Connections with the Arnold viewpoint
of fluid mechanics were noted from the outset [58], and have been further explored by Holm,
Trouvé, Younes and others [30, B3] [59]. This work has led to the Fuler-Poincaré theory of
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metamorphosis [33], which sets up a formalism for analyzing least-action principles based on
Lie-group symmetries generated by diffeomorphism groups.

A different way to consider shapes is to study them only via their boundary, and consider
Riemannian metrics defined in terms of normal velocity of the boundary. Such a point of view
has been taken by Michor, Mumford and collaborators [16] 39, [40 60]. As they show in [39],
a metric given by only the L? norm of normal velocity does not lead to a viable geometry, as
any two states can be connected by an arbitrarily short curve. On the other hand it is shown
in [I6] that if two or more derivatives of the normal velocity are penalized, then the resulting
metric on the shape space is geodesically complete.

In this context, we note that what our work shows is that if the metric is determined by
the L? norm of the transport velocity in the bulk, then the global metric distance is not zero,
but that it is still degenerate in the sense that a length-minimizing geodesic typically may
not exist in the shape space. While our results do not directly involve smooth deformations
of smooth shapes, it is arguably interesting to consider shape spaces which permit ‘pixelated’
approximations, and our results apply in that context.

We speculate that to create a shape distance that (even locally) admits length-minimizing
paths in the space of shapes, one needs to prevent the creation a large perimeter at negligible
cost. This is somewhat analogous to the motivation for the metrics on the space of curves
considered by Michor and Mumford [39]. Possibilities include introducing a term in the metric
which penalizes deforming the boundary, or a term which enforces greater regularity for the
vector fields considered.

A number of existing works obtain regularity of geodesic paths and resulting diffeomor-
phisms by considering Riemannian metrics given in terms of second-order derivatives of ve-
locities, as in the Large Deformation Diffeomorphic Metric Mapping (LDDMM) approach of
[5]. Metrics based on conservative transport which penalize only one derivative of the velocity
field are connected with viscous dissipation in fluids and have been considered by Fuchs et
al. [27], Rumpf, Wirth and collaborators [44, 55], as well as by Brenier, Otto, and Seis [15],
who established a connection to optimal transport.

1.4. Plan. The plan of this paper is as follows. In section 2 we collect some basic facts and
estimates that concern geodesics for Monge-Kantorovich/Wasserstein distance. In section
we derive formally the geodesic equations for paths of shape densities and describe the special
class of ellipsoidal solutions. The construction of Euler sprays and the proof of Theorem
is carried out in section Theorem is proved in section The connection between
Wasserstein geodesics and a relaxed least-action priniciple motivated by Brenier’s work is
developed in section The paper concludes in section [8| with a treatment of the extended
notion of shape distance related to that examined by Schmitzer and Schnérr in [46].

2. PRELIMINARIES: WASSERSTEIN GEODESICS BETWEEN OPEN SHAPES

In this section we recall some basic properties of the standard minimizing geodesic paths
(displacement interpolants) for the Wasserstein or Monge-Kantorovich distance between shape
densities on open sets, and establish some basic estimates. Two properties that are key in
the sequel are that the density p is (i) smooth on an open subset of full measure, and (ii) it
is convex along the corresponding particle paths, see Lemma 2.1.

2.1. Standard Wasserstein geodesics. Let €y and ©; be two bounded open sets in R?
with equal volume. Let pg and @1 be measures with respective densities

po = lqy, p1 = 1g,.
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As is well known [9, [35], there exists a convex function 1 such that T = Vi (called the
Brenier map in [51]) is the optimal transportation map between Qg and €; corresponding to
the quadratic cost. Moreover, this map is unique a.e. in Qo; see [9] or [51, Thm. 2.32].

McCann [38] later introduced a natural curve t — pu; that interpolates between o and
w1, called the displacement interpolant, which can be described as the push-forward of the
measure pg by the interpolation map T} given by

Ti(z) = (1 —t)z+tVi(z), 0<t<1. (2.1)

Because 1) is convex we have (Vi(z) — Vi)(2),z — 2) > 0 for all z, 2, hence the interpolating
maps T} are injective for ¢t € [0, 1), satisfying

T(z) = T(E)| = (1= D))z — 2. (2.2)
Note that particle paths z +— T;(z) follow straight lines with constant velocity:
v(Ti(2),t) = V() — 2. (2.3)
Furthermore p; has density p; that satisfies the continuity equation
Op + div(pv) = 0. (2.4)
In terms of these quantities, the Wasserstein distance satisfies
dw (1o, j11)* = / IV(2) — 22 dz = /1/ plv|* dx dt | (2.5)
Qo 0 J

and the L°° transport distance may be defined as a minimum over maps S that push forward
the measure pg to w1 [45, Thm. 3.24], satsifying

doo (10, p1) = min{|[S — id|| poe (o) * Sgro = pi1}
> 1002 min||S — idll 2 ) : Sitto = 1} (2.6)
= ||~ 2dw (Q, ).
The displacement interpolant has the property that

dw (s, pie) = (t — s)dw (po, 1), 0<s <t <1 (2.7)

The property implies that the displacement interpolant is a constant-speed geodesic
(length-minimizing path) with respect to Wasserstein distance. The displacement interpolant
t — g is the unique constant-speed geodesic connecting pg and p1, due to the uniqueness of
the Brenier map and Proposition 5.32 of [45] (or see [2, Thm. 3.10]). For brevity the path
t — s is called the Wasserstein geodesic from pg to .

At this point it is convenient to mention that the result of Theorem [1.4] providing a sharp
criterion for the existence of a minimizer for the shape distance in , will be derived by
combining the uniqueness property of Wasserstein geodesics with the result of Theorem (1.2
see the end of section [ below.

Extending the regularity theory of Caffarelli [17], Figalli [25] and Figalli & Kim [26] have
shown (see Theorem 3.4 in [20] and also [21]) that the optimal transportation potential v is
smooth away form a set of measure zero. More precisely, there exist relatively closed sets of
measure zero, %; C ; for i = 0,1 such that T : Qp\Xg — 21\X; is a smooth diffeomorphism
between two open sets.

Let A1(2),...,Aq(2) be the eigenvalues of Hess(z) for z € Qp\Xp. Due to convexity and
regularity of 1, A\; > 0 for all ¢ = 1,...,n. Furthermore, because V¢ is a map that pushes
forward the Lebesgue measure on )y to that on €21, it follows that the Jacobian of T has
value 1 and thus A1 --- g = 1.
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Along the particle paths of displacement interpolation starting from any z € Qg \ Xo, the
mass density satisfies

d
p(Ty(2),t)"! = det aa = det((1 — )T + tV%)( H (1—t+1t)(2)). (2.8)

We now show that the density p is convex along these paths. The stronger fact that p~/¢
is concave along particle paths follows from more general classical results stated in [38] and
related to a well-known proof of the Brunn-Minkowski inequality by Hadwiger and Ohmann.
Since a simple proof is available for our case, we present it here for completeness.

Lemma 2.1. Along the particle paths t — Ty(z) of displacement interpolation between the

measures po and 1 with respective densities 1q, and 0 as above, the map t — p(Ty(z),t)~1/4
is concave. Further, the map t — p(Tiy(z),t) is convex. Moreover, p < 1.
Proof. Fix z and let g(t) = p(Ty(2),t)~ /9. We compute
g 1 i Aj—1
g d = 1—t+1tN’
P (5 R W IRV ASVIEERY
Ty A= ] oS () <o 2.9

due to the Cauchy-Schwartz (or Jensen’s) inequality. This shows g is concave. That t —
p(T(z),t) is convex follows directly. Because p equals 1 when ¢t = 0 and ¢ = 1, we infer p <1
along particle paths. O

We also note that computations above and continuity equation ([2.3)) imply

d
dp d A -1
divo=—= (L) = —Liogp=S"-2 "~ 2.1
vy <dt> Tar e T ;1—t+tAj (2.10)

Remark 2.2. We remark that according to the result of Theorem a minimizer for will
exist if and only if p(T(z),t) = 1 for all z in the non-singular set gy \ Xo. For this, clearly it
is a necessary consequence of that A\; = 1 everywhere in Qg \ X¢. This means T is a rigid
translation on each component of \ 9. Thus ; represents some kind of decomposition of
Qo by fracturing into pieces that can separate without overlapping.

As a nontrivial example in the case of one dimension (d = 1), let C C [0, 1] be the standard
Cantor set, and let 9 = (0, 1). Define the Brenier map T'(z) = x + ¢(x) with ¢ given by the
Cantor function, increasing and continuous on [0, 1] with ¢(0) = 0, ¢(1) = 1 and ¢ = 0 on
(0,1)\C. Then T(Qp) = (0,2), but the pushforward of uniform measure on € is the uniform

measure on the set 1 = T'(p \ C), which has countably many components, and total length
Q] = 1.

Remark 2.3. Actually, in the case d = 1 it is always the case that p(T;(2),t) = 1 for all 2z
in the non-singular set. This is so because the diffeomorphism 7" : Q0\¥Xg — ©1\31 must be
a rigid translation on each component, as it pushes forward Lebesgue measure to Lebesgue
measure.
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2.2. Local linear approximation and estimates. Let \{,...,\; be the eigenvalues of
Hess(z), as before. Recall that \; > 0 for all i =1,...,n and A\;---A\g = 1. Let A(z) and
A(z) be the minimal and maximal eigenvalues of Hess(z) = DT (z) respectively. We define,
for any U C Qp\ X,

Ay = inf{\(z) : 2 € U}, A =sup{\(z) : z € U}, (2.11)
and note that for any = € U and & € R?,
Aylé] < [DT()i] < Nolil. (2.12)

For U € Q0\Xo we also let

d

33
D%y =sup  max Z Ve

UiV Wi | - 2.13
veU lul=lol=tui=1 |, 5= xzaxjaxk i (2.13)

Taylor expansion provides a basic estimate on the difference between the optimal transport
map and its linearization: Whenever B(zg,7) C Qo \ Xo and = € B(xo, 1),

(T() ~ T(ao) ~ DT (o) (x ~ 0)| < 51 D*l ey ™ (214)

3. GEODESICS AND INCOMPRESSIBLE FLUID FLOW

3.1. Incompressible Euler equations for smooth critical paths. In this subsection,
for completeness we derive the Euler fluid equations that formally describe smooth geodesics
(paths with stationary action) for the shape distance in . To cope with the problem of
moving domains we work in a Lagrangian framework, computing variations with respect to
flow maps that preserve density and the endpoint shapes €2y and 2.

Toward this end, suppose that

Q= |J ux{t} cR'x[0,1] (3.1)
te[0,1]

is a space-time domain generated by smooth deformation of {2y due to a smooth velocity field
v: Q — R?. That is, the t-cross section of Q is given by

Q= X(Q,t), (32)
where X is the Lagrangian flow map associated to v, satisfying
X(z,t) = v(X(z,1),1), X(2,0) = z, (3.3)

for all (z,t) € Qp x [0, 1].
For any (smooth) extension of v to R? x [0, 1], the solution of the mass-transport equation
in ([1.2)) with given initial density py supported in € is

~1
p(x,t) = po(z)det <%)Z((z,t)> , o =X(z,t) € Q,

with p = 0 outside Q.
Considering a smooth family X = X, of flow maps defined for all small values of a varia-
tional parameter ¢, the variation dX = (0X/0¢)|.—¢ induces a variation in density satisfying

5p 0X _[oox fox\!
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Introducing o(x,t) = 0X(z,t), x = X(z,t), it follows
~ P ov.a (3.5)
P

For variations that leave the density invariant, necessarily V - v = 0.
We now turn to consider the variation of the action or transport cost as expressed in terms

of the flow map:
1 1
A:/ / p|v|2da:dt:// | X (2,t)|?dz dt . (3.6)
0 JRd 0 JQo

For flows preserving p = 1 in @, of course V -v = 0. Computing the first variation of A about
such a flow, after an integration by parts in ¢ and changing to Eulerian variables, we find

1
M:/ X - 6X dzdt
2 0 Jao

1
- / X - 6X dzdt
t=1 0 JQo

1
—/0 /Q(8tv—|—v-Vv)-ﬁdxdt. (3.7)
t=1 t

= X -0Xdz
Qo

:/ v-0dx
Q4

Recall that any L? vector field v on €; has a unique Helmholtz decomposition as the sum
of a gradient and a field L?-orthogonal to all gradients, which is divergence-free with zero
normal component at the boundary:

u=Vp+w, V-w=0 inQ, w-n=0 ond. (3.8)
If we loosen the requirement that w - n = 0 on the boundary, it is still the case that

/ w-ndS = V- -wdr =0,
89,5 Qt

It follows that the space orthogonal to all divergence-free fields on €); is the space of gradients
Vp such that p is constant on the boundary, and we may take this constant to be zero:

’ p=0 on 9. ‘ (3.9)

Requiring 6.4 = 0 for arbitrary virtual displacements having V-9 =0 (and 9 =0 at t =1 at

first), we find that necessarily u = —(9yv+v- Vo) is such a gradient. Thus the incompressible
Euler equations hold in Q:

ov+v-Vo+Vp=0, V-v=0 inQ, (3.10)

where p : Q — R is smooth and satisfies (3.9).

Finally, we may consider variations v that do not vanish at t = 1. However, we require
v-n = 0 on 0¥ in this case because the target domain 2; should be fixed. That is, the
allowed variations in the flow map X must fix the image at ¢t = 1:

21 = X(Q0,1). (3.11)
The vanishing of the integral term at ¢ = 1 in (3.7]) then leads to the requirement that v is a
gradient at ¢t = 1. For { = 1 we must have

v=Vé in . (3.12)
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We claim this gradient representation actually must hold for all ¢ € [0,1]. Let v = Vp+w be

the Helmholtz decomposition of v, and for small € consider the family of flow maps generated
by

X(z,t) = (v+ew)(X(z,1),1) X(2,0) = 2. (3.13)
Corresponding to this family, the action from (3.6)) takes the form

1 1
A:// |X(z,t)|2dzdt:/ / VoI + |(1 + e)wl? d dt (3.14)
0 JQo 0 JO

Because w - n = 0 on 9€), the domains 2; do not depend on ¢, and the same is true of V¢
and w, so this expression is a simple quadratic polynomial in €. Thus

1d !
LdA :/ |w|? dx dt (3.15)
2 d€ e=0 0 O

and consequently it is necessary that w = 0 if 6.4 = 0. This proves the claim.
The Euler equation in (3.10) is now a spatial gradient, and one can add a function of ¢
alone to ¢ to ensure that

1
09+ 5|Vl +p=0, Ap=0 Q. (3.16)

The equations boxed above, including together with the zero-pressure boundary con-
dition and the kinematic condition that the boundary of {2; moves with normal velocity
v - n (coming from —), comprise what we shall call the Fuler droplet equations, for
incompressible, inviscid, potential flow of fluid with zero surface tension and zero pressure at
the boundary.

Definition 3.1. A smooth solution of the Fuler droplet equations z's a trz'ple (Q,¢ p) such

that ¢,p: Q — R are smooth and the equations , , , , , all

hold.

Proposition 3.2. For smooth flows X that deform gy as above, that respect the density
constraint p = 1 and fir O = X(Qo, 1), the action A in is critical with respect to
smooth variations if and only if X corresponds to a smooth solution of the Fuler droplet
equations.

3.2. Weak solutions and Galilean boost. Here we record a couple of simple basic prop-
erties of solutions of the Euler droplet equations.

Proposition 3.3. Let (Q,¢,p) be a smooth solution of the Euler droplet equations. Let
p=1g and v =1gV¢, and extend p as zero outside Q.

(a) The Euler equations (L.9)-(L.10) hold in the sense of distributions on R? x [0, 1].

(b) The mean velocity

1
V= — v(z,t)dr 3.17
ol /o, (z,t) (3.17)

is constant in time, and the action decomposes as

1
A:/ v — 52da dt + || [5[2. (3.18)
0 Q4
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(c) Given any constant vector b € R, another smooth solution (Q, ®, p) of the Euler droplet
equations is given by a Galilean boost, via

Q= |J (@ +0bt) x{t}, (3.19)
t€[0,1]
S+ btt) = bz t) +bea + %|b|2t, o+ b, 1) = pla, t). (3.20)

Proof. To prove (a), what we must show is the following: For any smooth test functions
q € C®(R? x [0,1],R) and & € C°(R? x [0, 1], RY),

t=1
/ (Orq+v-Vq)dzdt = / qdz (3.21)
Q Q t=0
t=1
/v-(@tfi—l—v-V@)-i-pV-f)d:zdt:/ v-vdx (3.22)
Q Q¢ t=0

Changing to Lagrangian variables via z = X (z,t), writing ¢(z,t) = ¢(z,t), and using incom-
pressibility, equation (3.21)) is equivalent to

! d
/ / —q(z,t)dzdt = / G(z,t)dz .
0 JQo dt Qo 0

Evidently this holds. In (3.22), we integrate the pressure term by parts, and treat the rest as
in (3.7) to find that (3.22)) is equivalent to

1
(3.23)

t=
t=

/ (Ow+v-Vv+ Vp)-vdxdt=0. (3.24)
Q

Then (a) follows. The proof of parts (b) and (c) is straightforward. O

3.3. Ellipsoidal Euler droplets. The intial-value problem for the Euler droplet equations
is a difficult fluid free boundary problem, one that may be treated by the methods developed
by Wu [506, [57]. For flows with vorticity and smooth enough intial data, smooth solutions for
short time have been shown to exist in [36] [I8], [19].

In this section, we describe simple, particular Euler droplet solutions for which the fluid
domain €; remains ellipsoidal for all t. Our main result is the following.

Proposition 3.4. Given a constant r > 0, let a(t) = (ai(t),...,aq(t)) be any constant-speed
geodesic on the surface in Ri determined by the relation
ay---ag =re (3.25)
Then this determines an Euler droplet solution (Q,¢,p) with Q; equal to the ellipsoid Ea
given by
E, = {x cR%: Z(a;j/aj)z < 1}, (3.26)

J
and potential and pressure given by

oat)= 3B, e =8(1-335 ), (3.27)
J g

with
(3.28)
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For clarity, we first derive the result in the planar case, then treat the case of general
dimension d > 2.

3.3.1. Droplets in dimension d = 2. We seek incompressible flows inside a time-dependent

elliptical domain where
2 2

aft)Q + béﬁ)? <1, (3.29)

with the geometric mean r = (ab)’/? constant in time for volume conservation. We will find
such flows as time-stretched straining flows (X, Y"), satisfying

(X,Y) =v(X,Y,t) = a(t)(X,-Y).

Such flows have velocity potential satisfying v = V¢, with

By, t) = 300 =) - (1), (3.30)

0= 30? —y?) B, SIVoP = 502 +47).
To satisfy the Bernoulli equation we require dy¢ + %|V¢|2 = 0 on the boundary of the ellipse
(z,y) = (acosf,bsinf), or
(& + a®)a? cos® 0 + (—a + a?)b?sin 0 = 213
In order for this to hold independent of 8, we require
(& + a?)a® = —(a — ®)b? = 28.

Due to the motion of the boundary points (a,0), (0,b) we need

a=aa, b=—ab,
whence . Lo
26 = ati = (a22b—|—a62) = (ai:-ar‘l)
because 72 = ab is constant. Notice @ > 0 in all cases. There is a first integral (because

kinetic energy is conserved) which we can find by writing

whence we find that a(t) and b(t) are determined by solving

é_ c b

a JaZibz b
for some real constant c. From the derivation of the Bernoulli equation, inside the ellipse the
pressure is

= aft). (3.31)

. 2 2
p=-a0- Ve =4 (1-5- %) (3.32)

where 3 is recovered from the equation

B(t):< cab )2. (3.33)
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To summarize, an elliptical Euler droplet solution (Q, ¢, p) is determined in terms of any
solution (a(t),b(t)) of (3.31)) (with any real ¢) by (3.29), (3.30), (3.32)), and (3.33]). We note
that the speed of motion of the point (a,b) on the hyperbola ab = r? is constant: by ([3.31)),

a? + b =2 (3.34)

In the context of the fixed-endpoint problem, then, |c| is the distance along the hyperbola
betweeen (a(0),b(0)) and (a(1),b(1)).

3.3.2. Droplets in dimension d > 2. Let us now derive the result stated in Proposition
The flow X associated with a velocity potential of the form in (3.27) must satisfy

Xj=a;(0X;,  aj=2 j=1,...d (3.35)

Then (X;/a;) = 0 for all j, so the flow is purely dilational along each axis and consequently
ellipsoids are deformed to ellipsoids as claimed. Note that incompressibility corresponds to

the relation ' .
a;
Agzb:Zaj:Za——&log( --aq) = 0.
j J
From (3.27)) we next compute
t¢t+§|V¢] =—f+= Z &j + o) B+ Z .

—~ 4y
j J

This must equal zero on the boundary where z; = a;s; with s € Sy_; arbitrary. We infer
that for all j,

aji; =20 (3.36)

The expression for pressure in (3.27)) in terms of 3 then follows from (3.16), and p = 0 on
0.
We recover 8 by differentiating the constraint twice in time. We find

aji; — i

o
28 — 2
— J
=0+ —
ki J

whence ((3.28]) holds.

To get the first integral that corresponds to kinetic energy, multiply (3.36) by 2a;/a; and
sum to find
0= ajij, whence » aJ=c’
J J

and we see that ¢ = |a(t)| is the constant speed of motion.

It remains to see that are the geodesic equations on the constraint surface. To see
this, recall that geodesic flow on the constraint surface corresponds to a stationary point for
the augmented action

/0 —la|* 4+ \(t) Ha]—r
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which leads to the Euler-Lagrange equations

A(t)rd
a;

—iij + = 0.

Correspondingly, Ar? = 2. This finishes the demonstration of Proposition

Remark 3.5. For later reference, we note that d; > 0 for all ¢, due to (3.36)) and (3.28)).

Remark 3.6. Given any two points on the surface described by the constraint , there
exists a constant-speed geodesic connecting them. This fact is a straightforward consequence
of the Hopf-Rinow theorem on geodesic completeness [34, Theorem 1.7.1], because all closed
and bounded subsets on the surface are compact.

Remark 3.7. The Euclidean metric on the hyperboloid-like surface arises, in fact, as the
metric induced by the Wasserstein distance [52, Chap. 15|, because, given any dilational flow

satisfying ([3.35) with a; - --ag = r?,
d
[ o= [ Sodstae= Vi [ = ST

where wy = |B(0,1)] is the volume of the unit ball in R?. For a geodesic, this expression is
constant for ¢ € [0, 1] and equals the action 4, in (3.6 for the ellipsoidal Euler droplet.

3.4. Ellipsoidal Wasserstein droplets. Let (Q, ¢,p) be an ellipsoidal Euler droplet solu-
tion as given by Proposition so that Qo = E, ) and {1 = E,(1) are co-axial ellipsoids.
We will call the optimal transport map T between these co-axial ellipsoids an ellipsoidal
Wasserstein droplet. This is described and related to the Euler droplet as follows.

Given A € R? let Dy = diag(Ay,..., Aq) denote the diagonal matrix with diagonal A.
Then, given Qo = Ey (), 1 = E,(1) as above, the particle paths for the Wasserstein geodesic
between the corresponding shape densities are given by linear interpolation via

Ty(z) = DA(t)DZ(ID)z, A(t) = (1 = t)a(0) + ta(1) . (3.37)

Note that a point z € Ey if and only if D2 lies in the unit ball B(0,1) in R%. Thus the
Wasserstein geodesic flow takes ellipsoids to ellipsoids:

T:(Q0) = EA(t) , tel0,1].

Let a(t), t € [0, 1], be the geodesic on the hyperboloid-like surface that corresponds to the
Euler droplet that we started with. Recall that Q; = E,;) from Proposition Because
each component t — a;(t) is convex by Remark it follows that for each j =1,...,d,

a;(t) < A;(t), telo,1]. (3.38)

Because F4 = D4B(0,1), we deduce from this the following important nesting property,
which is illustrated in Figure (where for visibility the ellipses at times t = % and t =1 are

offset horizontally by % and b respectively).

Proposition 3.8. Given any corresponding elliptical Fuler droplet and Wasserstein droplet
that deform one ellipsoid Qo = E, (g to another Q1 = Eyy), the Euler domains remain nested
inside their Wasserstein counterparts, with

X(Qo,t) = Q C Ty(Q), tel0,1]. (3.39)
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FIGURE 2. Euler droplet (light blue) deforming a circle to an ellipse, nested
inside a Wasserstein droplet (dark orange). Tracks of the center and endpoints
of vertical major axis are indicated for both droplets.

Remark 3.9. In terms of the notation of this subsection, the straining flow X associated with
the Euler droplet is given by X(z,t) = Da(t)D;(B)Z in terms of the constant-speed geodesic

a(t) of Proposition Due to ([3.38)), this flow satisfies, for each j = 1,...,d and z € R,

X, = 2231 < 440

For the nesting property X (Q, t) C Tt(Q) to hold, convexity of {2 is not sufficient in general.
However, a sufficient condition is that whenever o € [0,1] for j =1,...,d,

25| = |Te(2);]-

x=(x1,...,2q) € Q) implies Dyz = (121, ..., anTy) € Q.

For later use below, we describe how to bound the action for a boosted elliptical Euler
droplet in terms of action for the corresponding boosted elliptical Wasserstein droplet, in the
case when the source and target domains are respectively a ball and translated ellipse:

Lemma 3.10. Givenr >0, a € Ri with a1 ---aqg =1¢, and b € RY, let
Qo = B(0,7), O =FE;+0b.
Let a(t), t € [0,1], be the minimizing geodesic on the surface with
a(0)=r=(r,...,7), a(ly=a=(ay,...,aq) .

Let (Q, ¢, p) be the elliptical Euler droplet solution corresponding to the geodesic a, and let A,
denote the corresponding action. Then
~4
A
dw (Loy, 10,)* < Ay < dw (g, 1o, )* + Fwdrdw , (3.40)

where

A~ A~

A =min —, X = max — . (3.41)
T r
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Proof. First, consider the transport cost for mapping Qg to €;. The (constant) velocity of
particle paths starting at x € B(0,r) is

u(z) = (r"'Dy — Iz +b,
and the squared transport cost or action is (substituting z = rz)

N 2
Py
dw(lg,, Lo 22/ w(z)|?de = / <’— > 22+ b2 dz
(10, Toy) e =3 [ (=)

B(0,r
d 2 |A|2

= b _— 42

war <|| +d+2>, (3.42)

where A(t) = (1 —t)7 + ta is the straight-line path from 7 to a.
The mass density inside the transported ellipsoid 73(€2) is constant in space, given by

A~ —1
p(t) = det DT, L = H A:(t) - H (1 —t+ ti) .

Due to Remark the corresponding action for the Euler droplet is bounded by that of the
constant-volume path found by dilating the elliptical Wasserstein droplet: Let

7i(t) = p() 4 A45(2) .
Then the flow S;(z) = r_lDW(t)z is dilational and volume-preserving (with [],v;(t) = r?) and
has zero mean velocity. The flow z — S;(z) + tb takes Qg to 4, as on Figure [2| with action

1 iz 2
= b-+“> dz dt
Ay /o /B(O,r)zj:<3 r

1 1
d 2 <12

Note that z:j("yj/’yj)2 < Zj(Aj/Aj)Q, because
i A p A 1A

i A dp A dAe A

Because p is convex we have p < 1, hence 'yjz < max A?. Thus

A? 2\ . 42
42 < (maxA?) Y~ 25 < <maXA1) 1Al < (m"f‘xf‘;) la — 7|2 (3.44)
j J i

min A?

Plugging this back into (3.43]) and using (3.42)), we deduce that

d -2
wyr maxa; \ . .o
— . 4
1 2< 2) la — 7| (3.45)

)

AW < dW(]lQoa ]191)2 +

min a
With the notation in (3.41]), A and X respectively are the maximum and minimum eigenvalues
of DTy, and because |1 — a;/r| < max(1,a;/r) < X foralli=1,...,d, this estimate implies

~4
d_A a2

Aa S A»y S dW(:ﬂ_QO’ ]]_91)2 + m? wqr . (346)

O



20 JIAN-GUO LIU, ROBERT L. PEGO AND DEJAN SLEPCEV

3.5. Velocity and pressure estimates. Lastly in this section we provide bounds on the
velocity v = V¢ and pressure p for the ellipsoidal Euler droplet solutions. Note that because

1/a3 < 37,(1/a3), 1
N e R I
051’3532;%52/0‘7’ dt

Using ([3.44)) and the notation in (3.41)), it follows
~4
0<p< 2 r2d. (3.47)

For the velocity, it suffices to note that in (3:35), |X;/a;| < 1 hence |X|?> < > a?. Thus the
same bounds as above apply and we find
3
|Vo|? < e rid. (3.48)

Finally, for a boosted elliptical Euler droplet, with velocity boosted as in (3.20) by a
constant vector b € R%, the same pressure bound as above in (3.47) applies, and the same

bound on velocity becomes
~4

Ve — b < f\\2r2d. (3.49)

4. EULER SPRAYS

Heuristically, an Euler spray is a countable disjoint superposition of solutions of the Euler
droplet equations. Recall that the notation Ll,€2, means the union of disjoint sets €2,,.

Definition 4.1. An Euler spray is a triple (Q,¢,p), with Q a bounded open subset of
R? x [0,1] and ¢,p : Q — R, such that there is a sequence {(Qn,dn,Dn) nen of smooth
solutions of the Euler droplet equations, such that QQ = L7 @y, is a disjoint union of the sets
Qn, and for each n € N, ¢, = ¢|q,, and p, = plaq,, -

With each Euler spray that satisfies appropriate bounds we may associate a weak solution
(p,v,p) of the Euler system ((1.9)-(1.10). The following result is a simple consequence of
the weak formulation in (L.11)-(1.12) together with Proposition [3.3|a) and the dominated
convergence theorem.

Proposition 4.2. Suppose (Q,¢,p) is an Euler spray such that [V¢|? and p are integrable
on Q. Then with p = 1g and v = 1oV ¢ and with p extended as zero outside @), the triple
(p,v,p) satisfies the Euler system (1.9)-(T.10) in the sense of distributions on R x [0, 1].

Our main goal in this section is to prove Theorem The strategy of the proof is simple
to outline: We will approximate the optimal transport map T': Qg — €1 for the Monge-
Kantorovich distance, up to a null set, by an ‘ellipsoidal transport spray’ built from a countable
collection of ellipsoidal Wasserstein droplets. The spray maps 2y to a target 2] whose shape
distance from €24 is as small as desired. Then from the corresponding ellipsoidal Euler droplets
nested inside, we construct the desired Euler spray (@, ¢, p) that connects Qg to €5 by a critical
path for the action in (1.1J).

Remark 4.3. In general, for the Euler sprays that we construct, the domain @ = U>? Q)
has an irregular boundary 0@ strictly larger than the infinite union L ,0@Q), of smooth
boundaries of individual ellipsoidal Euler droplets, since 0Q) contains limit points of sequences
belonging to infinitely many @Q,,.
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4.1. Approximating optimal transport by an ellipsoidal transport spray. Heuristi-
cally, an ellipsoidal transport spray is a countable disjoint superposition of transport maps on
ellipsoids, whose particle trajectories do not intersect.

Definition 4.4. An ellipsoidal transport spray on Qg is a map S: Qo — RY, such that

Qo=| |
neN
is a disjoint union of ellipsoids, the restriction of S to 0} is an ellipsoidal Wasserstein droplet,
and the linear interpolants Sy defined by

Si(z) =1 —t)z+tS(2), z € Qo,
remain injections for each t € [0, 1].

Proposition 4.5. Let Qg, Q1 be a pair of shapes in R of equal volume, and let T: Qo — O
be the optimal transport map for the Monge-Kantorovich distance with quadratic cost. For
any € > 0, there is an ellipsoidal transport spray S¢: Qf — R? such that

(i) Q is a countable union of balls in the non-singular set Qo \ Lo with |Qo\ Q5| =0, and
(ii) sup |T'(z) — S°(2)| < ediam ;.
2€Q4G

(iii) The L*° transportation distance between the uniform distributions on Q5 and Qy sat-
isfies doo(€25,21) < ediam Q.

The proof of this result will comprise the remainder of this subsection. The strategy is
as follows. The set €1 is chosen to be the union of a suitable Vitali covering of {}g a.e. by
balls B;. We expand the Brenier map 7" by a factor of 1 + ¢ and consider the displacement
interpolation map between 2y and (1 + £)§2; given by

Te(z) = (1— ) +t(1 +e)T(). (4.1)

Next, on each ball B; we approximate 1" by an affine map which takes the ball center z; to
(14 ¢e)T'(z;). Namely, this approximation will take the form

S¢(x) = (1 +¢e)T () + DT (z)(x — ), x € DB;. (4.2)

The corresponding displacement interpolation map has three key properties: (i) it is locally
affine so maps balls to ellipsoids, (ii) it is volume-preserving, and (iii) the dilation by 1+ &
grants each ellipsoidal image sufficient ‘personal space’ to ensure the injectivity of the piecewise
affine approximation.

4.1.1. Vitali covering. We suppose 0 < € < 1. The first step in the proof of Proposition
is to produce a suitable Vitali covering of {2y, up to a null set, by a countable disjoint union
of balls. By a simple translation of target and source so that the origin is the midpoint of
two points in Q; separated by distance diam €1, because the distance from any point in €
to each of the two points is also no more than diam €2; we may assume that

sup |T'(z)| < @ diam €, . (4.3)
€ 2
Recall that there is a relatively closed null set X9 C g such that T = Vi is a smooth
diffeomorphism from € \ ¥o to its image. Then for every z € Qo\Xy, there exists 7(x,¢) €
(0, diam §2;) such that whenever 0 < r < 7, then B(x,r) C Qp\Xo and both
2

2
. 7| D3] B oo (Ban T (4.4)
A%3(:3,7") 7 AB(gﬁﬂ“) diam {4 , .

£
4
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where \;; and Ay are defined by (2.11)) and || D3|y is defined by (2.13). This follows by
noting that the right-hand sides are continuous functions of r with value 0 when r = 0. The
family of balls

{B(z,7): 2 € Q\X0, 0 <r <TF(x,e)}
forms a Vitali cover of Qp\Xy. Therefore, by Vitali’s covering theorem [22, Theorem II1.12.3],

there is a countable family of mutually disjoint balls B(z;,r;), with z; € Qp\¥o and 0 < r; <
7(x;, ), such that

[(Q20\X0)\ Uien B(wi, )| =0 .
We let
ieN
For further use below, we note that \; <1 < \; for all 4, where
We observe that from the first constraint in (4.4) follows

|D*lls, s < 227 < <. (4.7)
4.1.2. An approximating ellipsoidal transport spray. We shall approximate the optimal trans-
port map 7" on € through linear approximation on each ball B;, combined with a homothetic
expansion of the ball centers to maintain injectivity.
For each ¢ € N, we denote the linear approximation to T' on B; by

Al(x) = T(x;) + DT () (z — ). (4.8)
Then we define S¢: QF — R? by (4.2) whenever = € B;, so that
S¢(x) = A'(x) 4 T (x;) . (4.9)

Because each B; is a ball and DT(x;) = Hess 9)(z;) whose determinant is 1, the affine map A’
is an ellipsoidal Wasserstein droplet, so the same is true for the restriction of S¢ to B;.
For every = € B;, note that we have the estimate by Taylor’s theorem

T(2) = §°(x)] < |T(x) — A'(2)| + €| T'(w)]

1 g ..
< §HD31/J||BZ.732 + 5 diam 4

1 3
< gETz‘ + \2[5 diam Q) . (4.10)
Because r; < diam ), the estimate in part (ii) holds. In order to show that S is an ellip-
soidal transport spray and complete the proof of Proposition [4.5] it remains to show that the
interpolants Sy defined as in Definition are injections for each ¢ € [0, 1].

Lemma 4.6 (Injectivity of interpolants). For each t € [0,1], the interpolant
Sy =1 —t)I+tS°

is an injection. Its image is a union of the disjoint ellipsoids S§(B;), i € N, separated
according to

. et . .

dist(S7(By), 57 (By)) > 5 (\fri + Ajry), i # . (4.11)
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Proof. Define TF by (4.1). Because T'= V4 with 1 convex, as for (2.2), for all z, & € Qy we
have

T (z) — T3 ()] = (1 = t)|z — 2. (4.12)
Hence the images T7 (B;) and Ty (B;) are disjoint whenever ¢ # j and ¢ € [0,1). In order to
prove the lemma it suffices to show that for each k, S§(By) C T (By) and that
t
dist(S5(By), TE(0By)) > %Airk.
Fix k € N and for x € By, define an affine approximation to 7}y as
Ui (z) = T (xg) + DTf (zg) (x — xg) - (4.13)

Then by Taylor’s theorem, for all z € By, we have the estimate
1
1T (@) = U ()] < 51+ )t < 3, (4.14)

where &, := || D3| g, 72 < teAiry due to (47). Now, because
Si (x) = Ti (zx) + DTi(ax) (x — 1)
we see that the ellipsoids given by
E=S;(By) = Tf(ay),  E=Ui(By) —T; (a1)
are concentric with identical principal axes having respective principal stretches
1—t+1tA, 1—t+t(l+e)A,

for each eigenvalue A of DT'(xy) = Hess(xy). Due to the definition of \; from (4.6)), each
such eigenvalue satisfies A > \,. Because )\, < 1, the ratio of the principal stretches has a
common lower bound:

1—t+t(1+e)A < ety
T—t+th  —  I—t+th

Thus the uniform dilation aF is contained in E and hence the distance from E to 0 is
greater than the distance from E to 0(aE), which is easily seen to be (o — 1)A,7,. This
means

dist(S5(Bg), UL (0By)) = dist(E, E) > dist(E, d(aE)) = (o — 1) A1y, = etAry, .
Combining this with (4.14) we deduce that for e < 1,

t
dist(SE(By), TE(OBy)) > etA2ry, — 16y > %Aﬁrk. (4.16)

The inclusion S§(By) C T5 (Bj) now follows by continuation from the common point TF (zy).
4

This completes the proof of parts (i) and (ii) of Proposition For part (iii), we note that
the set Qf = (S5%)~1(Q5) has full measure in Q \ 2o, and T is a smooth diffeomorphism from
this set to Q1 \ ¥1 so maps null sets to null sets. It follows 7 o (5%)~! maps QF to a set of full
measure in {21, satisfies

sup |T o (8°)7H(z) — 2| < ediam O,

e
and pushes forward uniform measure to uniform measure. The result claimed in part (iii)
follows, due to ([2.6)).
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4.2. Action estimate for Euler spray. Each of the ellipsoidal Wasserstein droplets that
make up the ellipsoidal transport spray S°¢ is associated with a boosted ellipsoidal Euler droplet
nested inside, due to the nesting property in Proposition [3.8] The disjoint superposition of
these Euler droplets make up an Euler spray that deforms (2§ to the same set 5.

In order to complete the proof of Theorem it remains to bound the action of this
Euler spray in terms of the Wasserstein distance between the uniform measures on €}y and
). Toward this goal, we first note that because the maps 1" and S° are volume-preserving,
due to the estimate in part (ii) of Proposition [4.5| we have

dw (T(B;), S(B;))? < (eK1)?*|Bi|,  K;=diamQ.

(One obtains this by bounding the transport cost of straight-line motion from 7'(z) to S¢(z)
using the Lagrangian form of the action in (3.6)).) Now by the triangle inequality,

dw (Bi, §°(B))” < (v (B5, T(BY) + ek | By /2
< dw(Bi, T(B;))*(1 +¢) + (¢ + %) K?| By (4.17)

Recall that by inequality (3.40) of Lemma the action of the i-th ellipsoidal Euler
droplet, denoted by A;, satisfies
bW
A < dw (B, 5°(B))? + 521

< dw(B;, T(B;))*(1 +¢) + 2eK{| Bl (4.18)

where we make use of the second constraint in (4.4)).
By summing over all ¢, we obtain the required bound,

A8 = Z.AZ < dw(]lQO, HQI)Q + Ke

7

where
K = dw (g, 1g,)* + 2|Q|(diam Q).
This concludes the proof of Theorem

5. SHAPE DISTANCE EQUALS WASSERSTEIN DISTANCE

Our main goal in this section is to prove Theorem which establishes the existence of
paths of shape densities (as countable concatenations of Euler sprays) that exactly connect
any two compactly supported measures having densities with values in [0, 1] and have action
as close as desired to the Wasserstein distance squared between the measures. Theorem
follows as an immediate corollary, showing that shape distance between arbitrary bounded
measurable sets with positive, equal volume is the Wasserstein distance between the corre-
sponding characteristic functions.

Theorem [I.3| will be deduced from Theorem [I.1]by essentially ‘soft’ arguments. Theorem[I.1
shows that the relaxation of shape distance, in the sense of lower-semicontinuous envelope
with respect to the topology of weak-x convergence of characteristic functions, is Wasserstein
distance. Essentially, here we use this result to compute the completion of the shape distance
in the space of bounded measurable sets.
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Lemma 5.1. Let p: R? — [0,1] be a measurable function of compact support. Then for any
€ > 0 there is an open set £ such that its volume is the total mass of p and the L™ transport
distance from p to its characteristic function is less than e:

\Q]:/ pdx and ds(p,lg) <e
R4

Proof. We recall that weak-x convergence of probability measures supported in a fixed compact
set is equivalent to convergence in (either L? or L°°) Wasserstein distance. Given k € N, cover
the support of p a.e. by a grid of disjoint open rectangles of diameter less than ¢, = 1/k.
For each rectangle R in the grid, shrink the rectangle homothetically from any point inside
to obtain a sub-rectangle R C R such that ]ﬁt\ = [ppdz. Let Q be the disjoint union of

the non-empty rectangles R so obtained. Then the sequence of characteristic functions 1o,
evidently converges weak-x to p in the space of fixed-mass measures on a fixed compact set:
for any continuous test function f on R%, as k — oo we have

f(@)de — [ f(z)p(x)dx.
Qe Rd

Choosing 2 = Q for some sufficiently large k yields the desired result. O

Proof of Theorempart (a). Let pg, p1 have the properties stated, and suppose D :=
dw(po,p1) > 0. (The other case is trivial.) Let ¢ > 0. By Lemma we may choose
open sets 2y and 1 whose volume is fR‘i po and such that

€ A €
dos(po; Loy) + doo(p1,1g, ) < 5 dyw (Q0, 1)? < dw (po, p1)? + 7 (5.1)

2 )
Then we can apply Theorem to find an Euler spray that connects 2y to a set Qi =:
close to €27 with the properties

doo(21,0) < %’ A < dy (Q0, )2 + 27 (5.2)

where A is the action of this Euler spray. By combining the inequalities in and (| .
we find that the sets g, 21 have the properties required.

Before we establish part (b), we separately discuss the concatenation of transport paths.
Let pf = (Pf)te[o,l} be a path of shape densities for each k¥ = 1,2,..., K, with associated
transport velocity field v* € L2(p¥) and action

1
AkZ/ / ok () |oF (1) |* da dt.
0 JRd

We say this set of paths forms a chain if p1 = p§+1 for k=1,..., K — 1. Given such a chain,
and numbers 7, > 0 such that Zle 7 = 1, we define the concatenation of the chain of paths
pF compressed by T3, to be the path p = (pt)efo,1) given by

pr=pF for t=rms+ ZTk , € [0,1]. (5.3)
i<k
The transport velocity associated with the concatenation is

v(nt) =70 (s)  for t=ms+ > 7, s€0,1], (5.4)

i<k
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and the action is

1 K 1 K
A= / / pelv|* dx dt = ZTk_l/ / p¥(x)|v(z, s)|? deds = ZTk_l.Ak. (5.5)
0 Jrd Pt 0 Jrd i

Remark 5.2. We mention here how the triangle inequality for the shape distance defined in
(1.5) follows directly from this concatenation procedure. Given the chain p* as above with
actions Ay, let §;, = v/ Ay and set

%
Zj(sj’

Let A be the action of the concatenation of paths p¥ compressed by 73, and let § = v/ A. Then

2
A== 716 = (Z%) :
k k

From this the triangle inequality follows.

k=1,..., K.

Tk

Proof of Theorem part (b). Next we establish part (b). The idea is to construct a path of
shape densities p = (pt)¢c[o,1] connecting py to p1 by concatenating the Euler spray from part
(a) together with two paths of small action that themselves are concatenated chains of Euler
sprays that respectively connect €2y to sets that approximate pg, and connect €2y to sets that
approximate p;.

Let € > 0, and let p° be a shape density determined by an Euler spray as from part (a)
that connects bounded open sets g and €21 of volume fRd po, but with the (perhaps tighter)
conditions

1
dw (L, po) + dw(la,, p1) < 152 Y A < dw(po,p1)* +e,

where A® is the action of this spray.
Next we construct a chain of Euler sprays with shape densities p¥, k = 1,2, ..., with action
Ay, that connect 2 with a chain of sets € such that 1o, = p1 as k — oo and

1
dw (1a,,p1) < Z52—"3, Aj < (2792 (5.6)

We proceed by recursion by applying Theorem like in the proof of part (a). Given k > 1,
suppose Qk is defined and p’ are defined for j < k. Using Lemma we can find a bounded
open set ;11 such that

A 1 —k—1
’Qk+1’ = /]Rd £0 and dW(le+l’p1) < §€2 .

Then by invoking Theorem [I.1] and the triangle inequality for dy, we obtain an Euler spray
with action Ay that connects ; to a bounded open set €21, such that

. 1 . 1
dw (o1, Qpy1) < §52_k_1 and  Ap < dw (Q, Ug1)? + 5(52—’<)2 < (e27%)% .

We let p* = (Pf)te[o,l} be the path of shape densities for this spray, so that pf = 1g, and
p’f = 1g,,,- This completes the construction of the chain of paths PP satisfying (5.6)).

It is straightforward to see that dy (pf, p1) — 0 as k — oo uniformly for ¢ € [0,1]. Now we
let p* = (p )telo,1] be the countable concatenation of this chain of paths p* compressed by
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7, = 27% according to the formulas (5.3)—(5.5) above taken with K — oo, and with p| = p;.
The action AT of this concatenation then satisfies

oo
AP =324, < &2 (5.7)
k=1
In exactly analogous fashion we can construct a countable concatenation p~ of a chain of
paths coming from Euler sprays, that connects p, = 1o, with p; = po and having action
A~ < €2. Then define p~ be the reversal of p~, given by

P =Py
This path p~ has the same action A~.

Finally, define the path p by concatenating p—, p®, p* compressed by ¢, 1 — 2¢ and ¢
respectively. This path satisfies the desired endpoint conditions and has action A that satisfies

A= 5_1"4_ + (1 - 25)_1"48 + 5_1~A+ < dW(POaPl)Q + Ke,
for some constant K independent of € small. The result of part (b) follows. O

As we indicated in section 2, the result of Theorem providing a sharp criterion for the
existence of a minimizer for the shape distance in (|1.5)), follows by combining the uniqueness
property of Wasserstein geodesics with the result of Theorem

Proof of Theorem[1.] Clearly, if the Wasserstein geodesic density is a characteristic func-
tion, then the Wasserstein geodesic provides a minimizing path for shape distance. On
the other hand, if a minimizer for exists, it must have constant speed by a standard
reparametrization argument. Then by Theorem it provides a constant-speed minimizing
path for Wasserstein distance as well, hence corresponds to the unique Wasserstein geodesic.
Thus the Wasserstein geodesic density is a characteristic function. O

6. DISPLACEMENT INTERPOLANTS AS WEAK LIMITS

6.1. Proof of Theorem Next we supply the proof of Theorem We will accomplish
this in two steps, first dealing with the case that the endpoint densities pg, p1 are characteristic
functions of bounded open sets. To extend this result to the general case, we will make use
of fundamental results on stability of optimal transport plans from [3] and [52].

Proposition 6.1. Let Qy, Q1 be bounded open sets of equal volume. Let (p,v) be the density
and transport velocity determined by the unique Wasserstein geodesic (displacement inter-
polant) that connects the uniform measures on gy and Q; as described in section 2.

Then, as € — 0, the weak solutions (p, v, p®) associated to the Euler sprays of Theorem|1.1
converge to (p,v,0), and (p,v) is a weak solution to the pressureless Euler system
(1.14)). The convergence holds in the following sense: p* — 0 uniformly, and

pF 5 P Bpn, P R0TD pr v, (6.1)
weak-x in L= on RY x [0, 1].

As our first step toward proving this result, we describe the bounds on pressure and velocity
that come from the construction of the Euler sprays constructed above, for any given ¢ € (0, 1).

Lemma 6.2. Let (Q°,¢%,p%), 0 < e < 1, denote the Euler sprays constructed in the proof of
Theorem and let X¢: Qf x [0,1] — R? denote the associated flow maps, which satisfy

XE(2,t) = V= (XS (2,1),),  (2,t) € O x [0,1],
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with X¢(z,0) = z. Then for some K > 0 independent of €, we have
0<pf(z,t) < Ke (6.2)
for all (z,t) € Q%, and
X5 (2. 8) = Ti(2)| + 1X° (2. t) = Ti(2)| < Kv/E (6.3)
for all (z,t) € Qf x [0, 1], where (2,t) — Ti(2) is the flow map from for the Wasserstein

geodesic.

Proof. By the pressure bound for individual droplets in (3.47)) together with the second con-
dition in (4.4)), we have the pointwise bound

0<p°<Koe, Ko=K?2d. (6.4)

Next consider the velocity. The boosted elliptical Euler droplet that transports B; to S¢(B;)
is translated by z;, and boosted by the vector

b; = (1 + 6)T(.7}Z') —x; = Tt(.%'z) + ET(.CI}i) . (6.5)
In this “i-th droplet,” the velocity satisfies, by the estimate (3.49)),
|V¢5 - bz| = |U‘5 - b2| < K()E . (6.6)

Now the particle velocity for the Euler spray compares to that of the Wasserstein geodesic
according to

X (2 t) = Th(2)] < 1K = bil + b — Tu(2)|
< Koe + [ T(a;)| + rimax A () — 1
J

< Koe + K16 + v/ Kope < Kov/e. (6.7)
(Here \j(z) denote the eigenvalues of DT (2) = V(z), and we use the fact that |\;(2)—1] < \;
together with (4.4).) Upon integration in time we obtain both bounds in (6.3]). O

Proof of Proposition[6.1. Now, let (p,v) be the density and velocity of the particle paths for
the Wasserstein geodesic, from (2.8) and (2.4). To prove p° = p weak-+ in L, it suffices to

show that as ¢ — 0,
// p° —p)gdzdt — 0, (6.8)

for every smooth test function ¢ € C°(R% x [0, 1], R). Changing to Lagrangian variables using
X¢ for the term with p® = 1 and T; for the term with p, the left-hand side becomes

1
/ [ (X000 = aTiC2). 1) d . (6.9)

Evidently this does approach zero as e — 0, due to (6.3).

Next, we claim pfv° = pv weak-+ in L°. Because these quantities are uniformly bounded,
it suffices to show that as ¢ — 0,

// “v° — pv) - vdxdt — 0 (6.10)
Rd

for each & € C®(R? x [0,1],R%). Changing variables in the same way, the left-hand side
becomes

1
/ (2 (1) - 9K (2. 0).0) = Ti(2) - B(Ti(2).1)) dz . (6.11)
0 Qo



LEAST ACTION, INCOMPRESSIBLE FLOW AND OPTIMAL TRANSPORT 29

But because ¢ is smooth and due to the bounds in (6.3), this also tends to zero as ¢ — 0.

It remains to prove p“v® ®@v*® a pv@v weak-x in L. Considering the terms componentwise,
the proof is extremely similar to the previous steps. This finishes the proof of Theorem[I.5] [

To generalize Proposition to handle general densities pg, p1: R? — [0,1], we will use
a double approximation argument, comparing Euler sprays to optimal Wasserstein geodesics
for open sets whose characteristic functions approximate pg, p1 in the sense of Lemma [5.1
then comparing these to the Wasserstein geodesic that connects pg to p1. We prove weak-star
convergence for the second comparison by extending the results from [3] and [52] on weak-x
stability of transport plans to establish weak- stability of Wasserstein geodesic flows (in the
Eulerian framework).

Proposition 6.3. Let (p,v) be the density and transport velocity determined by the Wasser-
stein geodesic that connects the measures with given densities po, p1: R — [0, 1], measurable

with compact support such that
/ pPo = / P1 -
R¢ R¢

Let (p*,©%) be the density and transport velocity determined by the Wasserstein geodesic that
connects the measures with densities 19’8 and IlQ;f, where ng, Q]f, k=1,2,..., are bounded

open sets such that |Qf| = || = [za po and
doo(po, Ilgxg) + doo(p1,1gr) =0 as k — oo.

Then

k

o, PR S, PP e R oo, (6.12)

weak-x in L™ on R? x [0,1]. Consequently 0 < p <1 a.e. in R? x [0,1].
Proof. Let m (resp. 7*) be the optimal transport plan connecting pg to p; (resp. ]lQ;8 to 19'5)'

These plans take the form 7 = (id xT)zpo (vesp. 7% = (id XTk)ﬁ]lgzg) where T (resp. T*)

is the Brenier map. Then by [52, Theorem 5.20] or [3, Proposition 7.1.3], we know that m*
converges weak-+ to 7 in the space of Radon measures on R? x R¢.

We will prove that pFo* S pv; it will be clear that the remaining results in are
similar. Let ¢: R? x [0,1] — R? be smooth with compact support. We claim that

1 1
/ / ot p(z,t) do dt — / / pvp(z,t) d dt. (6.13)
0 JRd 0 JRrd
Recall from (2.3) that the geodesic velocities o (z,t) satisfy

(1 —t)z +tT%(2),t) = T*(2) — 2.
Hence the left-hand side of (6.13)) can be written in the form

1
/ / (5 — 2)p((1 = )z + ty, £) dr* (=, y) dt = / bzry) drt(2,y).
0 R4 x R4

R4 xR4

where

1
Y(z,y) = /0 (y — 2)o((1 —t)z + ty, t) dt.
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Due to the fact that 7% = 7 and all these measures are supported in a fixed compact set, as
k — oo we obtain the limit

1
/Rded U(z,y) dr(z,y) = / /RdXRd(y — 2)p((1 = t)z + ty, t) dr(z,y) dt

/ /Rd o(Ty(2),t) po(z) dz dt,

where Ti(z) = (1 — t)z + tT'(z). To conclude the proof, we need to recall how p and v
are determined by displacement interpolation, in a precise technical sense for the present case
when pg and p; lack smoothness. Indeed, from the results in Lemma 5.29 and Proposition 5.30
of [45] (also see Proposition 8.1.8 of [3]), we find that with the notation

xi(z,y) = (1 —t)z + ty,

(6.14)

the measure p; with density p; is given by the pushforward

= ()gm = (22);(d xT)yuo = (T1)y(po d2). (6.15)
and the transport velocity is given by
v(z,t) = (T —id) o (T}) " (z). (6.16)

Thus we may use T} to push forward the measure po(z)dz = duo(z) in - ) to write, for
each t € [0,1],

LT = 26T 0001z = [ stant)olet) pa) do. (6.17)
It then follows that (6.13) holds, as desired. O

Remark 6.4. The validity of the continuity equation for (p,v) is well known and es-
tablished in several sources e.g., see [51l Theorem 5.51] or [45, Chapter 5]. The step above
going from ) to (6.17) provides an answer to the related exercise 5.52 in [51]. We are
not aware, however of any source where the momentum equation ([1.14)) for (p, v) is explicitly
and rigorously justiﬁed.

Proof of Theorem[1.5 Let us now finish the proof of Theorem As any ball in L>®(R? x
[0, 1]) is metrizable [22, Theorem V.5.1], we may fix a metric d in a large enough ball, and select
e > 0 for each k € N such that for the quantities (p*, vk k) (pk, vk, p°k) coming from
the Euler sprays of Proposition m the components of p*, p*v* and p*v¥ ® v* approximate
the corresponding quantities p*, pFo* and pFoF ® o* that appear in Proposition within
distance 1/k. That is,

_ ko 1
max ( d(p*,p"), d(p"of, p"of), d(p*off, pFoloy) ) <
Then the convergences asserted in ([1.15)) evidently hold. O

6.2. Convergence in the stronger TLP sense. The convergences described in Proposi-
tions [6.1] and [6.3] and Theorem [I.5] actually hold in a stronger sense related to the TLP metric
that was introduced in [29] to measure differences between functions defined with respect to
different measures. We recall the definition of the T'PP metric and a number of its properties
in appendix [A]

Our first result strengthens the conclusions drawn in Proposition [6.1}
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Proposition 6.5. Under the same hypotheses as Proposition [6.1] and Lemma the map
that associates Ty(x) with X§(x) = X%(x,t), defined by Y = X5 o T, ', pushes forward p; to
p; and we have the estimate

& = Y ()] + Jo(2) — o (Y ()] < KVE (6.18)
for allt € [0,1] and pi-a.e. x. By consequence, for all t € [0, 1] we have

drr ((pr, vr), (97, 07)) < K/e.

This result follows immediately from estimate (6.3]) of Lemma Expressed in terms of
couplings, using the transport plan that associates X¢(z,t) with T;(z) given by the pushfor-
ward

T = (X°(-,t) x Ty)gpo
the estimate (6.3 implies that for 7%-a.e. (z,y), for all ¢ € [0, 1] we have
| =yl + (2, 1) —v(y, 1) < KVEe.

Next we improve the conclusions of Proposition by invoking the results of Proposi-
tion in the Appendix.

Proposition 6.6. Under the assumptions of Proposition there exist transport maps S*
that push forward pg to ﬁlg = HQIS, such that

1id =S¥ e (po) = 0 as k — o0, (6.19)
and for any such sequence of transport maps, the maps given by
Sf = Ttk oSko thl

push forward p; to pf and satisfy, as k — oo,

sup / lz — SF(x)|? ps(z) dz — 0, (6.20)
te(0,1]
sup [ fnlz) = ok (SE@)P i(e) dz =0, (6.21)
t€[0,1]
sup / (v @ ve)(2) — (0f @ 0F)(SF ()| pi() dz — 0. (6.22)
te(0,1]

Proof. The existence of the maps S* follow from the fact that ds(po,p§) — 0 as k — oo,
and existence of optimal transport maps for these distances, see Theorem 3.24 of [45]. The
remaining statements follow from Proposition in the Appendix. O

By combining the last two results, we obtain the following improvement of the conclusions
of Theorem [L.5

Theorem 6.7. Under the same hypotheses as Theorem we have the following. Let plg,
Sk be as in Pmposition and let (p*, v, p*) be solutions of the Buler system (1.13))—(1.14)
coming from the Euler sprays of Theorem[1.1], chosen as in the proof of Theorem[I1.5. Define

Sk = xkosSkor L, (6.23)
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Then (SF)y(pe dx) = pf dx, and

sup / |z — SF(x)|? ps(z) dz — 0, (6.24)
te(0,1]
sup / e () — W (S () pe(a) do — 0, (6.25)
t€[0,1]
e / [(ve @ ) () = (of @ vf)(SF ()] pe() dx — 0. (6.26)
tefo,1
Proof. Using Proposition [6.5, we can deduce that
sup / |SE (x F(x)|? pe(z) dz — 0, (6.27)
te(0,1]
sup [ 1ok (S1() — b (5H (@) pea) do = 0. (6.29)
te(0,1]
s [ lek @ it ~ 0 @ o) ()] ) do 0. (629
€10,
Combining these with the results of Proposition [6.6] finishes the proof. O

7. RELAXED LEAST-ACTION PRINCIPLES FOR TWO-FLUID INCOMPRESSIBLE FLOW AND
DISPLACEMENT INTERPOLATION

In a series of papers that includes [8, 10, 11} 12} 13, [14], Brenier studied Arnold’s least-
action principles for incompressible Euler flows by introducing relaxed versions that involve
convex minimization problems, for which duality principles yield information about minimiz-
ers and/or minimizing sequences.

In this section, we describe a simple variant of Brenier’s theories that provides a relaxed
least-action principle for a two-fluid incompressible flow in which one fluid can be taken as
vacuum. For this degenerate case we show that the displacement interpolant (Wasserstein
geodesic) provides the unique minimizer. Moreover, the concatenated Euler sprays that we
constructed to prove Theorem provide a minimizing sequence for the relaxed problem.

We remark that Lopes Filho et al. [37] studied a variant of Brenier’s relaxed least-action
principles for variable density incompressible flows. As we indicate below, their formulation
is closely related to ours, but it requires fluid density to be positive everywhere.

7.1. Kinetic energy and least-action principle for two fluids. We recall that a key idea
behind Brenier’s work is that kinetic energy can be reformulated in terms of convex duality,
based on the idea that kinetic energy is a jointly convex function of density and momentum.
In order to handle possible vacuum, we extend this idea in the following way. Let 0 > 0 be a
constant (representing the density of one fluid). We define K o as the Legendre transform of
the indicator function of the paraboloid

P, = {(a,b) eRde:aJr%@begO}, (7.1)
given for (z,y) € R x R? by
Ky(x,y) = sup ax+b-y. (7.2)
(a,b)EPf,

We find the following.
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Lemma 7.1. Let 6 > 0 and define K by (7.2). Then Ké is convex, and

Ly . .
2 or if y # 0 and ox > 0,
Kylz,y) = 0 ify=0and x >0, (7.3)

+o00 else.

In case 0 > 0, we have the scaling property
Ky(pz, 0y) = Ki1(2,y). (7.4)

The proof of this lemma is a straightforward calculation based on cases that we leave to the
reader. We emphasize that ¢ = 0 is allowed. Indeed, for 9 = 0, Ky reduces to the indicator
function for the closed half-line

{(xvy):y:07 5520}

Suppose ¢ € R represents the ‘concentration’ of one fluid and m € R? represents the
‘momentum’ of this fluid, at some point in the flow. If K;(c,m) < +oo, then ¢ > 0 and
m = pcv for some ‘velocity’ v € R? which satisfies

. 1.
Ky(e,m) = igc]v\z. (7.5)

Next we begin to describe our relaxed least-action principle for two-fluid incompressible
flow. Consider fluid flow inside a large box for unit time, with

Q=[-L, L%, Q=Qx]0,1].

Let ¢;, i = 0, 1, be constants representing the densities of two fluids, with g; > g9 > 0. (More
fluids could be considered, but we have no reason to do so at this point.) Next we let ¢;(z,t),
i = 0,1, represent the concentration of fluid 7 at the point (z,t) € Q. For classical flows, the
fluids should occupy non-overlapping regions of space-time, meaning that the concentrations
are characteristic functions ¢; = 1g, with

Qi= |J Qe x{t}, Q:uQi. (7.6)

t€[0,1]

The requirement ¢;(x,t) € {0,1} will be relaxed, however, to the requirement c¢;(z,t) € [0, 1].
This provides a convex restriction that heuristically allows ‘mixtures’ to form (by taking weak
limits, say).

Writing m;(z,t) for the momentum of fluid i at (z,¢) € @, the action to be minimized is
the total kinetic energy

K(e,m) = Z/Qf(éi(ci,mi)dxdt, (7.7)

subject to three types of constraints—incompressibility, transport that conserves the total
mass of each fluid, and endpoint conditions. We require

Zci =1 a.e. in @, (7.8)

0i0ic;i +V -m; =0 in @Q for all 4, (7.9)
d

0ic; =0 for ¢t € [0, 1] for all 7, (7.10)

dt Jo
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and fixed endpoint conditions at t = 0, 1:
ci(z,0) = cio(z), ci(z,1) = cin(z), (7.11)

where c¢;o,¢;1 € L>(,1]0,1]) are prescribed for each i in a fashion compatible with the con-
straints ((7.8) and (7.10]). For unmixed, classical flows, these data take the form of character-
istic functions:

Cio(x) = ﬂQi,o 5 Cﬂ(m) = :[]‘Qi,l . (712)

The constraints above are more properly written and collected in the following weak form,
required to hold for all test functions p, ¢; in the space C°(Q) of continuous functions on Q,
having 0:¢;, V,¢; also continuous on @, for i =0, 1:

O:/Qp—;/qz((p*l-éi@t@)cﬁ‘vx@bi'mi)

-2 b < /Q cin(z)¢i(x, 1) da — /Q cio(x)¢i(x,0) da:> . (7.13)

Let us now describe precisely the set Ax of functions (¢, m) that we take as admissible for
the relaxed least-action principle. We require ¢; € L*(Q, [0,1]). As we shall see below, it is
natural to require that the path

t— ci(-,t)dz

is weak-x continuous into the space of signed Radon measures on €2, and that m; = g;c;v;
with v; € L2(Q, ¢;) if ; > 0. Then the action in (7.7)) becomes

1.
Klem) =Y [ Joalnl (7.14)
A

When gy = 0, we require my = 0 a.e., since this condition is necessary to have K(c,m) < oo
in ((7.7). In this case we have

K(c,m) = / %@161|vl|27 (7.15)
Q
and the constraints on ¢y from reduce simply to the requirement that cg =1 — ¢;.

We let Ag denote the set of functions (¢,m) that have the properties required in the
previous paragraph and satisfy the weak-form constraints . Our relaxed least-action
two-fluid problem is to find (¢,m) € Ax with

K(e,m)= inf K(e,m). (7.16)
(e;m)EAK

A formal description of classical critical points of the action in , subject to the con-
straints in , and with each ¢; a characteristic function of smoothly deforming sets as in
, will lead to classical Euler equations for two-fluid incompressible flow, along the lines
of our calculation in section [3, which applies in the case g9 = 0.

We will discuss in subsection below how the least-action problem is equivalent
to a weaker formulation in which (¢;, m;) are only taken to be signed Radon measures on Q.
When 99 > 0, this weaker formulation may be compared directly to the variant of Brenier’s
least-action principle for variable-density flows, as treated by Lopes Filho et al. [37], in the
two-fluid special case.
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7.2. Wasserstein geodesics are minimizers of relaxed action. We focus now on the
case g9 = 0, and take g; = 1 for convenience.

Theorem 7.2. Suppose oo = 0, and pg, p1: R? — [0,1] are measurable with compact support
and equal integrals in (—L, L)?. Then the relaxed least-action problem in (7.16)), with endpoint
data determined by c190 = po, c11 = p1, has a unique solution (¢,m) given inside Q by

c1L=p, MM =pv, co=1—p, mo=0, (7.17)

in terms of the displacement interpolant (p,v) (described in section 2 and (6.15)),(6.16)) be-

tween the measures pg and py with densities pg and p1.

Proof. 1t is clear from the pushforward description of (6.15)—(6.16]) that (¢,m) as defined in
(7.17) belongs to the admissible set Ak, due to the facts that (i) 0 < p < 1 by the last
assertion of Proposition and (ii) the support of (p,v) is compactly contained in © due to

(2.1) and (6.16]). We then have, since gy = 0,

_ 1 Lo
K(c,m)_/ 2,)\@2_/ / S olol? dodr
Q 0o Jrd

because the pair (p,v) is defined on R? x [0, 1] and is zero outside Q. But similarly, for any
admissible pair (¢,m) € Ak, if we extend (c1,v1) by zero outside @, we have

1
1
K(c,m):/ / 501\v1]2da:dt
0o Jrd

and (c1,v1) determines a narrowly continuous path of measures t — p; = ¢1 dz on R? with
v € L*(u) that satisfies the continuity equation. It is known that (p,v) minimizes this
expression over this wider class of paths of measures, due to the characterization of Wasserstein
distance by Benamou and Brenier [0], see [51, Thm. 8.1]. By consequence we obtain that
(¢,m) as defined by is indeed a minimizer of the relaxed least-action problem .
Because the Wasserstein minimizing path is unique (as discussed in section 2), it follows

that any minimizer in (7.16) must be given as in (7.17)). O

Proposition 7.3. The family of incompressible flows (concatenated Euler sprays) given for
all small € > 0 by Theorem [1.4(b) determine a minimizing family (c°,m®) for the relazed
least-action principle (7.16)) according to

g _ € g _ E.E E __ (3 g __
ci=p, m;p=pu, co=1-p", mg=0.

That is, (¢*,m®) € Ag and lim._,o K (c*, m®) = inf 4, K(c,m).

We remark that in case the endpoint data are classical (unmixed) as in , we are
not able to use the individual Euler sprays that we construct for the proof of Theorem
to obtain a similar result. The reason is that the target set €2;; = {1 is not hit exactly
by our Euler sprays, and this means that the corresponding concentration-momentum pair
(cf,m®) ¢ Ag because it would not satisfy the constraint as required. We conjecture,
however, that for small enough ¢ > 0, Euler sprays can be constructed that hit an arbitrary
target shape ©; (up to a set of measure zero). If that is the case, these Euler sprays would
similarly provide a minimizing family for the relaxed least-action principle .
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7.3. Extended relaxed least-action principle. In this subsection we discuss an extenstion
of the least-action principle which facilitates comparison with previous works. Our
extension involves expanding the class of admissible concentration-momentum pairs, and is a
kind of hybrid of Brenier’s ‘homogenized vortex sheet’ formulation in [I1] and the variable-
density formulation in [37] for geodesic flow in the diffeomorphism group. The extended
formulation reduces, however, to the formulation in whenever the action is finite—see
Proposition [7.5] below.

The formulations of [I1], 12, B7] were designed to make it possible to establish existence
of minimizers through convex analysis. The key is to express kinetic energy through duality.
We start with the space C°(Q) of continuous functions on @ = [~L, L]¢ x [0, 1], whose dual
is the space M(Q) of signed Radon measures. The duality pairing is

(F,c) = /Qch for F € C%Q), c € M(Q).

Similarly we write (G, m) = fQ G -dm for G € C°(Q)* and m € M(Q)“.
Next, let 0 > 0 be a constant representing fluid density. We let
E=0%Q) x C%Q), E"=M(Q)x M(Q)",

and define IC@ : B* — R as the Legendre transform of the indicator function of the parabolic
set

1
P, ={(F,G)€E:F+ §ﬁ|G|2 <0 in Q}, (7.18)
given for (¢, m) € E* by
Ks(c,m) = sup (F,c)+ (G,m). (7.19)
(F,G)E'Pé

(To compare with [37, eq. (3.8)] it may help to note gP; = P; when ¢ > 0.)
The following result follows from [I1), Proposition 3.4] in the case ¢ > 0, and is straightfor-
ward to show in the case 90 = 0, when the conclusion entails m = 0.

Proposition 7.4. Let 6 > 0, and let (¢, m) € E*. If K@(c, m) < oo, then ¢ is a nonnegative

measure and m is absolutely continuous with respect to c, with Radon-Nikodym derivative ov
where v € L*(Q, ¢), and

. 1
Kateom) = [ Solof de
Q2
Our reformulated least-action problem may now be specified, as follows. Let g1 > g9 > 0.
For (¢,m) € E* = E* x E* we write
c=(co,c1), m=(mo,m1),

and we define

K(e,m) = ZKéi(ci7mi)‘ (7.20)

We introduce the class Ak of admissible pairs (c,m) € E* that satisfy the same weak-form
constraints ([7.13) as before (with ¢;, m; replaced respectively by dc;, dm;). The extended
relaxed least-action problem is to find (¢,m) € Ay such that
K(é,m)= inf K(e,m). (7.21)
(sz)GAK

This form of the relaxed least-action problem may be compared rather directly with the
homogenized vortex sheet model of Brenier [11] and with the variable-density model of Lopes
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Filho et al. [37]. Both of these models deal with the endpoint problem for diffeomorphisms
rather than mass distributions as is done here. Brenier’s model involves a sum over ‘phases’
as in our model , but the fluid density in each phase is the same. The variable-density
model of [37] allows for mixture density (called ¢, corresponding to gc here) to depend upon
both Eulerian and Lagrangian spatial coordinates (called = and a respectively), similar to the
formulation in [12].

In both [I1] and [37] as well as related works for relaxed least-action principles formulated in
a space of measures, the existence of minimizers is established by using the Fenchel-Rockafellar
theorem from convex analysis. One expresses the objective function corresponding to K(c, m)
as a sum of Legendre transforms of indicator functions of two sets, corresponding here to the
set Ps in and to another set that accounts for the constraints in . We do not
pursue this analysis as it is outside the scope of this paper. In any case, for the degenerate
case gp = 0 that is most relevant to the rest of this paper, existence of a unique minimizer
follows from Theorem above and Proposition below.

We claim that the relaxed least-action problem always reduces to the previous prob-
lem , due to the following fact.

Proposition 7.5. Suppose (¢,m) € Ax and K(c,m) < oo. Then for some (&,m) € Ax we
have K(c,m) = K (¢, m) and

de; = ¢ dxdt, dm; =m;dxdt, 1=0,1. (7.22)
Consequently, the infimum in (7.21)) is the same as that in ((7.16)).

Proof. To prove this result, we first invoke Proposition to infer that ¢; is a nonnegative
measure and m; is absolutely continuous with respect to ¢; for ¢ = 0,1. Next we note that
>, ¢ = 1 by taking ¢; = 0 and p arbitrary in . Hence the representation in holds
with ¢; € LOO(Q, [0, 1]) and m; = 9;¢;v; with v; € LQ(Q, 51').

Finally, we claim ¢ — ¢ (-, t) is weak-x continuous into M(Q). By choosing p = 0 and ¢;
to depend only on ¢ in (7.13) we infer that [, &(x,t) dx is independent of ¢. Thus, because
is compact, we can invoke Lemma 8.1.2 of [3] to conclude that ¢ — ¢;(-,t) is narrowly, hence
weak-*, continuous.

It is clear that the infimum in is greater or equal to that in , because the
admissible set A is naturally embedded in fl;c, and the two are equal if either is finite.
Recalling that inf ) = 400, equality follows in general. O

Remark 7.6. As a last comment, we note that for variable-density flow with strictly positive
density, the relaxed least-action problem studied by Lopes et al. [37] was shown to be consistent
with the classical Euler equations, in the sense that classical solutions of the Euler system
induce weak solutions of relaxed Euler equations, and for sufficiently short time the induced
solution is the unique minimizer of the relaxed problem. In the case that we consider with pg =
0, however, this consistency property cannot hold in general when the space dimension d > 1,
for the reason that in general we can expect the Wasserstein density p < 1 in Theorem
(see Theorem , while necessarily p € {0,1} for any classical solution of the incompressible
FEuler equations.
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8. A SCHMITZER-SCHNORR-TYPE SHAPE DISTANCE WITHOUT VOLUME CONSTRAINT

Theorem establishes that restricting the Wasserstein metric to paths of shapes of fixed
volume does not provide a new notion of distance on the space of such shapes. Namely it
shows that for paths in the space of shapes of fixed volume, the infimum of the length of paths
between two given shapes is the Wasserstein distance.

Volume change. 1t is of interest to consider a more general space of shapes in order to
compare shapes of different volumes. In particular, the Schmitzer and Schnérr [46] considered
a space that corresponds to the set of bounded, simply connected domains in R? with smooth
boundary and arbitrary positive area. To each such shape €) one associates as its corresponding
shape measure the probability measure having uniform density on €2, denoted by

1
€

We consider here this same association between sets and shape measures, but allow for more
general shapes. Namely for fixed dimension d, let us consider shapes as bounded measurable
subsets of R? with positive volume. Let C be the set of all shape measures corresponding to
such shapes. Thus C is the set of all uniform probability distributions of bounded support.

One can formally consider C as a submanifold of the space of probability measures of finite

second moment, endowed with Wasserstein distance. Then we define a distance between
shapes as we did in (|1.5]), requiring

U = 1q. (8.1)

1
de(Q0,Q1)? =inf A, A= / / plv? dz dt (8.2)
0 JRd
where p = (p;) is now required to be a path of shape measures in C, with endpoints
po = Uqy , p1=Uq, (8'3)

and transported according to the continuity equation (1.2)) with a velocity field v € L?(p dz dt).

Because the characteristic-function restriction replaced by the weaker requirement
that p; has a uniform density, for any two shapes of equal volume scaled to unity for conve-
nience, it is clear that

ds(Q0, 1) > de(Q0,21) > dw (0, 21). (8.4)
Then as a direct consequence of Theorem we have
de(Q20,21) = dw (Q0,%) . (8.5)

By a minor modification of the arguments of section [pl in general we have the following.

Theorem 8.1. Let g and 1 be any two shapes of positive volume. Then
dc(Q0, ) = dw Uy, Us, ).

Proof. By a simple scaling argument, we may assume min{|Qq|, ||} > 1 without loss of
generality, so that both pg,p1 < 1. Then the concatenated Euler sprays provided by The-
orem [1.3(b) supply a path of shape measures in C (actually shape densities), with action
converging to dy (Us,,Ua,)?. O

Smoothness. For dimension d = 2, Theorem does not apply to describe distance in the
space of shapes considered by Schmitzer and Schnorr in [46], however, for as we have men-
tioned, they consider shapes to be bounded simply connected domains with smooth boundary.

One point of view on this issue is that it is nowadays reasonable for many purposes to
consider ‘pixelated’ images and shapes, made up of fine-grained discrete elements, to be valid
approximations to smooth ones. Thus the microdroplet constructions considered in this paper,
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which fit with the mathematically natural regularity conditions inherent in the definition of
Wasserstein distance, need not be thought unnatural from the point of view of applications.

Nevertheless one may ask whether the infimum of path length in the space of smooth
simply connected shapes is still the Wasserstein distance, as in Theorem [8.I] Our proof of
Theorem [I.2)in Section [5] does not provide paths in this space because the union of droplets is
disconnected. However, the main mechanism by which we efficiently transport mass, namely
by “dividing” the domain into small pieces (droplets) which almost follow the Wasserstein
geodesics, is still available. In particular, by creating many deep creases in the domain it
might be effectively ‘divided’ into such pieces while still remaining connected and smooth.
Thus we conjecture that even in the class of smooth sets considered in [46], the geodesic
distance is the Wasserstein distance between uniform distributions as in Theorem [R.11

Geodesic equations. It is also interesting to compare our Euler droplet equations from
subsection [3.1] with the formal geodesic equations for smooth critical paths of the action A
in the space C of uniform distributions. These equations correspond to equation (4.12) of
Schmitzer and Schnorr in [46].

These geodesic equations may be derived in a manner almost identical to the treatment
in subsection above. The principal difference is that due to , the divergence of the
Eulerian velocity may be a nonzero function of time, constant in space:

Vv =c(t),

and the same is true of virtual displacements ©. The variation of action now satisfies

1)
2 Q

1
—/ / (O +v - Vo) -0 pdzdt. (8.6)
t=1 0 J

Now, the space of vector fields orthogonal to all constant-divergence fields on £ is the space
of gradients Vp such that p vanishes on the boundary and has average zero in €1y, satisfying

p=0 on 0%, / pdx = 0. (8.7)
Q

Because p is spatially constant and © can be (locally in time) arbitrary with spatially constant
divergence, necessarily u = —(9yv + v - Vo) is such a gradient. The remaining considerations
in section [3.1] apply almost without change, and we conclude that v = V¢ where

B+ LIV +p =0, Ap=cl), (53)

where ¢(t) is spatially constant in €);.

These fluid equations differ from those in section [3.1]in that ¢ gains one degree of freedom
(a multiple of the solution of A¢ = 1 in Q; with Dirichlet boundary condition) while the
pressure p loses one degree of freedom (as its integral is constrained).

They have elliptical droplet solutions given by displacement interpolation of elliptical
Wasserstein droplets as in subsection because pressure vanishes and density is indeed
spatially constant for these interpolants. Because they are Wasserstein geodesics, these par-
ticular solutions are also length-minimizing geodesics in the shape space C.

We remark that unlike in the case of Euler sprays, disjoint superposition will not yield a
geodesic in general. This is because the requirement of spatially uniform density leads to a
global coupling between all shape components. It seems likely that length-minimizing paths
in C will not generally exist even locally, but we have no proof at present.
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APPENDIX A. TLP CONVERGENCE AND STABILITY OF WASSERSTEIN GEODESICS

Here we recall the notion of TLP convergence as introduced in [29], which provides a more
precise comparison between Wasserstein geodesics than the notion of weak convergence does
alone. We recall some of the basic properties, establish new ones and use them to prove
the convergence of Wasserstein geodesics considered as weak solutions to pressureless Euler
equation.

The TLP metric provides a natural setting for comparing optimal transport maps between
different probability measures. Let Pp(Rd) be the space of probability measures on R? with
finite p-th moments. On the space TLP(R?), consisting of all ordered pairs (i, g) where
1 € Pp(RY) and g € LP(p), the metric is given as follows: For 1 < p < oo,

1/p
(o), o) =it ([l =y ¢ laole) = n(P dnto))

and

drre((1o, 90), (11,91)) = _inf  esssup(|z — y| + |go(z) — go(¥)]),
m€ll(po,p1) 7«

where TI(po, pt1) is the set of transportation plans (couplings) between gy and pq.
The following result estabilishes a stability property for optimal transport maps, as a
consequence of a known general stability property for optimal plans.

Proposition A.1. Let u, pp € Pp(Rd) be probability measures absolutely continuous with
respect to Lebesgue measure, and let v,y € Pp(Rd), for each k € N. Assume that

dp(pk, ) = 0 and d,(vg,v) =0 as k — oo.

Let Ty, and T be the optimal transportation maps between uy, and v, and p and v, respectively.

Then

(s Te) 755 (1, T) as k — <.

Proof. The measures 7, = (id xTj)gpu, and m = (id xT')su are the optimal transportation
plans between uj and v, and p and v, respectively. By stability of optimal transport plans
(Proposition 7.1.3 of [3] or Theorem 5.20 in [52]) the sequence 7y, is precompact with respect
to weak convergence and each of its subsequential limits is an optimal transport plan between
u and v. Since 7 is the unique optimal transportation plan between p and v the sequence 7y,
converges to 7. Furthermore, by Theorem 5.11 of [45] or Remark 7.1.11 of [3],

lim / &l + ly]? dmy(z,y) = lim / 2P dug + / P di
k—o00 k—oo

— [lapdu [ty av = [ 1ol + ol dnta.p).
By Lemma 5.1.7 of [3], it follows the 7 have uniformly integrable p-th moments, therefore
dp(mp,m) >0 as k — oo,
by Proposition 7.1.5 in [3]. Hence there exists (optimal) 74 € II(m, 7;) such that
/]w — P+ |y — 9P dyg(z,y,Z,9) - 0 as k — oo. (A1)

Since m-almost everywhere y = T'(x) and mi-almost everywhere § = Ty (Z) and the sup-
port supp 7y, of v is contained in supp 7 X supp mi, we conclude that ~i-almost everywhere
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(x,y,Z,7) = (x),z,T(Z)). Therefore
/|33 _ P 4 T(@) — Th(E)P dy(w, 1. 5,5) = 0 as k — oo,
Finally let 65 be the projection of ~; to (x,Z) variables. By its definition 0 € II(u, py) and

by above
/\x LGP+ T(2) — To@)P dok(z,7) >0 as k — oo. (A.2)

Thus (s, T) —2 (1, T). O

We now consider the convergence of Wasserstein geodesics between measures py, and vy, as
in the Lemma [A.T] treating only the case p = 2. We recall that particle paths along these
geodesics are given by

Tpt(x) = (1 —t)x + tTi(x).
The displacement interpolation between py and vy, and particle velocities (in Eulerian vari-
ables) along the geodesics, are given by (cf. 7)
tet = Thpyptre s vk = (T —id) o T;;tl , te[0,1).

If vy, is absolutely continuous with respect to Lebesgue measure, then ¢ = 1 is allowed. We
also recall that

/|Uk,t(z)|2d,u«k7t(z) Z/Ivk,o($)|2duk($) = d(pir, vi)-

Furthermore it is straightforward to check that ¢ — (ug¢,vi¢) is Lipschitz continuous into
TL?(RY), satisfying for 0 < s <t < 1

(t — s)da(pur, vi) = da(pirp, pk,s) < drre ((Bkes Vie), (Hi,ss Vk,s)) < (8 — 8)da(pg, vi).  (A3)
Proposition A.2. Under the assumptions of Proposition[A.]] for the case p =2, as k — oo

we have
sup da(ptkt, ) = 0, (A4)
t€[0,1]
sup dTL?((Mk,t,Uk,t)» (Mt,vt)) — 0, (A~5)
t€[0,1)
S[up) dpr ((Bke,ts Vit ® Vrt)s (e, v @ vg)) — 0. (A.6)
tefo,1

If the measures vy, and v are absolutely continuous with respect to Lebesgue measure then the

convergence in (A.5]) and (A.6) hold also fort € [0,1].

Proof. Let m € Il(p,v), m € (ug, vk), and v € II(m, 7)) be as in the proof of Proposition
Similarly to 6y, we define 6y, = (2 x 2)3y, Where

Zt(x y) (1—t).73+ty and (Zt X Zt)((lf,y,j,g) = (Zt(x7y>7zt(:iag))’
We note that 6, € II(u, i) and hence, for all ¢ € [0, 1],

d Mtaﬂkt /’Z—Z\ dektzz)
=/le@fwt@mﬁmaﬁ%@@

sa/m—fP+W—gﬂhM%%f@»
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which by (A.1)) converges to 0 as k — oc.
We use the same coupling 6, ; to compare the velocities. Using that ~;-almost everywhere
(x,y,2,7) = (x),2,T,(7)), for any t € [0,1) we obtain

/|ut — s (B dBpi(z, )
= [ 1ot~ 02 + ty) = vua(1 = 07 + ) (o932
= [ 1o(Ti(e)) - 0a(Ts@) P dou(.2
— [ 1o0(@) = 0(@P (s, 3)

2/|x—:5\2+\T(x) — T3(2) | dby(z, %),

which converges to 0 as k — oo, as in (A.2)).
The convergence in ((A.6)) is a straightforward consequence through use of Cauchy-Schwarz
inequalities. O

Remark A.3. If the target measure vy, is not absolutely continuous with respect to Lebesgue
measure, then T}, may fail to be invertible on the support of v} and (¢, vk ) may fail to
converge as t — 1 to some point in TL?(R?) due to oscillations in velocity. However, if v, and
v are absolutely continuous with respect to Lebesgue measure, then the curves t — (ju ¢, Vi.t),
t — (e, v¢) extend as continuous maps into TL? for all ¢ € [0, 1], and the uniform convergences

in (A.5)—(A.6) hold on [0, 1].

A number of properties of the TLP metric are established in Section 3 of [29] for measures
supported in a fixed bounded set One useful characterization of TLP-convergence in this case
is stated in Proposition 3.12 of [29], which implies the following.

Proposition A.4. Let D C R? be open and bounded, and let 1 and puy, (k € N) be probability
measures on D, and suppose p is absolutely continuous with respect to Lebesgue measure. Call
a sequence of transport maps (Sy) that push forward pu to py (satisfying Sggu = py) stagnating
if
lim / @ — S(2)] dpu(z) = 0. (A7)
n—oo D

Then the following are equivalent, for 1 < p < co.

() (:ukafk) (:uaf) as k — oo.
(ii) pg converges weakly to p and for every stagnating sequence (Sk) we have

/ |f(z) = fr(Sk(x))|P du(z) = 0 as k — oc. (A.8)

Moreover, for (ii) to hold it suffices that (A.8)) holds for any single stagnating sequence (Sk).
This result together with Proposition yields the following.

Proposition A.5. Make the same assumptions as in Proposition[A.2, and assume all mea-
sures pk, b, Vi, v are absolutely continuous with respect to Lebesgue measure and have support
in a bounded open set D. Then for any stagnating sequence of transport maps (Sg) that push
forward p to py, with the notation

Skt =TkyoSkoT;
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the sequence (Sk+) pushes forward iy to pyy and is stagnating, and as k — oo,

sup / |z — Sk.t(2))? dpe(z) — 0, (A.9)
te(0,1]
sup [ o1(z) = ons(Sia(a)) P dpel) 0, (A.10)
t€[0,1]
sup / |(ve @ vg) () — (Vgt @ Vit) (Ske(x))] dpe(x) — 0. (A.11)
te(0,1]

Proof. First we note that indeed

it = (Tho)ptte = (T © Si)gie = (Skt)ghte-

Next, fix any ¢t € [0,1]. Because da(pg,e) — 0 by (A.4) and T}, is the optimal transport
map pushing forward py, to py ¢, by Proposition we have da((pr, Tht), (1, 13)) — 0. Now
by Proposition because (13)yp = p1r we have

[ 1= St au(a) = [ 1)~ Tia(SeDP dut) 0. (A12)

We infer that (Sj ) is stagnating and the convergence in (A.9) holds pointwise in t. But now,
the middle quantity in (A.12)) is a quadratic function of ¢, so the uniform convergence in (A.9)
holds.

Next, we note that the quantity in (A.10)) is actually independent of ¢. We have

/ [0r(2) — vy (Sioa () 2 dpn () = / 00(2) — vko(Se(2)) P du(z) = 0.

due to Proposition The proof of (A.11)) is similar. O
ACKNOWLEDGEMENTS

The authors thank Yann Brenier for enlightening discussions and generous hospitality.
Thanks also to Matt Thorpe for the computation of the optimal transport map appearing in
Figure [1], and to Yue Pu for careful reading and corrections.

COMPLIANCE WITH ETHICAL STANDARDS

Funding. This material is based upon work supported by the National Science Foundation
under NSF Research Network Grant no. RNMS11-07444 (KI-Net) and partially supported by
the Center for Nonlinear Analysis (CNA) under National Science Foundation PIRE Grant
no. OISE-0967140. The first author was partially supported by the National Science Founda-
tion with grant DMS 1514826. The second author was partially supported by the National
Science Foundation with grants DMS 1211161 and DMS 1515400, and by the Simons Foun-
dation under grant 395796. The third author was partially supported by the National Science
Foundation with grants CCF 1421502 and DMS 1516677.

Conflict of interest. The authors declare that they have no conflict of interest.

REFERENCES

[1] L. AMBROSIO AND A. FIGALLI, Geodesics in the space of measure-preserving maps and plans, Arch. Ration.
Mech. Anal., 194 (2009), pp. 421-462.

[2] L. AMBROSIO AND N. GIGLI, A user’s guide to optimal transport, in Modelling and optimisation of flows
on networks, vol. 2062 of Lecture Notes in Math., Springer, Heidelberg, 2013, pp. 1-155.



44 JIAN-GUO LIU, ROBERT L. PEGO AND DEJAN SLEPCEV

[3] L. AMBROSIO, N. GIGLI, AND G. SAVARE, Gradient flows in metric spaces and in the space of probability
measures, Lectures in Mathematics ETH Ziirich, Birkhauser Verlag, Basel, second ed., 2008.
[4] V. ARNOLD, Sur la géométrie différentielle des groupes de Lie de dimension infinie et ses applications a
Uhydrodynamique des fluides parfaits, Ann. Inst. Fourier (Grenoble), 16 (1966), pp. 319-361.
[5]) M. F. BEG, M. I. MILLER, A. TROUVE, AND L. YOUNES, Computing large deformation metric mappings
via geodesic flows of diffeomorphisms, Int. J. Comput. Vis., 61 (2005), pp. 139-157.
[6] J.-D. BENAMOU AND Y. BRENIER, Weak ezistence for the semigeostrophic equations formulated as a
coupled Monge-Ampére/transport problem, SIAM J. Appl. Math., 58 (1998), pp. 1450-1461 (electronic).
[7] A. BRAIDES, I'-convergence for beginners, vol. 22 of Oxford Lecture Series in Mathematics and its Appli-
cations, Oxford University Press, Oxford, 2002.
[8] Y. BRENIER, The least action principle and the related concept of generalized flows for incompressible
perfect fluids, J. Amer. Math. Soc., 2 (1989), pp. 225-255.
[9] Y. BRENIER, Polar factorization and monotone rearrangement of vector-valued functions, Comm. Pure
Appl. Math., 44 (1991), pp. 375-417.
[10] Y. BRENIER, The dual least action problem for an ideal, incompressible fluid, Arch. Rational Mech. Anal.,
122 (1993), pp. 323-351.
[11] Y. BRENIER, A homogenized model for vortex sheets, Arch. Rational Mech. Anal., 138 (1997), pp. 319-353.

[12] ——, Minimal geodesics on groups of volume-preserving maps and generalized solutions of the FEuler
equations, Comm. Pure Appl. Math., 52 (1999), pp. 411-452.
[13] ——, Generalized solutions and hydrostatic approximation of the Euler equations, Phys. D, 237 (2008),

pp. 1982-1988.

, Remarks on the minimizing geodesic problem in inviscid incompressible fluid mechanics, Calc. Var.
Partial Differential Equations, 47 (2013), pp. 55—64.

[15] Y. BRENIER, F. OTTO, AND C. SEIS, Upper bounds on coarsening rates in demizing binary viscous liquids,
SIAM J. Math. Anal., 43 (2011), pp. 114-134.

[16] M. BRUVERIS, P. W. MICHOR, AND D. MUMFORD, Geodesic completeness for Sobolev metrics on the
space of immersed plane curves, Forum Math. Sigma, 2 (2014), pp. €19, 38.

[17] L. A. CAFFARELLI, Some regularity properties of solutions of Monge Ampére equation, Comm. Pure Appl.
Math., 44 (1991), pp. 965-969.

[18] D. COUTAND AND S. SHKOLLER, Well-posedness of the free-surface incompressible Euler equations with
or without surface tension, J. Amer. Math. Soc., 20 (2007), pp. 829-930.

[19] ——, A simple proof of well-posedness for the free-surface incompressible Euler equations, Discrete Contin.
Dyn. Syst. Ser. S, 3 (2010), pp. 429-449.

[20] G. DE PHiLIPPIS AND A. FIGALLI, The Monge-Ampére equation and its link to optimal transportation,
Bull. Amer. Math. Soc. (N.S.), 51 (2014), pp. 527-580.

[21] ——, Partial regularity for optimal transport maps, Publ. Math. Inst. Hautes Etudes Sci., 121 (2015),
pp. 81-112.

[22] N. DUNFORD AND J. T. SCHWARTZ, Linear Operators. I. General Theory, With the assistance of W. G.
Bade and R. G. Bartle. Pure and Applied Mathematics, Vol. 7, Interscience Publishers, Inc., New York;
Interscience Publishers, Ltd., London, 1958.

[23] P. Dupuls, U. GRENANDER, AND M. I. MILLER, Variational problems on flows of diffeomorphisms for
1mage matching, Quart. Appl. Math., 56 (1998), pp. 587-600.

[24] D. G. EBIN AND J. MARSDEN, Groups of diffeomorphisms and the motion of an incompressible fluid.,
Ann. of Math. (2), 92 (1970), pp. 102-163.

[25] A. F1GALLI, Regularity properties of optimal maps between nonconver domains in the plane, Comm. Partial
Differential Equations, 35 (2010), pp. 465-479.

[26] A. F1GALLI AND Y .-H. K1M, Partial reqularity of Brenier solutions of the Monge-Ampére equation, Discrete
Contin. Dyn. Syst., 28 (2010), pp. 559-565.

[27] M. Fucas, B. JUTTLER, O. SCHERZER, AND H. YANG, Shape metrics based on elastic deformations, J.
Math. Imaging Vision, 35 (2009), pp. 86-102.

[28] W. GANGBO AND R. J. MCCANN, Shape recognition via Wasserstein distance, Quart. Appl. Math., 58
(2000), pp. 705-737.

[29] N. Garcia TriLLOS AND D. SLEPCEV, Continuum Limit of Total Variation on Point Clouds, Arch.
Ration. Mech. Anal., 220 (2016), pp. 193-241.

[30] F. GAy-BALMAZ, D. D. HoLMm, AND T. S. RATIU, Geometric dynamics of optimization, Commun. Math.
Sci., 11 (2013), pp. 163-231.

[14]



31]
32]

[33]

[54]

[55]
[56]
[57]
[58]

[59]

LEAST ACTION, INCOMPRESSIBLE FLOW AND OPTIMAL TRANSPORT 45

U. GRENANDER AND M. I. MILLER, Computational anatomy: An emerging discipline, Quart. Appl. Math.,
LVT (1998), pp. 617-694.

S. HAKER, L. ZHU, A. TANNEMBAUM, AND S. ANGENENT, Optimal mass transport for registration and
warping, Int. J. Comput. Vis., 60 (2004), pp. 225-240.

D. D. HoLMm, A. TROUVE, AND L. YOUNES, The Euler-Poincaré theory of metamorphosis, Quart. Appl.
Math., 67 (2009), pp. 661-685.

J. JosT, Riemannian geometry and geometric analysis, Universitext, Springer, Heidelberg, sixth ed., 2011.
M. KNOTT AND C. S. SMITH, On the optimal mapping of distributions, J. Optim. Theory Appl., 43 (1984),
pp. 39-49.

H. LiNDBLAD, Well-posedness for the motion of an incompressible liquid with free surface boundary, Ann.
of Math. (2), 162 (2005), pp. 109-194.

M. C. Lopes FiLuo, H. J. NUSSENZVEIG LOPES, AND J. C. PRECIOSO, Least action principle and the
incompressible Euler equations with variable density, Trans. Amer. Math. Soc., 363 (2011), pp. 2641-2661.
R. J. MCCANN, A convezity principle for interacting gases, Adv. Math., 128 (1997), pp. 153-179.

P. W. MicHOR AND D. MUMFORD, Vanishing geodesic distance on spaces of submanifolds and diffeomor-
phisms, Doc. Math., 10 (2005), pp. 217-245.

——, Riemannian geometries on spaces of plane curves, J. Eur. Math. Soc. (JEMS), 8 (2006), pp. 1-48.
A. M. OBERMAN AND Y. RUAN, An efficient linear programming method for optimal transportation.
arxiv:1509.03668v1.

F. OrT0o, The geometry of dissipative evolution equations: the porous medium equation, Comm. Partial
Differential Equations, 26 (2001), pp. 101-174.

Y. RUBNER, C. ToMAssI, AND L. J. GUIBAS, The earth mover’s distance as a metric for image retrieval,
Int. J. Comput. Vis., 40 (2000), pp. 99-121.

M. Rumpr AND B. WIRTH, Discrete geodesic calculus in shape space and applications in the space of
viscous fluidic objects, STAM J. Imaging Sci., 6 (2013), pp. 2581-2602.

F. SANTAMBROGIO, Optimal transport for applied mathematicians, Progress in Nonlinear Differential Equa-
tions and their Applications, 87, Birkhauser/Springer, Cham, 2015. Calculus of variations, PDEs, and
modeling.

B. SCHMITZER AND C. SCHNORR, Contour manifolds and optimal transport. arXiv:1309.2240, 2013.

, Globally optimal joint image segmentation and shape matching based on Wasserstein modes, J.
Math. Imaging Vision, 52 (2015), pp. 436—458.

A. 1. SHNIREL'MAN, Generalized fluid flows, their approzimation and applications, Geom. Funct. Anal., 4
(1994), pp. 586-620.

D. W. THOMPSON, On Growth and Form, Cambridge University Press, Cambridge, 1917.

A. TROUVE, Action de groupe de dimension infinie et reconnaissance de formes, C. R. Acad. Sci. Paris
Sér. I Math., 321 (1995), pp. 1031-1034.

C. VILLANI, Topics in optimal transportation, vol. 58 of Graduate Studies in Mathematics, American
Mathematical Society, Providence, RI, 2003.

———, Optimal transport, vol. 338 of Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences|, Springer-Verlag, Berlin, 2009. Old and new.

W. Wang, J. A. OzoLEK, D. SLEPCEV, A. B. LEE, C. CHEN, AND G. K. ROHDE, An optimal trans-
portation approach for nuclear structure-based pathology, IEEE Transacions on Medical Imaging, 30 (2011),
pp. 621 — 631.

W. Wang, D. SLEPCEV, S. Basu, J. A. OzoLEK, AND G. K. ROHDE, A linear optimal transportation
framework for quantifying and visualizing variations in sets of images, International Journal of Computer
Vision, 101 (2013), pp. 254-269.

B. WIRrTH, L. BAR, M. RUMPF, AND G. SAPIRO, A continuum mechanical approach to geodesics in shape
space, Int. J. Comput. Vis., 93 (2011), pp. 293-318.

S. Wu, Well-posedness in Sobolev spaces of the full water wave problem in 2-D, Invent. Math., 130 (1997),
pp. 39-72.

———, Well-posedness in Sobolev spaces of the full water wave problem in 3-D, J. Amer. Math. Soc., 12
(1999), pp. 445-495.

L. YOuNEs, Computable elastic distances between shapes, SIAM J. Appl. Math., 58 (1998), pp. 565-586
(electronic).

——, Shapes and diffeomorphisms, vol. 171 of Applied Mathematical Sciences, Springer-Verlag, Berlin,
2010.




46 JIAN-GUO LIU, ROBERT L. PEGO AND DEJAN SLEPCEV

[60] L. YOUNES, P. W. MICHOR, J. SHAH, AND D. MUMFORD, A metric on shape space with explicit geodesics,
Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 19 (2008), pp. 25-57.



	1. Introduction
	1.1. Overview
	1.2. Main results
	1.3. Related work on the geometry of image and shape space
	1.4. Plan

	2. Preliminaries: Wasserstein geodesics between open shapes
	2.1. Standard Wasserstein geodesics
	2.2. Local linear approximation and estimates.

	3. Geodesics and incompressible fluid flow
	3.1. Incompressible Euler equations for smooth critical paths
	3.2. Weak solutions and Galilean boost
	3.3. Ellipsoidal Euler droplets
	3.4. Ellipsoidal Wasserstein droplets
	3.5. Velocity and pressure estimates

	4. Euler sprays
	4.1.  Approximating optimal transport by an ellipsoidal transport spray
	4.2. Action estimate for Euler spray

	5. Shape distance equals Wasserstein distance
	6. Displacement interpolants as weak limits
	6.1. Proof of Theorem 1.5.
	6.2. Convergence in the stronger TLp sense.

	7. Relaxed least-action principles for two-fluid incompressible flow and displacement interpolation
	7.1. Kinetic energy and least-action principle for two fluids
	7.2. Wasserstein geodesics are minimizers of relaxed action
	7.3. Extended relaxed least-action principle

	8. A Schmitzer-Schnörr-type shape distance without volume constraint
	Appendix A. TLp convergence and stability of Wasserstein geodesics
	Acknowledgements
	Compliance with Ethical Standards
	References

