FUTURES TRADING WITH TRANSACTION COSTS

KAREL JANECEK AND STEVEN E. SHREVE

ABSTRACT. A model for optimal consumption and investment is posed
whose solution is provided by the classical Merton analysis when there
is zero transaction cost. A probabilistic argument is developed to iden-
tify the loss in value when a proportional transaction cost is introduced.
There are two sources of this loss. The first is a loss due to “displace-
ment” that arises because one cannot maintain the optimal portfolio of
the zero-transaction-cost problem. The second loss is due to “transac-
tion,” a loss in capital that occurs when one adjusts the portfolio. The
first of these increases with increasing tolerance for departure from the
optimal portfolio in the zero-transaction-cost problem, while the sec-
ond decreases with increases in this tolerance. This paper balances the
marginal costs of these two effects. The probabilistic analysis provided
here complements earlier work on a related model that proceeded from
a viscosity solution analysis of the associated Hamilton-Jacobi-Bellman
equation.

1. INTRODUCTION

The underlying risky asset in this paper is a futures contract. Investing
in futures is different from investing in stocks because the value of a futures
contract is reset to zero by marking to market at the end of each trading day.
With a stock, the share price determines the amount of capital an investor
must commit to trade in the asset, and the relative changes in the share price
determine the return on investment. A geometric Brownian motion model is
frequently used for share prices so that these relative changes are normally
distributed. With a futures contract, the investor does not commit capital to
trade (the margin account that is set up is to guarantee credit-worthiness, not
to pay a purchase price), and hence the absolute changes in the futures price
determine the investor’s profits and losses. To capture the preeminence of
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absolute changes in the futures price, we model the futures price as arithmetic
rather than geometric Brownian motion. Our model for the futures price is
thus

(1.1) F(t) = F(0) + at+ oW (t),

where F(0) and « are constants, o is a positive constant, and W is a standard
Brownian motion under a (physical) measure P. We assume that « # 0 in
order to achieve a non-trivial solution. More precisely, in this paper we assume
a > 0; the results for o < 0 are obtained by symmetry.

Consider an agent with initial capital X (0) > 0 who invests in a money
market and takes positions in futures contracts on some asset or index. Let
X (t) denote the wealth of the agent at time ¢, all of which is held in a money
market account with constant rate of interest r > 0. At each time ¢, the agent
consumes at rate C(t) > 0 per unit time. In addition, the agent may take any
long or short position in futures contracts by paying a small transaction cost
A > 0 times the size of the trade required to attain the position. In practice,
entering, adjusting, or closing a futures position is costless except for money
lost due to the bid-ask spread and other transaction fees. For large traders
these costs are proportional to trade size.

Consider a one-parameter class of utility functions defined for C' > 0 by

Lo ifp>0,p#£1
= 1-p ’ ’
(1.2) Up(C) { log C ifp=1.

For p > 1, we mean that U,(0) = —oo. Let 8 > 0 be a positive discount factor
chosen so that

(1.3) Ap 2 B=ri-n a?(1—p)

> 0.
P 202p?

The value function for the agent’s utility maximization problem is
(1.4) v(x,y) = supIE/ e*ﬁtUp(C(t)) dt,
0

where the supremum is taken over consumption and investment strategies
that ensure that the agent is solvent at all times, that is, at each time the
agent would have nonnegative wealth if he closed out his futures position.
This is an arithmetic Brownian motion version of the classical transaction
cost problem posed by Magill and Constantinides [12], solved under restrictive
assumptions by Davis and Norman [6], and thoroughly studied by Shreve and
Soner [17]. If A were zero, this problem could be solved by the method due
to Merton [14] and outlined in Section 3.4 below, and the optimal trading
strategy would keep the position in futures divided by total wealth at the
constant value
(1.5) g2 2

5 -
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When A is positive one should instead keep this ratio in an interval [z7, 23],
trading just enough to prevent the ratio from exiting the interval. This result
has been obtained rigorously for the geometric Brownian motion model; see [6,
17]. The argument for the arithmetic Brownian motion model is not provided
here, in part because it parallels the arguments in the cited papers. Our
purpose is not to imitate those earlier works, which are based on analyses
of the associated Hamilton-Jacobi-Bellman partial differential equation, but
rather to take the form of the optimal solution as given and provide a purely
probabilistic derivation, based on balancing the two costs discussed below, of
the values of 2 and 235. One cannot analytically solve for zj and z3, but
it is possible to conduct an asymptotic analysis of these quantities. In this
paper we use a probabilistic argument to show that 6 — z7 and 25 — 0 are
of order A3, to determine the coefficients multiplying A'/3, and to estimate
the loss in expected utility due to the positive transaction cost. This loss in
utility is shown to be of order A2/2 and the coefficient multiplying A%/ is also
determined.

The first hint of the O()\l/ 3) result just reported appears in the appendix of
[17]. A detailed but heuristic asymptotic analysis was carried out by Whalley
and Wilmott [20]. A rigorous analysis based on viscosity sub- and superso-
lution arguments that determined the loss in utility and suggested but did
not rigorously establish the location of 2] and z5 was conducted by Janecek
and Shreve [7]. At the end of [7] a short but heuristic argument was provided
for the main results of the paper. A more compelling heuristic argument was
later developed by Rogers [16]. In both cases, the argument was built around
the observation that there are two types of loss in the problem with positive
transaction costs. The first is the loss due to displacement, a loss incurred
because one cannot keep the ratio of position in risky asset to total wealth at
the desired constant #. The second is the loss due to paying the transaction
cost. The loss due to displacement increases and the loss due to transaction
decreases as the agent becomes more tolerant of departures from 6. By es-
timating these losses and equating the marginal losses, one discovers that 2z
and z} should differ from @ by O(\'/3) and that the optimal expected utility
in the problem with transaction cost A > 0 is O(A\?/?) less than the optimal
expected utility in the problem with zero transaction cost. In this paper, we
provide rigorous bounds on these losses and these bounds are sufficiently tight
to enable us to determine the location of 2§ and z5 up to order A/3. More
precisely, under Assumption 4.1 below, this argument determines the highest
order terms in the loss in value and in the location of 2] and z5 (Theorem
4.8). The argument in [16] provides a useful change of measure idea that is in-
strumental in developing the rigorous argument of this paper (see Subsections
5.2 and 5.3).

In all the papers cited, the risky asset is a stock modeled as a geometric
Brownian motion. In this paper, we take the risky asset to be a futures price
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processes modeled as an arithmetic Brownian motion. This removes some
technicalities that occur when the agent has 100% of his wealth in the risky
asset (see Remark 3.2). Otherwise, the two problems seem to be entirely
parallel. We have chosen the arithmetic Brownian motion model in order to
remove these technicalities and highlight the main features of the analysis.

Papers that perform asymptotic analysis on related transaction cost prob-
lems are [1, 9, 10]. Numerical treatments of transaction costs problems can
be found in [2, 4, 15, 18, 19]. Analysis of finite-horizon problems can be found
in [3, 5, 11].

2. THE MODEL

We return to the futures price process (1.1). Let L and M be nondecreasing,
right-continuous processes with L(0—) = M(0—) = 0. We interpret L(t)
(M(t)) as the cumulative number of futures contracts bought (sold) by time
t. The number of futures contracts owned by an agent at time ¢ is
(2.1) Y(t) =Y (0-)+ L(t) — M(t).

The wealth X (¢) of the agent then evolves according to the equation
(2.2) dX(t) =Y (t)dF(t) — M(dL(t) + dM(t)) + rX (t) dt — C(t) dt.

So long as X (u—) > 0, 0 < u < ¢, we may define ¢(t) ft;%”) (t) =
ft ‘;{Aé“)), and c(t) = fot i(:u)f;l, and rewrite (2.1), (2.2) as
(2.3)  dY(t) = X(t—)(de(t) —dm(t)),
(24)  dX(t) = Y(t)(adt+odW(t)) — AX(t—)(dl(t) + dm(t))

+X (t)(r — c(t)) dt.
When ¢ and m are continuous, the ratio process 0(t) £ Y (t)/X (t) satisfies
(2.5) do(t) = 0(t)(—r+c(t)—ab(t) +o°6°(t)) dt 092 (t) dW (t)
+(1+M0(1)) de(t) — (1 — N0(t)) dm
We require the agent to always have sufficient capltal to close out the

futures position and still be solvent. In other words, he must trade so that
(X(t),Y(t)) stays in the closure S of the solvency region

SE{(z,y);x+ Ay >0,z — Ay >0}.

By computing d(X (t)+AY (¢)) and d(X (t)—AY (t)), one can see that if (X,Y")
ever reaches the boundary dS of S, then to keep from exiting S, (X,Y’) must
jump to the origin and then the agent must make no further trades and must
cease consumption. Hence, for purposes of the utility maximization problem
described below, we only need to determine the optimal policy in the open
region S. In this region, the reformulation of (2.1), (2.2) as (2.3), (2.4) is
legitimate because S C {(x,y);z > 0}.
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Let (x,y) € S be given. Let £ and m be nondecreasing, right-continuous
processes with £(0—) = m(0—) = 0, and let ¢ be a nonnegative process. We
say (£,m,c) is admissible at (x,y) and write (¢,m,c) € A(z,y) provided that
when we take X(0—) =z and Y (0—) = y and use ¢, m and c in (2.3), (2.4),
the resulting processes X and Y satisfy (X (t),Y(t)) € S for all t > 0. Note
that because ¢ and m may jump at time zero, X (0) = z —Az(¢(0) +m(0)) and
Y (0) = y+2(£(0) —m(0)). We shall see that except for a possible initial jump,
the optimal ¢ and m for the utility maximization problem defined below are
continuous.

We now define v(z,y) by (1.4) for all (x,y) € S. The supremum in (1.4) is
over (¢,m,c) € A(z,y). For (z,y) € dS, we necessarily have (X (t),Y(t)) =
(0,0) for all ¢ > 0, and hence define for (z,y) € IS,

v(z,y) = {

0 f0<p<l,
—oo ifp>1.

3. PROPERTIES OF THE VALUE FUNCTION

3.1. Homotheticity. For v > 0, A(vyz,vy) = A(z,y), and when (¢, m,c)
is chosen from this set, the pair of processes (X7,Y7) corresponding to the
initial condition (yz,~y) is the same as (vX,~Y), where (X,Y") corresponds
to the initial condition (z,y). Because

vy Y TPUR () X (t ifp>0,p#1,
UplelX(8)) = { YOm + gfl((i(t)()g)(t)) ifgi 1,p

v has the homotheticity property that for all ¥ > 0 and (z,y) € S,

1-p 1
[ A Pu(w,y) ifp>0,p#1,

From this homotheticity one can argue (see [6] or [17] for details in the geo-
metric Brownian motion model) that the optimal policy when (X (t),Y(t)) €
S must depend on the ratio Y(¢)/X(¢). In particular, there are two num-
bers z; = zf(\) and 25 = z3(\) satisfying —1/X < 27 < 23 < 1/A that
define the no-trade region NT £ {(z,y) € S : 2§ < y/z < 23} (see Figure
1). If =1/A < Y(0—)/X(0—) < zf, the agent should immediately buy fu-
tures to bring Y (0)/X(0) to z}. If 25 < Y(0—)/X(0—) < 1/, the agent
should immediately sell futures to bring Y (0)/X(0) to z5. In particular,
v(z,y) for (z,y) € S\ NT can be specified in terms of v on the boundary
{#>0:y/x =2 ory/z =23} of NT by

z+Ay 27 (@+Ay) e 1 y *

o(z,y) = THaer  I+Az; if —x <2<,
R N VI E V) ) T e I
1-Xz37 1-Xz} 2 =z A°
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FI1GURE 1. Solvency region

Once the pair (X,Y) is in NT, the agent should trade only at the boundaries
y/x = z5 and y/x = z7, and trade only enough to prevent (X,Y’) from exiting
NT. In the open set NT, there should be consumption but no trading.

3.2. Homotheticity of type II. The futures trading setup has another use-
ful property, which we call homotheticity of type II. Homotheticity of type II
does not require that we have a utility function of the form (1.2).

Theorem 3.1. For any (z,y) € S, « >0, A > 0, the value function satisfies
a o A
Kk k
where we have explicitly indicated the dependence of the value function on «
and o appearing in (1.1), (2.4), and on the transaction cost parameter X.

(3.2) U(ac,y,oz,o, )\) = v(ac, ky, ), Yk > 0,

Proof. The control (¢,m,c) is in A(z,y) with parameters «, o, A if and only if
the control (k¢, km, c) is in A(z, ky) with parameters a/k, o /k, \/k. Moreover,
the Y process resulting from the control (k¢, km,c) € A(z, ky) is k times the
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Y process resulting from (¢, m,c) € A(z,y). The X processes are identical.
The result follows. O

Remark 3.2. In the geometric Brownian motion stock model, when the agent
who is faced with zero transaction cost would choose to invest $100% of his
wealth in the stock (0 = 1), we have an anomalous case because the agent
can maintain this position without trading. Because of this, the presence of a
positive transaction cost A reduces the value function by only O(X\) rather than
O(N\?/3) (see Remark 1, p. 199 of [7]). One of the consequences of homoth-
eticity of type II is that in the arithmetic Brownian motion futures model, the
case @ = 1 has no special properties. Indeed, under the scaling of o, o and A
implicit in (3.2), 0 is multiplied by k. Thus, the case of @ = 1 can be scaled
into a case with 0 # 1.

Remark 3.3. For sufficiently small k > 0, the transaction cost parameter
Ak on the right-hand side of (3.2) can be arbitrarily large. If this transaction
cost parameter exceeds one, the agent must pay for changing the bet size Y (t)
more than the size of the change. However, it can still be the case that an agent
would want to increase the bet size because of high return o/k and small initial
bet size. It might also be the case that the agent would want to reduce the bet
size. In either case, the subsequent changes in Y (t) are “marked to market”
and affect the agent’s wealth X (t) without incurring further transaction costs

(see (2.4)).

Remark 3.4. In the geometric Brownian motion model of [17], the authors
show that the Merton proportion is inside the NT region for 6 < 1 (see The-
orem 11.2 and remarks on p. 675). For 6 > 1, this is the case for sufficiently
small transaction costs (see Theorem 2 in [7]), but § is outside the solvency
region and hence outside N'T' for sufficiently high values of .

In the arithmetic model, the inclusion of 8 in NT and the relationship
between 6 and 1 are not connected. Indeed, let us fix the parameters r, 3
and p. Then homotheticity of type II shows that there exist values for the
parameters a, o and \ for which § <1 and 6 € NT if and only if there exist
other values of these parameters such that @ > 1 and § € NT. Similarly, there
exist values for a, o, and \ such that < 1 and 6 ¢ NT if and only if there
exist other values for these parameters such that > 1 and 6 ¢ NT. Finally,
for any o and o, there exists sufficiently large \ such that 6 ¢ S, and thus
¢ NT.

In this paper, we consider only parameter values for which 6 is in the inte-
rior of NT'; see Assumption 4.1.
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3.3. Hamilton-Jacobi-Bellman (HJB) equation. The Hamilton-Jacobi-
Bellman (HJB) equation for the model with A > 0 is

(3.3) min {ﬁv(fv, y) — (re + ay)vg(z,y) — %023/2%-(30, y) = Up(va(z,9)),

Avx(w,y)—vy(x,y),kvx(x,y)+vy(xay)} = 0,

where (~fp: (0,00) — R is the conver dual (Legendre transform) of Up:

S )
ﬁC(p e ifp>0,p#1,

(3.4) @@Uég%{%@”—05}:{1%51 ifp=1.

The maximizing C in (3.4) is C = C~ />,

It was shown in [17] that as long as the region NT' does not contain the
positive x-axis nor the positive y-axis, the value function for the geomet-
ric Brownian motion model is concave, twice continuously differentiable, and
solves the appropriate HIB equation. Adapted to our case, in which 6 is
strictly positive, those arguments show that for sufficiently small A > 0 our
value function v(z,y) is concave, twice continuously differentiable, and satis-
fies the HJB equation (3.3) everywhere in S. Because the focus of this paper is
to obtain probabilistic estimates for the losses associated with positive values
of A, we do not present the necessary modifications of the lengthy analysis in
[17] that justify these assertions.

For A > 0, the minimum in (3.3) breaks down into three cases:

(3.5) PBu(z,y) — (re + ay)ve(2,y)

]- 7 . * *
—502y20mx($,y) -U, (vx(:v,y)) = 0if 2] < % < 23,
1
(3.6) Mg (z,y) —vy(z,y) = 0if — 3 < % <z,
1
(3.7) A2 (2, ) + v, (2, y) :Oﬁg§%<x

3.4. Zero transaction cost. If A = 0, the problem with dynamics (2.3)
and (2.4) is ill posed because the agent should keep Y (¢)/X (t) equal to the
constant @, and this is not possible when Y is of bounded variation and X
is not. Instead of (2.3) and (2.4), we let Y be a control variable and have a
single state X with dynamics

(3.8) dX(t) =Y (@) (adt + o dW (1)) + X (t)(r — c(t)) dt.

The solvency region for the A = 0 problem is {z : > 0}. This is a classical
problem that can be solved as in Merton [14]. The value function is

| ATt if p>0,p#1,
vo(z) =

3.9 _ .
(3:9) %logﬂer%—zﬁJr%aT; ifp=1,
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which is finite for 2 > 0 because A(p) given by (1.3) is assumed to be positive.
The function vg(z) solves the HIB equation
(3.10)
1
min {61}0(:0) — (rz 4+ ay)vy(z) — =o?y*vf (z) + cavy(z) — Up(cz)} =0.

y€ER,c>0 2
The optimal ratio for /2, found by minimizing over y in (3.10), is  given by
(1.5). The optimal consumption level, found by minimizing over ¢ in (3.10),
is A(p).

Remark 3.5. The fact that vo(x) < co for x > 0 implies that the value func-
tion v(x,y) for the less favorable problem with A > 0 also satisfies v(x,y) < 0o
for (z,y) € S. Of course, v(z,y) > —oo for all (xz,y) € S because the agent
can immediately trade to a zero position in futures and thereafter simply con-
sume at rate ¢ = r, which leaves X constant. We see in fact that on each
compact subset of S (S corresponding to some Xo), v(x,y) is bounded uni-
formly over A € (0, Ao].

3.5. Initial estimates. The maximizing C in (3.4) when C' = v,(z,y) is
C= (vm(x,y))fl/p. We use the notation C' = cx (see, e.g., (2.4) and (1.4)),

and the maximizing c is thus %(Ul (, y))_l/ P Because of the homotheticity
(3.1), v(z,y) = 2 Pu(1, %) if p # 1 and v(z,y) = v(1, %) + %1ogac ifp=1,
and hence

where § = y/x. For 2§ <0 < 23, the maximizing c,

(L= p)o(1,0) — 0u,(1,6) "7 it p £ 1,
(%—9%(1,9)) ifp=1,

is a function of . We take (3.11) to be the definition of ¢*(6) for all 6 €
(=1/A,1/)). This function is locally Lipschitz on (—1/X,1/)\) because v is
twice continuously differentiable.

P —bvy(1,0)) ifp#1,
(l ovyw) ifp=1,

8= H

(3.11) () =

Proposition 3.6. Let [21, z2] be a compact subinterval of R which, for suffi-
ciently small \, contains z}, z5 and 0. For 0 € [z1, 23], we have!

= (=pe®) o0 ifp#
(312 ) {mow Fpo1,

We mean by O()) in (3.12) and (3.13) a term whose absolute value is bounded by
A times a constant that does not depend on 6 in the compact subinterval [z1, z2] nor on
A € (0,¢) for some £ > 0, although the bound may depend on z; and z2. See Remark 4.7
for a fuller discussion of the O(-) notation as it is used in this paper.
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and
(3.13) v(1,0) = v(1,0) + (0 — 0)O(N).
Proof. From (3.6) and (3.7) we have

Mg (x, 212) — vy(z, z12) =0,  Avg(z, 200) + vy(x, 222) = 0.

For i = 1,2, the homotheticity v(z, z;z) = ' 7Pv(1, 2;) for p # 1 or v(z, z;7) =
v(l,z;) + %log:n for p = 1 implies that

L =p)z=Po(l,z) if 1,
Uw(xazﬂ)—f—zivy(x,zix):{ (1 plz Pv(l,z) ifp#

We solve these equations for v,:
A(1—p)z~P 1 if 1
vy (@, 21z) = { e olba) Hp L
CESYT ifp=1,
—AAope Py ifp#1
0y (@, 207) = e v(ha) AL
S YA if p=1.

Since v is concave, vy (z, -) is decreasing, and this yields the bounds
vy(x, 202) < vy(z,y) < vy(z,212), z12 <y < 2o

Both bounds are 7 PO()), so vy(1,6) = O(X) for z3 < 6 < z;. Equation
(3.13) follows immediately. A Taylor series expansion of (3.11) using (3.13)
yields (3.12). O

Remark 3.7. If0 < p < 1, then pA(p)+(1—p)c*_(9) > pA(p), which is strictly
positive. On the other hand, if p > 1, then v(1,0) < vo(1) = 1TlpA_p(p) and

1

thus (1 —p)v(1,0)) * < A(p). It follows that for sufficiently small Ao > 0
and 0 in an arbitrary compact subinterval of (—1/Xo,1/Xo),

pA(p) + (1 =p)c(0) = A(p) + O(N),
which is bounded away from zero as A ranges over (0,1/Xg].

Corollary 3.8. For sufficiently small A\g > 0, let =1/ < 21 < 22 < 1/ Ao,
and let v be a probability measure on [z1,22]. Then for X € (0, )] and y €
[21, 22], we have

o(1,y) = / o(1,0) (d8) + (23 — 21)O(N),

Z1

where the bound on the O(\) term depends on z1 and ze but not on v.
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4. MAIN RESULTS

We want to estimate the difference in v(x,y) given by (1.4) and vo(z) given
by (3.9). We separate this difference into two parts, the loss due to transaction
costs and the loss due to displacement, where “displacement” refers to the
fact that in the problem with positive A, we cannot keep 6(t) at §. We then
minimize the sum of these losses by equating marginal losses.

4.1. Decomposing the loss. In order not to digress into a lengthy analysis
of the HJB equation, we assume rather than prove that there exists an optimal
policy and it has the following form. This assumption is valid for nearly all
choices of parameters in the geometric Brownian motion model (see [17]), and
we conjecture that it holds for all choices of parameters satisfying (1.3) in the
arithmetic Brownian motion model considered here.

Assumption 4.1. We denote the dependence of zf = zf(X) on A. We assume
that for X > 0 sufficiently small, 0 < 2z} (\) < 8 < 25(\) and there is a function
©(N\) satisfying limy o (X)) = 0 and 23 (N\) — 25(\) < Op(X) for \ sufficiently
small. Without loss of generality we take o(\) > O(\'/3).

For the remainder of the paper, we consider only the case that the initial
capital in the money market is X(0) = 1. We can do this without loss of
generality because of homotheticity. For the computations below, we initially
hold the consumption proportion rate ¢ in (3.8) constant. We fix ¢ > 0 so
that it satisfies

(4.1) pA(p) + (1 — p)e > 0.

We then obtain estimates that hold uniformly in ¢, provided that ¢ is bounded
and ¢ and pA(p) + (1 — p)c are bounded away from zero. If 0 < p < 1, the
second condition imposes no constraint on ¢

We first set up a utility corresponding to zero displacement and zero trans-
action cost. To do this, we use ¢(t) = c and Y (t) = 6X(¢) in (3.8). We denote
the resulting X process by Xg, which is given by

(4.2) Xo(t) = exp { (r —c+ab— %0‘252) t+ a?W(t)} ,

eXp{(l—p) (r—c—l—%a?)t},

where we have used (1.5). One can further verify that

(4.3)  EX, *(t)

(1.4) (1-p) ( et éo@) — 65— pA(p) — (1 - p)e.
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Therefore, for p # 1, EX, P(t) = ef-rA®-(-P))t  whereas for p = 1,
Elog Xo(t) = (r —c+ %)t It is now straightforward to compute
(4.5)
o if p#£1,
(@) 2B [ e P (eXo() di = (0 law 0]
0 %bgc—l—%—i—w@';fﬁ ifp=1.

When p > 1, the expression on the right-hand side of (4.5) is negative because
of (4.1). For all values of p, the expression on the right-hand side of (4.5) is
maximized over ¢ by A(p), that is,

(4.6) uo(A(p)) = vo(1).

We next set up a utility corresponding to positive displacement and positive
transaction cost. To do this, we choose positive numbers w; and ws. We
consider the value that can be achieved by trading just enough to keep the
ratio of position in futures to wealth in money market inside the interval
[0(1 —w1),0(1 + ws)]. Eventually we will optimize over w; and ws.

Let X3(0) = 1 and let Y2(0) = 62(0), where 62(0) is a random variable
independent of W and taking values in [0(1 — w1),0(1 + ws)]. If we took
(X2(+), Y2(+)) to be the solution of (2.3) and (2.4) where ¢(t) is some Lipschitz
function c(02(t)) of 62(t) = Ya(t)/X2(t) and where ¢ = {5 and m = mg are

the minimal continuous, nondecreasing processes such that
(4.7) 02(t) 2 Ya(t)/ X2(t) € [0(1 —w1),0(1 +ws)] Vit >0,
then we would have ¢2(0) = mg(0) = 0, Xa(-), Y2(-) and 62(-) would be
continuous, and (2.5) in this case would become

dor(t) = 02(t)(— 1+ c(b2(t) — aba(t) + 0203(t)) dt — o83 (t) dW (2)
(4.8) (1 4+ M1 —w)) dla(t) — (1= N1+ wa)) dma(t).
We indeed take 602(-) to be the solution of (4.8), leaving the choice of the
distribution of 82(0) and the function ¢(-) open. However, for Xs(-), we fix a
constant ¢ > 0 satisfying (4.1) and let X3(-) be the solution of the equation
(4.9) dX5(t) = Xo(t) [(r—c+aba(t)) dt+0ob2(t) AW (£) — A(dla(t)+dma(t))].

The value associated with X5 is defined to be
(4.10) us(c, (), w1, wa) = E/ e PtU, (cX2(t)) dt.
0

Remark 4.2. We obtain estimates for us(c,c(+), w1, ws) that are uniform
over ¢() (provided the class of ¢(-) considered is uniformly bounded, pA(p) +
(1 = p)e(+) is uniformly bounded away from zero, and each c(-) in the class
varies by not more than kX in [0(1 —wi),0(1 4+ wy)], where the constant k is
uniform over the class) and uniform over ¢ (provided that ¢ and pA(p)+(1—p)c

are bounded from above and away from zero). The two choices of c(-) that
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we will need to consider are c(-) = ¢*(-) given by (3.11) and c(-) equal to a
constant ¢. The desired properties of ¢*(-) follow from Remarks 3.5 and 3.7
and Proposition 3.6.

Remark 4.3. If c(-) is c¢*(-) given by (3.11) and if 0(1 — wy) = 2} and
O(1 +wq) = 23, then O(t) given by (4.8) is the optimal portfolio proportion
process, albeit with a random initial condition. We denote this process by 6%,
i.e.,

(411)0%(t) = 9*(t)( —r 4 (0%(t)) — af*(t) + o? (0*(12))2) dt
—o (07 (1))2 dW () + (1 + A2]) de*(t) — (1 = A2") dm*(t),

where £* and m* are the minimal continuous, nondecreasing processes such
that 0*(t) given by (4.11) stays in the interval (25, 2z3]. If, in addition, we
replace the constant ¢ in (4.9) by c¢*(0*(t)) and call the resulting process X*,
i.e., X*(0) =1 and

(4.12) dX*(t) = X*(t) {(r — (07 (1)) + ab” (1)) dt + 00" () AWV (1)
—A(de* (1) + dm*(t))},

then X* is the optimal amount to be invested in the money market. In par-
ticular,

(4.13) Ev(1,607(0)) = E / h e P, (¢ (07 (1)) X* (1)) dt.
0

Finally, we set up a utility for the intermediate situation of positive dis-
placement but zero transaction cost. We define the process Xi(-) by setting
X1(0) =1 and

(4.14) dX1(t) = X1(t)[(r — ¢+ ab2(t)) dt + ob2(t) AW (1)].

The process 63(-) in (4.14) is the process determined by (4.8). The process
X1 does not incur transaction costs but it does incur a “displacement cost”
because 62(t) is not identically equal to §. We define the associated value

(4.15) uy (e, e(+), wy, wy) = E/OOO e U, (X1 (1)) dt.

The remainder of the paper develops the estimates reported in the following
theorems. The proofs are deferred to Section 5.

Theorem 4.4 (Transaction loss). Let wy > 0 and wy > 0 be given and define
w £ wy +ws. Then there exist positive constants Cy and Co such that
(4.16)

uy (¢, e(+), wr, wa2) — uz(c, c(+), wr, w2) > max {min{C1Aw™", C2} + O(A), 0} .
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Furthermore, if \Jw = o(1), then
(4.17) Uy (c,c(-),wl,wg) — Uy (c,c(-),wl,wg)
1-p 279°
- ol A o)+ 0w ),
(PA(P) + (L —p)c)” W

Theorem 4.5 (Displacement loss). Let wy > 0 and we > 0 be given and
define w £ wy +wsy. Let 02(0) have the distribution under P corresponding to
the stationary distribution of the solution to (5.56) below. Then

(4.18) 0 < wolc) —ui(e, e(-), wr, ws)

1—p 2—2 2 2 E
_ ¢ Ppotf (wi —wiwy J;%) +O0(\w?) + O(w?).
6(pA(p) + (1 = p)e)

Summing (4.17) and (4.18), we obtain the following corollary.

Corollary 4.6 (Total loss). Under the hypotheses of Theorem 4.5, if \Jw =
o(1), then

(4.19) 0 < wo(c) —uz(c, (), w1, ws)
529" A\ +]_)

(pA(p) + (1 = p)e)” Lwn Tz 6

+O(\) + O(w®) + O(Nw™?).

(w} — wiwy + w})

Remark 4.7. Constants appearing in the estimates in this work are permitted
to depend on the model parameters r, a, o and p, but not on \, wy and wa,
provided these are sufficiently small positive numbers. Constants also may
not depend on t and w. When we consider processes constrained to stay in
an interval [a,b], constants used in estimates may not depend on a and b.
In some cases, to achieve this independence from a and b, we shall restrict
attention to a and b for which b— a is sufficiently small. Finally, the notation
O(1), O(\), O(Mw™1), ete., is used to indicate any term whose absolute value
is bounded by a constant times the argument appearing in the notation, so
long as X\ and w are sufficiently small (although terms like \w™" might not
be small). Moreover, \Jw = o(1) means that A | 0 and w | 0 in such a way
that A\Jw — 0. In the case of (4.16)—(4.19), where ¢ and c(-) appear in the
relations, the constants and O(-) terms do not depend on c¢ and c(-) when c
ranges over a set of positive numbers for which ¢ and pA(p) + (1 — p)c are
bounded and bounded away from zero and c(-) ranges over a set of functions
that are all bounded by the same bound, pA(p) + (1 — p)c(-) is bounded away
from zero by a bound independent of ¢(-), and each function in the set varies by
no more than O(\) on compact subintervals (the properties enjoyed by c*(-);
see Remark 4.2).
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4.2. Equating marginal losses. If we could ignore the O(-) terms in Corol-
lary 4.6, in order to optimize over investment strategies we would minimize
the convex function

a Yl D, o

+ = (w} — wyws + w3)

4.20
( ) gx (w1, w2) w1 +wy | 6

appearing in (4.19). For future reference, we note that

(4.21) Vr(wr, wz) = l (“’14)%02)2 + §(2w1 —w2) 1 ’
~Torten? T §Cw2 —w1)
4.22 2 __ 28 p 11
(4.22) Vg (w1, ws) (w1+w2)3{1 1]—#3{% ) ]
The minimum of g, is attained by
1/3

2p
so that A/(w1(X) + wa(N)) = o(1), the minimal value of gy is

(423) w0y = w2 (20)

1/3
(4.24) gx (w1 (), wa(N)) = 62/3)2/3 (%) |

and substitution of this into the right-hand side of (4.19) results in
(4.25)
cl_pa2§8/3 9 /3
uz(c, c(-), wi(A), w2 (N)) = uo(c) — 5 (3—§) A3 L Oo(N).
(PA(p) + (1 = p)c)

With wy () = wa(N) given by (4.23), equation (4.25) is a direct consequence
of Corollary 4.6.

If p = 1 and we ignore the O()) term in (4.25) when maximizing over ¢,
we find the maximal value at A(1) = . Substitution into (4.25) yields (see

(4.6))

0_258/3

B A1+p(p)

The maximization of (4.25) over ¢ is more difficult when p # 1, but we shall
see (Lemma 5.13) that the maximizer is nearly A(p). Substitution of this
value of ¢ into (4.25) leads to (4.26) even when p # 1.

Because the argument just given ignores the O(:) terms in Corollary 4.6
when maximizing over wy, we and ¢, we cannot immediately assert that
u2(A(p), A(p), w1 (A), w2 (N)) is, up to O(A), the maximal utility that can be
achieved in the problem with positive transaction cost A. Our main result,
Theorem 4.8 below, asserts that this is almost the case.

(426) u2(ﬂaﬂa ’LU1(>\),’UJ2(>\)) = UO(]')

1/3
(%) N3 4 O(N).
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Theorem 4.8 (Value function). Under Assumption 4.1,

0‘258/3 9p 1/3 / /
9) = I (e 2/3 5/6
(4.27)  w(1,0) = wo(1) AT () (32) N3+ O(N9),
(4.28) Z() = wiN)+0W1?), =12,

where we explicitly indicate the dependence of z¥ = zF(\) on A > 0.

We note from Proposition 3.6 that so long as y lies in a compact subset of
R, we have v(1,y) = v(1,0) + O(X), so (4.27) applies to v(1,y) as well. Using
homotheticity, we can extend the formula to v(z,y).

5. PROOFS

This sections contains the proofs of Theorems 4.4, 4.5 and 4.8. To help
the reader follow the flow of the argument, we provide diagrams showing the
dependencies of the results in this section and Theorems 4.4, 4.5 and 4.8 and
Corollary 4.6. We use A — B to mean that the proof of B uses the result
A. The argument leading to Corollary 4.6 is diagrammed in Figure 2. After
obtaining Theorems 4.4 and 4.5 and Corollary 4.6, the argument leading to
Theorem 4.8 is organized as indicated in Figure 3.

Lemma 5.] === Corollary 5.2 == [emma 5.3 == Proposition 5.4
Proposition 5.5 == Corollary 5.6 = Corollary 5.7

Theorem 4.5 == Corollary 4.6 <e== Theorem 4.4

N

Proposition 5.8 Proposition 5.9

FIGURE 2. Dependencies to obtain Corollary 4.6.

5.1. Local time estimates. The proofs of Theorem 4.4, 4.5 and 4.8 require
estimates pertaining to the processes o and mo appearing in (4.8). This
section provides these.

Let a,b € R be given with a < b. For ¢ = 1,2, let f;: [0,00) — R be
a continuous function with a < f;(0) < b. Let ¢; and m; be the minimal
nondecreasing functions such that

gi(t) 2 fi(t) + £;(t) — ms(t) € [a,b] ¥t > 0.
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Theorem 4.4 Theorem 4.5

Corollary 4.6 we—1cmma 5.10

\

Corollary 5.12

Lemma 5.13 =——Thcorem 4.8

)

F1GURE 3. Dependencies to obtain Theorem 4.8.

The processes ¢; and m; push only when g; is at the boundary a or b, respec-
tively. In other words, they satisfy

t t
(5.1)  £;(t) :/O H{gi(s):a} deti(s), m;(t) :/0 ]I{gi(s):b} dm;(s) Vt>0.
Theorem 1.6 of [8] implies the following result.

Lemma 5.1. Define h £ fo — f1 and assume that h is nondecreasing and
h(0) > 0. Then fort >0,

(5.2)  Lo(t) < Li(t) < La(t) + h(t), ma(t) < ma(t) < ma(t) + h(t).

Corollary 5.2. In the context of Lemma 5.1, suppose a < x < y < b and
for some continuous function f with f(0) = 0, we have f1(t) = = + f(¢)
and fo(t) = y+ f(t) for all t > 0. Then la(t) < {1(t) < lo(t) +y — x and
mi(t) <ma(t) <my(t) +y— .

Let a,b € R be given with 0 < b —a < 1. Cousider 9 (-) satisfying 1(0) €
[a, b] and

(5.3) dy(t) = p(Y(t)) dt + o (p(t)) dW (t) + de(t) — dm(t), ¢ >0,

where W is a Brownian motion and p(-) and o(-) are Lipschitz continuous
functions defined on some compact interval I containing [a,b]. Here ¢(-) and
m(-) are the minimal nondecreasing processes such that ¥ (t) € [a,b] for all
t > 0. We define g 2 mingerpu(z), T 2 maxger p(z), ¢ 2 mingeso(z),

— A
7 = maxes o(x), and we assume g > 0.
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Lemma 5.3. Let ¢ be given by (5.3) with ¥(0) € [a,b], and assume that
o(x) =1 for all z. Let 1o(0) € [a,b] be given and define () by

(5.4) Yo(t) = Yo (0) + W (t) + Lo(t) — mo(2),

where £y(+) and mo(-) are the minimal nondecreasing processes such that
Yo(t) € [a,b] for allt > 0. Then

bo(t) =Tt — (b—a) < L(t) < lo(t) +p~t+ (b—a),
mo(t) —p~t—(b—a) <m(t) <mo(t) +mt+ (b—a).

Proof. According to Corollary 5.2, a change of the initial condition in (5.4)
by an amount less than or equal to b — a changes the ¢y and mg terms by no
more than b — a. Therefore, it suffices to prove

(5.5) €o(t) — "t < U(t) < Lo(t) +p~t, molt) — pt <m(t) <mo(t) +att
under the assumption y(0) = ¥(0).

We prove the first inequality in (5.5); the others are similar. For this
we define f(t) = ¢(0) + fgu(w(s)) ds + W(t). Then £ and m in (5.3) are
the minimal nondecreasing processes for which f + ¢ — m € [a,b]. We set
fo(t) = ¥ (0) + W(t), so that £y and mg appearing in (5.4) are the minimal
nondecreasing processes for which fo + ¢y — mg € [a,0]. If @ < 0, then
h £ fo — f is nondecreasing, and the first inequality in (5.5) follows from the
first inequality in (5.2). If @ > 0, then we also define fo(t) = ¢¥(0)+at+oW (¢),
and denote by ¢ and my the minimal nondecreasing processes for which
fa+la—mg € [a,b]. Now fo— f and fa — fo are both nondecreasing. The first
inequality in (5.2) implies ¢5 < ¢ and the second implies £y(t) < l2(t) + ft.
Combining these, we again obtain the first inequality in (5.5). O

Proposition 5.4. Let ¢ be given by (5.3). For each positive integer k,

k k
(5.6)  EF(4) =0 <Ezf i))k) . EmF(t) =0 <Ezf i))k) Vi > 0.

Proof. We consider first the case that [a,b] = [0,1], u(z) = 0 and o(z) =1
for all z € [0,1]. We let ¢(0) have the stationary distribution for this case
(which happens to be uniform), so that the distribution of ¢(n + 1) — £(n) is
independent of n =0,1,.... We prove by induction that

(5.7) Ef*(n) < n*EEF(1), n=1,2,....
For n =1, (5.7) holds. Assume (5.7) holds for some value of n > 1. Then
EF(n+1) = E[(¢(n)+ (En+1)—£(n)))"]

(’?) E[¢(n) (£(n + 1) — £(n)) "]

7

|
KMA‘

Il
=]

3
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< 3 (5) meont - (sl - )
< z (4)n @ e =
= Eek(1)~§:<f)ni1ki

=0
= (n+1)FEF(1).

Since ¢ is nondecreasing, we have the first equality in (5.6) with O((t+1)¥) =
(t + 1)*E¢*(1). We further have

(5.8) E[(¢(t) +1)"] = 20((t + 1)*) + 28 = O((t + 1)F).

If 4(0) is a nonrandom initial condition in [a, b], then Lemma 5.3 shows that
£(t) changes by no more than b — a, and (5.8) gives us (5.6) even in this case.
We now permit p to be a Lipschitz continuous function on [0,1], but
continue with the assumptions that [a,b] = [0,1] and o(z) = 1 for all = €
[0,1]. We obtain (5.6) for this case of doubly reflected Brownian motion with
bounded drift on [0, 1] from Lemma 5.3 and the case just considered.
For the case of general [a,b] with 0 < b —a < 1, general p and o, we

define the time change A(t) £ ﬁ fot o2 (¢(u)) du for all ¢ > 0, and its in-

verse T(s) £ A7(s), so that B(s) = ;- OT(S) o(¢(u)) dW (u) is a Brownian
motion. We note that o%t/(b—a)? < A(t) < 7%t/(b— a)?. We have

pls) £ T [U(T(s) —d]
- O ae) ta)
— w(0)+ >/0 TR atote) oy Y B

The process ¢ is a doubly reflected Brownian motion on [0,1] with drift
bounded below by x/? and above by 7i/o?. The processes ;2—¢(T(s)) and
ﬁm(T(s)) are the minimal nondecreasing processes that cause this reflec-

tion, and hence the case already considered implies

ﬁwk (T(s)) =O((s + 1)¥), C _la)k

Replacing s by A(t) and using the upper bound on A(t), we obtain (5.6). O

Em* (T(s)) = O((s + 1)¥).

Proposition 5.5. Let ¢ be given by (5.3). We assume 1(0) has the stationary
distribution of the solution to (5.3) so that the marginal distribution of 1(t)
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does not depend on t, nor do ki = 1EL(t) and ko £ TEm(t). Let f: [a,b] — R
be twice continuously differentiable. We have

(5.9) Ef(¢(t)) = kag(b) — k1g(a),

where

(5.10) g(x) 2 h(lx) /_x 2f£ﬁgzz)(y) dy, h(z) 2 exp {/_x i/;gﬁ dy} )

and T € [a,b]. Furthermore,
(5.11) k‘g — k‘l = E,u(’(ﬂ(t)), kgh(a) = k’lh(b)
Proof It is straightforward to verify that $02(z)g (x) + p(z)g(z) = f(z). Let
f 9(y) dy, and apply Itd’s formula to obtain
t t
G®) = GO)+ [ 1) dut [ gv@)o(ww)dva
+g(a)l(t) — g(b)m(t).
Taking expectations, we obtain (5.9). Equation (5.3) implies

Bt) = (0)+ / (t(w)) du + / o () AW (u) + £(t) — m(2),

and taking expectations We have the first part of (5.11). Finally, the function
H(z) = [Z h(y) dy satisfies 202 (z)H" (z) + p(z)H'(z) = 0, and applying Ito’s
formula to H, we obtain

)m
)-

¢ () mit
H(y(t)) = H(¥(0)) +/ H' (p(u))o((u)) dW (u) + A _ mib)
0 h(a) — h(b)
Taking expectations, we obtain the second part of (5.11). O
Corollary 5.6. Under the assumptions of Proposition 5.5, with u(x) =0 and
o(x) =1 for every x, we have EL(t) = Em(t) = m.

Proof. In this case, h(z) = 1 for every x and (5.11) implies E{(t) = Em(t).
Taking f(y) = 1 for every y and T = a, we obtain the desired result from
(5.9). O
Corollary 5.7. Let ¢ be given by (5.3), and assume that o(x) = 1 for all
x. Then for all t > 0, EL(t) = m + O —a)+ O(t) and Em(t) =
stay + O —a) +0(t).

Proof. If p(-) is identically zero and v(0) is a random variable having the sta-
tionary distribution of ¢(-) on [a, b], then Corollary 5.6 implies E¢(t) = m.
If 4(0) is a nonrandom initial condition in [a, b] and p(-) is not identically zero,
then Lemma 5.3 implies |E((¢) — ﬁ| <b—a+ (u*Vp~)t. The proof for
m(t) is the same. O
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Proposition 5.8. With ¢(-) as in (5.3) and with 0 < b—a < 1, let v, 11
and 2 be arbitrary positive constants. Then there exist constants 73, v4 and
vs depending only on Yo, 71, Y2, i, I, and & (and not depending on a, b, A
or t) such that for all A satisfying_

(5.12) 0 <A< A (a(b—a)),
we have EeMMO+12dm(t) < v o0t for gll ¢ > 0.
Proof. We first construct a positive convex solution u(x) to the Hamilton-

Jacobi-Bellman equation

(5.13) max {—’YQU(I) + ' (x) + %0’2UH(I) + 1} =0

with boundary conditions
(5.14) u'(a) + Au(a) =0, u'(b) — y2Au(b) = 0.

In (5.14), A is a positive number satisfying (5.12) with 5 and 74 to be chosen
later. We seek a solution of the form

(5.15) —you(z) + pu'(x) + %E%&”(x) +1 = 0, a<x<é,
(5.16) —you(z) + 1’ (z) + %E%&”(x) +1 = 0, 6<z<hb,
where a < § < b and

(5.17) u(d) = aznigbu(x) >0, u'(6)=0.

A convex function satisfying (5.15)—(5.17) will satisfy (5.13) (recall g > 0).
From (5.15) and (5.16), we see that u must be given by

(2) { %+A+e“’++A,e‘””— ifa <z <9,
u(z) =

(5.18) % + Bye®t 4+ B_e¥- if § <z <b,

where pr £ % (_Hi \/ 2+ 25270) and ¢+ £ 2 (—ﬁi VI + 25270).
Note that p4 and gy are strictly positive and p_ and ¢_ are strictly negative.
In order for u to satisfy (5.14) and the smooth pasting conditions u(d—) =

u(d+) and v/ (0—) = 0 = u/(6+), we must have

A
(5.19)  Ap(p+ + At + A_(p— + i A)e™” + % = 0,
0
A
(5200 By(gs — 12N)e"™ + B_(g— — 72M)el~ — ”7 = 0
0
(5.21) A eP+ 4+ A_eP~- — By e — B_e%- = 0,
(5.22) prALePt £ p_A_eP- = 0,
(523) qu.BJreéq+ -+ q,B,e‘Sq* =
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Define
(524) f(:L') = er(pi + ryl)\)e_(x_a)l’— —p_ (er + ,yl)\)e—(a;—a)p+’
(5.25) glz) = —qi(g- =729 4+ q_ (g — ya)elt7,
Then (5.19), (5.22) and (5.20), (5.23) imply
NAP- 5 Pt 5(ps—p_) NAPE sy
5.26)A, = e P+, A = T dlpe—r-) g, — e=0P-
0204+ = 2076 p- T 0f0)
Y2A- s 4+ 5(qr—q_) Y2Ad+ 5
527)By = ———¢e %%, B = 1t dler—a-)pg, — _ e 04—
( ) + ’709(5) g + 709(5)
In order for (5.21) to hold, § must satisfy
(5.28) f(0) 9(%)

s —po)  yelar —ao)

To obtain a solution to this equation, we define

(5.29) Y3 L M A ar

S CS—
2"}/1 2"}/2 ’

(711 +2)7”
and consider only A satisfying (5.12). For such A we have p_ + 1A < 0 and
g+ — A > 0so f'(z) <0 and ¢'(z) > 0 for a <z < b. Since
f@) o
N+ —p-) v2(q —q-)’
there must exist a unique § € (a,b) satisfying (5.28). We need also to show

that f(0) < 0 and g(§) < 0 so Ay and By are positive. This will establish
the convexity and positivity of u. Denote by

Y4

(5.30)

1 p—(p+ + 711} 1 g+ (g— —2A)
di=a+ lo , 02 =0b— lo
' pr b Cpip- oy 0+ —q-  a-(g+ —72A)
the unique solutions of f(d1) =0, g(d2) = 0. Since log(1 + z) < z for z > 0,
1 (p— p+)71A) A
0 = a+——log|(1l+ ——""—= < a————
' P+ —Dp- %7+(p— + )71>3\) p+(p- ;\L%A)
d— —44)72 72
5y = b— log (14— oy 22
? 9+ —q- q-(g+ — 72A) 4-(q+ — 72A)

But (5.12) and (5.29) imply p— + 11 A < 3p_ < 0 and g — 72X > 1¢4 > 0.
Therefore,

29\ 271\ 72 (1 +72)A
+ V2 i nA (b—a)— 7 (71 +72)
q-49+  P+P- Yo

by the fact that A < y4(b—a). Since d2 > 01, we have § € (d1,02) and f(d) <0
and g(4) < 0.

52751>b7a >0
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We now take the argument of u to be the process v of (5.3) and use (5.13)
and (5.14) to obtain
d[e*VOtJerM(t)Jer)\m(t)u(w(t))}
< e otEmM(B)+r2(t)m(t) [ —1dt+ J<¢(t))u/(¢(t)) dW(t)].

Integration yields

(5.31) 0 < e*VotJer/\f(t)JrW/\m(t)u(w(t))

t
< u(¢(0))_/ e~ YostmA(s)+y2Am(s) g
0

N /t eI ENM)F920m() ¢ (41 (5)) o (1)(5)) AWV (s).
0

We see that the It6 integral in (5.31) is bounded below and hence is a super-
martingale. Taking expectations in (5.31) and using the fact that 0 < u(J) <
u(p(t)), we obtain Een (M +2dm(t) < ety (1(0)) /u(s) for all t > 0. It re-
mains only to show that there is a constant 45 depending only on p+, q+, Yo,
1, and g such that

ulo) _

(5.32) () =

Vz € [a,b].

Being convex, the function w attains its maximum over [a, b] at either a or
u(9)

u(a)

b. Thus, to prove (5.32), it suffices to obtain a positive lower bound on

and 22 We compute

u(b)
u(8) vLo + A e+ 4 A_edP-
ula) % + A e+ + A_etw-

F(0) + v p_e~(0=a)p+ — 4y Ap, e (6-a)p-
NA [pi(e @09 —1) —p (e-O-op+ 1)

= 1+

Pip— e—(0—a)p— _ g—(6—a)py
= 1-21% .6 -a),
0
where
e - —1)—p_(e7*P+ —1
hl(x):p+( ) —p—( )'

e~ TP— — e~ xP+

We have lim, o hi(z) = 0 and lim, . h1(2) = p4. Hence v6 £ sup,-q h1()
is finite and depends only on p4+ and g4+. So long as 0 < A < ﬁ, we have
u(9)

> % We reduce 73 given by (5.29) if necessary so that v3 < =22

u(a) = 1%’




24 KAREL JANECEK AND STEVEN E. SHREVE

A similar computation shows that

u(9) T2
=1- ha(b—6),
u(b) 270 2( )
where
xrq— __ _ Tq+
() — B =D —a (e 1)

eTid+ — eTq—

We have lim, o ho(z) = 0 and lim, o ho(x) = —g—. Hence y7 £ sup,- h2(z)
is finite and depends only on p+ and g+. So long as 0 < A < 22— we have

G227’
ZEEB > 1. We reduce 73 if necessary so that vz < 521277. For X satisfying
(5.12), the bound (5.32) and hence the conclusion of the proposition holds

Proposition 5.9. With ¥(-) as in (5.3), let vo > 0, 1 <0, and v2 < 0 be
giwen. For a,b € R with b —a > 0 and sufficiently small and 0 < XA <1,
(5.33)

0 1 Ao
E/ e—’Yot+’Y1>\€(t)+’Y2km(t) dt < — |1+ =
0 R0 b=lv _ \g2 + O((b — a)?)

Y1VY2

Proof. We first construct a concave solution u(x) to the Hamilton-Jacobi-
Bellman equation (5.13) satisfying the boundary conditions (5.14). Instead of
(5.15)—(5.17), here we seek a concave solution of the form

1

(5.34) —you(z) + 1 (z) + §g2u”(x) +1 = 0, a<x<§,
1

5.35 —vou(z) + pu' (z) + =c®u(z)+1 = 0, §<z<b,
= 2

where a < 6 < b and

— 1(85) —
(5.36) u(d) = argjécbu(ac), u'(6) = 0.
A concave function satisfying (5.34)—(5.36) will satisfy (5.13).
From (5.34) and (5.35), we see that u must be given by (5.18), where now

P+ = (—ﬂi VI + 22270) and g+ £ 25 (—gi N 2g270>- Then p4
and g4 are strictly positive, p_ and q_ are strictly negative, and

27
(5.37) P+D- = 4+q- = T2

In order for u to satisfy (5.14) and the smooth pasting conditions u(d—) =
u(d+) and v/(6—) = v/ (d+) = 0, equations (5.19)—(5.23) must hold. These
imply (5.26), (5.27), where f and g are defined by (5.24) and (5.25). In order
for (5.21) to hold, § must satisfy (5.28). However, in contrast to the proof of
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Proposition 5.8, here we do not need to restrict A in order to obtain a solution
to this equation. Because v; and =5 are negative,
fllw) = e Pipip. [—(p— + A )eF PP MA}
e IPipp [—(p- + 1A +py +mA <0,
eV q [qf — A = (gt — 72/\)6“_“‘)(‘”_‘1*)}

e g g [q- — 72X — (g+ —2))] > 0.

Q\
—
8
~—
I IA

Y

Since (5.30) holds, there must exist a unique 0 € (a,b) satisfying (5.28).
Furthermore, f(a) = v1A(p+ —p—) and g(b) = v2A(¢+ —g—) are both negative,
so f(6) and g(9) are also negative. This shows that AL and By are negative,
so u is concave. We have solved (5.13), (5.14) for the case of positive v and
negative y1 and ~y,. Furthermore, our solution satisfies (5.34)—(5.36).

From (5.13) and (5.14), we obtain (5.31). Taking expectations and then
letting ¢ — oo in (5.31), we obtain

(5.38) E / ¢ IOHMND 1AM 4t < 4 (14(0)) < u(s).
0

To complete the proof, it remains only to show that the right-hand side of
(5.33) dominates u(d).

We begin by observing that if a < § < “TH’, then f(aTer) < f(0), whereas,
if 42t < § < b, then g(%t2) < g(8). According to (5.18), (5.26), and (5.27)

1 NP —p—)} 1 { Y2A(gy — q—)]
5.39 ud)=—|1-—— | =— |1 - ————=].
G o) = [1- 220 % 40)
Because —% is negative, we increase this term by replacing f(d) by

a negative quantity with larger absolute value, i.e, by a quantity smaller than
f(8). If a < 6 < “E2 we replace f(8) by f(%2) and obtain

(5.40) u(®) < - l1 - M] .

7 f(e)

If 22 < § < b, we replace g(6) by g(2E2) in the last expression in (5.39) and
instead obtain

1 2)\ —q—
(5.41) u(d) < l1 - %%b)q)] .
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According to (5.24), (5.37), and Taylor’s theorem,

(%)

b
g <a+ ) = —qi(qe —12N)er PV g (gy — A )ez (bW

(%A - (b_g#) (¢+ —q-)+O((b—a)?).

Substitution of these formulas into (5.40) and (5.41) shows that «(d) is dom-
inated by 1/vp times the maximum of

1+ Z nA and
( —;2)’)’0 — A+ O(b _ a)Q)

pi(p— +1Ne 20702 —p (py 4y N)e 2P

= <’Yl)\ - W) (p+ —p-) +O((b—a)?),

72

1+
(b—g(é)’m — A+ O(b _ a)2)

This is the right-hand side of (5.33), provided b — a is sufficiently small. O

5.2. Proof of Theorem 4.4. Solving (4.9) and (4.14), we see that
(5.42)

X, = exp{/ot (r—c—l—aé’g(u) - %ﬁegw)) du

[ ot a0+ mato) .
(5.43)

X, (t) = exp{/ot <rc+a92(u) - %0293(u)>du+/0t 092(u)dW(u)}.

We consider first the case p # 1, for which we have

(5.44)
X - X3
_ Xllfp(t) [1 _ efA(lfp)(fz(t)erﬂt))}

—  Zy(B)C(t) exp {(1 — ) /Ot (r — e+ af(u) — %pa%’%(u)) du} ,

where

N
[\
—~
~
~

(1>

e {(1= o [ oatu) W) - 30— [ ) du}.

1 — e M1=p)(2()+ma (1)

I
—
~
~

(1>
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The right-hand side of (5.44) has the same sign as {(t), which is positive if
0 < p < 1 and negative if p > 1. Regardless of whether 0 < p <1 or p > 1,

Up(cXa(t)) = S X1 7P(t) > S X3 P(t) = Up(cXa(t)), which implies

p

(5.45) Uy (c,c(-),wl,wg) — Uy (c,c(-),wl,wg) > 0.

We introduce a Brownian motion W under a probability measure P and

consider an auxiliary process 6(-) satisfying 6(0) = 65(0) and
(5.46) dO(t) = 6(t)(—r+c(0(t) — ab(t) + po262(t)) dt — 062 (t) dW (t)
F(14 M1 —wy)) de(t) — (1 = 201 + ws)) din(t),

where ¢(-) and m(-) are the minimal nondecreasing processes that keep 6(-)

in the interval (B(1 — w; ), 8(1 + wy)). Following (5.42)-(5.43) we introduce
Xo(t) = exp{/ot (7’ —c+af(u) — 50252@)) du
[ ot - a@w + o)
i) = eXp{ /0 t (r 4 ab(u) — 50252(@) du + /0 ta@(u)dmu)} .

Then just as in (5.44), we have
X - X )

= Zo(t)C(t)exp {(1 —p) /Ot <7" —c+af(u) — %p02§2(u)) du} ,

where
! t
Z - - 0, W _l _ 2 _2 ~9
@@-_mﬁapwéwww@ WMUA@MM}
() = 1 — e~ 2= (U +m(t))

Because 03(-) is bounded, Z> is a martingale. Fix T' > 0 and define a new

T
probability measure PZ by % = Z5(T). Under P¥, the process

vﬂ@ﬁwmupwf%wm,oggﬂ
0

is a Brownian motion. We may rewrite (4.8) as
(5.47)
do2(t) = O2(t)(—r+c(02(t)) — aba(t) + po63(t)) dt — ob3(t) dWy (t)
+(1+ A1 —wy)) dla(t) — (1 — A0(1 + wo))dma(2).
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Comparing (5.47) and (5.46), we conclude that the four-dimensional process
(X1(t), Xa(t),¢(t), 02(t); 0 < t <T') has the same law under P1" as the process
(X1(t), Xa(t),C(1),0(t);0 < t < T) under P.

The term exp{(1 — fo r—c+ abs(u) — $po?63(u)du} in (5.44) is nearly
deterministic for Small wy and wy. To exploit this fact, we define

At) £ (1-p) / t (a<92(u> )~ Lpo (B3 ) - 92)) du

and the analogue
A2 (1— )/O <a(§(u)§) %p02(§2(u)§2)> du.

We consider only wy; > 0, ws > 0 such that w L w +ws < 1, and for such
w1, Wa, there exists a constant k£ independent of wy, wy such that

(5.48) |A@)] < kwt, |A)] < kuwt.
Let ¢ > 0 be given and choose T > t. Using (1.5) and (4.4) we may write
E [ Zs (t)g(t)eW—pA(p)7<1fp>c>t+A<t>}

—  (BPAD-(-p)tgT {(j(t)eA(t)}

(5.49)EX| P(t) — EX, P(t)

—  B-PAP)-(-p)O)tf {E(t)e&t)} .
According to Taylor’s theorem,
~ ~ - 1 ~ ~
(5:50)  C(t) = A= p)(E(t) + M(t) — 5321 = p)? ({1) + (1) e,

where £(t) is between 0 and —A(1 — p)(€(t) + m(t)). We introduce the time
change A(t ft 026 (u)du, the inverse time change T(s) £ A~1(s), and the

IP’—Browman motion B(s) £ —fOT(S 002 (u)dW (u). Defining v(s) £ 6(T(s)),
we rewrite (5.46) as

B0(5) = s (= e((s) = () + po®UR(s))ds + AB(s) + £(5) = (),

where ((s) £ (1+ )\5(1 - wl))EN(T(s)) and m(s) £ (1= M(1 +wg))m(T(s)).
Corollary 5.7 implies Ef(s) = = (w) + O(s), and since

o8 (L —wi)'t) _ o) < (026" (1 + ws) )
L+ A1 —w) — T 1N —wy)
we see that
2—3
(5.51) E[((t)] = UQZt +0 (Mw™') +0(1) + O(1).
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The same applies to m(t), which leads to
~ o~ . 025315 1
(5.52) E[((t) + m(t)] = " + 0 (Mw™") +0(1) + O(1).

Let € be a fixed positive constant and assume w; and wq are sufficiently
small so that kw < e. Then

/O h e | (T(0) + (1) (B 1) s
< /0‘” B[00+ m(n) (¢ - 1)) @t

=3
[e%e) 2
p—ettkuwt 7515} o0t
—e

+0 (Mw™) +0(1) +O(t) | dt

( o) +00) (i )

1 1
- Z)on
+ (5 — kw 5) o)
= 0O(1).
It follows that (recall (4.1))

(5.53)
i / " e GAD D (1) 1 (1)) A it
0

Il
S~

= ]E/ e*(pA(p)Jr(l*p)C)t(Z(t) —|—ﬁ1(t)) dt
0

t ~
L / ¢~ PADFA-PIONF(1) 1 (1)) (AD — 1) dt
0

[e%e] 2_3

= / e~ (PAP)I+(A=p)e)t (U—at +0 (Mw™') +0(1) + O(t)) dt + O(1)

0 w
o7 0\ 0)

= wt 1).

(pA(p) + (1 = p)e)*w ol )+ 0w

Returning to (5.49) and using (5.50) and (5.53), we compute

uy (e, e(r), wr,wa) — ua(e, (), wi, ws)

ct-r

= / e PHEX] P(t) — EX, P(t)) dt
1-pJo

cl—p e} - _
_ / e~ PABIHO-PONE [F()eA0] gt
1-pJo
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~ o ~ x
= Acl_”E/ e—(pA(p)+(1—p)C)t(g(t) + ﬁ@(t))eA(t) dt
0

7% X1 — p)c PR / " AP0 (7(1) 4 (1)) 2 O+ED gy
0

% A 002w ) + 00\
@A@%+G—pky'5*i( w)+O0%

+%)\2 (p—1)c'PE / h e~ PAMIFA=PION (1) 4 (1)) eSO HAM g
0

If p > 1, the last term is nonnegative, and we have
Uy (c, c(-),wl,wg) — Uy (c, c(-),wl,wg) > Ch w ™t + O\

for some positive constant C;. Combining this with (5.45), we obtain (4.16).
If p > 1 and A/w = o(1), then the hypotheses of Proposition 5.8 are satisfied
by the process 6(-) of (5.46) with b — a = fw, 71 = 72 = 2(p — 1), and o > 0
chosen to satisfy —(pA(p)+ (1 —p)c)+kw+7o < 0 (w sufficiently small). This
proposition, together with Proposition 5.4 and Holder’s inequality, implies

B[ (@) + (1) e OrA0] < R [(T(1) + m(e) ")

ohwt (E[(Z(t) +m(t))*] ) 1/2 (IE [625“)} ) 1/2

= MO ((t+1)%w?).

IN

If follows that

(5.54) AE / e~ (PADHA=P (7(1) 4+ mi(t)) *eSOHAD gt = O(\2w2),
0

and (4.17) is proved for the case p > 1.
If 0 < p <1, then e5®) < 1, so

B {(Z(t) i m(t))zes(tHZ(t)} < ekwto((t + 1)2w_2).

For w sufficiently small so that —(pA(p) + (1 — p)c) + kw < 0, we again have
(5.54), which implies (4.17). The assumption A\/w = o(1) is not needed in the
proof of (4.17) in the case 0 < p < 1.

To obtain (4.16) when 0 < p < 1, we choose v > pA(p) + (1 — p)c, set

p—1 p—1

—2
=, =, = 9 1-— 2,
000w T T Mg wy) £ 0w

Al
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p—1
14+20(1—w1)
5.9 implies for sufficiently small w that

and note that v1 Vv, = . Recalling (5.46), we see that Proposition

B / om0t A G- DI M- DM g

0

o1, A(p —1)028" (1 — w;)?

0 Rw(T4+ AL —wi)) + A(L— p)7002§4(1 —w1)* + O(w?)
1 A1 - p)02§4(1 —wy)?

IN

7 2max {fygw(l +A0(1 — w1)) + O(w?), A(1 — p)fyog2§4(1 - w1)4}

—4

1 1 1-— 200 1 1

< — — —min %,— = — —min {C{ w ™!, C}
Y o2 275w Y0 Y0

for positive constants €} and Cj. Because 0 < p < 1, we have ((¢) > 0 and
(5.48), (5.49) imply for w > 0 sufficiently small that EX| *(t) — EX, *(t) >
e(P=10)tE((t). Therefore,

(5.55) ui (e, e(s), wr, wa) —ua(e, (), wy, ws)
_od /OO e Pt (EXI_”(t) - EXl_p(t)> dt
1-pJo ' ?
cl-p ot ——
> / e MR (t) dt
1—=pJo
ctp

_ B {/OO et (1 — e,\(p_1)(t7(t)+r71(t))) dt]
1-p 0

Z min{Cl)\wfl, Cg}
for positive constants C; and Cs. This combined with (5.45) yields (4.16).
If p=1, then P = P. Let ¢t > 0 be given and choose T > t. We observe
from (5.42), (5.43), (5.51), and the counterpart of (5.51) for m(t) that
Elog X1(t) —Elog Xa(t) = AE[l2(t) + ma(t)]
= AE] [l2(t) + ma(t)]
= AE[((t) + m(t)]

)\02§3t 9, _1
= " + O tw™) + O(A) + O(\),

which is obviously nonnegative. Multiplying by e %! and integrating from
t =0 to t = 0o, we obtain (4.17) once we recall that A(1) = 3. Indeed, we
obtain (4.17) with the term O(A?w™!) (a special case of O(A\?w™2) in place
of the term O(A\2w~2), and this version of (4.17) yields (4.16).
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5.3. Proof of Theorem 4.5. We introduce a Brownian motion W under a
probability measure P and consider the auxiliary process 9( ) satisfying

~ ~ ~

d(t) = 0(t)(—r+cB(t) — af(t) + o26%(t) — (1 — p)o262(1)) dt
(5.56) —o02(t) W (t) + dl(t) — din(t),

where Z() and m(-) are the minimal nondecreasing processes that keep 5() in
the interval [0(1 — wy), 5(1 + ws)]. We assume the initial condition 5(0) has
the stationary distribution of the solution to (5.56), so the distribution of 6 (t)
under P does not depend on t. This stationary distribution exists because the
drift term in (5.56) is bounded and the diffusion terms does not vanish, so
the process is recurrent, and hence the conditions of Theorem 3.3 of [13] are
satisfied.

Define the martingale Z(t) £ exp{(1 — p)s0W (t) — 3(1 — p)202§2t}. For
fixed T' > 0, define the probability measure P by % = Z(T), under which
WT(t) 2 W(t) — (1 —p)oft, 0 <t < T, is a Brownian motion and (4.8)
becomes

(5.57)dOa(t) = 62(t)( — 17+ c(62(t) — aba(t) + 063(t)
—(1 = p)o202(t)0) dt — o02(t) AW (t) + de(t) — dm(t),

where £(t) = (1 + A0(1 — wy))la(t), m(t) = (1 — A(1 + w2))ma(t). We
assume 65(0) has the stationary distribution of the solution of (5.56), so that
(02(t); 0 <t < T) has the same law under B as the process (a(t), 0<t<T)
under P. In particular,

(5.58) E [(02(t) — 0% =E[(0(t) - 0)?], 0<t<T.

‘We show that

(559)  E[6(t) —0)%] = 27 (w? — wiws +wd) + O(w?) + O(u?).

To establish (5.59) we appeal to Proposition 5.5 with a = (1 — w;), b =
0(1+ws), o(z) = —ox? and pu(z) = z(—r+c(z) — ax+ 0?2 — (1 —p)oz?6).
Recall that we consider only functions ¢(-) that are bounded uniformly in A
and vary over [0(1 —wy),0(1 + ws)] by no more than O(\) (see Remark 4.2).
Therefore, for y € [0(1 —w1),0(1 +ws)], we have u(y) = u(0) + O(X) + O(w)
and o?(y) = 020" + O(w). With T = @ in Proposition 5.5, for (1 — w;) <
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z < 5(1 + wz), we have

/: 209) g /9 {2M(_§4)+0(>\)+O(w) dy

o? (y) o260

_ 2“_54)(1 ~9) + 0(w) + O(w?),

hiz) = 1+ 24(0) (x — 8) + O(\w) + O(w?).

Equations (5.11) imply ke — k1 = u(6) + O(\) + O(w) and

33

ks <1 _ 20000 o) + O(w2)) =k (1 + 2“(3);”2 +O00w) + O(w2)>,

—=3

020 020

which yield

ki <% +O0(w) + O(wQ)) = u(8) + O + Ow),

and this implies

3 —3
20

2w

020

o + 00w+ 0(1).

k1= + 0w ) +0(1), ko=

Following (5.10) with f(y) = (y — 0)?, we compute

1 [T2(y—0)*h(y)
g(z) = )/5 dy

1 *2(y —0)*(1+ O(w))
(w) /9 o28" + O(w) W

is (5.59).
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We now consider the case p # 1. From (5.43), (4.3) and (1.5), we have
X177
ZOEX, (1)

= expi(l—p) a(ﬁg(u)79)75029§(u)+§p0252 du
{a-n ] ( 508500 + 597 )

+(1 - p)/o 0'92(&) dW(U) — (]_ — p)o’?W(t) + %(1 p)20_2§2t}

e { (1= [ ' (0ow) — ) W (1)
51— p)o” /Ot (62(u) - 9)° du} .

For arbitrary ¢ > 0, we choose T' > ¢ and have

(5.60) EX,P(t) = EX; P(t) B exp {(1 - p)a/ot (02(u) — 0) AW (u)

Because
M(t)

2 exp {(1 - p)a/Ot(é(u) —0) dW (u) — %(1 - p)202/0t(A(u) -9’ du}
is a P-martingale, for 0 < p < 1,
(5.61)Eexp {(1 —p)o /Ot (0(w) — 0) dW (u) — %(1 —p)o? /Ot (6(u) — 8)? du}
— & [awexn{-5p1-p)0? ()~ 9 ol

< EM(t)
= 1,

and (5.60) implies EX; P(t) < EX, P(t). If p > 1, the inequality in (5.61)
is reversed and EX| ?(t) > EX, ?(t). Regardless of whether 0 < p < 1 or

p > 1, BU,(cX1(t)) = S EX{ P(t) < S—EX) "(t) = EU,(cXo(t)). The
inequality in (4.18) follows from (4.15) and (4.5).
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It remains to compute the E expectation on the right-hand side of (5.60).
To simplify the notation, we set

t o 1 t B
16)2 (1=p)o [ @) -DaW ). RO) 2 -50-po* [ (@ -07du
0 0

so that the expectation we need to compute is

(5.62) E[exp (I(t) + R(t))] = E [1 +I(t) + R(t) + %(I(t) + R(t))Q]

We first bound the remainder

oo

EY (1) +

n=3

(5.63)

Z "+ R

—2
Because (I)(t) < ksw?t, where k3 = (1 — p)?020 , there is a Brownian mo-
tion B such that maxg<s<t ‘I ‘ < MaxXg<s<kgw?t ‘B(s)| Doob’s maximal
martingale inequality implies that for integers n > 2,

E B(s)|"| < " T B k2|
E [0g2%§w2t |B(s)| ] O E “B(l%w t)‘ }
n
n 5o 2n D n
- (25) Heer Bor).
It can be verified by integration by parts and induction that for n > 1,
S B n 2n)! ~T ~ . 2
E [\B(l)f ] ENCOLE [\B(1)|2 “} _ \ﬁ%!
2nn! T

Because (2"n!)? < (2n + 1)!,

00 2n+1 2n+1 1 )
: \EZ (22 +1)! <2n2+1> RN sl
n n

< \/%Z (kzgw)n

= O(w? t2) O(w?)
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On the other hand,

o) o) 2n
22n 2n 22n 2n (2n)!
5.65 E[|1(t = kfw? " ——
( )7;2(271)! 7] 7;2(271)! an—1) 2" o
o0 n
1 /32,
n=2
_ O(w4t2)eo(“’2)t.
Finally,

(5.66) Z 2—,IAEHR(t)|"} < Z l'(|1 —p|02§2w2t)" — O(wS3)e0 ™),

Combining (5.64)-(5.66), we have obtained the bound O(w?t3/2 + w*t? +
w6t3)eo(“’2)t on the expression in (5.63).
For the other terms in (5.62), we use (5.59) to compute

EI(t) = 0,
E L 2 ‘& uw) —0)?du
ER() = —50-p)o /O B(0x(u) — 0)2d

= 7%(1 —p)o?0 (W] — wiws + w3t + OAw?t) + O(w?t),
EI%(t) = (1fp)202/@(92(u)75)2du

0

= %(1 - p)202§2(wf — wiwy + w3)t + OAw?t) + O(w?t),

ER*(t) = Ow*t?),
E[I)R®)]| < EY2[20]EV2[RX(1)] = O(w’t?).

From (5.60), (5.62) and the above estimates, we see that

(5.67)

1 _
EX,;P(t) = EX; (1) (1 — gl p)o?0 (w —wiws +wdt + 0wt
+ O(w’t) + O(w?t? + w't? + w6t3)eo(“’2)t> .

Recall from (4.3), (4.4) that e PEX, P (t)=e~ PAP+(1-P))t  For sufficiently
small w, the O(w?) term in (5.67) satisfies —pA(p) — (1 — p)c + O(w?) < 0
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(we are still working under the condition (4.1)), and this implies (4.18):

uy (e, e(), wy, wa)

1-p o]
= fip /O e PEXIP (L) dt
1-p o0
- f,p /0 e PEX}TP(t) dt
L o972, o oy 1-p [ - (A +(1-p)e)t 2 3
fapaﬁ (Wi —wywe+w3)c P [ te” PAP Pt + O(Aw?) + O(w?)
0
20% (w2 — 2)ol-p .
) = POV T mwnwa HwR)e TR 2y 4 o).

2
6(pA(p) + (1 —p)c)
If p=1, then P’ =P and (4.2), (5.43), the fact that a = 020 (see (1.5)),
and (5.58), (5.59) imply

A~ e~

Elog Xo(t)—Elog X1 (t) = L 2/0 E[(6(u) — 6)?] du

\
|
R

1 5= .
= 60292(74)% — wiwy + w3)t + O\w?t) + O(w?t).

Multiplying by e and integrating out ¢, we obtain (4.18) (recall A(1) = f3).

5.4. Optimizing over the ¢, w; and ws. Recall the positive numbers wq ()
and wz(A) of (4.23) that minimize gy and satisfy (4.25).

Lemma 5.10. Let A\g be a positive constant, and let x1(-) and x2(-) be map-
pings from (0, Ao) into (0,00] such that limyjox1(A) = limyjoz2(A) = 0.
Assume that for some q € (2/3,1], we have

(5.68) uz(c, c(+), wi(N), w2 (N)) < uz(c,c(-), z1(A), z2(N)) + O(A)

then

(5.69) z:(N) = OAY®), 2\ = wi(\) + O(\/?), i=1,2,

and

(5.70)  wa(c, c(+), wi(A), w2 (X)) = uz(c, (), 21 (A), z2(N)) + O(NV/ZH1/3),

In this lemma, uz is computed under the assumption that 02(-) has the sta-

tionary distribution of the processes é\() given by (5.56). The O(-) terms in
(5.68)—(5.70) are uniform over the number ¢ and the function c(-) within the

class described by Remark 4.2.
Proof. Define x(\) £ 21(\) + x2()\). We first show that

(5.71) lim inf £V

oo A\/3 > 0.
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If this were not the case, then we could choose a sequence A, | 0 and positive
numbers k,, — oo such that

(5.72) A3 > Epa(\,)  Wn.
From (4.25), (5.68), (4.18), (4.16), and (5.72) we would have
Ar2g

1/3
(pA(p) + (1 —p)e)® <9p>

2/3 [uo(c — ug(c e(), wl()\n),w2()\n))} +O()\k/3)

> A28 [ o(c) — ug(c e(), xl()\n),xg()\n))} + O(N~2/3)
> )\n2/3 [ul(c,c(-),xl()\n),xg()\n)) - ug(c, C('),.ﬁl()\n),.fg()\n))}
+O(NL2/3)
min { Cidil” ,Co,, 2/3} +O(NI72/3)
- (M)’ "
> min {Clkzn,Cg)\ 2/3} +ONT3),

The last term has limit infinity as n — oco. This contradiction implies (5.71).
We next show that

) z(A)
(5.73) hrr)\llsoup A

If this were not the case, then we could choose a sequence A,, | 0 and positive
numbers K,, — oo such that

(5.74) z(\n) > K A3 .
From (4.25), (5.68), (4.16), and (4.18) we would have

A-rg2g*? (9p) 1/3
(pA(p) + (1 - p)e)* \32

)
= A2 [uo(
(
(

< 00.

)

) 2(An))] + O( Aq 2/3
)\;2/3 [uo c) —up (c,c(~ ,:El()\n),:ng()\n))] + 0O\ 2/3)

A rpo®B i) = w1 (On)ea(An) + #3(0)
6(pA(p) + (1 - p)e)’ N
FONE) + 0N/ 22 (An)) + O (A2 (An)).

However, (5.71) implies that for some constant C,
\L/3
z(An)

1
DN
S~
w
<
o
2)
\
<
V)
—
o
A
S~— :—/ S~—
8
-
—
>
S
=

2
2

A2 (N,) = 22 (\,) < Cx3(\,) < ONP323(\,) = ONT7/3),
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Furthermore,

B —m () +730) = 1220 + 5 (1) — 1) > 1220

4
Therefore,

lep02§8/3 (9_p) 1/3
(PA(p) + (1 - p)e)? \32

A Ppa?g” z2(\ .
7Y 0atn) | S + 00,
A2/3

6(pA(p) + (1 = p)c)
This last expression has limit infinity as n — oo because of (5.74), and this
contradiction implies (5.73).

From (5.71), we see that A/z(\) = o(1). From (5.71) and (5.73) we conclude
that every cluster point of A='/32(\) is in (0,00) and a cluster point exists.
Let us call such a cluster point L, and passing to a subsequence if necessary,

we assume without loss of generality that L; = lim,_oo An Y 3:E1()\n) and
Ly £ lim, o )\;1/3:@()\”) exist and, of course, L = L1 + Ly. Using the

notation (4.20), the equality in (4.19) implies
U‘O(C) — U2 (Ca C('), Zl(An)a ZQ(AH))

A2
= 1 )\n , L An
T T P O3
1-P525° -
- LT3 () A B (M) AZ/3.
@mm+u—md”< ) )

Dividing this by A?/? and taking the limit as n — oo, we now use (5.68) and
(4.25), to obtain

1
4

(5.75)

1-p 272 up(c) —ual(e, c(), x1 T2
(A(C) ?19 ))2 g1(L1,Ly) = lim (©) 2(’ ()\2;3 O (An))
pA(p) + (1 —p)c e n

o 90— () (). wa(A)
~  n—oo Ai/3

rg2g? <9p>1/3

_ S (L _
(PA(p) + (1 — p)c)” \32

But the minimal value of g1(L1,La) over L1 > 0 and L > 0 such that

L1+ Ly =L € (0,00), uniquely attained by

(5.76) Li=1L,= (3—5>

2p

1/3
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. 72/3 ;95\1/3 . . . .
(cf. (4.23)), is 67" (38) "°. We conclude that the inequality in (5.75) is
equality and (5.76) holds. Since this is the case for every cluster point of
)\;1/3301()\,1) and )\;1/3302 (An), then even without passing to a subsequence,
we must have

. 1/3
G e s —y) T -
This provides the first equality in (5.69).

We show that

. 1
(5.78) hrrAlisoup SV [lz1(A) — wi(N)] + |22 (A) — w2(N)|] < o0,

which is just a restatement of the second equality in (5.69). If this were not the
case, there would exist a sequence \,, | 0 and a sequence of positive numbers
K,, — oo such that

(5.79) |21 (M) — wi(An)| + [22(An) — w2 (An)| = K, Y% Yn,
We observe from (4.22) that

1 -1
V29 (w1, ws) Zg { 12 ] ,

1
T2
where inequality of matrices is in the sense of a positive semidefinite difference.
The operator norm of V2g, thus satisfies

2 1 2
(5.80)  [[V2ga(wr,ws)|? > % max [ml,xg][ L = } {””1 ] =2

a:era:z:l
For 0 <s<1andi=1,2,set y;(s, \n) = sx;(An) + (1 — s)w;(Ay). Then

d2
PRI (y1(s, An), y2(s, An))

r1(An) — wi(An)
l‘g()\n) — U}Q()\n)

> B (1 () —wn0)” + (@200) — wn(A)):

tr

V2gxn (y1(57)‘n)5y2(8’)‘n)) |: il()\ng _wl(in) :|

Using the the fact that Vg, (w1(An), w2(Ay)) = 0, we integrate from s = 0
to s =t to obtain

o (A28 00) = B [(310v) — wr (W) + (2200) — w2 (A) Tt
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A second integration, this time from ¢ = 0 to ¢ = 1, the equivalence of all
norms in R?, and (5.79) yield

(5.81)

9r. (21 (M), 22(An))
> a0 ) wa () + 2 [ () - w1<An>>2 + (22(0) —w2(An)) ]
> g, (w1 () w2(0)) + K (|22 (0n) — w01 ()] + [22000) — w2(0)])°
> gkn( 1<An>7w2<An>) + K K?A%

for some constant K’ > 0. From (5.81), (4.19), the fact that 2(\,) = O(\/3),
(5.68), (4.25) and (4.24), we have

A-ry28° 9, (w1 (An), w2 (X)) KK N2/
(PAW) + (1= p)e)” A o
cl_”02§3 9 (Z1(>\n),$2(>\n))
(pA(p) + (1~ p)e)” a
= )\;2/3 [uo(c) — Uy (c, c(+), z1(Mn), :Eg()xn))] + O()\}I/3)
< )\;2/3 [uo(c) — UQ(C,C( ), wy (A ),wg(An))] + O(A%*Q/B)
. 1-rs2p° Ir, (w1 (M), w2 (An)) L)

5 -
(PA(p) + (1 = p)e) x?
Canceling the term involving gy, on both sides of this equality, we obtain
K'KINT2 < ONT2P),

which is impossible because K’'K?2 — oo. This shows that the second equality
n (5.69) must hold.
Because w1 () is a positive constant times A/3 the second inequality in
(5.69) can be rewritten as z;(\) = w;(\)(1 + O(X21/3)) and hence
gx (931()\), 5E2(>\))
0 .
= — = (1+00\/*/3
w0+ o)
5 (@) — wr(Vwa(A) +w3(N) (1+0(27/%)
= gr(wi(\), w2 (N)) + ONY/2HL/3),

Equation (5.70) follows from Corollary 4.6. O

Remark 5.11. We actually expect us(c, ca(+), w1, ws2) to be maximized by
(:cl()\), :EQ()\)) satisfying a slightly stronger version of (5.69), namely, z1(\) =
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w1 (\) +O(N?/3) and x2(N\) = wa(A) + O(A?/3), in which case we could replace
(5.70) by us(c, c1(-), w1 (N), w2 (X)) = uz(c, ca(-), 1 (A), z2(N)) +O(N).
We may now optimize uz(c, c(+), w, ws) over (w1, ws) € (0,00)2.
Corollary 5.12. Recall the function ¢ of Assumption 4.1. We have
sup uQ(c, c(-),wl,wg)

w1 >0,wo >0
w1 +w2<e(N)

(5.82) = wug(c) —

_p _278/3 1/3
A <9—p> N3 0N/,
(pA(p) + (1 = p)e)

32
Here ug is computed under the assumption that 03(-) has the stationary dis-

~

tribution of the process 0(-) given by (5.56).
Proof. Because O()) is a special case of O(\%/%), (4.25) implies
sup  uz(c,c(), wi, wa)

w1 >0,wz>0
w1 +w2<p(N)

Z ’U,Q(C, C(')7w1()‘)7w2()\))
cl_pa2§8/3 9p Y3
(2 \2/3 L O(\3/6).
(pA(p) + (1= p)e) ( ) o

32
The reverse inequality follows from Lemma 5.10 with ¢ = 1. U

Finally, we optimize over c. When p =1, A(p) + (1 —p)e = A(1) = § and
the maximal value in (5.82), attained by ¢ = A(1) = (3, is (see (4.5) and (4.6))

0258/3 9\*
(5.83) uo(A(1)) — - <3_2) A3 1 O(N/0)
2p8/3 1/3
= (1) — % (3—92) N3 4 O(N5/9),

For p # 1, we need the following lemma. Because A(1) = (3, (5.83) is a special
case of (5.84) below.

Lemma 5.13. Choose a € (0,A(p)) and b € (A(p),) if 0 < p < 1 or
be (A(p), 22) if p > 1. Then

(5.84) sup sup Uz (c, e(+),wr, wg)
c€la,b] w1>0.w3>0
w1 +w2<e(N)

_, 978/3
ct=Pg2g

- cil[fb] [UO(C) - (pA(p) + (1 —p)e)®
0258/3 (9])

1/3
o e 2/3 5/6
) 32) A3 L O(N/6),

9 1/3
<3—2) 223 1 o(N/9)

= ’Uo(].)
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Proof. Because of (5.83), we only need to consider the case p # 1. To simplify

notation, we denote n = 28" (9p/32)3 and recall the definition (4.5) of ug
to write

S o 2. AR PR € Bt )L L 0
(5:85) f(e) = uole) (pA(p) + (1 —p)c)2 = o) |1 pA(p) + (1 —p)e
We will show that
2/3
(5.86) c?[fb] fle) =wvo(1) — Aqi\rip(p) + O(N).

Because ¢ in the maximization in (5.84) is restricted to [a, b], the O(A*/¢) term
in (5.84) is bounded by A%/ times a constant independent of ¢, the left-hand
side of (5.84) is equal to (sup.ejq, f(c)) + O(X%/%), and (5.84) will follow.
We compute
7 -~ (Ap) ) +
c)= s |p(A(p) — ¢
(pA(p) + (1 = p)c)
For sufficiently small A > 0, f’(a) > 0. The expression %
creasing in ¢. If 0 < p < 1, this expression is bounded and its derivative with
respect to ¢ is also bounded. Therefore, lim.—, o f'(¢) = —oo and thus f’ has
a zero in [a,00). For sufficiently small A, the expression in square brackets is
strictly decreasing and hence f’ cannot have more than one zero. If p > 1,
(tp)e—pAlp) _ 00, SO limCT pam f'(c) = —oo. In this case, the
p—1

(1= p)nA*3((1 + p)c — pA(p))
pA(p) + (1 —p)c

is in-

pA(p)+(1—p)c

term in square brackets is strictly decreasing, so again f’ has exactly one zero

in [a,00). In both cases, the zero of f’ corresponds to a maximum value of f.
For ¢ € [a, b],

then hch pp{(]i)

cP [p(A(p) — c) + O()\2/3)]
2
(PA(p) + (1 = p)c)

where the O(A?/3) term is bounded by a constant independent of ¢ € [a, b]
times A\2/3. For ¢ > 0, f'(A(p) — eA'/?) is positive and f'(A(p) + eA/?) is
negative for sufficiently small A > 0. Therefore, the zero of f’ is of the form
A(p) + O(X'/?). For sufficiently small X\ > 0, this point is in [a, b].

Because ug(A(p)) = 0, we can use (5.85) and a Taylor series expansion of
ug around A(p) to obtain

sup f(c) = f(A(p)+ON?))

c€la,b]

f'(e) =

B 1/2 (1—pyr*/3
= wo(Alp) + OW) (1~ 2 ma ey

2/3
— up(A(p)) - Aqi\rip(p) +O(N).
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Equation (5.86) follows from (4.6). O

5.5. Proof of Theorem 4.8: According to Corollary 3.8, for (4.27) it suffices
to prove

3 525/ op\ 1/ " »

(5.87) /z; v(1,0) dv(6) = vo(1) — A0 (@) A2+ O(N°)

for a distribution v of our choosing. We begin by choosing wj()) and w3(\)
so that zf(\) = 6(1 — wi(N\)) and z5(\) = 6(1 + wi(N)), where z7(\) and
z5(\) are described in Section 3.1 and Assumption 4.1. We let 6*(0) have the
distribution described in Theorem 4.5, and in place of ¢(-) in (4.8) we use ¢*(-),
the optimal consumption process given by (3.11), which satisfies (3.12). We
choose positive numbers ¢; (A) and c2(\) so that for some positive constant k,

(5.88) *(6) — kA < c1(N) < ¢ (6) < a(M) < *(8) + kA VO € [51(N), 5 (V)]
As indicated by the notation, ¢1(\) and cz(A\) depend on A but &k does not.
Despite their dependence on A, ¢1(\) and c2(A) are bounded above and away
from zero and pA(p) + (1 — p)c;(A) is bounded away from zero, uniformly in
A; see Remark 3.7. Therefore, we can choose a and b satisfying the conditions
in Lemma 5.13 so that a < ¢1(A) < ca(A) < b for all A sufficiently small. A
Taylor expansion of the function f(x) = 2'~P around z = 1 shows that

(5.89) (Z?E;;) s 1+ f'(g)w =1+0(N),

where we have used the fact that ¢;()\) is bounded away from zero and also
used (5.88).

We continue under the assumption p # 1. We use ¢;1(\) in (4.9) to define
a process X satisfying X (0) = 1 and

dX@t) = X() [(r —e1(A) + ab* (1)) dt + 00" (t) AW (t)
“A(deF (t) + dm” (t))} ,
where 0* and ¢* and m* are defined by (4.11) and text following (4.11).

We take the distribution of 6*(0) to be the one described in Theorem 4.5.
Recalling the process X* of (4.12), we compute

dlog X (t) — dlog X*(t) = (c* (0*(t)) — cl()\)> dt > 0.
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Since X*(0)

= X(0) = 1, we see that X(t) > X*(t) for all ¢ > 0, almost
surely. From (4.13

) and using (5.89) we see that

Eo(1,0°(0)) < E /me*ﬁtU,,(cQ(A)X*(t))dt

= un(er (V). () wf (V) ws () (1 + O)

98/3 9p 1/3 , ,
2/3 5/6

(5.90)

IN

To establish (5.87), it remains to prove the reverse of inequality (5.90). Let
a and b be as in Lemma 5.13 and let ¢ € [a,b] be given. Let wy; > 0 and
wg > 0 also be given. Let 05(t) be given by (4.8), where ¢(-) = ¢ and 62(0) has
the distribution described in Theorem 4.5. Because ¢(-) in (4.8) matches ¢ in
(4.9), the policy that uses constant consumption proportion ¢ and keeps 65 (t)
n [0(1—wy),0(14ws)] is feasible in the transaction cost problem with random
initial condition (1,62(0)). This implies uz(c,c, w1, w2) < Ev(1,62(0)). But
Corollary 3.8 implies Ev(1,62(0)) = Ev(1,6%(0)) + O()\). Consequently,

(5.91) sup  ug(c, c,wr, wy) < Eo(1,07(0)) + O(N).
w?iiigg((i\)

When we maximize over ¢ € [a, b], Lemma 5.13 gives us the reverse of inequal-

ity (5.90).
In the case that p = 1, we replace (5.90) by

Ev(l,HQ(O)) < / e Ptlog (02 )

B ()\) oo =R

= 1og ey +E ; Ftlog (e1(\)X (1)) dt
= lo c2(3) c , Wi, w

=1 gq()\) ( 1 1s 2)

= uz(ca(N), (), wi, wg) (1 +0(N)

98/3 1/3
(—) A2/3 4 O(N/6)

IN

vo(1) — 7 D)

and proceed as before. This completes the proof of (4.27).
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The equality we have established in (5.90) is
26 9 1/3
* * * o 2/3 5/6
(10, (T O, w3 0) = (1) = s (G5 ) N 4+ 0000,

This along with (4.25) and the second equality in (5.84) imply
Uz (Cl ()‘)7 c* ()a w1 ()‘)7 w2 ()‘))

— unlec _ C1 "(Ne 298/3 9p e 2/3

= wug(cr(N) PAD) (e <32) 223 10N
8/3

< wl) = Frrg (2) N1 4 o0

= uz(a(A), ¢ (), wi(A), wi(A)) + O(Y0).
Equation (4.28) follows from (5.69) in Lemma 5.10 with ¢ = 5/6.
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