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Utility Maximization Trading Two Futures with Transaction Costs*

Maxim Bichuch® and Steven Shrevet

Abstract. An agent invests in two types of futures contracts, whose prices are possibly correlated arithmetic
Brownian motions, and invests in a money market account with a constant interest rate. The agent
pays a transaction cost for trading in futures proportional to the size of the trade. She also receives
utility from consumption. The agent maximizes expected infinite-horizon discounted utility from
consumption. We determine the first two terms in the asymptotic expansion of the value function
in the transaction cost parameter around the known value function for the case of zero transaction
cost. The method of solution when the futures are uncorrelated follows a method used previously
to obtain the analogous result for one risky asset. However, when the futures are correlated, a new
methodology must be developed. It is suspected in this case that the value function is not twice
continuously differentiable, and this prevents application of the former methodology.
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1. Introduction. We consider an agent seeking to optimally invest and consume in the
presence of proportional transaction costs. The agent can trade in two kinds of futures con-
tracts, driven by two possibly correlated Brownian motions. A futures contract is marked to
market every day, and its value is thereby reset to zero. An agent holding a futures contract
receives the daily differences in the futures prices. Because these absolute rather than relative
changes in the futures price determine the cash flow that accrues from a position in futures,
we model the futures price of the contract of type i as an arithmetic (rather than geomet-
ric) Brownian motion with drift and diffusion coefficients «;,0; > 0, respectively. The agent
can also hold cash in the money market account with constant interest rate r, and she may
consume.

A proportional transaction cost ;A is charged for trading in the futures contracts of type 4,
where p; is a positive constant, ¢ = 1,2. The transaction costs and consumption are deducted
from the money market account. The agent maximizes the expected discounted integral over

[0,00) of the utility of consumption, where the utility function is U(C) = %, C >0, and
p € (0,1). We compute the coefficient of the leading term in the asymptotic expansion of the
value function for positive A about the known value function for the case A = 0. This leading

term is of order A%/2. The proof is divided into two cases: when the two futures prices are
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independent and when they are correlated.

This work generalizes that of Janec¢ek and Shreve [13] by allowing the investor to trade
in more than one risky asset. The proof technique in [13] is to reduce the dimensionality of
the problem, write down an asymptotic expansion of the value function for the reduced prob-
lem, assume this function is a twice continuously differentiable solution of the corresponding
Hamilton—Jacobi-Bellman (HJB) equation, and use this assumption to formally determine
the leading coefficients in the asymptotic expansion. Then one can perturb both up and down
the order-A term in the asymptotic expansion to obtain functions that are provably super- and
subsolutions of the HJB equation, and hence upper and lower bounds on the value function.
These functions agree in the A\° and %3 terms, and hence identify the coefficients of these
two terms.

A straightforward generalization of [13] works for the model of this paper when the futures
prices are independent, and that is provided in section 9. (To save space, we omit the formal
determination of the coefficients in the asymptotic expansion, which can be found in [5, section
3]. Here we begin the proof by writing down the functions corresponding to different values of
K in (9.24) that we ultimately prove are super- and subsolutions of the HJB equation.) When
the futures prices are correlated, the formal determination of the coefficients in the asymptotic
expansion along the lines of [5, section 3| leads to inconsistent equations, which suggests that
the second derivative of the value function is not continuous everywhere. Abandoning the
methodology of [13] in this case, in section 10 we construct tight upper and lower bounds on
the value function by considering an auxiliary problem having independent futures contracts.
The construction of the lower bound uses the fact that the risky asset prices are arithmetic
rather than geometric Brownian motions. In particular, the second-order operator Lo of (6.10)
involves first and second derivatives in the radial direction only; see Case II of the proof of
Lemma 10.6.

This paper is organized as follows. Section 2 sets out the model, notation, and all as-
sumptions of the paper. The case of zero transaction cost has a solution similar to that due
to Merton [17], [18] for investment in multiple geometric Brownian motion stock prices. The
solution for arithmetic Brownian motions is provided in section 3. Similar to [17], [18], here
the optimal solution is to hold the number of futures contracts equal to a constant vector,
which we call the Merton proportion, times the value of the portfolio, and the value function is
a positive constant times the utility function. We state the main result of the paper in section
4. Section 5 develops the HJB equation for the full problem. The continuity of the value
function needed for the HJB characterization is proved in Appendix A. Section 6 reduces the
dimensionality of the problem and develops the HJB equation for the reduced problem. This
section includes the comparison theorem for super- and subsolutions of the HJB equation,
whose proof is in Appendix B. Section 7 describes how to partition the solvency region for
the reduced problem as a first step toward constructing super- and subsolutions of the HJB
equation. Section 8 extends functions defined in the middle of the solvency region to other
parts of the region and derives properties of the extensions. This method of extension is used
in sections 9 and 10 to construct super- and subsolutions and thereby prove the main result
reported in section 4.

For the case of a single risky asset, Magill and Constantinides [16] introduced transaction
costs into Merton’s infinite-horizon discounted optimal consumption model [17], [18]. They
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argued that in the presence of a proportional transaction cost, an agent should not trade when
the state of the problem is in a region M containing the Merton proportion, and should trade
just enough on the boundary of M to keep the state from exiting this region. Constantinides
[6] numerically computed the effect of transaction costs on the value function for the problem
with one risky asset, and observed that transaction costs have a “first-order effect on asset
demand” and a “second-order effect on equilibrium asset return.” Davis and Norman [8] put
this argument on a rigorous mathematical foundation. Shreve and Soner [21] used viscosity
solution analysis to relax the assumptions in [8]. Because there is an explicit solution for
the infinite-horizon discounted optimal consumption problem with zero transaction cost, but
apparently no closed-form solution for positive transaction cost, a determination of the no-
trading region M and the value function for the transaction cost problem by asymptotic
analysis around the zero-transaction-cost problem has been developed. Heuristic analysis
along these lines was provided by Whalley and Wilmott [23] and Atkinson and Al-Ali [2].
Rigorous calculations of the value function expansion were given by [21], [13], [14], the last
one making rigorous the insight of Rogers [20]. These expansions make precise the numerical
observations of [6].

The previous work pertains to problems with a single risky asset. For multiple independent
risky assets, Akian, Menaldi, and Sulem [1] characterized the value function as the unique
viscosity solution of the HJB equation and provided numerics. Atkinson and Mokkhavesa
[4] provided a perturbation analysis for independent assets. Correlated assets were treated
by perturbation analysis by Atkinson and Ingpochai [3] for small correlations, and a numer-
ical study for two correlated assets was performed by Muthuraman and Kumar [19]. These
works provide strong evidence that in the case of multiple independent risky assets, the no-
transaction region M is a rectangle, but if the assets are correlated, the region M is not even
polyhedral.

Perturbation analysis is based on the assumption of “smooth pasting”; i.e., the value
function is twice continuously differentiable across the boundary of M. This condition was
verified in the case of one risky asset in [21]. However, as observed above, there is reason to
doubt smooth pasting in models with correlated risky assets.

Goodman and Ostrov [12] take a duality approach to transaction costs and show that the
quasi-steady state probability density of the optimal portfolio is uniform for a single stock
but generally blows up when there are multiple stocks.

There is a related body of literature on growth-optimal portfolios in the presence of trans-
action costs; see, e.g., [9], [10], [11], [15], [22].

2. Model definition. An agent has three investment opportunities, a money market ac-
count with constant rate of interest r and two types of futures contracts. The futures price
associated with the contract of type 7 is an arithmetic Brownian motion

E(t) = E(O) + a;t + O'Z'Bi(t),

where each «; is constant, each o; is a strictly positive constant, and (B, Bs) is a two-
dimensional Brownian motion with correlation given by (By, Be)(t) = pt, where p is a constant
in (—1,1). The two-dimensional Brownian motion (B, Bs) is defined on a filtered probability
space (2, F,{F(t)}+>0,P). We use arithmetic rather than geometric Brownian motion to
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describe futures prices because the cost of purchasing futures contracts is zero, and hence
the absolute rather than the relative change in futures prices determines the payoff of these
contracts as investment opportunities. Without changing the investment opportunities in this
problem, we may replace one or both of the Fj(t) by —F;(t) = —F;(0) — it + o ( — B;(t)). We
may also interchange the indices on the two arithmetic Brownian motions. By making these
changes if necessary, we may and do assume almost without loss of generality that

(2.1) a; >0, 0<p<l.

To achieve (2.1) we need only that one of the two futures prices has nonzero drift. We shall
need this condition only in section 10, where we analyze the case p # 0.

The agent chooses four adapted processes, L;, M;, i = 1,2. The process L;(t) (respectively,
M;(t)) denotes the number of futures contracts of type i bought (respectively, sold) by time ¢,
and is thus a nondecreasing, right-continuous process with initial condition L;(0) > 0 (respec-
tively, M;(0) > 0) representing the number of futures contracts of time ¢ bought (respectively,
sold) at time 0. We adopt the convention L;(0—) = M;(0—) =0, i = 1,2. The agent begins
with an initial position Y;(0—) in futures contracts of type ¢, and thus her position in futures
contracts of type i at time ¢ is

(2.2) Yilt) = Yi(0—) + Li(t) = Mi(t), >0,

The agent finances trading in futures by investing or borrowing at the interest rate r.
There is a positive transaction cost for this trading. In particular, for ¢ = 1,2, there is a
constant A\; = p; A, where p; > 0 and A > 0 are constants, representing the transaction cost
per contract incurred from trading in futures contracts of type i. The agent chooses an adapted
nonnegative rate of consumption process C satisfying fot C(u)du < oo for all t > 0, and then
the agent’s position in the money market account evolves according to the equation

2 2
(2.3) dX(t) =Y Yi(t)dFi(t) — Y Ni(dLi(t) + dM;(t)) + (rX () — C(t))dt.

i=1 i=1

We distinguish the agent’s initial position in the money market account X (0—) from the agent’s
position (after any transactions) at time zero. The latter is X (0) = X(0—) — Z?:l Ai(Li(0) +
M;(0)).

This is an asymptotic study as A | 0, and all other parameters, including p;, i = 1,2, are
held constant. In particular, \; = O(\). In section 10, in order to analyze the case p # 0, in
addition to (2.1) we will need the assumptions
(2.4) o > i, p< K201

H102

For much of the analysis it is convenient to write the trading and consumption processes
as proportions of the money market position. As long as X (u—) is bounded away from zero,
0 < u <t, we may define

[P C(u)du o b dL;(u) L EdM; ()
U AS alCCRY S (= RS S =)

i=1,2,
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so that for ¢t > 0,

(2.5)  dYi(t) = X(t—)(dt;(t) — dm,(t)), i=1,2,
2 2
(26)  dX(t) = Yi(O)dF,(t) = X(t=) > Ni(dli(t) + dmi(t)) + X () (r — c(t))dt.

i=1 i=1

We define the three-dimensional solvency region to be the open set

(2.7) Dgé{(yl,yg,:n)::17—)\1|y1|—)\2|y2|>0}.

We denote the closure of D3 by D3 and the boundary by dD3. A policy (L1, Lo, My, M, C) is
admissible for the initial condition (Y7 (0—), Y2(0—), X (0—)) € D3 if we have (Y1 (t), Ya(t), X (1))
€ D3 for all t > 0.

If (Y7, Ys, X) is outside D3, then closing out the futures positions results in a strictly neg-
ative money market position; the agent is not permitted to enter this region. If (Y3, Ys, X) €
0Ds, then the agent can immediately close out her futures positions, which will bring her
money market position to zero. In fact, because not closing out the futures positions would
result in a positive probability of exiting the closed solvency region, this is the only admissible
action available (see [5, section 2, Remark 2.1] for the precise argument, or for the case of one
risky asset, see [21]). We conclude that every admissible policy keeps (Y7,Y3, X) inside the
open solvency region, where X is strictly positive, and we may use the representation (2.5),
(2.6) rather than (2.2), (2.3) until the first time the boundary of the solvency region is hit, if it
is ever hit. Upon hitting 0Ds, (Y7, Y2, X) jumps immediately to the origin and remains there.
Thus we may characterize admissible policies in terms of the processes ({1, {2, m1,m2,c) ap-
pearing in (2.5), (2.6), knowing that at the first time (Y7, Y2, X) reaches 9Ds, it jumps to the
origin and remains there. We denote by A(y1,y2,x) the set of all such policies corresponding
to the initial condition (y1, 2, z) € Ds.

The agent has the utility function U(C) = %Cf” , defined for C' > 0, where p is a constant
in (0,1). Let 8 > 0 be a constant impatience factor. The value function for the problem of
expected infinite-horizon discounted consumption and investment is

238) (g1, 7) 2 sup B [t Unx ),
(y1,y2,7) 0

(£1,€2,m1,m2,c)€EA

where, of course, we mean that X is given by (2.5), (2.6) with Y;(0—) = y;, i = 1,2, and
X(0—) = z, and we take ¢(t)X(t) = 0 after the first time that (Y7, Y2, X) reaches 0D3. In
particular,

(2.9) v =0 on 9Ds.

We develop an asymptotic expansion in the small parameter A > 0 for the function v.
Remark 2.1 (concavity of v). The function v is concave on D3. In order to see this, let

(L1, Lo, M1, Ms,C) be an admissible policy for (y1,y2,z) € D3 and let (El,i2,]\//71,]\//f2,6)

be an admissible policy for (41, %2,%) € D3. Because of the linearity of (2.2) and (2.3) and
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the convexity of D3, for any 0 € (0,1), 6(Ly, Lo, My, M5, C) 4+ (1 — 5)(E1,E2,]\//71,]\//72,6) is
admissible for 6(y1,y2,z) + (1 — 6)(¥1, Y2, ). The concavity of U then implies

v(0yr + (1= 6)71, 6y2 + (1 — 8)Ga, 6z + (1 — 6)Z)
>E / T e BU SO + (1 80 (0)dt
0
> R / T e () de + (1 - SE / "B (G de.
0 0

Maximizing the right-hand side over admissible policies for (y1,y2, ) and (y1, Y2, ), we obtain
the claimed concavity of v on Ds.

To make the notation more compact, we denote by a, X, and F the two-dimensional
column vectors of constants and processes

R « N A = F
as ! ., A= ! , F& ! ,
ag A2 Fy
and we use similar notation for other two-dimensional vectors of constants, variables, and
processes. We define the nonsingular matrices

52 o 0 vV 2 0% pPO102
0 o9 |’ poioy 03 ’

Finally, we define the vector

(2.10) j— 1 vig
L—p
In order to avoid cases in the subsequent analysis, we make the following assumption.
Assumption 2.2. We assume throughout that g is in the open first quadrant.
The following assumption is essential.
Assumption 2.3. We assume throughout that

B—rp p -1
2.11 AL - via-a
211) 1-p 2(1-p)?
is strictly positive, which, as we shall see in the next section, guarantees that the value function
is finite for the problem with zero transaction cost A, and hence the value function is finite
for the less favorable problem with positive transaction cost.
We note for future reference that

(2.12) ﬁ—rp—pd’-?—l—%p(l—p)(vi’-i’):(1—p) A+%p(V(Z—§)-(2—§)) .

Remark 2.4. Notation such as z’ will always be a two-dimensional column vector when
used in matrix calculations such as in (2.12), and its transpose will be denoted by z 7. For
example, VZ-7 = ZTVZ. To save space when we want to specify the components of a column
vector Z, we abuse notation and write 2 = (21, 23).
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3. Zero transaction cost (A = 0). The model of section 2 makes sense even if A = 0,
and since in this case we can instantaneously change positions in the futures without cost, the
value function is a function of the position in the money market alone. The solvency region
is D3 = {(y1,y2,x) : © > 0}. Equation (2.3) simplifies to

(3.1) dX(t) =Y (t)-dF(t) + (rX(t) — C(t))dt.

In particular, X is continuous. The processes Y; of (2.2) are right continuous with left-hand
limits and have finite variation on each finite interval of time. We remove the finite-variation
condition and obtain a more favorable problem whose value function is still a function of the
position in the money market alone. This value function is

[ee]
(3.2) sup E [/ e_BtU(C’(t))dt‘ X(0) = :E:| , x>0,
Y1,Ya,C 0
where the supremum is over all adapted processes Y7, Y5 and nonnegataive adapted processes
C' that ensure that X (¢) given by (3.1) is defined and nonnegative for all ¢ > 0.
The argument by Merton [17], [18] for investing in multiple geometric Brownian motions
is easily adapted to this situation to show that the value function (3.2) is

1
(3.3) vo(z) = —AP~12P 2 >0,
p

and the optimal portfolio and consumption policy are
(3.4) Y(t)=X()d, C)=AX(), t=>0,

where X is the money market position process obtained by using this policy. The argument
is brief, and for the sake of completeness, we include it here.
It is straightforward to verify that vy given by (3.3) satisfies the HJB equation

1
3.5 i —(a-y —c)vy(z) — = (Vi - vy (x) = U =0
(3.5) sin | Feo(x) (@-F+rz—c)y(e) = 5 (V- P (@) - Ule)
for all x > 0. Indeed, the minimizing ¥ in (3.5) is ®=Dn@ g _ 2§ and the minimizing c¢ is

vg (2)
(vh(x))/P=1) = Az. Substitution of these values into the left-hand side of (3.5) and some
simple algebra results in the equality

(3.6) Bug(z) — (@ -0+ r — A)zv(z) — %(Vg 0)2?vf(z) — U(Az) = 0.

In particular, vy satisfies the HJB inequality
1
(3.7) Buo(z) — (@~ 7+ rz — c)vy(x) — E(Vﬂ' N (z) —U(c) >0, 7 €R2, ¢ >0.

Inequality (3.7) together with It6’s formula applied to e = X () shows that for any adapted
processes Y7 and Y5 that are right continuous with left limits, and for any consumption process
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C satisfying fg C(u)du < oo for all t > 0,

0 < e ATy, (X(tATn))

(38) < w(X(0) /0 " B (Clu))du + /O " et (X (w)) 2Y (u) - dB(u),

where 7, = inf{t >0: X(¢) <1/n}. This implies that the local martingale vo(X(0)) +
fgm" e Pyl (X (u))BY (u) - dB(u) is nonnegative and hence is a supermartingale. Taking
expectations in (3.8), we thus obtain EngT” e U (C(u))du < vo(X(0)). Using the mono-
tone convergence theorem as n — oo and ¢t — oo, and then maximizing over Y7, Y5, and C,
we conclude that

(3.9) s E /0 U (C(1))dt < 0o (X (0)).

To obtain equality in (3.9), we use the policy given by (3.4) and use (3.6) in place of (3.7)
to write

e BT (X(tAT))

tATn tATh, =
(3.10) = (X(0)) - / BT (C/(u)) du + / P (X (u)) BV (u) - dB ()
0 0
in place of (3.8). For this policy,
X(t) = X(0) exp [(&-54—7“—/1— %V§-5>t+2§-§(t)] :

which satisfies E[X2P(t)] = X2P(0)eP2a-0+2r—24+VE0)t anq 5o the Tto integral in (3.10) is a
martingale. Taking expectations and then limits in (3.10), we obtain

LA lim lim E[e PN XP(t A7) +E / e PU(C(t))dt = v (X(0)).

p t—00 Nn—00 0

But (2.12) implies e P1XP(t) = XP(0)e~ A M (t), where M(t) = exp[pX6 - B(t) — %p2(V§- 0)t]
is a square-integrable martingale. For each t > 0, {XP(0)e= A ™) M (tAT,)}52 | is a uniformly
integrable sequence of random variables. For the process X under consideration, 7, satisfies

lim,, 00 7 = 00, and hence

lim E[e ) XP(¢ A 7,)] = E[e P XP(8)] = XP(0)e ",

n—o0

which has limit zero as t — oo because of Assumption 2.3. This concludes the proof of equality
in (3.9).
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4. Main result. The main result of this paper is the following theorem:.
Theorem 4.1. Under Assumptions 2.2 and 2.3 and conditions (2.1) and (2.4), the value
function (2.8) for the problem with positive \ satisfies

v(y1,y2,2) = vo(x) — YAY32P + O(N),

where the absolute value of the O(N) term is bounded by \ times a constant that is independent
of A > 0 and (y1,y2, ) so long as this triple is in a compact subset of the solvency region Ds.
The parameter v is defined in (10.6) below.

The proof of Theorem 4.1 follows the statement of Theorem 10.1. In section 9 we construct
a subsolution and a supersolution for the HJB equation when p = 0. These are consequently
lower and upper bounds, respectively, for v. The subsolution and supersolution we construct
differ by O()\) and hence determine v up to order A. For the case p # 0, in section 10 we
create an auxiliary problem with two types of futures contracts that are independent. We use
this auxiliary problem and the result already obtained for independent futures to construct
lower and upper bounds for v. Again, these bounds differ by O(\). The constructions suggest
nearly (up to order \) optimal policies, but in order not to further lengthen an already long
paper, we do not rigorously construct these policies and prove that they are nearly optimal.

5. HJB equation for A > 0. Because the agent can increase her position by size n; > 0
in type-one futures by reducing the money market account balance by A17;, thereby moving
in the [1,0,—A1] direction in (y1,y2,x) in D3, a move in this direction cannot increase the
value function. In other words, v1 — Ajv, < 0, where v; denotes the partial derivative of v
with respect to y;. Moreover, in any region in which it is optimal for the agent to increase her
position in type-one futures, v1 — Ajv; = 0. Analogously, vs — Asv, < 0, and in any region in
which it is optimal for the agent to increase her position in type-two futures, vo — Aqv, = 0.
Furthermore, the agent can decrease her position by size 71 > 0 in type-one futures by reducing
the money market account balance by Ay7n;, which leads to —v; — A\jv, < 0, with equality
holding in any region in which it is optimal to decrease the position in type-one futures. Also,
—vg — A2v, < 0, with equality holding in any region in which it is optimal to decrease the
position in type-two futures. In the remaining region, where it is optimal to consume but not
change the futures positions, the value function should satisfy the partial differential equation
L3v — U(v,) = 0, where L3 is the linear differential operator

R |
(5.1) Ly = B = (re + @ Gy — 5 (VT §)vea,
and U , obtained by optimizing over consumption, is

- 1—
(5.2) U(¢) = sup (U(c) — c¢) = Tpép/(p_l), ¢ > 0.
c>0

(The Fenchel-Legendre transform of —U is U(—¢).)

The following theorem makes these considerations precise. For this theorem, we denote
by CH12(D3) the set of functions v defined and continuous on D3 whose partial derivatives
1, Y9, and Y., are defined and continuous on Ds.
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Iheorem 5.1. When X is strictly positive, the value function v defined by (2.8) is continuous
on D3 defined by (2.7) and is a viscosity solution of the HJB equation

(5.3) min [L30 — U(vz), —v1 + A10g, =02 4 A2z, U1 + A0, V2 + Aoz = 0.

This means that for every (y1,y2,x) € D3 and every function 1p € CHV2(D3) agreeing with v
at (y1,y2,x), the inequality 1 > v (respectively, 1 < v) on Ds implies

(5.4) min[L3¢ — U (%), =1 + My, —tbg + Agtha, 1 + Mitby, o + Aay]

is monpositive (respectively, nonnegative) at (y1,y2, ).

The proof of continuity of v on D3 is in Appendix A. The proof that v is a viscosity
solution of (5.3) is standard and is not given here. The details for this particular model are
presented in [5, Appendix A, Theorem A.12], which is a parallel of the proof found in [21].

6. Reduction of dimension. Because D3 is a cone and every term in (2.5) and (2.6) is
scaled by X (t—) or X(t), we have A(ay1, ay2,ax) = A(y1,y2, ) whenever a > 0. It follows
that

(6]‘) U(aylvay27a$) = apv(y17y27$)7 (yl,yQ,ﬂj) € 537 a> 0.

We note also that (yi,y2, ) € D3 if and only if > 0 and (£, £) is in the two-dimensional
solvency region

(6.2) 'Dgé{(zl,zg):1—)\1|21|—)\2|22|>0}.
We define
(6.3) u(z1,22) = v(21, 22,1), (21, 22) € Do,

and note that because of (6.1),

(6.4) oy e w) = a”u (22 (rge, ) € D3\ {(0,0,0)),

Thus, to determine v it suffices to determine u. From (2.9) we have
(6.5) u =0 on dD;s.

We need to transform the HJB equation (5.3) into the new variables. Let ¢ be a C?
function defined on D,, and set

Y1 Y2
(6.6) Y(y1,y2,7) = 2P (;, ;) » (y1,92,7) € Ds.
We use the notation z; = £, ¢; = (%.907 Pij = %gﬁ. We further adopt the notation

o[2). wwnr- (). wwe- (25 2
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It is straightforward to calculate

(67) wm(ylvy%:n) = xp—l [p(’p(g) - V(,D(Z) : 2]7
(6.8) bua(y1,y2,2) = 272 [p(p = D)p(Z) +2(1 = p)V@(Z) - 7+ V()7 - 7],
(69) wi(ylvy%:n) = xp_l‘ﬁi(g), 1= 17 2.
Consequently, L3¢ (y1,y2,x) = 2P Lop(Z), where
N IR | oL .
Lap(Z) = |B—rp—pd-Z4 5p(l = p)(VZ- Z)| 0(Z)
(6.10) +(r+a-Z—(1-p)(VZ-2))Ve(Z) - Z— %(VZ- 2)(V2p(2)7 - 7).

For ¢ = 1,2, we define the first-order operators

(6.11) Bip(Z) £ Nipp(Z) — pi(Z) — MiVp(Z) - Z,
(6.12) Sip(Z) 2 \ipp(Z) + ¢i(Z) = MiVp(?) - Z.

We may write the first-order operators in (5.3) applied to 1 as

(613) _¢i(y17 Y2, 33‘) + Alwm(ylv Y2, :L') = xp_lBi('p(’g)v
(6.14) Vi(y1, Y2, ) + A\ (y1, y2, ) = 2P 1 S;0(2).

Recalling the discussion at the beginning of section 5, the reader can verify that in the region in
which it is optimal to buy (respectively, sell) type-i futures, we would expect to have B;u = 0
(respectively, S;u = 0).

Definition 6.1. A continuous function w defined on Dy is a viscosity subsolution of the
two-variable HJB equation

(6.15) min [ng — INJ(pw —Vuw- 2), Biw, Baw, Slw,Sgw] =0

if for every point Z € Do and for every C? function ¢ defined on Do and agreeing with ¢ at
Z, 0 > w on Dy implies that

(6.16) min[Lop — U(pp — Ve - 2), Bip, Baw, S16, Sa]

is nonpositive at Z. We say w is a viscosity supersolution of (6.15) if for every point Z € Dy
and every C? function ¢ defined on Do and agreeing with ¢ at Z, ¢ < w on Dy implies that
the expression in (6.16) is nonnegative at Z. We say w is a viscosity solution of (6.15) if it is
both a viscosity subsolution and a viscosity supersolution.

We have a counterpart to Theorem 5.1 for the two-variable function wu.

Theorem 6.2. When X is strictly positive, the function u defined by (6.3) is continuous on
Dy defined by (6.2) and is a viscosity solution of (6.15).

Proof. Because v and u are related by (6.3), continuity of u on its domain Dy follows from
continuity of v on its domain Ds. If (21, 22) is in Dy and ¢ is a C? function defined on Dy,
agreeing with u at (z1,22), and dominating u on Dy, then (z1,29,1) defined by (6.6) is a
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C? function defined on Ds, agreeing with v at (21, 22, 1), and dominating v on D3. Theorem
5.1 implies that the expression (5.4) is nonpositive at (21, 22, ), and because of (6.7)—(6.9),
(6.13), and (6.14), this implies that the expression in (6.16) is nonpositive at (z1, 22). Hence,
u is a viscosity subsolution of (6.15). The viscosity supersolution proof is the same. |

Theorem 6.3 (comparison). Assume X > 0. Let the continuous functions w™ and w™ defined
on Dy be a viscosity supersolution and a viscosity subsolution, respectively, of (6.15). If w* >
w™ =0 on Dy and w is strictly positive on Do, then wT > w™ on Ds.

The proof of Theorem 6.3 is provided in Appendix B. Because u is both a supersolution
and a subsolution of (6.15), satisfies (6.5), and is strictly positive on Dy, Theorem 6.3 has an
immediate corollary.

Corollary 6.4. Let w* be as in Theorem 6.3. Then w™ < u < wt on Dsy. In particular, u
is the unique continuous function defined on Do that vanishes on ODs, is strictly positive in
Do, and is a viscosity solution of (6.15).

We close this section with an observation we will need in section 10.

Lemma 6.5. We have u(0) = u() + O(X), where O denotes the origin in R2.

Proof. By selling 6 type-1 futures contracts and 0o type-2 futures contracts, the agent
can move instantaneously from the position (6;,6s,1) to (0,0,1 — X - ) in D3. Therefore,
because of (6.4),

—

w(@) =v(01,602,1) > v(0,0,1 —X-0) = (1 —X-6)Pv(0,0,1) = u(@) + O(N).

On the other hand, by purchasing 61/(1 + X - 0) type-1 and 65/(1 + X - 5) type-2 futures
contracts, the agent can move instantaneously from the position (0,0,1) to £ é (91 /(14 X-

6),0,/(1+X-0),1/(1 —|—X§)) in R3. Therefore,

u(ﬁ)zv(o,o,nzv(g):( ! _,>pv(91,92,1):u(9_’)+0()\). |

1+X-6

7. Partitioning the solvency region. The left-hand side of the HJB equation (6.15) is the
minimum of five terms. We conjecture but do not prove that the solvency region is partitioned
into nine corresponding regions (see Figure 1) with the properties set out in this section. This
section is for orientation purposes only and is not part of the proof development of the paper.

There should be an (open) middle region M in which Lou — U(pu — Vu - Z) = 0. The
point g is inside the middle region M, and since §'is in the open first quadrant by assumption,
for sufficiently small A > 0 we expect the region M to be a subset of the open first quadrant.
When (Z1, Z5), where Z; £ %, 1 = 1,2, is in this region, it is optimal to consume but not
transact. Transactions occur at the boundaries of M to prevent (Z;, Z3) from exiting M, the
closure of M.

In addition, there should be an (open) “southern” region S, and when (Z3,Z3) is in
this region, it is optimal to increase the position in futures contracts of type two, so that
(Z1, Z2) moves along the ray emanating from —(0,1/\2) until it reaches M. Indeed, suppose
we begin with (Yl,Yg,X) at the point (9,49, 2%) so that (Z1,Z,) is at the point (z{,29),
where z = /m If we increase the position in type-two futures by ¢ > 0, we move to
the new pomt (yl,yQ +t,2° — Aot) in R?, and in the two variables, we move to the point
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Figure 1. Solvency region.

(21,22) = (¥ /(x° — Nat), (8 +1)/(z° — Aat)). A bit of algebra confirms that this point is on
the line passing through (0, —1/X2) and (29, 29), whose equation is

21 14 Xozo
7.1 —_ =
(7.1) 20 14 A2

Similarly, there is an (open) “eastern” region in which it is optimal to sell type-one futures,
moving in Dy along the ray emanating from (1/A;,0) until M is reached. In the (open)
“southeastern” region, it is optimal to simultaneously buy type-two futures and sell type-one
futures, moving along the ray in D that connects the initial position with the “corner” of M
where S, E, and SE meet. We call this corner g?SE .

In W one should buy type-one futures, and in N one should sell type-two futures. In
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SW one should simultaneously buy type-one and type-two futures, in NW one should simul-
taneously buy type-one and sell type-two futures, and in NE one should simultaneously sell
type-one and type-two futures. In these three cases, the transactions indicated should move
the state to the “nearest corner” of M. If the initial position is outside M, then there should
be an initial transaction that moves the state process (Z1, Z2) to M as described above, and
thereafter the state process should remain in M, with the agent transacting just enough on
OM to achieve this.

In the region S, in which it is optimal to buy type-two futures, we expect to have Bou = 0.
In the region SF, in which it is optimal to simultaneously buy type-two futures and sell type-
one futures, we expect to have Bou = 0 and Syu = 0.

We do not actually construct this partition and the function u. Instead, we consider the
case where the futures prices are uncorrelated (p = 0), and we construct a subsolution and a
supersolution of (6.15) by setting up a partition of Dy of the form in Figure 1, constructing a
function inside M and using the appropriate first-order equations for each of the outer regions
to extend this function to Dy \ M. The case p # 0 requires a more subtle analysis based on an
auxiliary problem in which the two types of futures are uncorrelated. We thus use the solution
of the problem when p = 0 as a tool to treat the problem when p # 0. Because we need to
extend a function defined on a middle region M to Do \ M more than once, we provide that
construction generically in the next section.

8. Extension to D, \M In this section we assume that D, has been partitioned into
nine regions, as shown in Figure 1. These are not necessarily the regions discussed in section
7; i.e., they are not necessarily related to the optimal policy or the value function u. We
assume that the nonempty open middle region M is a subset of the open first quadrant and
is bounded by the graphs of four C'! functions:

1) southern boundary: dgM = {(Cl,@) (= fS(Cl),CISW <@ < CISE},
(8.2) eastern boundary: OpM = {(Cl,Cg) G = fE(Cz),CQGE < (< CéVE},
(8.3) northern boundary: oy M £ {(Cl,Cg) (G = fN(Cl),CfVW <@ < CfVE},
(8.4) western boundary: Oy M = {(Cl,Cg) G = fW(Cg),CﬁqW <( < CéVW}.

All other boundaries in Figure 1 are straight lines. We further assume that the functions
fs, [, fn, and fy satisfy the conditions

L+ Xafs(Cr)

(8.

(8.5) £6(G) < ;W <G <F
A2C1
(5. ol > ) e < g < e,
(8.7 i) > TR g < ¢ < e,
261
(8.8) fir() < %’Z(@) SV << W,

Remark 8.1. In sections 8-10, we repeatedly begin with a function defined on M, extend
it to Do, and develop its properties in the nonmiddle regions S, SE, E, NE, N, NW, W,
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and SW. The proofs follow the same pattern. We prove the desired properties in S and SE
only, and we provide key equations to assist the reader in developing the proof for E. The
proof for W can be obtained by interchanging the coordinates in the proof given for S, and
the proof in IV can be obtained by interchanging the coordinates in FE.

Given a point Z in S N Dy, there is a unique point 5 € dgM lying on the line passing
through z and the southern vertex (0,—1/A2) of Do, as we now show. This line intersects
OsM at any point 5satisfying W < ¢ < ¢PF and (cf. (7.1))

L+ Aafs(G) 14Xz
(1 2

To solve this equation for (i, we must invert the function (1 — (1 4+ Aafs(¢1))/¢i. The
derivative of this function is strictly negative for (¢" < ¢; < ¢(¥F because of (8.5), and hence
this function has a C'! inverse

L4+ Xafs(¢PF) 14+ Xafs((P™)] onto rosw -sE
iSE ) iSW —>[1 »S1 ]

> @ 14Xozo = - . . . - 14Xz
Because 2 € S, —ZF*isin the domain of gg, and the point we seek is given by (1 = gg(=2222),

21
C2 = fs(¢1). The mapping from Zz' to 5deﬁned this way is C1.

If Zis in £ N Dy, to find f € OpM lying on the line through z and the eastern vertex
(%1,0), we must solve the equation (1 — A1 fr((2))/C2 = (1 — A1z1) /22 for (5. We proceed as
before.

Remark 8.2. For future reference, we record here the conclusion that if Z € S N D,, then
there is a unique point E € JgM satisfying the equations

Z1 1+ )\22’2

(8.9) O TG G = fs(¢1).

We shall abuse notation, using 5 to denote both the point in g M and the mapping on SNDs.
The mapping ¢ is a C! function on S, and its first derivatives have continuous extensions to
S N Dy. The corresponding equations for z2'in £ N Dy and ¢ € dgM are

z9 1-— )\121

(8.10) G 1onG

G = fe((2).
Finally, we define a mapping on 5 on SE N Dy to be identically ESE
mappings for the other regions.

If 7 lies in two regions, the two mappings defined at Z' agree, and hence we can use the
single symbol ¢ for both these mappings. For example, if Z € (S N SE) N Dy, then ¢ = (5F.
Using this fact and the first equation in (8.9), one can verify (8.11). We have

. We define analogous

21 1+ Aozo 1 —Aiz1 + Aazo T
8.11 = = , Z€(SNSE)ND,y,
(8:11) PP 1+ 0GP 1= MG+ MGF ( )N D2
1—X 1—A A _
(8.12) 2 1 At % e (BENSE)NDe.

GF 1= MGP 1= MEE + MG
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The verification of (8.12) uses the first equation in (8.10). The second equation in each of
(8.11) and (8.12) is a consequence of the first equation in these displays.

Definition 8.3. Let O be an open subset of R?, and let O be a set satisfying O C OcO.
We say that a function w is C* on O if wis C* on O and the partial derivatives of w up to
order k have continuous extensions to ©. We call these continuous extensions the derivatives
defined from inside O, and we denote them by wlo, wfj, etc.

Theorem 8.4 (function extension). Let Dy be partitioned into nine regions, as described in
this section. For Z € Dy \ M, let 5 denote the point on OM defined in Remark 8.2. Let w™
be defined and C' on M, and extend w™ to Dy by the formula

M(z) if 7€ M,

M)pwwg):<ﬁ wM () ifZeSNDy,

) if?ES—Eﬂ’DQ,

) @) = (2) @) yzeEnDy

MGE = X

1-—
1-— )\222 M7y 2_1 p Mo F T
1— A2g2> wh(¢) = >w (¢) if Z€ NNDy,

1+ Az1 — Aoz P S o
1+)\1C1\17V; )\2C?VW> wM(CNW) ZfZGNWﬂDQ,
1

LM) <<—2> M(F) if 7€ W NDs,
p

( 14+ Aiz1 + Aozo >
L+ MW" + XS

(
(
(
(8.13) w@) =1 () W@ yreNEnD,
(
(
(

w (CSW) if 2 € SW N Ds.

(Note that Z can fall into more than one case in (8.13), but the definition of w(Z) is unam-
biguous because of (8.11), (8.12), and their analogues for the other siz straight-line boundaries
inside Dy.) Define w =0 on 0Ds. Then w is continuous on Do, w is C' in each of the non-
middle open regions, and the first derivatives of w have continuous extensions to the closures
of each of these regions intersected with Dy (although these extensions may differ for different
regions), and

(8.14) Bow® =0 on SN Dy, Siwf =0 on ENDs,
(8.15) Sow™ =0 on NN Dy, Biw" =0 on W N Dy,
(8.16) Bow®F = S1wF =0 on SE N Do,

(8.17) S1w™E = Suw™F =0 on NE N Do,

(8.18) Sow™W = Biw"W =0 on NW N Do,

(8.19) Biw®W = Bow®™W =0 on SW N Dy.
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In addition, we have the following implications:
p—1 ., N

(8.20) Bow™ =0 on OsM = wi(Z) = (—) wM((), i=1,2, 7€ SN Dy,

z92 p-1 - —
(8.21) S;uwM =0 on OpM = wF(2) = <—> wM((), i=1,2, 7€ ENDy,
(8.22) Sow™ =0 on OyM = wl¥(Z) = <Z—1>

Z9 p-l d —
(8.23) Byw™ =0 on oy M = w)V (2) = (— wM((), i=1,2, 7€ WNDy,

B2wM(<_-'SE) _ Sle(é_-'SE) -0

SE(z) — ( L — A1z + Aoz
1= MCPP + AP

(8.24) and w is C* at (5P,
S1wM ((NF) = Sy (V) = 0

p—1
) wM((°F), i=1,2, 7€ SEND,,

1 — Az — A9zo
L= MGE = X'
(8.25) and w is C* at (NP,

Sy (ENW) = BruwM(EVW) = 0

14 Az — Aozg
L+ MW — XYW
(8.26) and w is C* at NV,

BrwM (EW) = Byuw™ (W) = 0

14+ Xz 4+ Aoz
L+ AW + 28"
(8.27) and w is C* at (V.

p—1
— wMNF(2) = ( > wM(CNF), i=1,2, Ze NEND;,

p—1
— wNV(7) = < ) wM (W), i=1,2, Z€ NW N Dy,

p—1
— w?W(7) = < > wM (W), i =1,2, Z€ SW N Dy

Consequently, if

(8.28) BowM =0 on dsM, S;wM =0 on dpM, Syw™ =0 on OnM, Biw™ =0 on oy M,

then w is C* on Da, and hence we may omit the superscripts on the partial derivatives w; in
(8.14)—(8.27). Furthermore, under condition (8.28),

(8.29) Bow =0 on (SWUSUSE)ND,;, Syw=0on(SEUEUNE)ND;,

(8.30) Sow =0 on (NWUNUNE)NDy, Biw=0 on (SWUWUNW)NDs.

If, in addition,

(8.31) min [Blw,ng,Slw,Sgw] =0 on OM,
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then
(8.32) min [Blw, ng,Slw,Sgw] =0 onDy\ M.

Finally, if condition (8.28) holds and w™ is C% on M, then w is C? on each of the nonmiddle
open regions and the second derivatives of w have continuous extensions to the closure of each
of these regions intersected with Ds.

Proof. Tt is immediate from its definition that w is continuous on Dy. It is also immediate
from Remark 8.2 and the definition of w that in each of the eight nonmiddle open regions,
w is C' and its first derivatives in each region have limits as the boundaries of the region
are approached, except for the boundary of Ds, where the derivatives explode. Therefore, it
suffices to prove (8.14)—(8.19) in the interior of each of the indicated regions.

We prove the first equality in (8.14). Let Z € S be given. Then there is a point 56 OsM
so that 2 lies on the line segment connecting (0, —1/A2) with 5 We parameterize this line as
z1(t) = thaz1, z2(t) = —(1/A2) + t(1 + A2z2). We use the second equation in the second line
of (8.13) to compute the directional derivative of w along this line, evaluated at Z, which is
Lw(Z(t))|i=1 /2. = PAow(Z). But this directional derivative evaluated at z'is also

(1/)\2)101( Z) + 22(1/)\2)11)2( 7) = Agzlwl(Z) + (1 + )\222)102(27).

Setting these two equal we obtain Bow(Z) = 0.

For Z € E, we parameterize the line through 2’ connecting (1/A1,0) with ¢ € 9gM by
z21(t) = 1/A1 — t(1 — A\iz1), 22(t) = tA122. We use the second equation in the fourth line of
(8.13), compute the directional at Z by two methods, and obtain S;w = 0.

For z € SE, we simply compute the partial derivatives in the third line of (8.13) and
verify that (8.16) holds.

We prove the implications (8.20), (8.21), and (8.24). Again, it suffices to consider 2 in the
interior of each set. Assume the hypothesis of (8.20). For 2’ € S, we compute

ERERR P >
o= g5 | (riwg) )
Proa . .0 .0
(533) (2] | OFE +ut OFE it OFE .

where we have made the substitution (8.9) after computing the derivative. We use the hy-
pothesis of (8.20) in the form

A2p A2(1 >

> > M
(8.34) TG M) +wy' () = EESwWAL (<)
to simplify this, obtaining
o (A 0G0 MG 0¢
(53 wlE) = (@) 1o [a_zl T NG azj |

However, (8.9) implies

Ao O < A2z1 > _ 9 < A2G1 > A2 {aﬁ A2Gi 9G
1+ Xozo 0z1 \ 1+ X929 0z1 \ 14+ X(o 1+ Xo(o

(8'36) 021 14+ Xolo 0z ’
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and thus

(8.37) 0G0 MG 06 _ 1+MG G
' 8Z1 1+ )\2{2 8Z1 1+ )\222 21 '

Substitution of this equation into (8.35) gives us the formula in (8.20) for wy.

For Z € S, we compute

- 0 <1 p M7
wal) = o | (2) M)
A Y B PN SN VN S U VPN O]
(5.9 —(2) R @Ogt O+ OF2 ]
We again use the hypothesis of (8.20), this time in the form
2 SN v (SR V=t
(8.39) C w(C) +wi'(() = BB WARE (€),

to simplify, obtaining

o (=2 I 14X G
(8.40) w2(z)_<§> 2 (C)[a_zz_ e a_zJ

However, (8.9) implies

(8.41) i_i<m>_i<1ﬂz@>_ 1 [%_HAQ@ acl}
' 21 Oz X221 0z o1 (1 | 92 NG Oz

and thus

(8.42) 0 1+X6 06 _ G

9z MG 0z a1

Substitution into (8.40) gives us the formula in (8.20) for ws5.

Before turning to (8.21), we observe that we can take the limits in (8.33) and (8.38) as
7 € S approaches (5. If, instead of the hypothesis of (8.20), we assume only Byw™ ((5F) = 0,
we have (8.34) and (8.39) at { = (°F, and we may substitute these into (8.33) and (8. 38),
respectively. The result of this is to obtain the conclusion of (8.20) at the point z' = CS
Similarly, if we assume only Syw (CSE ) = 0, then the argument we give for (8.21) below can
be modified to show that the conclusion of (8.21) holds at the point 2 = fSE . In other words,
under the hypothesis of (8.24), we have for i = 1, 2,

(8.43) w ((FF) = w ((FF) = wf ().

Hypothesis (8.21) implies —(p/C)wM () +wd () = (1=2C)/MG))wM () for Z € E.
Thus wy(2) = (22/C)PwM (O)[0¢1 /021 + (1= AC1)/(MC2))Ca/0z1]. However, (8.10) implies
—1/22 (1/C2)[8<1/821 + ((1 — )\1C1)/()\1<2))8C2/8Z1] and this yields the formula in (8.21)
for w”. We next use the hypothesis of (8.21) in the form ((A1p)/(1—A1¢1)w™ () +wM () =
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((MG)/(1=M1¢1))wy! (C) in order to compute wa(Z) = (22/G)Pwd! ({)[0C2/020+ (M) /(1—
A1(2))0C1/0z2]. We simplify this using (8.10) and the formula derived from (8.10), A1 /(1 —
)\1Z1) = ()\1/(1 — )\1{1))[8C2/8Z2 + ()\1C2/(1 — )\1C1))8C1/8Z2]. This yields the formula in (8.21)
for w¥ (7).

We next compute the derivatives wy and we in SE under the hypothesis of (8.24), namely,
BowM (5F) = S wM ({5F) = 0. These equations can be written as the system

Al Bt ($5F) + (1 + MG P)wd! (CFF) = hopuw™ ($5F),
—(1 = MG (EF) + MG Fwd ($F) = Apw (C5F).

This leads to the derivative formulas

1 -
—A—lw{w(CSE) =

=SE p M (7SE
R e Ve e L S0

X2
Using these formulas and the fact that f ESE for all 2 € SE, we can differentiate directly
n (8.13) to obtain the formulas for w?¥, i = 1,2, in (8.24).

Under the hypothesis of (8.24), we have obtained for i = 1,2 the formula wS({5F) =
wi‘/[(fSE) Combining this with (8.43), we conclude that w is C* at (5E.

Under assumption (8.28), the hypotheses of (8.20)—(8.27) are satisfied. Equations (8.11),
(8.12), and their counterparts for other boundaries show that the derivative formulas in (8.20)—
(8.27) agree on the boundaries of the regions in which they are specified. Hence, w is C'* on
Do, and (8.29)—(8.30) follow from (8.14)—(8.19).

We next show that (8.29)—(8.31) imply (8.32). Following Remark 8.1, we check this only in
SNDy, ENDs, and SEND,. The first equation in (8.29) implies pw(Z') — Vw(Z) -7 = /\%wg(é’)
for 7 € SN Dy. Using this and (8.20), we see that for 7€ S N Do,

BuE) = NwE) - = (2) R;wz(f) (@)
Siw(z) = %“’2(5)”1(5) = <2) [i;w(fnwl@}
swE) = 2@ = 22w

Substituting ¢ into these equations, we obtain formulas for Blw(f ) Slw(f ), and Sgw(f ), and
we then see that for 7€ SN Dy,

Al p=1 - Al p=1 d 21 p=1 -
(8.44) Blw(i) = <a> Blw(C), Slw(Z) = <a> Slw(C), Sgw(Z) = <—> SQ'LU(C)
But (8.31) implies that Biw(¢) > 0, S;w(C) > 0, and Sw() > 0. We conclude from (8.44)
and the first equation in (8.14) that (8.32) holds on S N Ds.
The second equation in (8.29) implies pw(Z) — Vw(Z) - Z = —)\iwl( ?) for 2 € E N Ds.

Using (8.21) we see that Syw(Z) = (22/G)P "1 Sw(C) > 0, Biw(2) = (22/G)P " Biwi (¢) > 0,
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Bow(Z) = (22/C2)P Bywi (C) > 0. This and the second equation in (8.14) imply that (8.32)
holds on E N Ds.

The proof that (8.32) holds on SE \ 9Dy follows a similar argument. For Z in this set,
we showed in (8.16) that Bow(Z') = 0. Using this and (8.24), we obtain in place of (8.44) the
formulas

- 1= Az 4 Aoz \2! TSE
Bul) = (15 & C§E> Buu(@P),
)_ < 1—)\121+)\222

Siw zZ
( 1= MCPP + MG ¥

p—1 .
> Sw(¢*F), i=1,2.

Therefore, (8.31) implies that (8.32) holds on SE \ 9Ds.

Finally, the mapping from Z to 5is C' in each of the open sets S, SE, E, NE, N, NW,
W, and SW, and the derivative of this mapping has a continuous extension to the closure of
each of these sets (see Remark 8.2). If w™ is C? on M, then from the first-derivative formulas
in (8.20)—(8.27) we conclude that the second derivative of w is defined on each of these sets
and has a continuous extension to the closure of each of these sets intersected with Ds. [ |

Remark 8.5. Because, for 2 € S, we have 2—2 = fé(g‘l)g—%, i = 1,2, we obtain from (8.37),
(8.9), and (8.42) the formulas

06 (14 MG 1+ Ao B "
(8.45) Oz1 (1 + >\2Z2> 14+ X — Ao fE(C) LHOR), Ze5

06 [(1+ M@ Ao . 2y o
(8.46) 02y (1 + >\2Z2> 14+ Xalo — MG fe(C) MG+ O, Zes.

Note that the denominator 1 + Moo — A2C1f5(¢1) in (8.45) and (8.46) is strictly positive by
(8.5) and hence bounded below for ¢ € dgM. For E, the analogous formulas are

0 (1-MG) 11— MG B .

(8.47) Ozy <1 - /\121> L= MG+ MGfpG) 1HOR), ZeF,
06 (1-MG) A16o _ 2y =

(8.48) Oz <1 - /\121> I — MG+ MG fp(C) Mb + O, Ze B

We close this section with a theorem that provides sufficient conditions for a function of
the type appearing in Theorem 8.4 to be a viscosity subsolution or viscosity supersolution of
(6.15).

Theorem 8.6. Suppose Do is partitioned into finitely many disjoint open sets Oq,...,0Op
so that Dy = Uzzlék. We assume that for every Z € Dy, there is a line segment in the
radial direction with one end point at Z that is entirely in one of the sets Oy. Suppose w €
C(D3) N CYDy), w = 0 on dD,, and w is C? in each O N Dy (Definition 8.3). If, for
k=1,...,n,

(8.49) min [ﬁgw — ﬁ(pw —Vuw-Z2),Biw, ng,Slw,Sgw] <0 on O, NDy
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(where (8.49)i9 evaluated in Oy and also on 0O, NDa, in the latter case using the continuous
extension to O N Dy of the second derivatives of w defined in O), then w is a viscosity
subsolution of (6.15). If, for k=1,...,n,

(8.50) min [L’gw — ﬁ(pw —Vw - 2), Biw, Baw, Slw,Sgw] >0 on O N Dy,

then w is a viscosity supersolution of (6.15).

Proof. We assume (8.49) and prove that w is a subsolution of (6.15). The proof that (8.50)
implies the supersolution property for w is analogous.

Let 7 € Dy be given. Let ¢ be a C? function defined on Dy that agrees with w at Z and
dominates w on Dy. Then Vy(Z) = Vw(Z). Set Z(a) = (1 + «)Z. By assumption, there is
a k and € > 0 such that O, contains either the line segment {Z(a) : —¢ < a < 0} or the
line segment {Z(a) : 0 < a < e}. For specificity, we consider the latter case. The function
fla) = p(Z(a)) — w(Z(a)) is C? on [0,¢] and attains its minimum at o = 0. Therefore,
0 < f"(0) = V2p(2)7- 7 — V2w (2)Z - Z, where V2w® denotes the second derivative of w
extended by continuity from O to O N Ds. From the definition (6.10) of Lo, we see that
(8.49) now implies the nonpositivity of (6.16) at z. [ ]

9. The case p = 0. We first prove the special case of our main result, Theorem 4.1,
under the assumption that p = 0. When p = 0, we do not need conditions (2.1) and (2.4).
We state the result for the function u of two variables defined by (6.3).

Theorem 9.1. Under Assumptions 2.2 and 2.3 and p = 0, the value function u for the
problem with positive \ satisfies

(9.1) (@) = %Ap‘l — N3 L O(N).

The constant v in (9.1) is

2
9.2 53 g2yg. gy S
(9:2) 2 AV )Y R
i=1 !
where
124,602 S5

The remainder of this section is the proof of Theorem 9.1. It is divided into several steps.
The idea of the proof is to construct two functions, a subsolution and a supersolution of (6.15).
We construct each function by partitioning the solvency region as in Figure 1, defining the
function in M, extending the function via Theorem 8.4, and verifying that the function is a
subsolution or a supersolution using Theorem 8.6.

9.1. Partitioning the solvency region. We need two partitions of the solvency region,
corresponding to a subsolution and a supersolution of (6.15). We create both partitions
simultaneously. Let B be a positive constant and K a real constant to be chosen later. We
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shall in fact choose K to be negative to get a subsolution and positive to get a supersolution.
With 14 and v5 defined by (9.3) and

(9.4) —11/1)\1/3 § 51 S l1/1)\1/3, —11/2)\1/3 S 52 § 11/2)\1/3,
2 2 2 2

define
(9.5) hi(8:) £ s Ea?ﬁ/‘”’ S gBéfA‘*/ﬂ = O(\*?)

v;
so that

4
(9.6) RA(8;) = i [35i>\2/3 — =07 + 3352-A4/3] = O(\),

12

(9.7) RI(6:) = i [3A2/3 — V—géf + 3B>\4/3] = O\?/3).

We further define

2
(9.8) H(S1,02) 2 30 0 [~phi(6) + (61 + 01, (51)] = O
i=1 ¢
so that
(9.9) S H(51,02) = - [(1 = p)WE) + (5, + 0)RL(3)] = O)

Finally, we set

(9.10)  Gg(81,82) 2 Ny — py A PANZ3 4 p KAV P AN + 2222 ha(%2) + Ao H (61, 69),
1)
/
(9.11)  Gp(d1,82) 2 A\; — py A PANY3 4 pK AV PAN — M 155 V + A\ H(81,62),
1
/
(9.12)  GN(61,02) 2 Ay — pyATTPANY 4 pK AP AN — he V(j 2) + Ao H (61, (),

/
(9.13) G (81,02) 2 A\p — py AV PANZ3 4 p KAV PN + " V(5 1 + M H(51,69).
1

We define the boundary functions of the middle region M appearing in (8.1)—(8.4) by

fs(C1) = Fs(C1 —01) + 02, fe(C2) = Fp(¢2 — 62) + 01,
In(C) = Fn(G—61) + 02, fw(Ge) = Fw (G — 62) + 01,

where Fg, Fr, Fy, and Fyy are defined implicitly by the formulas

(9.14) Gs(01,Fs(61)) =0, Gg(Fg(62),02) =0,
(9.15) Gn(01,Fn(61)) =0, Gw(Fw(d2),d2) = 0.
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In particular, we are using the change of variables §; = (; — 6; for ¢ = 1,2. We can make these
definitions because of the following lemma.

Lemma 9.2. For sufficiently small A > 0, there exist C* functions Fs(61), Fg(d2), Fn(61),
and Fy (92), defined for (01,02) satisfying (9.4), so that (9.14) and (9.15) are satisfied. These
functions are “nearly constant” in the sense that for (d1,02) satisfying (9.4) and for any

constant & > 1/ 2pyAl=P + B,

—%mlﬂ” < Fs(6) < —%1/2)\1/3(1—5)\1/3),
%I/l)\l/g(l —fAl/g) < FE(52) < %I/lAl/g,
1 1
51/2)\1/3(1 —£A1/3) < Fy(01) < 57/2)\1/3,

1 1
—57/1)\1/3 < FW((SQ) < —57/1)\1/3(1 — g>\1/3)

In addition, fs(¢1), fe(C2), fn(C1), and fw(Ce) are Ot and satisfy (8.5)—(8.8) and
(916)  f5(Q1) = O™, [5(G) = O, fn(G) = O, fiv(G) = ON)

as long as 61 = (1 — 01 and 69 = (a3 — O satisfy (9.4).
Proof. Following Remark 8.1 we provide the proofs for Fg and Fg. Let §; satisfy (9.4),
let £ € R be given, and set d5 = —%1/2/\1/3(1 — &AXY/3). Then

Gs(01,05) = paX — pyA P pa)/?
+ %55 [BAY2 — N/3(1 = 26A13 4 2X/%) 4 3BAY?] + O (V%)
2

3

2
= i (&= Smatr - B) N0 4 00,

and the O(\?) term is uniform in d;. The O(A*/?3) term in the last line is negative if € = 0 and
is positive if £ exceeds \/gpyAl—P + B. Let us fix £ > \/%pyAl—P + B. Then for sufficiently
small A > 0 there is some Fg(d;) in the interval (—%u2/\1/3, —%1/2/\1/3(1 — EX/3)) for which
Gs(d1,Fs(d1)) = 0. But for 6; and dy satisfying (9.4),

9 h5(02)

3B
2 Gs(01,00) = O3 > 2212548 L 0(\3/3) >

1
(9 7) 652 1%} 120

for sufficiently small A > 0, uniformly in é; and d2. Hence, the zero of Gg(d1,-) is unique.
Furthermore, because G is C' and (9.17) holds, the implicit function theorem implies that
Fs is also C1. In addition, the fact that (9/931)Gs(d1,02) = O(A*/3) and relation (9.17) show
that

8 Gs(0
Fé(&l) _ _8(51 |52 =Fs(1) _ O()\l/g)

952 5Gs (01 |52 =Fg(61)
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It follows that
1 1
(9.18) £5(C) = OO3), 0y = guA? <G <0+ gAY,

and thus (8.5) is satisfied for (; in the interval specified in (9.18).

Again let £ € R be given, but now define 07 = %1/1/\1/3(1—5/\1/3) and compute Gg(07,d2) =
S (&% - %pyAl_p — B)X3/3 + O(A?). We proceed as above to produce Fg(ds) € (%1/1/\1/3(1 -
EXV/3), %V1A1/3) such that Gg(Fg(d2),02) = 0. For §; and d9 satisfying (9.4), (0/901)Gg (61, 2)
< —33%)\4/ 3 1+ O(N\%/3) < 0 for sufficiently small A > 0, uniformly in §; and J,. Because

(0/082)G R (61,02) = O(N/3), we must have Fi.(65) = O(A\/?). Hence fi((2) = O(\/3),
Oy — %1/2)\1/3 < (G <6+ %1/2/\1/3, which implies (8.6) for (, in the range just specified. [ |

Remark 9.3. Because of the inequalities in Lemma 9.2, the graph in the (01, d2)-plane of
the continuous function Fs(d7), —%1/1)\1/ 3 <5 < %1/1)\1/ 3. must intersect the graph in the
(01, d2)-plane of the continuous function Fg(d2), —%V2A1/3 < 5y < %V)\l/3. The intersection
point must be unique because the derivatives of both Fg and Fj are of order \/3, and it
must lie in (%1/1)\1/3( — ENV/3), 11/1)\1/3) X (—%1/2)\1/3,—%@)\1/3(1 — ¢X1/3)). We denote the
intersection point by §5F = (67, 65F). We then define ESE =5F 4+ 4. Similarly, we choose
intersection points and define CN B CN W and 5SW. This completes the construction of the
boundary functions described by (8.1)—(8.4) for the middle region M so that (8.5)—(8.8) are
satisfied.

We have constructed M to be a proper subset of the rectangle

(9.19) R(\) & (91 - %ylAl/?’,el + %um/ﬁ”) X (92 - %VQAV?’,GQ + %VQAV?’) .

We fix £ > \/gpyAl—P + B and define four “perimeter sets” of R(\) by

9

1 1
Pg 2 {ZE R:6y— §V2A1/3 < zg <Oy — §V2A1/3(1 — AV

>
I>

)

1 1
{26 R:6, + 5V1A1/3(1 — A3 <z < 01 + §V1)\1/3

=

)

1 1
= {26 R:6y+ §y2)\1/3(1 — N3 < 2y < Oy + §V2)\1/3

H—/H/—’H/—’H—/

Py & {ZE R:0, — %ml/?’ <z <6y — %ulxl/?’( — X3S

We have shown that for sufficiently small A > 0,

(9.20) (¢1, fs(C1)) € Ps,  f6(¢) =03, ¢V <¢ <F,
(9.21) (fE(C2),C2) € Pa, [u(é) =O(N?), FF << @'F,
(9.22) (G fn(Q)) € Py, fy(G) =03, M < <¢F,
(9.23) (fw($2), &) € Pw, fiy(G) =003, GV <G<d™
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In other words, the boundaries of M are almost straight lines, and the region M almost
coincides with the rectangle R(\).

The boundaries of M depend on the constant K appearing in the definitions of Gg, G,
Gn, and Gy. However, the perimeter sets Ps, Pg, Py, and Py do not, and the O()\l/3) terms
appearing in (9.20)—(9.23) depend only on bounds that are uniform over these perimeter sets,
and hence they do not depend on K.

Finally, we define the eight nonmiddle regions of Dy, as shown in Figure 1.

9.2. Construction of w™ on D,. We define a C? function w™ on the rectangle R(\)
defined by (9.19) whose restriction to M will play the role of w* in Theorem 8.4 by the
formula

2
(924)  wM(Z) 2 1Al B kA=Y S arlh (5 —0), Fe RO,
p -1 Vi

where the constant K is chosen to satisfy conditions specified in the proofs of Lemmas 9.8
and 9.9 below. We may restrict w? to M and then extend this restricted function w™ I3z to

Do, as described in Theorem 8.4. We call the extended function w. Note that w = w™ on

M, but w does not agree with w™ on R(\)\ M.

Lemma 9.4. The function w™ |47 satisfies (8.28) and (8.31). Consequently, w is C* on Da,
its first derivatives are given by (8.20)—(8.27), and w satisfies (8.29), (8.30), and (8.32). For
sufficiently small A > 0, the function w also satisfies

(9.25) min [Blw,ng,Slw,Sgw] >0 on M.
Proof. Using the notation zZ'= 5+ 5, it is straightforward to verify that for 2’ € R,

(9.26) Bow™(2) = AP1Gs(8), SiwM(Z) = AP'GE(d),
SowM(2) = APIGN(6), BiwM(Z) = AP 'Gw (9).
Equations (9.14) and (9.15) imply (8.28). Once we have proved (9.25), then (8.28) will imply
(8.31).
It remains to prove (9.25). We show that Bow > 0 and Syw > 0 on M; the proofs of the
other two inequalities in (9.25) are analogous. In fact, we prove the stronger result that

Bow™(2) >0, Z€ R()) such that zp > fg(21),
SiwM(2) >0, Ze€ R()) such that z; < fp(z).

Since BowM(Z) = 0 when 7 € R(\) and 23 = fg(21), and S;w™ (Z) = 0 when z € R()\) and
z1 = fr(22), for this it will suffice to show that

9 M= 9 M= -
— > — < A).
. Bow™ (2') > 0, oo Sw(Z) <0, ZeR(\)
Using the first equality in (9.26), we have from (9.17) that
9 Mz p-1 0 @ o 3Bu2 144
i — 7 > 22H2 ap /3 5/3
97 Bow™ (Z) = A 35, Gg(0) > s APTEXNYE 4 O(N7),



52 MAXIM BICHUCH AND STEVEN SHREVE

which is strictly positive for sufficiently small A > 0, uniformly in 2’ € R. Similarly,

iSle(z*) — Ap‘liGE(g) < _3Bm

APTINYE L O, m
821 8(51 %% + O( )

Remark 9.5 (derivative estimates of w on 9M). Tt is straightforward to compute the first
derivatives of w™ on the perimeter sets Ps, Pg, Py, and Py . Using (9.24) we obtain

(9.27) w) = AP + 0N, wM = O(\) on Ps,

(9.28) wi = —APTIN + O3, wit = O\
wil = — APy + ONY3), wit

wi = AP7IN + O3, wi = O(\) on Py

The O()\) and O(A*/3) terms in these formulas do not depend on K.

The second partial derivatives of w may not exist on dM, but we can compute the second
partials of wM inside the perimeter sets, and on OM these coincide with the second partials
of w on computed from inside M. Direct computation reveals

(9.29) whly = 0(N), wiy = O(N*/?) on Ps U Py,
(9.30) wih = 0(\), why = O(\*/*) on Pg U Py,
(9.31) w% =0on R(N).

In particular, for i,j € {1,2},
932)  wli(®) = 0, ! (CVF) = 0), wlf (YY) = O(N), wlf(F™) = O(N).

The O()\) and O(A\?/3) terms in (9.29)-(9.32) do not depend on K.
We derive additional estimates on the pure second partials of w™ on the boundaries of
M. The first equation in (8.28), Bow = 0, evaluated along the southern boundary of M is

Aapw (C1, f5(C1)) — AeCrws (C1, f5(C1)) — (1 + Aafs(¢r))wa(Cr, f5(C1)) =0

for (¢W < ¢ < ¢FF. Differentiation yields (recall (9.31))

Xa(p — Dwi (Cr, f5(C1)) + Xo(p — Dwa (Cr f5(61)) £6(¢1) — AeCrwt’y (G, f5(Gr))
(9.33) = (L+ Ao fs(C))wy (Cos fs(Cr)) £5(Cr)-

From (9.27) and the second equation in (9.29), we see that the left-hand side of (9.33) is
O(X°/3). In conclusion,

(9.34) whh (G, £s(C)) F(G) = O3, W <G <GP

The second equation in (8.28), Syw = 0, evaluated along the eastern boundary of M is

Mpw(fe(C2), ) + (1 = M fE(C))wi (fE((2), () — Mbwa(fE(¢), () =0
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for (5% < ¢y < ()F. Differentiation yields

(9.35) Wi (fe(&), &) fu(G) = ON3),  GF <6 <P

The analogous equations on the other two boundaries of M are (see Remark 8.1)

(9.36) whh (G, N () fa(G) = O3, (MW < < F,
(9-37) wift (fw(G2), ) fiv(G2) = O), & < <™.
The O(X\%/3) terms appearing in (9.34)—(9.37) are independent of K. [ ]

9.3. The second partial derivatives of w outside M. We compute second partial deriva-
tives of w in the regions S, E, and SE. In SN Dy, the first partial derivatives w; are given by
(8.20) with Z and (¢ related by (8.9). From this formula, using (9.31), we compute

0

14 Aazo \ P! >
92 <1+A2<2> “’1(“]

:<1+)\2z2> [)\2( )fs(cl)wl(f) (@) G

S —
wr, 1(Z) =

U
D

14 AaGo 14 Aalo 82'1
In light of the second equality in (9.20), (9.27), (9.29), and (8.45), we see that
(9:38) wi1(€) = wif () +0?), (€ dsM.

Recalling (9.31), we next compute

(9.39) wiy(() = 0N3), (e asM.
Finally,
) Pl
w§2(2 = on [(%) wz(C)]
P - > o oG . =
(9.40) :(2) [Clpw2(¢)+w%(g)fs(g1) 8—2, 7€ 5ND,,

and (9.27), (9.29), the second equality in (9.20), and (8.46) imply

(9.41) w3 o(C) = —(1 - p)APIAF+ O(N/?), (e dsM.
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In ENDs, the first partial derivatives w; are given by (8.21) with Z and ¢ related by (8.10).
Therefore

042)  wfy(5) = (é)l L)+l Ok 52 2B,

Using (9.28), (9.30), (9.21), and (8.48) we obtain

(9.43) wi ({) = —(1 - p)APTINT + O(N/?), (€ apM.

We also have

(9.44) why(2) = <2>p_1 [1 C_zpr(E) +wih () g—i, 7e¢ ENDs.

Using (9.28), (9.30), and (8.48) we obtain

(9.45) wly(() =0N3), (eopM.

Finally,

1) by = (1) D ) uth€)] 22, zeTom,

Using (9.28), (9.21), (9.30), and (8.47) we obtain
(9.47) wis(() = wsh(O) + O, (eapM.

We may take z'in (9.42), (9.44), and (9.46) to be in SENEND; so that ¢ in these formulas
becomes ¢°F. We see then that for i,j € {1,2},
(9.48) w5 (Z)=0(\), Z€SENEND,,
where the O()) term is uniform in Z as long as 2z’ is bounded away from 0Ds; see Remark
9.10 below in this regard. An analogous proof shows that w;s: ;= O()) in compact subsets of
SENSND,.

In SE we begin with the formula (8.24) and compute for 7 € SE N Dy that

. 1—p)\ 1— Az + Aoz p=2 -

9.49) wiE(z) = ( < > 5,
(0.49) w1 (®) = 17 MEF + X0 \ 1= MEGP + A5F e

1—p)\ 1— Az + Xz P2 -
050) wiE(Z) = —— < > 5,
(0:50) wiz(®) =~ AMCEE 4+ M N1 = M PE + (PP e

1—p)\ 1— Az + Xz P2 -
051) wiB(z) = —— < > 7).
(©0:51) w3 (F) =~ AMCGEE 4+ MG\ = M CPE + (PP w2l
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We then use (9.28) twice and (9.27) to conclude that

o, 1 -p _

9.52 TE(F) = — APTINE + O(NT?

( ) wl,l (C ) 1— )\1€15E +)\2€§E 1+ ( )a
o, 1 —p _

9.53 SE(CSEY = AP N Ay + O(NT/3

( ) w1,2 (C ) 1_)\1C19E+)\2C§E 1A2 + ( )’
- 1—

(9.54) w§5(E5F) = P APTIN £ O(NT/3).

1= M CSE 4 M (EE

The O()\), O(X*/3), and O(A\7/3) in (9.38), (9.39), (9.41), (9.43), (9.45), (9.47), (9.48), and
(9.52)—(9.54) do not depend on K.
Remark 9.6. Returning to (9.40), we use (8.46) and (8.9) to write

‘ Ao(1
14+ XaGo — A1 f5(C)

w2 = - (<—> )+ b))

for 7 € S N Dy. Replacing 7 by 56 Os M, we obtain

sy _|tzp =z M (P g . A2G1
o) = = |5 Q) + OB | T ey

and substituting this back into the original equation, we conclude that

A
G
Arguing in the same way from (9.42), (8.48), and (8.10), we conclude that

9]

-2
(9.55) w§2(2):< ),, w35(C), Z€SND,.

22
C2

9.4. Low —U(pw — Vw - Z) in M. N
Lemma 9.7. Fix a > 0. For 0 <b < a, the function U defined by (5.2) satisfies

-2
(9.56) wfl(é'):< )p wi({), Z€eENDs,.

~ 1—
Ula —b) = Tpap/ (P=1) 4 g/ =D 4 O(2).

Proof. A Taylor series expansion of f(x) = z'/®=Y around z = a yields

(a— b)Y/~ = g1/=1) 4 ﬂa(2—:n)/(p—1) +O(b?).

This implies that

U(a—b) = - 24— ) (a— )"0

1Py [0 4 0 ene-n 4 o)
p 1—-p
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and the result follows by simplification of this last expression. |

Lemma 9.8. The function w defined in section 9.2 is C? on the closed set M and for
sufficiently large K satisfies

(9.57) LowM —U(pw —Vw - Z) >0

on this set. For sufficiently small (i.e., negative) K, the reverse inequality holds.

Proof. On the set M C R, the function w agrees with the function w® defined by (9.24),
and the second derivative limits of w on M in (9.57) are understood to be those from inside
M. From (9.5)-(9.7), for 7€ M we have

(9.58) w(Z) = —AP7L — A3 L KA+ O3,

(9.59) Vuw(zZ)-Z=0(0), VM (2)Z-z7=00\"?),

where the coefficients in the O(A*/3), O(\), and O(A*/3) terms in (9.58)—(9.59) depend on the
model parameters but not on the constant K appearing in (9.58). We write pw(Z)—Vw(2)-Z2' =
a — b by setting a = AP~! and b = py %3 — pKX + O()\) and use Lemma 9.7 and (9.58) to
obtain

U(pw(?) — Vw(2) - 7) = ! ;pA” + A[pyAY3 — pKX+ O(N)]

(9.60) = (1 —p)Aw(Z) + vANY3 — KAX + O(N).
Together with these equations, (6.10) and (2.12) imply

LowM(2) — U (pw(Z) — Vw(Z) - %)

1
2
(9.61) —~NANP L KAN+0()), ZeM,

—

where the O()) term is independent of K. For Z € M, V(Z—0)-(Z—60) = O(\2/3), and
hence

(1—p)APIV(Z=0) - (Z—0)+ O3

N~ N

2
(1= p) AP~ " 07 (2 — 0;)° + O(N/).
i=1

(9.62)
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Because Z = 0 + O(A\/3), the second equation in (9.59) implies

1

—5(VZ 2) (VM (2)z- 7)

:—%(V? 7) (VM (2)7- 7) + O(N)
IR |

= 5(V0 G)Z;Ap_lth;’(zz 0;) +O(\)

2
(963)  =7AN — (1A Y o2z 6 + O(N),
i=1

where we have used (9.2) and (9.3) in the last step. Substituting (9.62) and (9.63) into (9.61),
we obtain

(9.64) LowM (2) = U(pw(Z) — Vw(Z) - 2) = KAN+ O(N),

where the O()\) term is independent of K. By choosing K > 0 sufficiently large, we can ensure
that KA\ + O(A\) > 0. By choosing K sufficiently small (i.e., negative), we can ensure the
reverse inequality. [ |

9.5. Low — U(pw — Vw - %) in Dy \ M.

Lemma 9.9. The function w defined in section 9.2 is C? on each of the eight nonmiddle
sets SN Dy, SEND,,...,SW N Dy and for sufficiently large K satisfies

(9.65) Low—U(pw —Vw-Z) >0

on each of these sets.

Proof. By Lemma 9.8, w is C? on M, and by Lemma 9.4, it also satisfies (8.28). Theorem
8.4 implies that w is C? on each of the eight nonmiddle sets.

Following Remark 8.1, we prove (9.65) only on S N Dy, E N Dy, and SE N Dy. We first
prove (9.65) on dsM. According to Lemma 9.8, for sufficiently large K,

(9.66) Low™ () = U (pw(C) = Vu(()-{) 20, (eaM.

Because w is C?, the only difference between this inequality and the inequality we wish to
prove for ¢ € 0s M,

(9.67) Low® () — U(pw(() — Vw(()-¢) >0,
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is in the second-order term in the operator Lo. In (9.66) this term is
1. > = > oz 1~ - >
—5(VE-O(VAM(C)C- C) = =5 (V- Quin (O + 0,

where we have used (9.29) and (9.31). As observed in Remark 9.5, the O()\) term appearing
in this equation is independent of K. In (9.67) this term is

1. - = . 1.~ - -
—5 (V- OV ()¢ () = =5(VE- Quil (O)¢F + 00),

where we have used (9.38), (9.39), and (9.41). These terms differ by O(\), so (9.64) implies
Low¥(¢) = U(pw(() = Vu(() - {)
= Low™(¢) = U(pw(¢) — Vw(() - {) + O(N)

(9.68) = KAXN+O(\), (€ 0sM,

where the O()\) term is independent of K. Increasing K if necessary, we can ensure that (9.67)

holds on dgM.

We extend the inequality (9.67) from OsM to the rest of S N Dy. We begin with the
inequality Bow = 0, which holds in S NDy (Lemma 9.4). We first write this equality, compute

the partial derivative with respect to z1, and then compute the partial derivative with respect
to z9 to obtain the three equations

(9.69) Xopw(Z) —wa(Z) — AoVw(Z) - 2= 0,
(9.70) Xo(p— Dwi(Z) — wiy(2) — MaVui () - 2 =0,
(9.71) Ao(p — Dwa(Z) — w3 4(2) — Vw3 (7) - 2= 0.

Multiplying (9.69) by 1 — p, multiplying (9.70) by z;, multiplying (9.71) by z2 — (1/A2),
summing the three resulting equations, and then dividing by A2, we obtain

1 _
9.72)  —p(1 —p)w(Z) +2(1 —p)Vw(Z) -2+ Vi (2)Z-Z = ngg(z), 7€ SND,.
2

Equations (9.69) and (9.72) permit us to write

- %(vz 2)( = p(1 - pJw(Z) + 21 — p)Vuw() - 2+ V2 ()7 - 7)
—U(pw(Z) — Vw(?) - 2)
9.73) = Buw(Z)— (r+a- Z))\%wg(Z) - %(Vz- 2)%%%5,2(2) G (%;@(2)) .

The region S is the union of line segments connecting points { € dsM with (0,—1/X2).
We parameterize these segments as

(9.74) 21(t) = %;mt

GGt

t _ 2= 2=
2(t) 1+ \oCit’



TWO FUTURES WITH TRANSACTION COSTS 59

so that 1+ Aoza(t) = (1 4+ A2C2)/(1 + A2(it) and (cf. (8.9))

21(t) C1

9.75 - .
( ) 1+ )\222(25) 1+ )\2{2

We set Z(t) = (z1(t), 22(t)) and note that Z(0) = ¢ and Z(c0) = (0,—1/A2) (recall the abuse
of notation of Remark 2.4). We show that

L1
0= 3

(9.76) 0 <Aiw2(2(t))>}

[,Bw(z(t)) —(r+a-: Z(t)))\—sz (Z(t)) — %(VZ(t) ~Z(t)))\—%w§ 2 (2(1))

is nondecreasing in ¢. From (9.67) and (9.73), we have Jg(0) > 0. Once we show that Jg is
nondecreasing, we can conclude that the expression in (9.73) is nonnegative in S N Da.
Note first from (5.2) that

1 ~/1 . = [ wa(Z(t))
(9.77) %U <)\—2w2(z(t))> =U (7)\22{’_1(15)) .
Observe next from (8.13), (8.20), and (9.55) that
w(E®) _wl)  wa(F1) wa(l)  wsa(21) _ ws(O)
o G0 G Ao g A d
Therefore
Cpe@ 1)
G e R W
L vsn @520 s wa(@)
2z%(t)(v - 2(6) A3 U(&Ci"l)'

We examine the terms that depend on ¢. Using the definitions of z;(¢), we have

(9.79) zll(t) (r+a-z(t) = (rAa — ag)t + z +<Cj : C,
L s 5y - Gy
(9.80) 222(0) (VZ(t) - Z(t)) = 5 of + 03 <<1 t> ]

Thus, Js(t) is a quadratic function of ¢, and because of (9.41), the coefficient of the ¢? term
is positive for sufficiently small A > 0. It remains only to show that J§(0) > 0. Using (9.40),

(9.34), (8.46), (9.27), the fact that { € Psg, and the definition 0y = ﬁg‘ when p = 0, we
2
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have

. .
J5(0) = —(rAz — az)AU;QC({’C‘)l o2 @fgigff )

Lo
(A — ag);i(f_)l _ )\(2721%1 {1 L€+ O(A5/3)] (Mot +0(A2))
1 251

= 222 s — rha — (1= p)odGa] + O(N)

(9.81) =3 APTHL — p)a2ip A3+ O(NY?),

which is positive, uniformly for E € dsM, for sufficiently small A > 0.
When ¢ € Og M, we have from (9.30), (9.31), and (9.43), (9.45), and (9.47) that

S (VE O (VM (Q)E ) = 5 (V- b1 + OO,

SV OV = (V- Odh()G +O00)
These terms differ by O()), and (9.64) implies, increasing K if necessary, that
(9.82) LowP () = U(pw(() - Vu(()-{) =0, (eapM.

We extend (9.82) to the rest of E N Dy. We begin with the inequality S;w = 0, which
holds on E N Dy (Lemma 9.4). We first write this inequality, compute the partial derivative
with respect to z1, and then compute the partial derivative with respect to z9 to obtain the
three equations

(9.83) Apw(Z) +wi(2) — MVw(Z) - 2= 0,
(9.84) Mi(p— Dwi(2) + wy (2) — M Vw( (2) - 7= 0,
(9.85) A(p — Dws(Z) + wia(Z) — M Vwy (2) - 7= 0.

Multiplying (9.83) by 1 — p, multiplying (9.84) by z; + (1/A1), multiplying (9.85) by 22,
summing the three resulting equations, and then dividing by Ay, we obtain

1 _
(9.86)  —p(1—pw(Z)+2(1 —p)\Vw(Z) -2+ VP (2)z - 7= wal(é’), 7€ ENDs,.
1

Therefore, in place of (9.73), we have
LowP(2) = U(pw(Z) — Vw(Z) - 2)

(987) = Buw(Z) + (r+a- z)%lwl(Z) - %(VZ- Z)%%wfl(Z) G (-iw1(2)> .
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The region E is the union of line segments connecting points ¢ € dpM with (1/A1,0). We
parameterize these segments as z;(t) = (¢1 +at)/(14+ A1 (at), 22(t) = (2/(1+ A1(at) and show
that

To() £ s [ﬁw(z(t)) (- 2(0) S (210) - 5(VER) - 20) b (20)

25 (1) 1
0 () )]

2
is nondecreasing in ¢. From (9.82) and (9.87), we have Jg(0) > 0. From (8.13), (8.21), and
(9.56), we have

wFl(g)

2,p—2
Ao

_Bw@) L (€))L
JE(t) - Cg + Zg(t)( + (t)) )\14.5;—1 QZ%(t) (V (t) (t))

_ﬁ<_wm®>_
My

The terms that depend on ¢ are

1 oL B 7‘—1—&-5
Zg(t) (’r’ + a - Z(t)) = (T‘)\l + Oél)t + T,
2
—2Z§ @ (VZ(t) - 2(t)) = % [a% <§—; ~|—t> + 03

Thus, Jg(t) is a quadratic function of ¢, and because of (9.43), the coefficient of the t? term is
positive. It remains to show that Jy(0) > 0. Using (9.42), (9.35), (8.48), and (9.28), one can
show that J(0) = AP~1(1 — p)o2n A3 /(2¢E71) + O(A¥/3), where we also use the fact that
{ € Pg. For sufficiently small A > 0, Ji(0) > 0.

Finally, we establish (9.65) in SE NDy. We first establish this inequality on the boundary
between SE N Dy and E N Dy. For this we repeat the proof above that (9.65) holds on E,
replacing E in that argument by ESE , so that Z(t) traverses the boundary between SE N Do
and E N Dy. This is possible because (9.83) holds on SE (Lemma 9.4), and the counterparts
of (9.82) and (9.86),

(9.88)  LowF((PF) — U (pw((®F) — Vw((F) - {5F) > 0,
—p(1 = p)w(2) + 2(1 — p)Vuw(z) - 4 VuSE(2)7. 7 = %wff(?), #e SEND,
1
(9.89)

also hold, as we now show. Inequality (9.88) follows from (9.64), using the estimates (9.32)
and (9.52)—(9.54), where it may again be necessary to increase K. Lemma 9.4 implies not
only that (9.83) holds on SE, but also that (9.84) and (9.85) hold there when we replace wZEJ
by w;s: JE in these equations. We obtain (9.89) from these equations just as we obtained (9.86).

We conclude that
(9.90) Low E(2) —U(pw(Z) — Vw(2)-7) >0, Ze€ SENEND,.
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Lemma 9.4 implies that (9.69)(9.71) and hence (9.72) hold in SEND, (where we replace
wfj by wij in these equations). Let 2’ € SE N Dy be given. The point Z' is on a line segment
connecting (0, —1/\2) with a point we call E in SE N END,. We parameterize this line
segment by (9.74), and, analogously to (9.76), we define

JSE(t) =S % Bw

From (9.90), we have Jgg(0) > 0. As in the proof of (9.65) in S, we need only to show that
Jsg is nondecreasing.

dJ}?St as before, we have (9.77). Set n = % From (9.75), we have Zlc(lt) = lﬁiiét)7
and hence

¢ t T4 dazo(t) 1= Apzi(t) + Aaza(t
(9.91) 21(t) :nzl_() + (1 _77) + A2za(t) o 121(t) + Ao za( )

G1 G1 T+ Xl 1=XMG+ X

From (8.13) applied to both Z(t) and (, we have

. 1—Az1(t) + Aaza(8)\?
o) = (g iage) e

- 1= MG+ Xk
ve)= (1 =l A§<}E> v

and these equations together with (9.91) imply the first equation in (9.78). Applying (8.27)
to both Z(t) and ¢ and arguing in the same way, we obtain the second equation in (9.78).
Applying (9.51) to both Z(t) and ¢, we obtain the analogue

FE0)  wif(C)

=2 = )
A7) i

S
2

)

w

of the third equation in (9.78). Using the above equations we obtain the formula

JSE(t)
CBw@) w1 BB~ ws(O)
- & =0 (r+oz z(t)) )\sz_l 2200 (Vz(t) z(t)) N f_Q U<)\2Cf_1>'

The terms that depend on ¢ satisfy (9.79) and (9.80), and because of (9.27) and (9.51), the
coefficient of the t? term is positive for sufficiently small A\ > 0. It remains only to show that
J5p(0) > 0. The analogue of the first equality in (9.81) is

wy({) o2 Gus§({)

05 —————.
1 2
Aoy

(9.92) JéE(O) = —(T)\g — ag) o p—1
>‘2 1
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Substitution of (8.24) and (9.51) into (9.92) yields

_ (1= A1+ AaCp)P2
Aol M1 = MCPE + Ao )1

— o3(1 — p)] w2 ().

J55(0)

[(ag — 7 A2) (1 — MG+ AaCa)

The positivity of wg(f SE) is ensured by (9.27). Because  is on the line segment connecting
(1/A1,0) and (7%, we have (cf. (8.10)) 1 — M\¢1 = (G/¢F) (1 — A¢PF). Tt thus suffices to
establish the positivity of

(az — rX2) (1 — MG+ Aa2) — (o3 (1 — p)

= 2 [0y — )1 — MCTE 4 2GS — o2(1 - )5
2

= & oy — 21— p)ET + OV
2

e

1
— ? [ag —03(1—p) <02 — 5,/2)\1/3 I O()\2/3)>}

— 0 380 - ppa e 002
2

which is positive for sufficiently small A > 0. |

9.6. Conclusion of the proof of Theorem 9.1. Since w! is strictly positive on M for

sufficiently small A, in fact, is %Ap_l — yN2/3 4 O(A) on this set, the function w is strictly
positive on Dy. Also, w is equal to zero on 0Ds.

We review the proof to this point to conclude that for sufficiently large positive K, say
K = Kt > 0, w satisfies (8.50) on each of the nine regions into which we have partitioned
D,. For the region M, this is Lemmas 9.4 and 9.8. For the other regions, this is Lemma
9.9 and equality (8.32), which follows from the fact that w satisfies (8.31) (see Lemma 9.4).
We have partitioned the solvency region Ds into nine regions, as shown in Figure 1. The
boundaries of these regions are straight lines, except for the four boundaries of M, which are
nearly horizontal or vertical because of (9.16). Therefore, for every Z € Dy, there is a line
segment in the radial direction with one end point at 2z’ that is entirely in the closure of one
of the nine regions. Theorem 8.6 implies that w is a viscosity supersolution of (6.15). When
K = KT, we denote w by w.

We have also shown that for sufficiently small K, say K = K~ < 0, w satisfies (8.49) in
each of the nine regions into which we have partitioned Dy. For the region M, this is Lemma
9.8. For the other regions, this is equality (8.32). Theorem 8.6 implies that w is a viscosity
subsolution of (6.15). When K = K, we denote w by w™.

Theorem 6.3 implies that w™ < u < w™ on D, and in particular,

1

];Ap—l — B L KA+ O3 <u(f) < %A”‘l — B L KA+ O3,

This is Theorem 9.1.
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Remark 9.10. Let us fix a compact set C C R? such that C contains R(1) defined by (9.19).
For 0 < A <1, R(\) contains M, and w defined by (9.24) is equal to %A”_l — 23 £ 0N

—

on M, and thus u(#) differs from u on the boundary of M by O(\). The solvency region D,
depends on )\, expanding to cover all of R? as A decreases to zero. For small enough A > 0,
C C D9 and it is apparent from the extension formula (8.13) that w on C'\ M differs from its
value on the boundary of M by O(X). Therefore, the conclusion (9.1) of Theorem 9.1 can be
extended to assert that

1
(9.93) w(Z) = 5Ap—l — B o), zec,

where C' C R? is an arbitrary compact set containing R(1), and the O()) term in (9.93) is
uniform over C. In fact, we do not need the condition that C contains R(1) since any compact
subset of R? is a subset of a compact subset containing R(1).

10. The case p # 0. In this section we prove the main result, Theorem 4.1, under the
assumption p £ 0. As in section 9, we first state the result for the function u of two variables
defined by (6.3); see Theorem 10.1 below. Following Theorem 10.1, we provide the proof of
Theorem 4.1.

10.1. Auxiliary problem. In order to exploit our analysis of the case p = 0 contained in
Theorem 9.1, we define an auxiliary problem in which the tradable assets are the risk-free
asset with rate of return r, the first type of futures contract, and a fund holding both types
of futures contracts. In particular, we define the two risky price processes

po2

(10.1) Ey(t) = Fi(t), Ey(t) = — 5, )+ By(t).
In vector notation, F(t) = DF(t), where
1
(10.2) Dé[_& (1)]
o1
Whereas %(ﬁ, F)(t) = V, we have
d = = A T 02 O
10.3 —(F,F)=V2DVD' = | !
(103) dt (EF)=V [ 0 (1-p%o2 |’

and hence I} and Iy are independent Gaussian processes. The counterparts of the drift vector
@ and the desired position vector g for the market with risky assets [ and Fy and risk-free
rate r are (cf. (2.10))

. 1 .
(10.4) d@=Dd, §=;—V'd=(D")"4

-p

In order to state the following theorem, we also define o; = o1, 0y = 024/1 — p?, By =,
and My = —%,ul + po. Because of the second equality in (2.4), Ky 18 strictly positive. We
also define A; = p.A, i =1,2.
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Theorem 10.1. Assume (2.1) and (2.4). Under Assumptions 2.2 and 2.3, the value function
u for the problem with positive A satisfies

(10.5) (@) = %Ap—l N 0.

The constant vy in (10.5) is

2 2
- 0
(10.6) va S gy B
i=1
where
(10.7) u:S-iﬁ£§4V§ﬁﬁ i=1,2.
= (1 —p)O’? — = ) )

Remark 10.2. Tt is straightforward to verify that V. 5 . 5 VN
Before providing the proof of Theorem 10.1, we consider its consequences. As in Remark
9.10, we see that for an arbitrary compact set C' C R?,

(10.8) w(Z) = %Ap—l PO, zeC,

where the O()) term in (10.8) is uniform over C. Note also that if p = 0, (10.5) and (10.8)

reduce to (9.1) and (9.93), respectively, so Theorem 9.1 is a special case of Theorem 10.1.
Proof of Theorem 4.1. Assume that (y1, y2, ) is in a compact subset of the (open) solvency

region D3. Then z is bounded and bounded away from zero, so 7 = (y?l, %2) is in a compact

set. Multiplying (10.8) by zP and using (3.3) and (6.4), we obtain Theorem 4.1. [ |
We prove Theorem 10.1 by first providing an upper bound for u(#) in section 10.2. In
subsequent sections we obtain a lower bound. Both these bounds are of the form of the

right-hand side of (10.5), which implies that (10.5) holds.

10.2. Upper bound.
Lemma 10.3. Under the assumptions of Theorem 10.1,

(10.9) (@) < %A”‘l — A4 O,

Proof. Consider the auxiliary problem with risky price processes given by (10.1). Suppose
that for ¢« = 1,2, trading in the process with price F; incurs proportional transaction cost
= ui)\. We verify that this problem satisfies Assumptions 2.2 and 2.3, i.e., that é is in the
first quadrant and that

B —Tp - p K—l
1—p 2(1-p)?
is strictly positive. But V=!'a-a = (DVDT)"'Da-Da = V~-'a - d, and hence the expression

in (10.10) is A defined by (2.11), and Assumption 2.3 for the auxiliary problem follows from
Assumption 2.3 for the original problem.

el

124

(10.10)
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The first equality in the formula for § in (10.4) shows that 8, = a;/((1 — p)o?), and this
is positive because of (2.1). The second equality in the formula for § implies 05 = 65, which is
positive because of Assumption 2.2 for the original problem. Hence, Assumption 2.2 for the
auxiliary problem holds.

In light of Lemma 6.5, it suffices to prove (10.9) with u(0) replacing u(f) on the left-hand
side. We first apply Theorem 9.1 and Lemma 6.5 to the auxiliary problem to conclude that
its two-dimensional value function u satisfies

(10.11) u(0) = %Ap—l — N 0.

To show (10.9) it thus suffices to show that the auxiliary problem is “more favorable” than
the original problem. In particular, we show that given a policy for the original problem that
is admissible for the initial condition (0,0, 1), there is a corresponding policy for the auxiliary
problem that is admissible for this initial condition and that results in the same expected
utility.

Let C, L;, M;, i = 1,2, be an admissible policy in the original problem for the initial
condition Y1(0—) =0, Y1(0—) = 0, X(0—) = 1. Then Y7,Y5, X given by (2.2) and (2.3) are
in the closure of the solvency region D3 given by (2.7) at all times, i.e.,

(10.12) X(t) — )\1|Y1(t)| — )\2|Y2(t)| >0, t>0.

Define

c=c, L1:L1+?L2, M1=M1+?M2, Ly =Ly, M,=M,,
1

1
and use this policy in the auxiliary problem with initial condition Y ;(0—) = 0, Y,(0—) = 0,
X(0—) = 1. Then at each time t > 0,

Y1(t)ZLl(t)—M1(t)+%(L2(t)—Mg(t)) _ yl(t)wa;‘f
Yo(t) = La(t) — Ma(t) = Ya(t).

Ya(t),

The corresponding auxiliary problem money market position satisfies (cf. (2.3))

2 2
dX(t) = ZL-(t) dF;(t) — ZAi (dLi(t) + dMi(t)) + (7’&(’5) - Q(t)) dt
i—1 1
2
=D _Yi(t)dFy(t) -

i=1 7

Ai(dL;(t) + dM;(t)) + (rX(¢) — C(t)) dt.

M5

Il
—_

Because X satisfies the stochastic differential equation (2.3) determining X, and X (0—) =
X(0—) =1, we have X (t) = X (¢) for all ¢t > 0. The three-dimensional solvency region for the
auxiliary problem is (cf. (2.7))

(10.13) Dy 2 {(y, yy = Mly,l — Aoly,| > 0}
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The triangle inequality implies
X(t) = MY ()] = M| Yo (8)| = X(8) — A |Yi(t)] — M| Ya(2)],

and admissibility of C', L;,, M,, ¢ = 1,2, in the auxiliary problem for the initial condition
(0,0,1) follows from (10.12). Because C' = C, the expected utility accumulated by the two
policies in their respective problems coincides. |

Remark 10.4. We note in the proof of Lemma 10.3 that if L1 and My increase simultane-
ously while M; and Lo remain constant, which might happen for the optimal policy in the
original problem, then L; and M, increase simultaneously. But it is strictly suboptimal to
buy and sell the same risky asset simultaneously. In this situation we can construct a policy
that does strictly better in the auxiliary problem than the policy constructed in the proof of
Lemma 10.3, and hence it is possible that the value function in the auxiliary problem strictly
dominates the value function in the original problem. In particular, it is not straightforward
to use the auxiliary problem to obtain the reverse of inequality (10.9).

10.3. Partitioning the solvency region for the lower bound. In this section we obtain
the reverse of inequality (10.9) by constructing a subsolution for the original problem. This
subsolution is built on the observation that the second derivative term in the operator Lo
defined by (6.10) is the second directional derivative in the radial direction. Furthermore,
trading in either the positive or negative radial direction does not call for buying one type
of contract while selling another type, and hence the problem noted in Remark 10.4 does
not arise. As in section 9, we do not actually construct a nearly optimal policy, but rather
construct a nearly optimal expected utility by partitioning D> into regions similarly to Figure
1 and then constructing a function piecemeal in these regions.

We modify the construction in section 9.1 to first partition the solvency region D, for the
auxiliary problem. Let B be a fixed positive constant and K a negative constant to be chosen
later. Still using the notation of the auxiliary problem, for

1 1 1
(10.14) —521A1/3 <8y < = A3, —522A1/3 <dy <

= 5_ 22)\1/37

N =

in place of (9.5) we define

3
2

3

BN | = O(X')

(10.15) h(E) 2 [ 38000 — st

so that the analogues of (9.6) and (9.7) hold. We further define (cf. (9.8))

2
H(51,00) 23 S [ = phy(8) + (6 + 0)(8)] = O
i=1

BN

so that the analogue of (9.9) holds. Finally, we set

hh(8 hj (8
Gs(01,89) 2 Ns — py AP A NP 4 pKATPAN + # + Ao H(3y,05) + ’Mfﬁ(—l),
22 =1

/
Gp01.8)2 M — A A pr A A - B8y s ),
Z1
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/ /
G (07,85) 2 Ny — py AT PAA2 £ pK AP AN — w + Ao H (0y,05) — %11/@1),
- 2 o1y

G (8y,05) 2N — py AT PANYE 4 p AT PA N 4 =20 m(6,) + MH(8,,6,).
vy
The definitions of G and Gy, are parallel to the definitions (9.11) and (9.13) of Gg and Gy .
The definitions of G4 and G are not parallel to the definitions of G and G in (9.10) and
(9.12), but we have the relationships

(1016)  G(81,8) — 2 Gy (01,8) = py (A — py A" PX) V() O(N),
(1017)  Gy(01.05) ~ P2Gp(81.8) = (A — prat o) — 220D oz
g1 — - Vy

Lemma 10.5. For sufficiently small A > 0, there exist C1 functions F(35) and Fy (85),
so that

1 1
(10-18) QE(EE(Q2)aé2) =0, QW(EW(éz)aé2) =0, —522)\1/3 < éz < 522)\1/3-

These functions are “nearly constant” in the sense that for d5 as specified in (10.18) and for

any constant £ > \/%pZAl—P + B,

1 1
SN L= %) < Fp(sy) < gAY,

—%Zl)\l/g < Py (dy) < —_21)\1/3(1 _5)\1/3)-

In addition, f.(C,) = Fp(C, —8) + 0, and f,(() = Fy (¢, —03) + 0, are C' and satisfy
(8.6) and (8.8) and

! _ 1/3 ! _ 1/3
(10.19) F() = O3, £,(C,) = O
as long as 8, = ¢, — 0, is as specified in (10.18).
Proof. Because the definitions of Gy and Gy, are parallel to the definitions of G and
Gw, By = 1, and v, = vy, the proof of Lemma 9.2 applies. [ |
To construct a middle region M in D,, we first locate the southwest corner. We fix

£ > /2pyAl=r + B. We set §, = — 1 A3(1 = €AY/3) and use (10.16) and (10.18) to write

h5(d4
Gs(Fw(85),82) = py(A = pyA'™ PA5/3>+—2V( ) op)
z2

Writing 9, as

1 2
0y = —522)\1/3 <1 - Al/g\/gplAl_p + B+ 77) ;
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so that

2
% = N3 — 2>\\/§p7A1—P +B+n+ gmAl—PW?’ + BAYE 4 paY/3,
vy - -

we compute

3
(10.20) Gy (Fy(dy),05) = §ﬁ277/\5/3 + O(\?).
The O(A?) term in (10.20) is uniform in n € [—B, B, for sufficiently small A > 0 the expression
in (10.20) is negative for n = —B and positive for n = B, and Gg and F'y, are continuous.
Hence, there must exist 7 € [—B, B] and corresponding 0, such that G¢(Fy-(d5),05) = 0. We
=S

denote this value of 8, by 05", and we define 67"V = Fgu (85™), & - (67", 65™). In
conclusion, by increasing £ to equal w/%plAl_p + 2B if necessary, we have

1 1
(10.21) —521Al/3 <" < —§y1)\1/3(1 — A3,

1 1
(10.22) —522A1/3 <" < —522A1/3(1 — A3,

=>SW 2>SW

(10.23) Gw(@ )=0, Gg(6 )=0.

We locate the northeast corner of M by a similar argument. In particular, we use (10.17)
and (10.18) to write

/
QN(QDEE(él)) = H2()\ _plAl_p)‘5/3) _ M + O(}\2)7

Vo

we write J, as

0y = %ZQ)‘U?’ (1 - )\1/3\/§plA1—p + B+ 77) )

and we obtain G (0, F(d;)) = %an)\5/3 + O(A\?) in place of (10.20). In conclusion, we find
“NE

5 = (0VE, 60F) such that

(10.24) émwu — A3 < gNVF < %zlwa
(10.25) %ngl/?’(l — N3y < 8P < %ngl/?’,
(10.26) @y =0, Gy@"")=o.

SSW “NE
The points § and § are plotted in Figure 2, and the graphs of F'y, and F'f are
= ~NE
shown. For sufficiently small A > 0, both the line connecting —@ with § ~ and the line

— =>SW
connecting —@ with 0 have positive slopes, and the slope of the former is strictly greater
than the slope of the latter, as we now show. The first inequality in (2.4) implies that

09 02
Boq = <—p—M1 + M2> a1 > (1 <_p_a1 + Oé2> = pQo.
o1 o1
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Figure 2. Construction of M.

The second equation in (10.4) shows that a; = (1 — p)a2d,, i = 1,2, and hence Q%Qlﬁg >

Y, Y%

Q%Q2H1. This is equivalent to 6, ,3/H2Q§/g% > 0, WHIQ%/Q%, which in turn implies 6,vy > 05v;.

We conclude that

0y + %Zz)\l/g 0y — %22)\1/3
01+ 3 A3 7 0y — J A3

(10.27)

Because of (10.21), (10.22), (10.24), and (10.25), the expressions on the left- and right-hand
sides of (10.27) are the slopes, to order of accuracy O(AY/?), of the lines in question.

- SNE
As indicated in Figure 2, the line passing through —0 and §  intersects the graph of the

SNW
continuous function Fy;,. We select an intersection point and denote it by 6 . Similarly,

the line passing through —Gand § ~Nw intersects the graph of the continuous function F'p. We
2SE
select an intersection point and denote it by § .

Let us now change from the variables J to the variables Z by translating by 5, i.e., defining

Z =40+ 06, so that 0 maps to 8 and —0 maps to 0. The set M is the image of the open
-SW -SW —

bounded region in Figure 2 under this change of variables. Its corners are ¢ ~ =9 + 4,

.SE <SE -~ -NE <NE = NW  oNW =~ N
¢ =46 +460,¢C =0 +0,and ¢ =0 + 0. It has two straight-line boundaries,

both of which are segments of rays emanating from the origin. The other two boundaries are
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the graphs of the functions

(10.28) Fu(G) 2 Eyw(C, —05) + 01, SV <¢, <v,
(10.29) Fp(G) 2 Fp(C, —0:) +6y, P <¢, <"

Finally, we reverse the transformation used to obtain the auxiliary problem. In particular,
with D defined by (10.2), we make the change of variables

(10.30) 7=D"z

which we write componentwise as (z1,22) = (2; — (po2/01)z9,29) (see Remark 2.4). We set

= -

M = DT M. Under this transformation, § maps to 6, which is assumed to be in the open first
quadrant. Hence, for sufficiently small A > 0, M is a subset of the open first quadrant. We
denote by ESW, fSE, ENE, and ENW the images under DT of QSW, QSE, QNE, and QNW,
respectively. Since DT maps rays through the origin to rays through the origin, the boundary

of M between 5SW and 5SE is a segment of a ray through the origin, as is the boundary of
M between (MW and ¢VF. Furthermore, C;W = g;w < QVW = éVW, and the boundary of

M between 5 W and 5N W is the graph of the function
o
fw(G) 2 £, ()~ 220, &V <a<gv.
o1

Similarly, the boundary of M between f SE and f NE is the graph of the function

Fo(Go) 2 £ (o) — '%2@, G < <P
We complete the partition of Dy into nine regions, as described in section 7 and shown in
Figure 1. Note, however, that in contrast to Figure 1, here the region M has eastern and
western boundaries that are nearly linear with negative slope rather than nearly constant and
southern and northern boundaries that are segments of rays emanating from the origin. In
particular, the hypothesis in Theorem 8.6 is satisfied that each point in Dy is the end point
of a segment in the radial direction lying completely in the closure of one of the nine regions
into which D, has been partitioned. Because f, and f satisfy analogues of (8.8) and (8.6),

it is straightforward to verify that fir and fg also satisfy these inequalities.

10.4. Construction of a subsolution. Throughout this section, we use the change of
variables (10.30) and the notation Z = (21, 22), Z = (21, 29). Define

2
1 1 —
(10.31) w(@) = A =B L KA — AP (2 - 0,), Ze€DL
p B i=1 i
According to Lemma 10.5, (10.28), and (10.29),

Gy (C—0) =0 for { € owM, Gp((—0)=0for { € IpM.
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For € M,

Biw™(2) = Mpw(2) — (1 + Mz)wi(Z) — Mzowd(2)

= AP7H N — pyATPANYE 4 pRAYPAN + M +MH(E-6)
= APIGy (2 - 0). )
Therefore,
(10.32) Biw™ =0 on oy M.
Similarly, for z € M,
S1wt(2) = Mpw(2) + (1 - Azp)wiH(2) — Mzowy (2)
= APV |2 — py AT PANY L pRATPAN — El(glyil_gl) FMH(E-§)

= APTIG (2 - 0).
Therefore,
(10.33) Siw =0 on dpM.
In addition, the second equation in (10.23) implies

(10.34)  BowM (™) = ar1

Vg

- o1V;

GS(ES ) — P@ﬁﬁ(ﬁfW—Ql)] po2, M »SW .

Similarly, the second equation in (10.26) implies

(1035) S (") =4t |Gy - 0) + el (511]: - Ql)] = —%%M@NE)-
We recall (10.30) and define

(10.36) w(Z) = y((DT)_lé’) =w <21 + %Zg, z2> , ZEM,

so that

(10.37) Vol (z) = DVw™(2), V*u(2) =DV (2)DT.

It is straightforward to calculate from (10.32)—(10.35) that

(10.38) BiwM =0on oM,  SwM =0ondpM,
(10.39) Bow (W) =0, S ((VF) =0.
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We extend w to Dy by Theorem 8.4. The extended function satisfies (8.14)—(8.19).

Lemma 10.6. The function w defined on M by (10.36) and extended to Dy by Theorem 8.4
is a subsolution of (6.15) on Da.

Proof. Let 20 € Dy be given, and let ¢ be a C? function defined on Dy, agreeing with w
at z¥, and dominating w on Dy. We must show that the expression in (6.16) is nonpositive.

Case I: 7Y € M. Using (10.3), (10.4), (10.30), and (10.37), it is straightforward to verify
that @-Z7=a-2, VZ- 2=V 7-Z, VuM(2)- 7 = VwM () - Z, and V2uwM ()7 7 = VZuwM(2)Z 7.
Therefore,

Lrwl) = |62+ 3oL~ p(VE D) 0l

+(r+a-Z2—(1—-p)(VZ-2)Vw(z) - 7 -

~ (5= ro-pa 2 o - vz 2| we

(VZ-2)(Vuw()Z-2).

DO =

+(r+d-Z-(1-p)(VZ-2) V() Z-

Similarly,

U(pw(2) = Vw(Z) - 2) = U(pw(Z) — Vu(Z) - Z).

We apply Lemma 9.8 to the function w to conclude that for sufficiently small (i.e., negative)
K the inequality

(10.40) Low —U(pw — Vw - ) <0 on M

holds. But w is C? in M and ¢ — w attains its minimum over M at Z°. This implies that
Vw(z%) = Vp(zY), and

(10.41) V2w (2020 20 < V22920 - 20,
It follows from the definition of L9 and (10.40) that
Lop(2%) — U (pp(7°) — Vp(2°) - 2°) < Low(2°) — U (pw(2°) — Vw(2?) - 2°) < 0.

Casell: 70 (ONMuﬁgM)\{fsW, (SE (NE 5NW}. We use continuity to extend (10.40)
to

(10.42) Low™ — U(pw™ — VuwM - 2) <0 on M.

We define 93, M £ ONM\ {CNW (NEY and LM = dsM\ {5V, C5E}. The function w might
not be C% on 9, M and 03 M, but because these boundaries are segments of rays emanating
from the origin, w has two continuous derivatives in the radial direction on these boundaries.
But Vw(z0) - 20 and V2w (2°)zY - 20 are the first and second derivatives of w in the radial
direction, and because these are the only derivatives of w appearing on the left-hand side of
(10.42), we may repeat the argument of Case I, using (10.42) in place of (10.40).
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Case 11I: 20 € (B M U M)\ {5V, (5E (NE (NW1. The derivative formulas (8.21)
and (8.23) coupled with (10.38) imply that w is C' at z°. Depending on the location of
7%, we obtain from (10.38) that either Byw(Z°) = 0 or S;w(Z%) = 0. By assumption on ¢,
Vw(z%) = Vp(20), and hence either Bip(z°) = 0 or S1p(Z%) = 0. In either case, (6.16) is
nonpositive.

CaseIV: 29 € {ESW, ENE} We treat the case 70 = ESW only. From the first equations in
(10.38) and (10.39) and implication (8.27) in Theorem 8.4, we conclude that w is C* at 5V,
Hence, V(C5W) = Vw(CW), and the first equation in either (10.38) or (10.39) shows that
(6.16) is nonpositive.

Case V: 70 ¢ {5SE , 5N W1, We treat the case 5SE only. We parameterize the line con-
necting (1/A1,0) with (5% by

2(t) = (21(t), 22(t)) = (/A1 — t(1 = M (P F), A ¢5F)

so that Z(1/A;) = ¢5E. The direction vector of this line Z7(t) = (=1 + MO, MGE) ap-
proaches (—1,0) as A | 0. On the other hand, equation (10.19) implies that

Fo(G) = £5(G) = 2% = =2 1 00?)

is bounded away from +o0o, so tangents to the boundary dgM are bounded away from hor-
izontal. Likewise, the direction vector of dgM, which is ESE , converges to g as A J} 0, and
hence this is also bounded away from horizontal. It follows that for sufficiently small A > 0,
the line Z(t) crosses from E into M at t = 1/)\;.

The directional derivative of w in the Z’(t) direction, computed at 5SE from inside M, is
(=14 MCEE)YwM (E5F) 4+ A 5 Ewd! (C5F), and because of (10.33), this is equal to Ajpw(C5E).
According to (8.13), this directional derivative computed from inside E is

d P - -
2 = 1

and herice the directional deriva_‘give is continuous across the boundary point 5 SE e, Z/(1/A)-
VwM () = 2/(1/\1) - VP (¢5F). The function (Z(t)) —w(Z(t)) is minimized at t = 1/\;,
and hence

2'(1/A)V(CF) = 2/ (1/M) Ve ((FF) = phiw(CPF) = phip(CFF).

This equation shows that Slgp(fsE) = 0, and hence (6.16) is nonpositive at (SE.

Case VI: 70 € (END3)\dp M. Equation (8.14) implies that S;w?(2°) = 0. If 20 € ENDy,
where w is C' and hence Vi (Z9) = Vw(2Y), this implies that (6.16) is nonpositive. Suppose
79 € OFE ND,. We have already dealt with O M, so we need only to treat the case that Z9
lies in the interior of the line segment connecting (0,1/A2) with CSE or with (NE. We treated
the former case in Case V, there showing that (6.16) is nonpositive at 5SE . The proof at z9
is simpler because it is not necessary to prove that the directional derivative is continuous at
79, The proof if 20 lies in the interior of the line segment connecting (0,1/Xs) with (VE is
the same.
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Case VII: 20 € (SN Dy) \ OsM. This proceeds as in Case VI.
Case VIII: 79 € SE. Starting with the equation

- 1— X121 + Aozo P °SE
10.43 =
o) v <1 EPWCEES A2<§E> e

obtained from (8.13), we compute for 7% € SE that

(10.44) Bow(Z°) = Aopw(Z9) — Aa2wi (2°) — (1 4 Aa2d)wo(29) = 0.

From (10.43) we see that w is C' in SE, and hence Vip(Z?) = w(z?). It follows that Byp(Z?) =
0, and hence the expression in (6.16) is nonpositive. [ |

Appendix A. Continuity of v.  This appendix proves the continuity of v claimed in Theo-
rem 5.1 For this proof, we need the following lower bound.
Lemma A.1. The constant C, & 31—_7;)17 is positive, and

1
(A1) v(y1, Y2, ) > ch_l(x — Mly1| = A2ly2)’, (1,y2,2) € Ds.

Proof. Positivity of C, follows from the definition (2.11) of A, Assumption 2.3 that A > 0,
and the positive semidefiniteness of V1.

In light of (2.9), to prove (A.1) we need only to consider (yi,y2,z) € Ds. For initial
condition (y1,y2,z) € D3, we consider the policy that liquidates the futures positions at time
zero, so that X(0) = = — A1|y1| — A2]y2| > 0, invests solely in the money market account
thereafter, and consumes at a constant proportional rate ¢ > 0. Then X () = X (0)e(" =" for
all t > 0. The resulting expected utility is w fooo e~ (B=rrtep)tgr  We obtain the lower
bound

P
p(B—rp+cp)

valid for all ¢ > 0. Maximizing the right-hand side over ¢ > 0, we obtain (A.1). [ |
Theorem A.2 (continuity of v). When X > 0, the value function v is continuous on Ds.
Proof. A concave function defined on a convex set is continuous on the interior of its
domain. Thus, because of Remark 2.1, v is continuous on D3. It remains to prove the
continuity of v at the boundary of D3, where it is equal to zero.
The boundary of D3 has four faces, which we denote by

v(y1, Y2, ) > (z = Mly1] = Aalyal)?,

Fii 2 {(y1,y2,2) : Mlya| + Aalye| = 2, £y1 > 0, +y2 > 0}.
These faces intersect at the origin, where the continuity of v follows from the bound

(A.2) 0 < v(y1, y2,2) < vo(z)

for all (y1,%2,7) € D3, and vo(z) = %A”_lx”, introduced in section 3, is the value function
corresponding to A = 0. We prove the continuity on F, = Fy; \ {(0,0,0)}. The proof of
the continuity on the other three faces is analogous.
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Let § be a number in (0, 1) to be chosen later (see (A.6) below), and define
Hs2{(f,2) €D3: (1 -8z < X-§ <z}

The boundary of Hs; comprises four parts: (1) the origin, (2) the set F,, (3) the “inner
boundary”
872H5 = {(:’77$) €Dy (1 - 5)$ =A- 27}7

and the “side boundary”
O Hs 2 {(7,2) € OD3: (1 — &) < X-§ < x, Mly1] + Aalya| = 2,912 < 0}.
We define the constant
Ms = sup {v(y1,y2,1) : (y1,42,1) € iHs},

which is finite because of the upper bound (A.2). Lemma A.l implies that Ms > %Cf_ldp
(set y1 = (1 —0)/A1, y2 = 0 so that (1,y1,y2) € 0;Hs). We next define Ay by the equation
%Ag_ldp = Mj so that 0 < As < C,. Finally, we set

%Af;_l(l’ — Xy1 — Aaya)” i (y1,y0,2) € Hy,

(A.3) V(y1,y2,2) = { (1, o, 7) if (y1,y2,2) € D3\ H;s

and subsequently show that ¢y dominates v on H;. From inside D3, F7, can be approached
only through Hj. Because v is nonnegative and continuous on Hg, and ¢ has limit zero as
F} is approached, this will establish the continuity of v on F,.

On F, U09sHs, v is zero and 1) is nonnegative. On the remaining part of the boundary
of Hs, namely 0;Hs,

1 -1 Y1 Y2
T/)(yl,yg,ﬂf) = ];Ag PP = M(5$p > 2P (?7 ;7 1) = U(y17y27$)7

where we have used (6.1) in the last step. Consequently, v > 1) on dHs, and indeed,
(A.4) Y > v on D3\ Hjs.
Using the notation (5.1) and (5.2), we observe that in Hs

531/1(917927@ - ﬁ(wx(yhyQVT))

=A@ — X2 [§($—X'17)2—(m+a D(x—X-7)
+%(1_P)Vq j— —L As(x — X ﬁ)z]

(A5) < [re =X = (o @ fa = X )+ 50 pIVi-3].
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where we have used the inequality As < C, in the last step. We bound the right-hand
side of (A.5) from below. If (y;,y2,2) € Hs and y; < 0, then yo > 0. In this case, the
inequality A1 |y1| -+ Aa|ya2| < z defining Dy and the inequality X-7 > (1— )z defining Hy imply
Alyi| < %&v. Similarly, if (y1,y2,2) € Hs and yo < 0, then Ag|ys| < %53:. If y; > 0, then
regardless of the sign of yo, (y1,y2,2) € Hy implies A\jy1 < 2 — Aoys < (1 + %5):17 The same
result holds for yo. In other words,

1
max {A|y1], Ae|y2|} < <1 + §5> v <2z, (y1,y2,7) € Hs.
Therefore, for (¢, z) € Hs,

re 4+ a- y<m+max[)\ by ] (At]ya] + Aslya|) < <T+4max [(;: iz]>x

and

(rm+62-g’)(:p—x-gj)§5 r + 4 max a2 2,
Y

Let es denote the smallest eigenvalue of V, which is positive. For (¢, z) € Hg,

Vy-4=>ey-y

AT
1 117 -
> 5 €2 min [)\—%,)\—%] (A7)
1 1 1 )
> 562 min [)\—%,)\—%] (1-9)

Therefore, the term in square brackets in the last line of (A.5) is bounded below by (—k16 +
k2(1—08)%)z?, where the positive constants 1 and xg do not depend on §. We choose § € (0, 1)
so that this expression is positive, i.e., so that

(A.6) LYy, y2,x) — U (Ya(yr, y2,2)) >0, (y1,ys,2) € H;.

In the HJB equation (5.3) there are four first-order terms corresponding to the four possible
“pure” trades, trades that involve only one risky asset and the money market account. Suppose
that starting from (y1,y2,x) € Hy, the agent increases or decreases her position in type-one
futures by the amount 7; > 0 and increases or decreases her position in type-two futures by the
amount 7, > 0. Then her position in the three assets changes to (y1 21, yatn, x—A 111 —Aan2).
Because

(= A1 — Aam2) — Ar(yr £m1) — Ae(y2 £1m2) <o — Ayr — Aaye,
the change in v satisfies

Yy £ m1,y2 £ 12,2 — M — Aamz) — ¥(y1, 2, ) <0,
(A7) (y1,y2,x) € Hs, (y1 £m,y2 £m2, 2 — i — damp) € H.
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This shows that at all points in Hg, the derivatives of ¢ in the directions in which the agent
can trade are nonpositive.

The value function v has a property like (A.7), as discussed at the beginning of section 5.
Specifically, for 1 > 0, 9o > 0, v satisfies

v(yr 01, y2 0o, — A — Xama) — v(y1, Y2, x) <0,
(y1,y2,2) € D3, (y1 £m1,y2 £ 2,2 — A — Aame) € Ds.

Combining this with (A.7), using the definition (A.3) of 1 outside Hs and the inequality ¢ > v
on OHj; (see (A.4)), we conclude that (A.7) can be strengthened to

Y(yr £ 01,92 £ 02,2 — A — Aamz) — (Y1, y2,x) <0,
(A.8) (y1,y2,2) € Hs, (1 £m1,92 2,2 — Mimn — Aanp) € Ds.

For each positive integer n > %, define

1 - 1 1
Kné{(@x)EDg:(1—5+—>xSA‘§§$<1__>7_<x<n}’
n

n n

a compact subset of Hs. Let (L1, Lo, My, My, C) be an admissible policy with initial condition
(y1,y2,2) € Ky, let Y7, Y2, and X be given by (2.2) and (2.3), and define

T =inf {t>0: (Y (), X(t)) ¢ K, }.
It6’s formula and inequality (A.8) imply

e PN (Y (t A7), X (A )
= ¢(y17 Y2, $)

tATn
+/ e P
0

0<s<tATn

—(¥(), X(5))|
St [ e LT 6.X(6) + U (v (6. X)) | s

—/ " e_BSU(C(s))ds + / " e PSeh, (17(8), X(s))XY (s) - dB(s).
0 0
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Taking expectations and using (A.6) we obtain
. tATh
(A9) B[ (Pt AT), X(EAT)] < bl p22) - E/ e PU(C(s))ds.
0

Letting t — o0, using Fatou’s lemma on the left-hand side and the monotone convergence
theorem on the right-hand side of (A.9), we see that

(A10) B [e I (V). X (7)) | < 0o, yn.0) ~E /0 et (e(s)ds,

As n — o0, T, converges up to a limit, which we call 7o,. Fatou’s lemma and the monotone
convergence theorem applied to (A.10) result in

B [T <oyt (7 ()= X ) =)] < o) =B [ U (Cs)as.

But on the set {700 < 00}, (Y (7o0)—, X (7oo)—) is in OHg, where 1) dominates v (see (A.4)).
Furthermore, v does not increase along jumps caused by trades. Therefore,

E [6_57""]1{700<00}v(17(7'00), X(Too))] <

By the dynamic programming principle, v(y1,y2, ) is the supremum over admissible policies
of Ele ™1, coojv (Y (Too), X (7o0))] + E [ e 75U (C(s))ds, and we have just shown that
this is dominated by ¥ (y1, y2, ).

Having thus shown that v < v on K,,, we use the observation that U72 | K,, = H; to assert

that v <1 on Hs. This is what we set out to prove. |

Appendix B. Comparison theorem. This appendix provides the proof of Theorem 6.3.
We follow the proof of Theorem 3.3 of [7], modifying it in order to account for the fact that
U given by (5.2) has limit infinity as its argument goes down to zero, and hence condition
(3.14) in [7] is not satisfied by the function H given by (B.1) below.

We have defined the concept of a viscosity solution of the two-variable HJB equation (6.15)
in Definition 6.1. An equivalent definition is used in [7], which we state as Theorem B.1 below.
For this we need some notation.

We denote by & the set of symmetric 2 x 2 matrices. We denote a generic element of
Dy x R x R?2 x & — R by (%,s,q,X), and we define functions S; and B; for i = 1,2 and H;
for i = 1,2,3,4,5 on this set by the formulas (where we omit variables not involved in the
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definition of the function)
Bi(Z,8,4) = \ips— ¢ — NG+ Z, i=1,2
Si(Z,8,q) = ips +qi — NG+ 2, i=1,2,
H«Z@=¢1—@{A+§mvuuﬁdwz—%)s,
Hy(Z,q)=(r+a-Z—(1-p)(VZ-2)7- 2
H3(Z,X) = —%(VZ- Z)(XZ-2),

—

. —Ulps—G-2) ifps—q-2>0
H - !
1(%5,9) { 00 otherwise,

H5(5787§7 X) - Hl('a S) + H2(57q) + H3(57 X) + H4(5787®’
Finally, we set
(B.1) H(Z,s,q,X) £ min [H5(Z, s,q,X), B1(Z,s,q), B2(Z, 8,q), S1(Z, 8, q), S2(Z, s,(f)].

Using (2.12), we see that the expression (6.16) is H(Z,¢(%), Vo(Z), VZp(Z)).
Let w be a continuous function defined on Do, and let z* be an element of Dy. We say
that (7,X) € R? x & is a second-order superjet of w at z* if

(B2)  w(E) Sw(E@)+T-(F- )+ gX(E- ) (F-2%) +o([7 - 2°))

for all Z’'in an open neighborhood of z*, and we say (¢, X) is a second-order subjet if the oppo-
site of inequality (B.2) holds in an open neighborhood of z*. We denote the set of all second-
order superjets (respectively, subjets) of w at z* by J%Tw(Z*) (respectively, J>~w(Z*)). As
observed in [7],

JPrw(z*) ={(Ve(2*), V2
(B.3) J*"w(z") ={(Ve(Z"), V3

(Z) :p € C%(Dy), p(Z*)=w(Z*), > w on D},
(2%)) 1 € C*(Da), p(z*)=w(z*), <w on Dy}.

We further define

T w(z*) 2 {(§,X) € R? x & : 3, G, Xn) € Dy x R2 x & such that
(Tn, Xn) € J¥Fw(zy) and (2, @, X)) — (25,3, X) .

The conditions of the following theorem are taken as the definition of viscosity subsolution
and supersolution in [7], and Remark 2.3 of [7] shows that these conditions are equivalent to
Definition 6.1 used in this paper.

Theorem B.1. A continuous function w defined on Ds is a viscosity subsolution of (6.15)
if and only if H(Z*,w(Z*),q,X) < 0 for every Z* € Dy and every (§,X) € J>Tw(z*). The
function w is a viscosity supersolution of (6.15) if and only if H(Z*,w(Z*),q,X) > 0 for every
Z* € Doy and every (§,X) € J>~w(z*).
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Proof of Theorem 6.3. We define the symmetric positive semidefinite matrix

I(z) = 2(VZ-2) [ 4 azn ]

2 2122 z%
and e ,
1 2;; [ zfle Zg? } if 240,
Iz(z) =
{ - ] if7=0
so that (I‘%(Z))2 = I'(?) and H3(7,X) = —3trace(I'(7)X). Because (VZ-2)/(7- 2) is

bounded from above and away from zero and because both 22(9/0z;)\/(VZ - 2)/(Z - Z) and
22i(0/02j)\/(VZ - 2)/(Z - Z) are bounded on D, for i, j € {1,2}, T2 is Lipschitz on Do.

For § > 0, define 05 & {(Z,S,Lj') C Dy x [0,00) xRZ :ps — 72 > 5} and O £ Us-0s.
On each Og, Hy is Lipschitz continuous.

We prove the comparison w® > w™ on Dy by contradiction. Recall that Ds is compact, w
is continuous, and on 9Dy, wt > w™ = 0. Assume that w™ > w™ does not hold everywhere
on Dy. Let 2V € Dy be a point where 6; > 0, the maximum of w™ — w™ over D, is achieved.
We use the variable doubling technique, penalizing the doubling. In particular, we maximize
w(Z) —wh(()) — 2z - C||2 over Dy x Dy for each parameter n > 0. To this end, we define

o hed n,.- =

My max fw (@) —wt() - 217 P}
(2, )eD2xD>

and we denote by (2, 577) a point where the maximum is attained. This maximum satisfies

M, > w™ (2% —wt (2% = §; > 0. From Lemma 3.1 of [7] (see Proposition 3.7 of [7] for the

proof), we have

(B.4) lim 7|27 — ") = 0.
n—00

Using the fact that w™ = 0 on 0D3, we choose a compact set K C Dy so that w™ < d;
on Dy \ K. But w(27) > M, > 41, and thus 2" is in K for every n > 0. Using (B.4) and
enlarging K if necessary, we can further guarantee that 5 T 1is also in K for all sufficiently large
n. Finally, for all 2 € K the quantity 1 — A\;|2z1]| — A2|22| is uniformly positive and bounded.
By assumption, w™ is strictly positive on K. Therefore, we have for some do > 0 that for all
sufficiently large 7,

pwt () > 6y,

B.
(B:5) T ¢ — Ml =~

We now apply Theorem 3.2 of [7] in the manner discussed in [7] immediately following the
theorem. We conclude that & contains matrices X" and Y such that

(B.6) (n(Z7 =N, X" € T Tw= (1), (n(z" - {7, Y") € T w ()
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and

(B.7) —317[(1)(1’]4}3" _2{”}3377{_11 _II]

where I is the 2 x 2 identity matrix. From Theorem B.1, relation (B.6), and the continuity of
H, it follows that

(B.8) H (27w (£7),m(2" = ¢"),X") <0< H(C",wh (("),n(z" - "), Y").
We next argue that for n sufficiently large,
(B.9) (€7, w* (CM),m(z" = (7)) € O,

We fix n for which (B.5) holds and use the second membership in (B.6) to choose a sequence
({rn, @ Y converging to (C7, (27 —¢7),Y") and such that (77", Y?") € J2~wt(Cm)
for every n. Equation (B.3) implies that for each n there exists a function 7" € C?(Dy) such
that @ (CM) = w(CM7), @17 < wt on Dy, g = Vghn(EI), and Y = V2 (G,
Because w™ is a viscosity supersolution of (6.15), Definition 6.1 implies that Bi90”7"(5"’”) >0
and Sicp”’”(f”’”) > 0 for « = 1,2. Multiplying either the inequality Blcp"’”(f”’”) > 0 or
8190’77"(5"’”) > 0 by [¢{""], depending on whether (""" is positive or negative, we obtain

(B10) Al pe™ () — GIEME" — MGV () - > 0.

Multiplying either the inequality By@™(C™) > 0 or Sy ({) > 0 by |¢5"|, depending on
whether ¢J" is positive or negative, we similarly obtain

(BA1)  Malgd"[pe" () — g™ (@) — dalg" [V () - P > 0.

Summing (B.10) and (B.11) and rearranging terms, we obtain

+(Fmn
+ _)7777"0 mnmn _’77777, pw (C )
pwT(CM") =g P > :
S TR Al

Passing to the limit and using (B.5) we conclude that

puwt () > 6,
1= MGl = XelGd] =7
which is (B.9). We further conclude from (B.4) and (B.12) that

put (@) (21 {7 21 > 2

(B.12) pwt (") = (7 = (M) (7 >

for all n sufficiently large. In other words, for sufficiently large n,

(B.13) (27wt ("), n(Z" = (M) € Og, jo.

We verify at the end of this proof that H satisfies the following two conditions.
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Condition 1. There exists v > 0 such that
v(s —t) < H(Z,s,§,X) — H(Z,t,§,X) Vs >t and (%,5,7),(Z,t,§) € Dy x RxR%2, X € &.

Condition 2. For each 6 > 0 and bounded set C' C R, there exists a function w: [0, co] —

[0, 00] with w(0+) = 0 such that
H(ga 3’77(2_ 5)’Y) - H(Z, 8777(2_ 5)7X) < W(nHZ— 5”2 + ||2_ 5”)7 LS 07
(2, s,n(Z— 5)) € Os, (5, s,m(Z— 5)) € Os, and X,Y € 6 satisfying (B.7).

Using Condition 1 in the second inequality below, using (B.8) in the fourth inequality,

and using (B.9) and (B.13) to justify the use of Condition 2 in the fourth inequality, we write
¥o1 < y(w™ (Z7) — wh((7)
< H(Z"w™ (£7),n(2" = {7),X7) = H(27,w* ({7),n(2" — ("), X7)
= [H(gnv w (277)7 77(277 - 577)7 X77) - H(gnv w+(5ﬂ), 77(277 - 577)7 YTI)]
+ [H (7w (M), n(Z7 = ¢M),YT) — H (27w ("), n(27 - ¢, X")]

<w(nllZ” = "7+ (127 = &)
We now let n — oo and use (B.4) to obtain a contradiction. We conclude that w= < w™
everywhere on Ds.

It thus suffices to show that H = min[Hjs, By, Bo, S1, 53] satisfies Conditions 1 and 2,
and for that, it suffices to show that each function Hs, By, Bs, S1, and S satisfies these
conditions. We consider first By, for which Condition 1 is clearly satisfied because By(Z, s, q) —
B1(57t7® = )\1]?(8 - t) Furthermore, Bl(nguTl(g_ C)) - Bl (2‘75777(2\_ C)) = )\177“5_ CHQ
for all (¢,s,m(Z—()) and (Z,5,1n(Z — ¢)) in Dy x R x R?, and thus B satisfies Condition 2.
Similar calculations show that Bs, S1, and S5 satisfy Conditions 1 and 2.

The function Hs is the sum of the four functions Hy, Ha, Hs, and Hy. Of these four, only
H, and H, are functions of s, and Hy is increasing in s because U is decreasing. Therefore,
for s > t,

H5(27 S, q_; X) - H5(27 t7 q_; X) = Hl(gv S) - Hl(gv t) + H4(27 S, CT) - H4(27 t7 6.7)
> (1 - p)A(S - t)v
and hence Hj5 satisfies Condition 1.

We turn to the verification of Condition 2 for Hs, which we do by verifying Condition 2
for Hy, Ho, H3, and Hy. We have the bound

:%p(l—p)s [V(f—67).(5_5)—V(5_§),(5_§)

+%p(1 —p)s [V(Z— 0)-((—0)-V(zZ—0) (7 é’)}
p(L=p)sIVI(IIC = 6]l + 12— 8l) I - 2]

< Constant x || — Z]|

N —
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because 5 and 7 are in the compact set Dy and s is in the bounded set C. The argument that
H satisfies

Hy(C,n(Z—C)) — Ha(Z,n(Z — ()) < Constant x (n]|Z— ¢ |*+ 12— <))

is only slightly more complicated and is omitted.
Turning to Hs, we have

H3(CY) — Hy(2,X) = %traee(I‘(E)X ~T()Y)

because trace(AB) = trace(BA) for square matrices A and B. But when X and Y satisfy
(B.7), the second inequality in (B.7) implies that

nI—-X =39l
—3nI  3nl+Y

is positive semidefinite, which implies in turn that for every pair of two-dimensional vectors
¥ and 0,

(B.14) 0< 377—13771X 37713;71‘{ } [ ; } . [ e } = 3|7 — @|]> — (XT-T— Y& - D).
We first apply inequality (B.14) with ¥ equal to the first column (which is also the first row)
of F%(Z ) and @ equal to the first column (which is also the first row) of I: (¢) to conclude
that the (1,1) entry of T2 (2)XT'2(2) — T'2(C)YT2(C) is dominated by 3nL||Z — ||, where
L is the constant associated with the Lipschitz continuity of I‘%() We next apply (B.14)
with ¢ equal to the second column of I‘%(Z ) and @ equal to the second column of I‘%(f ) to
conclude that the (2,2) entry of T2 (Z)XI‘% (2) ~T: (f)YI‘% (¢) is dominated by 3nL||Z—C 2.
Summing these two equalities, we see that

(2)YT2(0)) < 3nL||z — &2

N|=

- 1
Hy(CY) — Hs(2,X) = §trace(I‘%(2)XI‘%(2) -T

whenever X and Y satisfy (B.7). In other words, Hs satisfies Condition 2.
Finally, assume (¢, s,n(Z — ¢)) and (Z,s,n(Z — ¢)) are in Os. The mean-value theorem
implies

= -U'(en)z- |,

where ¢ is between ps —nz- (Z— 5) and ps — 775- (Z— 5) Both these quantities are greater than
or equal to d, and hence £ > 4. Since U’ is negative and increasing, 0 < —U’'(§) < —U’(9),
and consequently H,4 satisfies Condition 2. |
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