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sufficiently general to include most structural models, and thereby highlights the
commonality between reduced-form and structural models. Within the general
framework, multiple recovery conventions for contingent claims are considered:
recovery of a fraction of par, recovery of a fraction of a no-default version of the
same claim, and recovery of a fraction of the pre-default value of the claim. A
stochastic-integral representation for credit-risky contingent claims is provided,
and the integrand for the credit exposure part of this representation is identified.
In the case of intensity-based reduced-form models, credit spread and credit-
risky term structure are studied.
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1 Introduction

1.1 Credit derivatives

Credit risk or default risk is the risk that an agent fails to fulfill contractual obli-
gations. The classic example of an instrument bearing credit risk is a corporate
bond. With the growth of over-the-counter derivatives markets, there has been
a corresponding growth in risk of counter-party default.

Increased trading in instruments subject to credit risk has led to the creation
of credit derivatives, instruments which partially or fully offset the credit risk
of a deal. These provide an efficient means of hedging or acquiring credit risk,
and permit investors to separate their views on credit risk from other market
variables without jeopardizing relationships with borrowers. Furthermore, a
deal which includes protection via credit derivatives may permit investors entry
into markets from which they might be otherwise precluded. Hargreaves [19]
estimates the size of the credit derivatives market to be $400 billion to $1 trillion
notional outstanding.

We briefly describe some common credit derivatives. The reader will find a
full treatment in Bielecki & Rutkowski [3]. In a credit swap, one party promises
to make a payment in the event of a credit event (default or downgrade) for a
reference security. The other party purchases this promise with periodic pay-
ments up to the time of the credit event. In a spread swap, two parties agree to
swap the credit risk exposure of assets they own; if the asset held by the first
party defaults, the second party compensates the first party, and vice versa. In
a total return swap, for a series of periodic payments, one party sells the cash
flow from an asset to a second party, and the second party is thus exposed to
both market and credit risk associated with that asset. This is the synthetic
equivalent of selling the asset, an action which may not be feasible for tax, reg-
ulatory or relationship management reasons. A credit call (put) gives its owner
the right to buy (sell) a credit-risky asset at a predetermined price, regardless
of credit events which may occur before expiration of the option. Credit-linked
notes are instruments whose value is linked to performance of a credit-risky
asset or portfolio of assets. First-to-default options, last-to-default options and
collateralized loan obligations belong to this class.

1.2 Structural models

Structural models of credit risk, pioneered by Merton [36], view a firm’s liabil-
ities as contingent claims issued against its assets. Bankruptcy occurs if the
asset value falls to a boundary determined by outstanding liabilities. Other
early work on such models was done by Black & Cox [5] and Geske [17]. A host
of subsequent papers have studied corporate capital structure by this approach.
Bielecki & Rutkowski [2], [3] and Lando [32] review this literature.

Despite their conceptual appeal, structural models are difficult to use for
pricing. Their underlying state is the value of a firm’s assets, and the model
assumes this can be observed and hence default is not a surprise. (One exception



is the structural model of Zhou [41], in which the value of the firm’s assets is
allowed to jump.) In fact, the value of the firm’s assets is not observable.
Furthermore, in order to specify payoffs which would accrue to investors in the
event of bankruptcy, one would need the full priority hierarchy of the firm’s
liabilities.

1.3 Reduced-form models

Reduced-form models for credit risk are less ambitious than structural models.
They use risk-neutral pricing of contingent claims and take the time of default
or other credit event as an exogenous random variable. Recovery, the amount
which the owner of a defaulted claim receives upon default, is parametrized but
does not take explicit account of hierarchy of liabilities. The model is calibrated
to market data and then used to price credit derivatives.

Reduced-form models were developed by Artzner & Delbaen [1], Duffie,
Schroder & Skiadas [14], Jarrow & Turnbull [26], and Madan & Unal [35]. Duffie
& Lando [13] show how a reduced-form model can be obtained from a struc-
tural model with incomplete accounting information. Reduced-form models are
of several types. In the simplest, there is an intensity for the arrival of default
or credit migration, and recovery is an exogenous process. In Jarrow, Lando &
Turnbull [25] the intensity for credit migration is constant; see also Litterman &
Iben [34] for a Markov chain model of credit migration. In the papers Duffie et.
al. [14], [15] and Lando [33], among others, the intensity of default is a random
process. A common feature of these models is that default cannot be predicted
and can occur at any time. Since their inception, reduced-form models have
been used to price a wide variety of instruments; see, e.g., Das & Tufano [7],
Duffie [11], Duffie & Singleton [15], Duffie & Huang [12]. Some recent papers
on estimating the parameters of these models are Collin-Dufresne & Solnik [6]
and Duffee [10]. Jarrow [24] sets up a reduced-from model in which estimation
can be based on equity prices as well as bond prices. A systematic development
of mathematical tools for reduced-form models is given by Elliott, Jeanblanc &
Yor [16], Jeanblanc & Rutkowski [27], [29] and the recent book by Bielecki &
Rutkowski [3].

1.4 Term-structure models

A third approach to credit risk modeling is to begin with the term-structure of
risk-free bonds and the term-structure of defaultable bonds, building a model
which includes both in an arbitrage-free framework. Some papers which discuss
term structure of defaultable bonds are Duffie & Singleton [15], Pugachevsky
[38], Bielecki & Rutkowski [2] and Schénbucher [39]. A comprehensive treatment
is provided by Bielecki & Rutkowski [3]. These models are not based on firm
fundamentals, and a common theme in those papers is the relationship between
reduced-form and term-structure models.



1.5 Preview of this paper

This paper provides a framework for pricing credit derivatives in the spirit of
reduced-form models. While the framework does not provide an efficient vehicle
for obtaining structural results, it does encompass most structural models, and
thereby highlights the commonality between intensity-based and reduced-form
models. The framework is set out in Section 2. In Sections 1-4 and the first part
of Section 5, the model also covers the situation in which default can occur only
on certain dates, such as coupon payment dates. This is more general than the
intensity-based reduced-form models cited above, except for those considered by
[16], [27] and [29]. The last of these papers works in a framework which includes
both structural and intensity-based reduced-form models, but not the model in
which default can occur only on specified dates. Section 3 considers multiple
recovery conventions: recovery of a fraction of par, recovery of a fraction of a
no-default version of the same claim, and recovery of a fraction of the pre-default
value of the claim. The last convention is developed in [14] under the assumption
that the process V of Theorem 2.8 does not jump at the default time. We do
not impose that condition. Section 4 represents the discounted gain process
associated with a credit-risky contingent claim as a stochastic integral, and the
integrand for the credit exposure part of this integral is identified. In Section 5
we develop the default-risky forward rates for the intensity-based specialization
of the model, and conclude with a necessary and sufficient condition for a term-
structure model to be consistent with this intensity-based specialization. This
condition shows that the nature of the recovery convention plays an important
role, and in fact the recovery of market price may be the only convention which
supports this necessary and sufficient condition within a manageable framework.

This paper is based on Wong [40]. A. Bélanger and D. Wong thank colleagues
and management at Scotia Capital, where part of this research was done. We
also thank an anonymous referee for careful reading and thoughtful comments.

2 The model

2.1 Non-firm-specific information

We begin with a complete probability space (€2, F,P) on which is given a stan-
dard, d-dimensional Brownian motion W, 0 <t < T. The fixed positive num-
ber T is the final date in the model; all contracts expire at or before this date.
We shall always take ¢ to be in [0,7]. We denote by {F}V},.,.7 the filtration

generated by W and by Fy the collection of null sets in F. Then F; = F}V V. Fy is
the usual augmented Brownian filtration. We interpret {F;},.,.7 as a model of
the flow of public information which is not firm-specific. Because an augmented
Brownian filtration is continuous, this information structure cannot generate a
“surprise,” and hence is inadequate to model default of a particular firm. It does
suffice, however, to convey the information on which the interest rate is based.
More specifically, we shall assume there is a nonnegative, {F;}-predictable in-



terest rate process ry, and we define the discount processes

By 2 e Jorudu gy Ty & e [ mudu T e (0,7,

2.2 Firm-specific default

We introduce two additional objects in order to model default. The first is
a nondecreasing, {F;}-predictable process 'y whose paths are right-continuous
with left-limits (RCLL) and which satisfies Iy = 0 almost surely. (Because
{F+} is generated by a Brownian motion, every RCLL adapted process is {F;}-
predictable.) We also assume that the probability space (2, F,P) is rich enough
to support a strictly positive random variable = independent of 7. The default
time 7 is defined to be

= inf{t € [0,T];T; > E},

where we follow the convention inf () = co.

This model of default encompasses both the structural model and the reduced-
form model and can also capture the situation in which default can occur only
on specified dates. In particular, we may take I'; to jump on coupon payment
dates and be constant between these dates, thereby creating a model in which
default can occur only on coupon payment dates. The intensity-based reduced-
form model is described by Definition 2.1 below. Finally, in one version of the
structural model, there is some {F;}-predictable process X; representing the
value of the firm, and default occurs if X; falls to some boundary b < Xy. We
capture this situation by taking I'y = supg<s<;(Xo — Xs) and E = Xy — b, a
positive constant. T

Our set-up permits only one credit event, which we call default. Although
we do not consider the more general case in this paper, one can create a similar
model of credit migration in which there are multiple credit events as a firm
undergoes changes in credit rating. Let K = {1,...,n — 1,n} be the set of
possible credit ratings, arranged in order of descending quality, with n repre-
senting default. We may choose a transition matrix and construct a Markov
chain (g, (1, (s, ... with state space K and n an absorbing state. This chain is
independent of Fw. Let {Z;;¢ = N} be a sequence of positive random variables,
independent of 77 and independent of one another, and let I'; again be an
RCLL, nondecreasing, {F;}-adapted processes beginning at zero at time zero.
We suppose the initial credit rating of the firm is (y, and we take pg = 0. We con-
struct {p;; ¢ € N} recursively by the formula p; 1 = inf{t > p;; I, —T',, > ZEi11},
and interpret p; to be the time of the i-th credit event. At time p;, the firm
moves to credit class (.

2.3 Survival and hazard processes

We introduce the right-continuous cumulative distribution function for the ran-
dom variable Z: F(§) £ P{E < ¢}. Because {r < t} = {£ < I;} and Z is



independent of F=, we have
F(I'y) =P{r < t|F7} = P{r < t|F}. (2.1)

We define the stopping time 7 £ inf{t > 0; F(T;) = 1}, which satisfies 7 < 7.
We define the RCLL, non-increasing survival processes

S; 21— F(y) =P{r > t|Fr} =P{r > t|F/}, 0<t<T. (2.2)
for which Sy =1 and S; > 0 for 0 <t < 7, and we set

St

= 0<t<T.
St) — —

S(t,T) £ Is,>0)
We do not rule out the possibility that S, = 0 and even P{r > ¢} = 0 for
some values of ¢, and we adopt throughout the convention that Iy St>0}s% =0
if Sy = 0. We further define the RCLL, nondecreasing hazard process

dS, =
A 2 —/ ]I{SU_>0}S77 0<tLT. (2.3)
10,¢] U=

where S, £ lim,1,, S, and Sp— £ 1. We may write (2.3) in the differential
form dS; = —S;—dA¢, which leads to the integrated form (e.g., [37], page 77 and
(4.52) of [27])

Se=exp(—Af) J] (1-2A), 0<t<T, (2.4)

o<u<t

where AA, £ A, — A,_ and A¢ LA — ZO<u<t AN, is the continuous part of
A. If 7 < T and S jumps to zero at 7, then A; = A=_ +1 for 7 < t < T, whereas
if S=_ = 0, then (2.4) implies that Ay = A=_ = oo for 7 < t < T. We caution
the reader than when there are jumps in Sy, the hazard process defined here
differs from the one defined elsewhere, e.g., [27]; compare our equation (2.4)
with Proposition 4.10(ii) of [27].

With the exception of [16] and [27], previous reduced-form models have been
“intensity-based” in the sense of the following definition.

Definition 2.1 The intensity-based reduced-form model is the special case that
I'y = fg Ay du for some nonnegative, {F;}-predictable intensity process A, and
F(¢)=1—e%, s0 that Sy = eIt and Ay =T.

2.4 Filtrations

We introduce a process to indicate that the firm is in default, H; £ ]I{Tgt} =
Itz<r,}, which permits us to rewrite (2.1), (2.2) as

E[1 — H,|F7] = E[1 — H,|F,] = S;. (2.5)



Because 7 < 7, S; = 0 implies H; = 1, or equivalently,
I, >0y (1 — Hy) =1 — Hy. (2.6)

The information available at time ¢ is captured by Ff £ o{H;0 < s < t}
and F;. We define the corresponding filtration

H, 2 F v FE, 0<t<T. (2.7)
We shall also need the filtration
G2FrVFE, 0<t<T. (2.8)

It is straightforward to verify that these filtrations are right continuous and
contain all null sets of F; see [40]. Furthermore, if X is Fp-measurable,
then E[X|H:] = E[X|F:]. Tt follows that every {F;}-martingale is an {H;}-
martingale. This property is called “Condition (H)” by [16], [27], who give
several conditions equivalent to it.

2.5 {H:}-semimartingales

1td’s formula (see, e.g., [37], p. 74) permits calculations with {H; }-semimartingales,
which by definition are right-continuous with left limits. We shall need the fol-
lowing special case of this formula.

Lemma 2.2 (Ito’s product rule) Let X andY be {H:}-semimartingales, and
assume X is a finite-variation process. Then

XY = XoYo + X,_dY, + Y, dX,. (2.9)
10,¢] 10,t]
One may write (2.9) in differential form as d(X;Y:) = X;—dY; + YidX,.
We define

1-—H,
S (2.10)
t

Because = is independent of F, we have for 0 <t <ty < T that

P{H;, = 0| F7}

E[l - Ht2|gt1] = ]I{HH:O} P{Ht = 0|‘7:7}
. = T

= J1, S, (2.11)

Moreover, for 0 < t; <ty < T, we have

/ Ju_dS,
[t1,t2]

It follows now by direct computation that with A; = Ayn,, the process

dSy,

E gn] = / E[l - Hu—\gtl]ﬂ{suyo}si = Jt, (St — Sny).
Jt1,t2] u—

M, 2 H — A, (2.12)

is an {H;}-adapted {G;}-martingale, hence also an {H;}-martingale.



Remark 2.3 Because M is a finite-variation process and the jumps in A are
positive and bounded by 1, we have

M, M)y = > (AM)? < Y ((AH,)? +(AA)%) <14+ > AA <144,

0<s<t 0<s<t 0<s<t

If 4 is a bounded, {H;}-predictable process, then
T
E/ Y2dIM, M]; < C(1+EA;) = C(1 +EH;) < 2C < <.
0

It follows that fot Y, dM,, is an {H;}-martingale.

The process J is nonnegative and may have a discontinuity at ¢ = 7, the first
time S falls to zero. Indeed, if S=_ > 0 then it is also possible that H=_ = 0,
although we are guaranteed by (2.6) that H = 1. Consequently, it can occur
that J has a jump of size —S?% at time 7.

It is also possible that 7 < T and S-_ = 0, but despite this, we cannot have
J=_ = 00, as we now show. Let A= {7 <T;S-_ =0}. On the set A, we have

- =€ 2 min{¢ > 0; F(¢) = 1}

Moreover, F' must be continuous at £*. By the definition of 7, we have I'y < £*
for t < 7. Tt follows that AN{r <7} = AN{E < &*}, but since P{= < &*} =1,
we must have P(AN {7 < 7}) = P(A). Hence, on the set A, the numerator in
Jr = Iis5,50) 1;? falls to zero strictly prior to time 7.

We have from It6’s product rule (Lemma 2.2) that

A—H)=SJ = | JuodSu+ | SudJu= [ SudJ.— A,
0.4 0.4 J0.1]

and hence f]o 1 SudJ, =1 — M,. It follows that

1
/ Its,>0pdJu =1 — / H{Su>0}§dMu- (2.13)
10,t] 10,t] u

2.6 No-arbitrage pricing

In order to rule out arbitrage, we assume the probability measure P is a mar-
tingale measure in the sense of Harrison & Kreps [20]. That is, the discounted
value of every asset at time ¢ plus the discounted value of all cash flows gener-
ated by the asset up to time ¢ is an {H;},.,.p-martingale under P. We do not
assume P is the only martingale measure for this model, i.e., we do not assume
the model is complete. The prices we define, e.g., in Definition 2.6 below, may
not be the only arbitrage-free prices consistent with the model. In this regard
we are following the industry practice of setting up one arbitrage-free system of
pricing and depending on model calibration to make this system useful.



More specifically, fix T < T and let C;, 0 < t < T, be a nonnegative, nonde-
creasing, RCLL, {F;}-adapted and hence {F;}-predictable process representing
the promised cumulative cash flow paid by an asset up to time ¢t. We assume
Cy = 0, i.e., there is no payment at date zero. This cash flow will be paid
on the time interval ]0,T] if there is no default, but only on the time interval
10, 7[ if 7 < T. In particular, the promised payment is not made at the default
time. However, we assume that upon default the asset holder is entitled to an
immediate recovery. The recovered amount is Z,, where the recovery process
Zy, 0 <t <T,is a nonnegative {F; }-predictable process.

The pair (C, Z) specifies a contingent claim with expiration date T'. We shall
always make the following assumptions.

Assumption 2.4 The cumulative cash flow C satisfies E U]O B

]mdct} < 0.
Assumption 2.5 The recovery process Z satisfies [supte]oj] ﬁtZt} < 0.

The above assumptions guarantee integrability of the random variables V;
and Gy in the following definition.

Definition 2.6 The price process V for the contingent claim (C, Z) is

V,2E

/ (1 - Hy,)B(t,u)dCy + B(t,u)Z,dH,
1t,T] 1t,T]

Ht], 0<t<T.

(2.14)
The gain process G for (C, Z) is

Gy 2V +

/ (1 — H,)B(t, u)dC, + ﬂ(t,u)ZudHu], 0<t<T. (2.15)
10,¢]

10,¢]

The right-hand side of (2.14) does not include the cash flow at time ¢t. In
particular, Vi = 0. The cash flow at time ¢ is included in the right-hand side of
(2.15). For t = 0, there is no possibility of default and recovery (by construction,
P{= < Ty} =0). In particular, Gy = Vj.

Remark 2.7 Suppose an agent begins with ownership of the defaultable con-
tingent claim (C, Z), and invests the cash flow generated by this claim in the
money market. Let X; denote the value of his portfolio at time ¢t. Then Xy = Vj
and

dXy =dVy + (1 — Hy)dCy + ZydHy + r( Xy — Vi) dt.

The change in portfolio value is due to four effects: the change in the value of the
underlying defaultable contingent claim, the cash flow paid by the contingent
claim, the recovery paid in the event of default, and the interest earnings on the
part of the portfolio invested in the money market. Consequently, d(3;X;) =
d(B:Vi)+(1—Hy) BrdCy+ 51 Zy dHy, and integration of this equation yields 5, X; =
0:Gy, or equivalently, X; = G;. We can thus interpret G; as the value of the



portfolio described above. It can be regarded as a non-dividend-paying asset,
and as expected, the discounted gain process

3Gy =E / (1 - H,)B.,dC, + BuZydH, | He (2.16)
10,7 10,77
is an {H;}-martingale under P. $
We next define
~ I
7,2 5>0p BuSudCy — BuZudSu| Fil (2.17)
BeSe J¢.7] 6.7

which we interpret as the date-t price of the contingent claim (C, Z) conditioned
on no default prior to date t. The following theorem traces back to Dellacherie
[8], p- 124 and [9], p. 64, and generalizes a theorem of Duffie, Schroder and
Skiadas [14], who consider a contingent claim making a single payment in a
reduced-form intensity-based model. It is also Proposition 3.1 of [27], except
that the model assumptions in [27] are slightly different. We provide the main
steps in the proof for the sake of completeness.

Theorem 2.8 (Price Representation) The price process V; for the contin-
gent claim (C, Z) satisfies Vi = (1 — Hy)V;, 0 <t <T.

ProOF: For 0 <t < T, we compute

)

E 1- H,)3,dC, E Ell1 - H, L, dC,
[ /] AL [ /] J ElL= HG)s

Ht](z.ls)

1-H
= 'E SuBudCiy| My
St J¢,T]
1-H
= 'E / Sy BudCy| Fi| .
St J¢,7]
According to Remark 2.3,
E / n A (BuZy)dH, Htl =E / n A (BuZu)dAy| Hy
1¢,T7] 1¢,T]




Letting n 1 oo and using (2.11), we obtain

El BuZydH, Ht] = IE[ BuZydAy| Hy
1¢,T] 1¢,T]
= —-E l ﬁuZu(l - Huf) dSu Ht] (2'19)
]t,T] Su_
ds,
= -—-E [ ﬁuZuE[l - Huf‘gt]s, Ht‘|
1¢,T) u—
_ _Ll-Hip BuZudSu| H,
St 6.7
_ 1oy BuZydSy| Fe | .
St 1¢,T]

Dividing (2.18) and (2.19) by §; and summing, we obtain

1-H ~
V, = ‘E BuSudCy — | BuZudS.| Fe| = (1— H)V,,
BeSe 16,7] ]¢,T]
with the last equality a consequence of (2.6). &

3 Models of recovery

3.1 Derivatives of contingent claims

We shall obtain prices for promised cumulative cash flows under a variety of
assumptions about the nature of recovery from default. To facilitate this, we
introduce some processes derived from a contingent claim C'. We note that the
process V of (2.17) can be written in terms of the notation and (3.3) and (3.4)
below as R

Vi = CFP,[C] + DRP,[Z]. (3.1)

Definition 3.1 Let (C,Z) be a contingent claim satisfying Assumptions 2.4
and 2.5. We define the following processes.

NDP The No-Default-Price of C is

NDP[C] 2 E B(t, u)dC,

16,77

Fe|. (3.2)

This is the price of the promised cash flow C if there is no risk of default
(set H=10 in (2.14)).

10



CFP The Cash-Flow-Premium of C is

CFP,C) £ I, >0y E l/] ]/B(t,u)S(t,u)dCu Fil . (3.3)
t,T

Conditioned on the claim mot being in default at date t, this is the price
of the claim if there were zero recovery from any later default (set Z =0
in (2.17)).

DRP The Default-Recovery-Premium of Z is

i
DRP,[z) & 152U p

- uZudSu
55, ’

1t,T1

7. (3.4)

Conditioned on the claim not being in default at date t, this is the value
of the recovery from any later default (set C =0 in (2.17)).

If we let C' be the cumulative dividends paid by a firm up to time of
bankruptcy, then CFP;[C] is the present value of these dividends, i.e., the
value of the stock. This observation permits the inclusion of stock prices in the
estimation of default probabilities; see Jarrow [24].

Let 6 € [0, 1] be given. We shall say a cumulative cash flow C' is subject to
Recovery of Par Value if, in the event of default, the owner of the defaulted cash
flow receives an immediate bullet payment ¢, a fraction of the so-called par value,
which we take to be 1. In other words, the contingent claim under the recovery
of par value convention is (C, §). According to Theorem 2.8, conditioned on not
being in default, the price of this claim is

I
RPV,[C, 5] & =0

S, dCy, — 0 . dS,,
5,5, p b

1¢,7T) 1¢,7)

Fil. (3.5)

Section 3.2 provides another version of this formula.

For 6 € [0,1], we say a cumulative cash flow C is subject to Recovery of
Treasury Value if, in the event of default, the owner of the defaulted cash flow
receives 0 times the value of the no-default-risk version of the same cash flow,
including the promised payment at the time of default. This is not a standard
market convention, but it is a useful mathematical model for recovery (Duffie &
Singleton [15], Jarrow & Turnbull [26], Lando [33]). We shall see in Proposition
3.3 below that, conditioned on not being in default, the price of this claim is

RTV,[C,8] £ CFP,C]+ DRP[NDP~[5C]] (3.6)
- (1—5)CFPt[O]+6H{St>Q}NDPt[O],

11



where

NDP[6C] 2 GE B(t,u)dC, | F, (3.7)
[t,T]
.0
sTt B [t,T) Is.t]

lin NDP,[5C] = NDF,_[5C}.

Finally, for § € [0, 1], we wish to take the recovery process to be 5@,, ie.,
Recovery is a fraction of the pre-default Market Value of the claim. The price
process for this claim appears in the definition just given for the price process.
We avoid this circularity by defining the price process to be

I
RMV;[C,5) 2 5>0g

ko dCy
Bery b

J.T]

Fi, (3.8)

and then showing in Subsection 3.4 that RMV;[C,0] has the properties we
associate with recovery of market value. The auxiliary processses appearing
in (3.8) are given by

aSy
e

Y £ f]o,t] 0lgs, >0y = —0Ay, (3.9)

S

X2 e [lpeuc (1 +AY,), K 2 H{St>0}i. (3.10)

Equation (3.8) is of the form of the no-default-price equation (3.2), but with
the discount ( replaced by Gk. We may interpret x as the extra discount due
to credit risk.

For the intensity-based, reduced-form model, r(t) = e~ Jo(1=9Audu  Upder
the recovery of market value convention, (3.8) and the Price Representation

Theorem 2.8 imply that the price of a “zero-coupon” contingent claim C, £

XH{T} (t) is

T

Vi = (1— H)E ol (ru+(15))\u)duX‘ ]_-t} .

This formula is due to [15].

3.2 Recovery of par value

Let ¢ be a constant in [0,1] and assume the recovery process is Z = 4. If, in
addition, S is continuous, then the price of the cash flow C' with recovery of a
fraction 0 of par value agrees with the price of the higher cash flow C' + §A with
no recovery in the event of default. We state and prove this fact.

12



Proposition 3.2 For 0 <t < T, we have

i AS,)?
RPV,[C,8] = CFR[C +8A] + —22% g | $ M{SHJO}( 3

Bt t<u<T Su-
(3.11)
In particular, if S is continuous, then RPV,[C, ] = CFP,[C + J4A].
PrOOF: We compute
RPVA[C, ¢]
I
= 220g BuSudCy =6 | BudS,|Fi
BeSi Jt.7) Jt,7]
I
= 5>y BuSudCy+06 | Bu(Su — AS,)dA,| F
BeSe 6,7 16,77
51 (AS,)?
{S¢>0} u
= FP, oA+ ———FE Ml —
CFP,C + 6A] + 3,5, t<§Tﬁ {Su_>0} 5 Fy
%

3.3 Recovery of treasury value

Let § be a constant in [0,1] and assume that upon default, the holder of the
contingent claim receives § times a no-default-risk version of the same claim, this
no-default-risk version including the promised payment at the time of default.
Under such a recovery convention, the value of the claim should be ¢ times
the value of all the promised cash flow plus 1 — § times the value of cash flow
terminating at default. In our model, the recovery is paid as a lump sum upon
default, rather than as a reduced cash flow over the remaining life of the claim.
More precisely, the recovery process is Z; = NDP, [6C] of (3.7). We verify the
just stated decomposition in our model.

Proposition 3.3 The contingent claim (C, NDP~[6C]) has price process

The proof of Proposition 3.3 uses the following lemma, which asserts that
the price of a no-default-risk version of the contingent claim C is the sum of
the price of a defaultable version plus the value of a recovery convention which
pays the remainder of C' upon default, including the promised payment at the
time of default.

Lemma 3.4 We have 15,50y NDP[C] = CFP[C] + DRP[NDP~[C]].

13



Proor: We compute

I
DRP[NDP™[C]] = %E o 8. NDP,_[C]dS,, ft]
t,
: .
_ Yso>o0y /
= L2dp_ E BodCly| Fu | dSy
BeSe | Jpr) [
: .
_ Hse>oy /
= A5Up)_ B,dC,dS, | F,
BeSi 16,77 J 1] '

I
= 50p)_ / B,dS,dC, | F; (3.12)
16,7 J1t.0]

BrS

s, >0
E ﬁu S - Sv dcv
BeSt | /1t (St )

= 5,50} NDPB[C] — CFRC).

.

PROOF OF PROPOSITION 3.3: According to Price Representation Theorem 2.8
and (3.1), the price process for the contingent claim (C, NDP~[§C]) is

v, — (1—Ht)<OFPt[ ]+DRPt[NDP’[60]])
= (1-H)o (CFPt[ ]—I—DRPt[NDP‘[C]])+(1—Ht)(1—6)CFPt[C}

= (1 Hy)(8lgs,50y NDP[C] + (1 - §)CFP[C))
(1~ Hy)RTV,[C., ).

Remark 3.5 In the Jarrow & Turnbull [26] model, E is exponentially dis-
tributed and T' = At for some A > 0. The security considered is a zero-coupon
bond with maturity date T, i.e., C(t) £ I{y(t). The recovery process is a
bullet payment of § at maturity if there is default at or prior to maturity. In
other words, for this security 6 NDP~[C] is the recovery process of [26]. Prior
to default, the price of the bond in [26] is RTV;[C,d]. After default, Jarrow &
Turnbull price the bond based on the value of the anticipated recovery, whereas
we set the price equal to zero. In other words, the Jarrow & Turnbull price is

P(t) £ (1 = Hy)RTV;[C, 6] + H{§ NDP[C], 0 <t < T, (3.13)
whereas we price the bond as (1 — Hy) RTV;[C, d]. Our gain process (2.15) is
G(t) = (1 — H)RTV;[C, 8] + Hyel- 4“sNDP-[C]. (3.14)

The difference between the right-hand sides of (3.13) and (3.14) is due to the fact
that the Jarrow & Turnbull recovery is paid at maturity, whereas our recovery
is immediate upon default, and is then invested in the money market.

14



3.4 Recovery of market value

For a contingent claim (C, Z), we have the representation V; = (1 — Ht)\?} of the
price process, where ‘7} of (2.17) is the price of the contingent claim conditioned
on no default at or prior to date t. We would like to take the recovery process
to be N

Zy =0V, 0 <t <T, (3.15)
where § € [0,1] is constant. In case of default, recovery is a d-portion of the
pre-default value of the claim. This is a common informal viewpoint among
bond traders. (We do not need to specify a value for Z; because the probability
of default at date 0 is zero.)

Substituting (3.15) into (2.17), we obtain the integral relation for V:

5 Isi>o
v, = B0>0g
T BS,

The following proposition justifies the definition (3.8) of RMV;[C,d]. It shows
that (3.16) may be written as

RMV;[C, 8| = CFP,[C] + 6DRP,[RMV~[C, 4], (3.17)

B4 SudCy — 6B, Vi_dS,,
1¢,T) ¢,

]-'t] ,0<t<T. (3.16)

where, as usual, RMV, [D, 8] & RMV,_|[C,§].

Proposition 3.6 Equation (3.16) for V is satisfied by the process

I
RMV,[C,6] & 5>UR BytiedChy ft] : (3.18)
Btk 1t,7)
where Ky is given by (3.9), (3.10). Furthermore,
CFP[C] < RMV,[C,é] < NDPC]. (3.19)

If § € [0,1] and Crp is bounded, uniformly in w, then BRMV[C,¢] is bounded,
uniformly in t and w, and is the only such process satisfying (3.16).

PROOF: If § =0, the claimed results are immediate. Hence, we assume § # 0.

Recall the processes X;, Y; and ¢ of (3.9), (3.10). We first show that « is
non-increasing. The jumps in Y occurring on the time interval [0, 7] N[0, 7] are
strictly greater than —1, and hence X is positive on this interval. According to
the Doleans-Dade exponential formula (e.g., [37], page 77),

1
Xi =1+ Xy_dY, =1+96 ]I{Suf>0}—d8u, t € [0, T]N[0,7[. (3.20)
10,¢] 10,¢] Ky—

According to Itd’s formula,

St 1 Suf S“ Su*
St _ 50+/ s — [ 2taxe 4 (— )
X 10,¢] Xu— 10,¢] b 0<zu:§t Ko X
1, Sy S _
= 14+(1-0) | LdSi+ 3] (XU—XH_),te[O,Tm[On[.
10,¢] o<u<t
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Because S is non-increasing, so is (1 — ¢) f]o " +—dS5_. It remains to show

S, Su_
that T < o

or equivalently,
ASy Xy < Sy AX,,. (3.21)

But AXu:(S]I{Su_w}%ASu, and X,,— >0, AS, <0, so relation (3.21) holds.

As observed in Subsection 2.3, if 7 < T and S7_ = 0, then A+ = co. In
this case, Y7 = —oo. Consequently, X7_ might be 0. However, X is positive
on [0,7[ and £ is non-increasing there. With x; £ 0 for 7 < t < T, we see that
Kk is non-increasing on all of [0,T]. Because S and k are non-increasing, (3.18)
implies (3.19).

By an argument analogous to (3.7), we see that RMV[C, §] given by (3.18)
satisfies

Ful . (3.22)

uHu—

1
RMV,_[C,d] = ]I{S,u7>0}671€ [ ) BykypdCy

We compute the right-hand side of (3.16) using (3.22) and (3.20):

I
A5>0 g BuSudCy —6 | BuRMV,_[C,6]dS.| F:
BeSt %y J6.7] ]
i I 1
{S:>0} {S:>0}
_ ooy SudCy| | — 520 g 6/ Is,.
3,5, ]t’T]ﬂ t 3,5, l .71 {Su—>0} Koo
x E BukodCy| Fu | dS,, ]—"t]
[w.T]
i
{S:>0}
- 5>0g . SudCy | F,
ﬁtSt ]mT]B !
ss0p | s / / Ls, >0y —— BorpdCydS,| i
BeSt 16,7) J [w,T) Ru—
I
= {St>O}E ﬁuSudCu «7:15
BeSt 1£,T]
Mseog [ Wssorm—fumidsidc| 7
BeSt ) e T Rus
Its, >0y
= 5>0g SudCl| F,
BeSt }mﬂ t
I 3,
{S;>0} vy
_A5>0 g I PvRv(x, — X,)dC,| F
o / T (K = X040 7
Xt ﬂvsv
== H{St>o}ﬂ]}z /]t’T] H{S“>O}Tvdcv ft == RM‘/,J/[CZCS}
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Hence, RMV[C, 4] defined by (3.18) satisfies (3.16).

It remains to prove uniqueness under the assumption that 6 €]0,1[ and
Cr < K < 0o almost surely for some constant K. The boundedness of Cr and
(3.19) imply the boundedness of BRMV[C, §]. Suppose V is another process for

which 3V is bounded and which satisfies (3.16). Then
]-"t] |

ft] < 6K,  (3.23)

. I
B (RMVI[C,8],—V;) = 5%1@
t

/m] Bu (RMV[C, 5o — ‘7u_> (ds,)

With Ky £ esssup,eq Supy< <7 Bu| RMV|C, 6]y — ‘A/u|, this implies

t

~ I
Bi|RMV[C, 6], — V| < 5Kt%ﬂ‘3 [/ (—dS.)
1t,T)

But then we have 3,|RMV[C, ], — V.| < 6K, < 0K, u € [t,T], which yields
K; < 0Ky. Because d < 1, this inequality implies K; = 0.

Remark 3.7 A simple example of non-uniqueness in (3.16) arises if we take
6 = 1 and assume St = 0 almost surely. If V solves (3.16), then V+ iH{SQO}
does as well for any constant ¢

However, if 6 = 1, (3.9), (3.10) and (2.4) imply S; = X; for all . Therefore
ke =1,0 <t <7and RMV[C,¢]; given by (3.18) is Iyg,50y NDP[C]. This is
the “right” price, the one corresponding to our expectation that if full market
value is recovered upon default, then conditioned on no default prior to date ¢,
the date-t price of the contingent claim is the no-default price. &

Remark 3.8 Proposition 3.6 generalizes a theorem of [14], who considered only
the intensity-based reduced-form model but allowed § to be an {F; }-predictable
process. A straight-forward modification of the proof of Proposition 3.6 shows
that it is still valid in the case of an {F;}-predictable process d.

Remark 3.9 An Itd formula calculation reveals that for 0 <t <u <T,

5176
log (H{su>0} :; >

5175
= log (H{Spo} : ) (3.24)

Rt

SAS, AS,
+ Z {10% (1 + I{s, >0 IS ) ~Oloa (1 T lis.>0) Sv— ﬂ '

t<v<u v

In particular, if S is continuous (but not necessarily absolutely continuous, i.e.,

not necessarily given in terms of an intensity process as S; = e~ 1o Audit) e
have #, = SL17° 0 <wu < T, and (3.8) becomes
RMV,[C, 6] =I5, E B(t,u)S = (t, u)dC, | Fi (3.25)
1t,T7]
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If S is not necessarily continuous, we may use the fact that the summands in
the last term of (3.24) are nonnegative to obtain the first inequality below, so
that
Ky _ S1=0 Gl=9o < (1-0)S,+9
K TS0 T S T St ‘

If § =1, (3.24) with ¢ = 0 implies &, = 1; if 6 = 0, (3.24) implies K, = Sy,
0<u<T.

(3.26)

3.5 Comparison of recovery conventions

We recall that

NDPJC] = E B(t,w)dC,| Fi| (3.27)
1¢,T7]
CFPt [C] = ]I{St>0}]E ﬁ(t, U)S(t, U)dCu .7:75 5 (328)
1t,T]
RPV,[C,8] = CFP,C +6A] (3.29)
0l¢s,>0 (AS,)?
TR tEDS:) A A
5,5, t<§;Tﬁ [8u->0}" g — t
RTV,[C,6] = (1—8)CFPC]+ 0l;s,0)NDPC], (3.30)
I
RMV,[C,5] = -2=Up BukudCy| Fy (3.31)
Bkt 1,7

These formulas lead immediately to the following proposition.

Proposition 3.10 (Linearity) Suppose CV) and C® are contingent claims
and 71, o are nonnegative numbers. Then

NDPCWY 4 4,¢®] = 4 NDP[CV] +~,NDP[C?)],
CFPyCY +7,C?] = ~CFPICM] +,CFP[C?)],
RPV[yiCD +4,C® (v +72)8] = mRPV[CD ] +vRPV[C?, 6],
RTV[11CW 4+ ~4,0? 5] = 1 RTV[CW, 6] 4+ 4 RTV[C?, 6],
RMV [y CY +7,0@ 4] NRMVICW, 5] + v, RMV[C®), 5],

Note that in contrast to the last two equations,

RPVCW +4,0.6] = ywRPVICY, 8]+ 7, RPV[C®), ]
+(1 =71 —72)0CFP(A).

In particular,

RPV[CW +C? § < RPV[CW, 6]+ RPV[C? 5]

18



when recovering a bullet payment §, it is better to divide C*) + C®) into two
claims, each of which will recover §. From (3.26) we also have

RMV|C,$] < RTVIC, 9], (3.32)
with equality if 6 =1 or § = 0.
Proposition 3.11 For any contingent claim C, we have
CFP[C] < RMV[C,8] < RTVI[C,8] < NDP|C, ).

PROOF: The first inequality follows from the fact that S(u,t) < 1fort <u < T,
and hence S(u,t) < S'7°(u,t). The second inequality is (3.32). The third
inequality is a consequence of CF'P[C] < NDPI[C] and (3.30). &

Proposition 3.12 Assume S is continuous. For any contingent claim C', the
following are equivalent:

RTV,[C,6] < RPV,[C,6] V6 € [0,1], (3.33)
NDR[C] < CFP)C + A, (3.34)
RTVy[C,1] < RPVH[C,1]. (3.35)

PROOF: Since

RPVy[C, 5] — RTVy[C, 6] CFP,[C + 6A] — (1 — §)CFRy[C] — SNDP[C)

§(CFPRy[C + A] — NDPy[C)),

relations (3.33) and (3.34) are equivalent. Furthermore, RTVy[C, 1] = NDPF,[C]
and RPVH[C, 1] = CFPRy[C + A], so (3.34) and (3.35) are also equivalent. <

Remark 3.13 Condition (3.34) tells us that whenever A is high enough so that
the contingent claim C' + A with default risk and zero recovery is more valuable
than the no-default price of C', then the price of C' with recovery of par is greater
than the price with recovery of treasury. Moreover, condition (3.35) says that
this situation prevails if and only if it prevails for § = 1. Finally, because for
a zero-coupon bond with face value 1, recovery of par with § = 1 results in a
recovery payment at least as large as recovery of treasury, the inequalities in
Proposition 3.12 hold for such bonds.

4 Martingale representation

According to Remark 2.7, the gain process G given by (2.15) for the defaultable
contingent claim (C, Z) may be regarded as an asset, and the discounted gain
process is an {H;}-martingale. Using general martingale representation results
due to Jacod [23] (see Kusuoka [31], Theorem 3.2 for the application here; related
representations appear in Hugonnier [22], Jeanblanc & Rutkowski [27], [28]), one
can show that this martingale has a stochastic integral representation. Rather
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than directly appeal to these results, we work out the details of the construction
implicit in them in order to identify the integrand for the martingale M.

This martingale representation is a first step toward developing hedges for
defaultable securities. Greenfield [18] carries this process to its conclusion, con-
structing hedges for defaultable derivative securities in a model in which mar-
ket risk and credit risk are independent under the risk-neutral measure. The
primary instruments in these hedges are default-free zero-coupon bonds, de-
faultable zero-coupon bonds, and “tail options,” which are options to receive a
no-default version of the defaultable derivative security being hedged.

Theorem 4.1 (Martingale representation) The discounted gain process fG
may be decomposed as

ﬁt/\‘l’Gt/\T = GO + / ﬂu(pudMu + Nt/\‘ra 0 g t S T7 (41)
10,tAT)

where
oy =2, —CFP,_[C]|— DRP,[Z] (4.2)

is an {F;}-predictable process, N is an {F}-local-martingale, and M is the
{H;}-martingale of (2.12).

The integrand ¢ in Theorem 4.1 can be understood as follows. In the event
of default at time wu, the contingent claim (C, Z) receives recovery Z, and loses
the promise of future cash flow, a promise whose value is CF P,_[C] because it
includes the cash flow at time u, and also loses the prospect of future recovery,
a prospect whose value is DRP,[Z].

If we have a second contingent claim (D,Y) with expiration date T" < T,
the same default time 7, and with gain process denoted G+¥, then Theorem
4.1 implies that with ¢, =Y, — CFP,_[D] — DRP,[Y], there exists an {F;}-
local-martingale N such that

6thD’Y :GOD’Y—F ﬁu(ﬁudMu-i-Nt, 0<t ST//\T.
10,¢]

If ¢, is nonzero whenever @, is nonzero, we can solve (4.1) for B,p,dM, in
terms of d(8G) and dN and, under mild integrability conditions on ]I{%#O}%,

we can represent AGP+Y in terms of SG, the {F;}-local-martingales N and N,
and the {F;}-predictable processes ¢ and @:

ud(ﬂuGu)—/ ]I{Lpugéo}ﬁdN’U«—i_Nt/\T'

BineGEY =GP 4 [ g
10,tAT] Pu 10,tAT] Pu

Moreover, we have a formula for the hedge ratio I, 40} %. If there are sufficient
default-free assets in the market to permit hedging of the d sources of uncer-
tainty inherent in the d-dimensional driving Brownian W, then the defaultable
contingent claim (D,Y") can be replicated by dynamically trading these assets,
the money market, and the defaultable contingent claim (C, Z).

20



The proof of Theorem 4.1 requires the following lemma, which is almost
Proposition 3.4 of [16]. Unlike [16], we permit S; to be zero and we do not
assume X is an {F;}-predictable process.

Lemma 4.2 Let X(w,t) be a nonnegative, Fr x B0, T]-measurable function,
where B[0,T| denotes the Borel o-algebra in [0,T]. We use the notation X, =
X(w,v), X; = X (w,7(w)). Fors,t €[0,T], define Yy = E[X,|F]. Then

E [ X Ifr<ry| He) = —JE XodSy| Fi| + HYry, 0<t<T, (43)

1t,T]

where J; £ Ig,>03 1;5“ is defined in (2.10).

PROOF: Because nonnegative random variables can be approximated by simple
random variables, it suffices to show that (4.3) holds whenever X = I, is the
indicator of an Fr x B[0,T]-measurable set A. For this we use Dynkin’s 7-A
theorem (e.g., [4], p. 37).

Let £ be the collection of all sets A € Fr x B[0, T for which (4.3) is satisfied
by X =14. If A = Q so that X = 1, then (4.3) reduces to E[Hp|H:] =
—JLE[ST|F:] + 1, and this equation can be verified by taking the H; conditional
expectation on both sides of (2.11). It follows that € £. This fact and the
linearity of (4.3) implies that £ is closed under complementation. Finally, if
A1, Ag, ... is a sequence of disjoint sets in £, then U2 ; A, is also in £. Hence,
L is a \-system.

We next define P to be the collection of all sets of the form Ax]tq,ts],
where A € Fr and 0 < t1 < to < T. This collection is closed under pairwise
intersection (a m-system), and it generates the o-algebra Fr x B[0,T]. We show
that P C L, and then appeal to the m-A theorem to assert that every set in
Fr x B[0,T] is in £. To show that P C £, we fix ¢t in (4.3) and consider
X = Taly, 4. We need only consider the cases 0 < t; <ty <tandt <t <
to < T; the case X = Tl 44) for 0 < t; <t <ty < T can then be gotten
from the decomposition X = ]IA]I}tht] + ]IA]I]t7t2]. For 0 < t; <ty <t, we have
Yit = Iy, 1 ($)E[L4|F], and the right-hand side of (4.3) becomes

—JiE Fil + Ht]I]t1,t2] (T)]E[HA|.7:,5] = H]t],tQ] (T)E[]IA|.7:25],

]IA / H]thtz](u)dslt
1t,T7]

)

which agrees with the left-hand side.

It remains to prove (4.3) when X = Ial};, 4, with t < #; < ¢y < T and
A € Fr. For such an X, we have Y, ;=0 when 0 < s <¢, and hence H,Y;; = 0.
To prove (4.3), it suffices then to show

E [I51aLt, 1) (Mfr<ry] = —E |IpJE ]IA/] ]H]tl,tz](v)dsv Fe
t, T

] (4.4)
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for every set B € H;. We first do this for sets B € F;. For such a set, starting
with the right-hand side of (4.4) and using (2.2), we have

—-F A / H]tl’tz](v)dsv
1¢,T]

IpJ.E

]—'tH = E[IgJE[IA(S:, — Si,)|F]

(15 JLE[LAE(S,, — Si, | Fr)|Fi]]
(I JiE[TaLy, 4,)(7)|F]]
[IBE[J|FE[Lal}y, 1 (T)| 7]

According to (2.5), E[J¢|F:] = 1 on the set {S; > 0}. On the set {S; = 0}, we
still have E[Jy|F|E[Laly, 1,)(7)|Fe] = E[lal}y, 4,)(7)|F:] because both sides are
zero. Therefore,

E
E
E

-E lHB JE

.7-}” = E[Iplalj, +,)(7)]

= E [HB]IAI[]th] (T)H{‘rgT}] ,

and we have obtained the left-hand side of (4.4).

The collection of sets B € H,; for which (4.4) holds is a A-system. We
have just shown that Q belongs to this collection, and because of the linearity
of (4.4), this collection is closed under complementation and disjoint unions.
Furthermore, the collection of sets B = C N {r < s}, where C € F; and
0 < s <'t, together with the collection of sets B € F;, forms a m-system which
generates H;. Equation (4.4) holds for every set in this 7-system. We have
already established this for sets B € F;. For sets B = C N {r < s} with
0 < s <'t, both sides of (4.4) are zero. The Dynkin 7-A system theorem implies
that (4.4) holds for every B € H;. &

A/ ]I]thtz](v)dSv
1t,7]

PROOF OF THEOREM 4.1: We observe from (2.16) that if 7 < T, then

ﬂTGT = 6TGT = ﬁudcu + ﬂTZT7
Jo,7[

whereas if 7 > T, then SrGr = f]O 7] 5,dC,,. Combining these two observations,
we obtain the formula

BrGr = BrarGrar

BudCy +- H{TST} <_/ BudCy + 6TZT>
10,7 [7,T]
= X +1I<n X5,

where X £ f]O,T] BudCy, X = — f[uT] Bu,dCy + B Z;.
We define the {F;}-martingales

Ry £ E[X|H] = E[X|F],

1>

E

Qt ﬂuSudCu - ﬂuZudSu ft

10,7 10,7
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Because G is an {H;}-martingale (see (2.16)), Lemma 4.2 implies

Bth - E[Y”'{t} + E[H{TST}X7|Ht] == Rt - Jt]E } ] XudSu ft + HtYTﬂg,
t,T
(4.5)
where
Vit 2E[X,|F) = —Ri+ | BudCy+ B:sZs, 0<5<t<T. (4.6)
10,s[
Using (3.12) to justify the second equality below, we compute
E X.dSy| Fy
It 7]
= E l—/ B,dCodSy| Fi| + E BuZydSy | Fi
1¢, 7] J [u,T] 1¢,T7]
1¢,T]
= StE ﬁudcu ‘7:15 -E 6uSudCu ]:t
1¢,T] 1¢,T]
1t.T7
= St Rt - ﬁudCu - Qt + 6uSudCu - BuZudSu
10,¢] 10,¢] 10,¢]
Substituting (4.6) and (4.7) into (4.5), we obtain
ﬁth = _Jt <_Qt + 6uSudCu - ﬁuZudSu>
10,t] 10,t]
+(1 - Ht) 5udCu + Ht ( /Budcu + /BTZT> .
10,t] 10,7[
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We may rewrite this using It6’s product rule (Lemma 2.2) as

B,Gi = Go+ / Ju_dQu+ [ Qudl.
10,¢] 10,¢]

_/ Juﬁusudcu_/ BvsdeUdJu
10,4] 10,] J10,u[

+ | Ju_BuZudS. + / By Z,dS,dJ,  (4.8)
10.,4] 10,¢] J10,u]

+/ (1— Hy)B,dCy 7/ B,dC,dH,
10,¢]

10,t] J]0,ul

+ / B,dCdH, + [ BuzZ.dH,
10,¢] J]0,u[ 10,t]

— Go+ / JudQu+ [ BuzedMu+ [ udd,
10,¢] 10,¢] 10,t]

where

wu £ (Qu - ﬂvsvdcv + ﬂvZUdSv> .

10,u] 10,u]
fu]

ﬂvzvdsv>|Hu] - 0

We note that

H{Su=0}wu = H{Tgu}E[ ﬂvsvdcv_ ﬂvadSv
[w,T] Ju,T)

= E

H{?Su} ( : ]/BvSdev - ]
u, T w, T

because S, = 0 for v € [T, T]. Recalling (2.13), we conclude that

Yu
bud = / Iis,sopbuddu+ / I, —oytbud = — / 5,501 52 dM,.
10,t] 10,¢] 10,t] 10,t] u
Substitution of this into (4.8) gives (4.1) with
1
Nt/\,[_ é / JufdQu = / H{Su—>0}TdQu (49)
10,tAT] 10,tAT] u—

&
From (4.10), (3.3) and (3.4), we obtain (4.2). &

1 1
Pu £ Zy+ -E lH{S,u>0}S <_ BuSudCy, + ﬂvzvdsv> |fu](410)
u u [w,T)

Ju,T]

5 Default-prone term structure

The price of a default-risk-free zero-coupon bond paying $1 at maturity T is

P(t,T) £ E[B(t,T)|F] = NDP[lpp), 0<t <T <T.
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In this section, we consider the term structure associated with a set of default-
able zero-coupon bonds with different maturities but simultaneous default. We
assume P{S7 > 0} = 1 throughout.

5.1 Defaultable zero-coupon bonds

Consider a family of defaultable zero-coupon bonds, indexed by maturity T €

10, T]. For each maturity T', {Z(t,T);0 <t < T'} is a recovery process satisfying
Assumption 2.5. For 0 <t < T < T, we define
Ht] |

For 0 <t < T, this is the price of a defaultable bond promising $1 at maturity
T and paying recovery Z(7,T) in the event of default at time 7 < T (see
(2.14)). According to the Price Representation Theorem 2.8, PZ(t,T) = (1 —
H)PZ(t,T) for 0 <t < T, where

PZ(t,T)2E

Bt T grsry + /] , Bt wz (e

PULT) 2 2B l/@TsT [ .21,
Ot 16,7

ft],OSth. (5.1)

Because P{S7 > 0} = 1, we have pZ (t,T) > 0 and can define the recovery ratio

Z(t,T)

7 A
t,T - =
p” (t,T) P2(1.1)

(5.2)

We assume throughout that pZ(t,T) takes values in [0,1], i.e., 0 < Z(t,T) <
PZ(#t,T)for 0<t<T<T.

Theorem 5.1 For each T, there is an {F;}-predictable, d-dimensional volatil-
ity vector oZ(t,T) such that

dPZ(t,T)

~ =rdt + (1 — p?(t,T))dAy + o (t,T)-dW,, 0<t<T. (5.3
PZ(t,T)t(p())t (t,T) - dW; (5.3)

ft] |

According to (5.1), Q(t,T)—l—f]O N BuZ(u,T)dS, = 35, PZ(t,T), and Itd’s prod-
uct rule (Lemma 2.2) implies

PrROOF: We define the {H;}- and {F;}-martingale

Q(t,T) = E|pBrSr— BuZ(u, T)dS,

10,71

dQ(t,T) + B Z(t, T)dS,
= S,_d(B:P%(t,T)) + B, P (t,T)dS;
= 1 BSe-PZ(t,T)dt + 3, S,—dP?(t,T) + B, P%(t,T)dS;,
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which, divided by 3;S;_, becomes

dPZ(t,T) = PZ(t,T) (rdt + (1 — p?(t, T)dA;)) + Qt,T). (5.4)

1
—d
BeSt—
Being an {F; }-martingale, Q(t,T) has an Itd integral representation

t
Q1) =QO.7)+ [ 42w 1) aw, (5.5)
0

for some d-dimensional {F;}-predictable process vZ(t,T). We set o4 (t,T)

z . . . .
msj_(ftf()m’ and then substitution of (5.5) into (5.4) yields (5.3).

<l

For integrable random variables X and Y, the conditional covariance is

Cov[X,Y|F] £ E[(X - EX|R])(Y - E[Y|R])|F]
E[XY|F] — E[X|F] - E[Y|F].
We denote by ﬁCFP(t, T) the price of a zero-coupon bond promising $1 at time
T under the cash flow premium (CFP) convention (i.e., zero recovery), and

use analogous notation for the other three conventions, recovery of par value
(RPV), recovery of treasury value (RT'V') and recovery of market value (RMV').

Proposition 5.2 For ¢ € [0,1] constant, we have

PCrP(t,T) E[S(t,T)|F] - E[B(t, T)|Fi] + CoulS(¢,T), B(¢t, T)|Fe], (5.6)
PETV(t.T) = 6P(t,T)+ (1—68)P°FF(t,T).

If S is nonrandom (but possibly discontinuous), then

PEPV (4. 7) = P(t, T)S(t,T) — Si / " ptwyds,. (5.8)

If S is continuous (but possibly random), then

PRMV(y.T) = E[B(t,T)S°,T)| ] (5.9)
SP(t,T) + (1 — §)P°FP (L, T).

A

ProOF: Equations (5.6), (5.7) and (5.8) follow from (5.1), (3.6) and (3.5),
respectively. To obtain (5.9), we first use (3.25) and then the inequality

SO <+ (1-0)s, 0<s<l. (5.10)
Remark 5.3 Under the recovery of treasury convention, the recovery ratio is

RTV (t T) — 5P(tv T) _ 5P(t, T)
’ PRIV (£, T)  §P(t,T) + (1 — 6)PCFP(t,T)

p (5.11)
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If S is nonrandom, then the recovery ratio under the recovery of par value con-

vention is pFPV(t,T) = W. One way to ensure this is in [0,1] is to

assume that P(0,7)S(T) > ¢, since ﬁRPV(LT) > P(0,7)5(T). It S is contin-
uous, then the recovery ratio under the recovery of market value convention is
pBMV (¢t T) = §. Only in the case of recovery of market value is the recovery
ratio independent of the maturity variable 7' &

Proposition 5.2 allows us to estimate the probability of default under the
martingale measure P from bond prices under the different recovery conventions.

Corollary 5.4 Assume S and § are independent. Then

ﬁRTV(O’ T)
P(0,T)

PCFP(O,T) 1

P> =301 ~1-%

—0f.

(5.12)

It S is nonrandom (but possibly discontinuous), then

P{r>T} = exp{ 175/ dPOu} (5.13)
T dP(0,u)| dPEPV(0,t)
175/ eXp{ /t P(0, ) } P0,f)

If S is continuous (but possibly random), then

1
1-9

ﬁRMV(O, T)

P{r>T} > PO.T)

—df.

(5.14)

PrOOF: Recalling that P{r > T'} = ES,, we see that (5.12) and (5.14) follow
immediately from (5.6), (5.7) and (5.9), respectively. It remains to prove (5.13).
Because r,, is nonnegative for all u, P(0,¢) = Ee~ /o ™d% ig nondecreasing in t.

Defining
1 L dP(0,u)
7,2 ’
oo ), P
we have dI; = I;dP(0,t)/(1 — §)P(0,t). From (5.8) we see that (Lemma 2.2)
dPRPV(O, t) = (1 — 5)P(O7 t)dSt + St_dP(O, t), which 1mphes d([tSt) = ItdSt +

Sp-dl, = HIPT2 00 Tntegration yields IrSr = 1+ 125 fif 1, a0 @9 which
is (5.13).

Remark 5.5 Inequality (5.10) is sharp for s near 1, and hence (5.9) is sharp
for S(t,T) near 1. This is typically the case, since S(t,T) is the probability of
survival between t and T', given that there has been no default by time ¢.
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5.2 Credit spreads

In this subsection, we make the intensity-based reduced-form model assumptions
of Definition 2.1. We define the effective credit spot rate

r?2(t,T) 2 re+ (1 — p?(,T)) A, (5.15)
so that (5.3) becomes
PZ(t,T

dAi(t’) =rZ(t, T)dt + oZ(t,T) - dW;, 0<t<T. (5.16)
PZ(t,T)

Theorem 5.6 For the intensity-based reduced-form model of Definition 2.1, we
have
P(1,T) = B e I (e

ft} . (5.17)
PROOF: Equation (5.16) and It6’s product rule imply

@ (e 87 DAPZ (7)) = e I DB (1, )% (1, T) - W,
and hence ¢~ Jo *(wT)du pZ (t,T) is an {F;}-local-martingale. From (5.1),

e~ o WhdupZ( 7)< e~ JorudepZ(¢ T)

1
= ZE|BrSr— ﬁuz(%T)dSu Ft]
St J6.7]
St
< E|1+(sw B.2T) (1-2L2)|A
0<u<T S
< 14E[ sup BuZ(u, T)|F].

0<u<T

In light of Assumption 2.5, this last expression is an {F;}-martingale with the
last element 1 + supg<, <7 B3uZ(u,T). Being bounded above by such a martin-

gale, the nonnegative local martingale e~/ o 77 (wT)du pZ (t,T) is itself a martin-
gale. In particular, e~ /o TZ(“’T)d“]gZ(t,T) =E [ei Iy TZ(“’T)d“ﬁZ(T, T)‘ ft},
and (5.17) follows.

We determine the credit spread under each of the four recovery conventions.
We use the notation r“FP (¢, T) and p“FF(¢,T) when the recovery process Z
corresponds to the cash flow premium convention of zero recovery, and we use
analogous notation for the other three conventions.
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Proposition 5.7 We have the following spread formulas:

rCEPE Ty =y =\, (5.18)

TPV, Ty -, = [1- A# At (5.19)
PRPV (¢, T)
JSCFP t. T

T’RTV(t, T) — Ty = (1 - 5)/\7(,)>\t, (520)
PRTV(t,T)

PV TY —ry = (1 —0)\. (5.21)

PrROOF: Equation (5.18) is a trivial consequence of (5.15) because p“¥'F (¢, T) =
0. Equation (5.19) is also trivial, the result of setting Z = § in (5.2). For (5.20),
we first recall (3.6) in the form PETV (t,T) = 6PNPF (¢, T) + (1—6)PCFP (1, T).
The recovery process is Z; = §pNDP (t,T). This process is continuous in the
intensity-based reduced-form model, so there is no need to take the left limit.
Substitution of these formulas into (5.2), (5.15) gives the stated result. Finally,
(5.21) comes from the formula Z(t,T) = §PEMV (¢, T)), where again there is no
need to take the left limit. &

We note that in the four cases of Proposition 5.7, the spreads are typically
random. In the cases of cash flow premium and recovery of market value, they
are independent of maturity 7.

5.3 Forward curves

For this section and the next, we shall impose the following condition on the
intensity-based reduced form model of Definition 2.1:

Assumption 5.8 There exist finite constants p > 1, L > 0 and v > 1 such
that the nonnegative processes ry and A satisfy the continuity condition

Elre, — re,|?P 4+ ElAs, — A, |?P < Lty — t2]*7. (5.22)

The processes Z(t,T) are bounded, uniformly in (¢t,T) and w. For all 0 < t <

T <T* 8%Z(t,T) exists, and for all Ty, Ty € [0,T)], the processes Z(t,T) and

%Z (t,T) satisfy the continuity and integrability conditions

2
E|Z(T\,Tv) - Z(To, To)|" < LTy —To|*, (5.23)
2p

swp E ‘8Z<t,:r1> -2 7,m)

< LT -To*, (524
tejo,rinty)  |OT oT [Ty 5] ( )

2p

sup E‘BZ(t,T) < o0. (5.25)

t€[0,T) or

Remark 5.9 There is a constant C' such that for all @ > 0, b > 0,

a®? + %P < (a+b)* < C(a®? + %), a? + P < (a +b)P < C(a? +bP). (5.26)
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Because ro and )¢ are constant, (5.22) and (5.26) imply the uniform integrability
condition
sup (E[r¢|?” +E[M[?) < sup E(r + A)* < o0. (5.27)
t€[0,T) t€[0,T

Similarly, (5.24), (5.25) and (5.26) imply

sup ‘Z (t,T) < 0. (5.28)

t,T€[0,T],t<T

Theorem 5.10 Under Assumption 5.8, we have

iPZ(t T)=E

" = (rr + A)O(ET)S(ET) + ArB(t, )6 T)Z(T.T) (5.29)

T
+/ )\uﬁ(t,u)S(t,u)a%Z(u, T)du .7-}] ,0<t<T<T,
¢

and there is a version of this process which is jointly continuous in (¢t,T).
PROOF: Define
X1 £ —(rr4+A7) BrSr+ArBrSTZ (T, T)+ /T o30S VST (v T)dv, 0 <T<T.
We derive a continuity property of X. Recall that § and S are both bounded
between 0 and 1. For 0 < Ty < T, < T, we may write
| X7, — X1| < 5T25T2’ —r, — A + oy 4 An |
+(rmy, + Ary)Br, Sy (1 — B(Tl,Tg)S(Tl,Tg))
A1, B, S, | Z2(T2, To) — Z(Ty, Th)|
+B1, 91, | Z(T1, T1) (Ar, — Ar)|
+Ar, | Z(Ty, Ty) Bry Sty (B(T1, T2) S(T1, To) — 1) |

+/T1)\ﬂS 0 Z(v,Ty) — 0 Z(v,T1)| dv
0 vMvPvu 6T 2 8T 1
7
+/ NS | o Z(0,T3) do < DT A,
T i=1
where
Ts
Ay 2 rr, — |+ A = An | A2 (rpy + /\Tl)/ (ro 4 Av)dv,
T1
As £ >‘T2|Z(T21T2) - Z(T17T1)|7 Ay £ |Z(T17T1)| ' ‘ATQ - )‘T1|v
T>
A5 é ATl IZ(Tl,T1)| (7“1) + /\v)d’U,
T1
N T a . T> a
A@ :/0 )\ 8TZ(’U TQ) Z(’U,Tl) d’U, A7 = /T1 >\v 87TZ(U,T2) dv.
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According to (5.26), there is a constant C such that E| X7, — X1, [P < C 21-721 EA?.

From (5.22) and Holder’s inequality, EA? < (EA%)"* < VI|Ty — Ty[". From
Jensen’s inequality, Holder’s inequality, and (5.27), we have

T> d P
EAIZ) S E (7'T1 + )\T1 )p(TQ - Tl)p (/ (TU + )\v)z_‘_fvj’>
T 2 1
T dv
< B |(m )P T” [y
T T —-T
T
< @-TE [ (4 m) 4 AP
T
7 1/2 7, 1/2
< (Tp —Ty)Pt </ E(rr, + /\Tl)dev> (/ E(r, + /\v)2pdv>
T1 Tl
< C(T>—-Tv)"

for some finite constant C. From (5.27), (5.23) and Holder’s inequality, we have
EA% < C|Ty —Ty| for some finite constant C'. Because Z is uniformly bounded,

EA? < CE|Ar, — Ay [P < C (E|Aq, — Any ) < CLITy — T
for some constant C. Because Z is bounded, EAY is bounded by a constant

times EAS. Using Jensen’s inequality, Holder’s inequality, (5.27) and (5.24) on
Ag, we obtain

oo 0 dv
P < /g
EA; < T7E (/0 v 3 —Z(v,Ts) — 3 —Z(v,T1)| = )
p—1 » 0 P
< - -
< T E/O AP 5 Z(v,Ty) — T Z(v,T1)| dv

IN

2p 1/2
dv>

for some finite constant C. The argument used to bound EA} shows that EA? <
C(Ty — Ty)P for some finite constant C'. We conclude that for all Ty, T € [0, T,
E| X1, — X7, [P < C|Ty — T1|P for some constant C

We next define Y (t,T) £ E[X7|F,] for 0 <t <T,0<T <T. For each
fixed T, Y (-, T) is a martingale with respect to a Brownian filtration, and hence
has a version with paths continuous in ¢. We choose this version. For fixed T,
we regard Y (-,T) as a random variable taking values in the space C[0,T] of
continuous functions on [0, T], and we denote by || - | the supremum norm on

7 vz o 5 5
p—1 2p v
17 (/0 ]E/\Tldv> (/o ]E‘aTZ(’U,TQ) i Z(v,Th)

C|Ty — Tz

IN
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this space. We may further regard {Y'(-,7);0 < T < T} as a C[0,T]-valued
random process. According to Doob’s maximal martingale inequality,

p
Bl (.10 - Y (Tl < (52 ) BlXn - X < OIT: - TP

The Kolmogorov-Centsov theorem (e.g., [30], p. 53) extends to C[0, T]-valued
processes, and implies the existence of a continuous version of {Y'(-,7);0 < T <
T}. In other words, except for a null set of w € Q, Y (¢,T) is jointly continuous
in (¢,T), and the continuity in 7" is uniform over ¢t. We compute

T T
/ Y (t,u)du / Xudu «7:15‘|
¢ ¢

T
_ E[ﬁTst—ﬁtst— / BuZ(u, T)dS.
t

E

Fi

- @&Gﬁmﬂ—g,

or equivalently, ﬁZ(t,T) =1+ ﬁ ftT Y (t,u)du. Differentiation with respect
to T yields (5.29). &

Corollary 5.11 Assume there exist finite constants p > 1, L > 0 and v > 1
such that the nonnegative processes ry and Ay satisfy the continuity condition

Elre, — 16, [* + ElAr, — Ao |* < Llty — tof*7. (5.30)

Letd € [0,1] be constant. If Z = 6 (recovery of par), or Z(t,T) = SE[B(¢t, T)|F:] =
SP(t,T) (recovery of treasury), or Z(t,T) = SE[B(t, T)S'~%(t,T)|F:] (recovery
of market value; see Example 3.9), then the conclusion of Theorem 5.10 holds.

PRrROOF: We need to verify, under each of the three recovery conventions, that
Assumption 5.8 is satisfied. Condition (5.30) implies (5.22). If Z = 4, then
(5.23)—(5.25) are also clearly satisfied.

The conditions imposed on r by (5.30) ensure that

G%P(t’T) = —E[rrB(t,T)|F,
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and there is a version of this process jointly continuous in (¢, T); this is a special
case of Theorem 5.10 with A =0, Z = 0. Furthermore, for 0 <77 <Tb < T,

9 9 2
E ﬁp(taTz) - an(t’Tl)
< CE[E[rp,B(t,T1)(1 - B(T1,T2))| 7] |2p + CE[E[B(t, Tv)|rry — roy||F] Fp
S CE [TT2 (1 — ﬁ(Tl,TQ))}Qp + CE|TT1 — TT2|2p
Ty d 2p
S C(Tg — T1)2p]E / TTQTviv + C (E‘TTl —TrT, |4p) 1/2 (531)
T T, —-Th
T 1/2
< O, —T)**'E [/ r;];rgpdv +C (Elry, — v, |*P) /
T

T 1/2 T 1/2
< CO(Ty—Ty)*! (/ Eﬁ}fdv) </ Ergpdu> + CVLI|T, — To>

T Ty

< C/lTl — T2|2p + C\/E|T1 _ T2|2’Y < O//‘Tl _ T2‘2(p/\fy).

This establishes (5.24) with v replaced by p A~y when Z(t,T) = 6P(t,T). Con-
ditions (5.23) and (5.25) are similarly proved under this recovery convention.
If Z(t,T) = 0E[B(t,T)S*~°(t,T)|F:], then replacement of 8 by 35179 in
the argument just given for recovery of treasury shows that again, Z satisfies
conditions (5.23)—(5.25). &

Under Assumption 5.8, we define the forward rate for the defaultable bond
in the intensity-based reduced-form model to be

P2, T)
PZ(t,T)

where we rely on Theorem 5.10 to choose a version which is jointly continuous
in (¢,T). Integration yields

,0<t

IN

g2 (t,T) & _a% log PZ(t,T) = — T<T, (5.32)

PZ(,T)=e Ji 97w o<y <T<T. (5.33)
From (5.29) we have
gZtt)=ri+ (1= Z(t, )\ =7 + (1= p?(t, 1)) A (5.34)

In particular, gZ(¢,t) = rZ(¢,T) (see (5.15)) if and only if rZ(t, T), or equiva-
lently, p?(t,T) is independent of T. This is the case under recovery of market
value (see (5.21)). Under recovery of par, recovery of treasury and recovery of
market value, we have Z(t,t) = § and g% (t,t) = r; + (1 — &) \;.

5.4 Compatibility with Heath-Jarrow-Morton model

Heath et. al. [21] construct arbitrage-free zero-coupon bond prices from a model
for forward rates. In this section, we begin with a model for forward rates for
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defaultable bonds and determine necessary and sufficient conditions for this to
be consistent with the intensity-based reduced-form model of Definition 2.1.

More specifically, let g(¢,T) be a family of forward rates, indexed by T €
[0,T). For each T, {g(t,T);0 <t < T} is an {F;}-predictable process within
the setting of Subsection 2.1, and as a function of its three variables (¢,T,w), g
is measurable. We model the evolution of forward rates by the Heath-Jarrow-
Morton (HJM) equation

t t
g(t,T) =g(0,7) +/ a(v, T)dv +/ v(v,T)-dW,, 0<t<T, (5.35)
0 0

and we impose the HJM conditions
(i) ¢(0,T) is a nonrandom, measurable function of T,

(i) a(t,T,w) is jointly measurable, the process {a(t,T);0 <t < T} is {F:}-
predictable for every T, and fOT la(t, T)|dt < oo a. s. for every T;

(iii) v(¢,T,w), a d-dimensional vector, is jointly measurable, {v(¢t,T);0 < t <
T} is {F;}-predictable, and fOT llv(t, T)||?dt < o a. s. for every T}

c.2 [71g(0,T)|dt < o0, [ [ |a(t,u)|dtdu < oo a. s.
C.3 The following conditions hold almost surely:
fo U vi(v,u du] dv < oo, i=1,...,d, t €[0,T],
s {ftT Vi(v,u)dv} du< oo, i=1,...,d, t,T €[0,T],
ftT [fg z/i(uu)dWi(v)} du is continuous in ¢t for i = 1,...,d, T € [0,T).

Following HIM, we define o*(t,T') ft alt,u)du, v*(t,T) = ftT v(t,u)du. We
assume that the nonnegative local martmgale

t t
Q: 2 exp {/ v (v, T) - dW, — %/ ||V*(U,T)2dv} (5.36)
0 0

is a martingale.
Heath, Jarrow and Morton show that if bond prices are given by the formula
P(ta T) £ e -[tT g(tﬂ)du, then

= (s = D) G DR )= (1) W (5a)

We seek an intensity-based reduced-form model, including a family of recovery
processes Z(t,T), such that P(t,T) agrees with PZ(t,T) given by (5.1). In this
case, g(t,T) will agree with gZ(t,T) of (5.32).
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Theorem 5.12 Let r; be an {F;}-predictable process and let pZ(t,T), defined
for 0 <t < T <T, be jointly measurable and such that p?(t,T) and pZ(t,t)
are {F;}-predictable processes for each T. Assume 0 < rp < g(t,t) and 0 <
p?(t, T) <1 for0<t<T <T and with

A g(tvt) — Tt

assume
1 _
(pz(taT)_pZ(tvt)) At :a*(t7T)_§||V*(th)H27 0<t<T<T. (539)

Assume further that

E| sup e JomdupZ(t TYP(t,T)| < oo VT €]0,7). (5.40)
t€]0,T)
Then the intensity-based reduced-form model with v, \ as above and Z(t,T) =
pZ(t, T)P(t,T) satisfies PZ(t,T) = P(t,T) for 0<t<T <T.

Conditions (5.38) and (5.39) are necessary for the intensity-based reduced
form model to be consistent with the HJM model. Indeed, in order for P(¢,T)
to agree with PZ(t,T), gZ(t,t) of (5.34) must agree with g(t,t), which is (5.38).
Furthermore, the drift terms in (5.16) and (5.37) must agree, and in the presence
of (5.38), this reduces to (5.39).

In the case that p?(¢,T) is independent of T, condition (5.39) reduces to
the usual HIM condition a(t,T) = v(t,T) [ v(t,u)du, 0 < t < T < T. The
necessity of this result was obtained by [15].

PROOF OF THEOREM 5.12: From (5.37)-(5.39) and with rZ(¢,T) defined by
(5.15),

dP(t,T

aPeT) _ rZ (¢, T)dt — v* (t,T) - dW,.

P(t,T)
It follows that e~ Jo 7 (wDduP(¢ T) = P(0,T)Q,, which is an {F, }-martingale.
In particular,

e~ fot rZ (u,T)du?(t T) —F |:67 fOT rZ (w,T)du

ft} .

In light of (5.40), Assumption 2.5 is satisfied, and Theorem 5.6 shows that
PZ(t,T) = P(t,T). %

Remark 5.13 From Theorem 5.12 we see that there are two ways to build
an intensity-based reduced-form model. The first is to construct an intensity
process A; as in Definition 2.1, and adopt a recovery convention. Calibration
is then used to determine \;. The second method is to build an HJM model
for default-free forward rates, build a second HJM model (5.35) for defaultable
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forward rates, and adopt a recovery convention. These two HJM models are then
calibrated to market data. The models must be constructed so that g(t,t)—ry >
0, i.e., the spread for credit risk must be nonnegative, and so that p?(t,t) < 1,
i.e., recovery is less than 100%. Then the intensity of default \; is no longer
exogenous; it is given by (5.38). The defaultable bond volatility oZ(¢,T) in
(5.16) is —v*(t,T) of (5.37). Finally, condition (5.39) must be satisfied.

Condition (5.39) is substantial. Since it holds with both sides equal to zero
when T = t, it is equivalent to the equation obtained by differentiating both
sides with respect to T

T
a(t,T)—v(t,T)- /t v(t,u)du = aiTpZ(t,T). (5.41)

Under the recovery of market value convention, pZ (t,T) = & and (5.41) gives the
risk-neutral defaultable forward rate drift formula (¢, T) = v(t,T)- fg v(t, u)du,
the same formula obtained by Heath, Jarrow and Morton for default-free forward
rates. In this case, one builds the defaultable HIM model by choosing only
v(t,T) and the recovery fraction ¢.

Under the recovery of treasury value convention used in Chapter 13 of [3],
(5.41) becomes

T
a(t,T)—v(t,T)- /t v(t,u)du

8, P@tT)
- 5<9T(PRTV(t,T)) (5.42)

= 5(g(t, T) — f(t’T))eftT(g(t,u)ff(t,u))du, 0 <t< T < T,
where f(¢,T) is the default-free forward rate given by an equation of the form

FT) :f(O,T)—i—/OtB(v,T) dv—i—/otfy(v,T)-de, 0<t<T  (543)

In order to avoid arbitrage among the default-free bonds, we must have
T JR—
B, T)=~(,T) - / y(t,u)du, 0 <t<T<T. (5.44)
0

It is not apparent how to choose a(t,T), v(t,T) and ~(¢t,T) to satisfy (5.42),
(5.43) and (5.44). The situation with recovery of par value is likewise unpleasant.

Finally, regardless of the recovery convention, we see that the only way to
force A\ = g(t,t) — r+ (Assumption HIM.6 in Section 13.1 of [3]) is to choose

pZ(t,t) = 0. In other words, recovery at the maturity date must be zero.
Absent this situation, the intensity of default A; must strictly exceed the spread
g(ta t) AT <>
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