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/Ezplicit Formula for the Skorokhod Map 2

the space D [0, c0) of right-continuous functions with left limits taking
values in IR, I'g,s = Ag 0 T'o, where A, : D[0,00) — D0, 00) is defined
by
Aa(9)(t) = ¢(t) — sup |(¢(s) —a)" A inf o(u)
s€[0,t] u€([s,t]

and I'g : D [0,00) — D [0, 00) is the Skorokhod map on [0, c0). In addi-
tion, properties of A, are developed and comparison properties of I'g q
are established.

AMS 2000 subject classifications: Primary 60G05, 60G17; secondary
60J60, 90B05, 90B22.

Keywords and phrases: Skorokhod map, reflection map, double-sided
reflection map, comparison principle.

1. Introduction
1.1. Background

In 1961 A. V. Skorokhod [!1] considered the problem of constructing solu-
tions to stochastic differential equations on the half-line IR with a reflecting
boundary condition at 0. His construction implicitly used properties of a de-
terministic mapping on the space C [0, c0) of continuous functions on [0, c0).
This mapping was used more explicitly by Anderson and Orey in their study
of large deviations properties of reflected diffusions on a half-space in RY
(see p. 194 of [1]), where they exploited the fact that the mapping, which is
now called the Skorokhod map and is denoted here by I'g, has the explicit
representation

Lo(¥)(t) = ¥(t) + sup [~¢(s)]", ¥ €C0,00), (1.1)

s€[0,t]

and is consequently Lipschitz continuous (with constant 2) with respect to
the uniform norm on C [0, 00). El Karoui and Chaleyat-Maurel [5] used I'g
in a study of local times.

Given any trajectory ¢ in D [0, 00), the space of right-continuous functions
with left limits mapping [0, 00) into IR, T’y can be extended using formula
(1.1) to map 1 to a “constrained version” ¢ = ¥ +n of ¢ that is restricted to
take values in [0, 00) by the minimal pushing term 7(t) = sup,ejo 4[—%(s)] "
Minimality of n follows from the fact that 7 increases only at times ¢
when ¢(t) = 0 (see Definition 1.1 below for a precise statement). A multi-
dimensional extension of the Skorokhod map was introduced by Tanaka [13].
Given any right-continuous function with left limits on [0, co) taking values
in RN, Tanaka produced a corresponding function taking values in a given
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convex domain by adding a constraining term on the boundary that acts in
the direction normal to the boundary. Tanaka then used the solution to this
Skorokhod problem to construct solutions of stochastic differential equations
with normal reflection. In general, the Skorokhod map is a convenient tool
for constructing processes that are restricted to take values in a certain do-
main by a constraining force that can push only along specified directions
at the boundary. The study of many properties of the constrained or “re-
flected” process then reduces to the study of corresponding properties of the
associated Skorokhod map.

In this paper, we focus on the particular case when the domain is a
bounded interval [0,a] in IR. For functions in D [0,00), Chaleyat, et. al.
[1] posed and solved a version of the Skorokhod problem, producing func-
tions taking values in [0, a]. However, in [1] the treatment of jumps across
the boundary is different from that of Tanaka and this paper because in
[1] the constrained function really “reflects” such jumps off the boundary,
taking values in the interior of [0, a], rather than being “constrained” to
stay at the boundary. In contrast to [1], in this paper the Skorokhod map
I'o,, maps a trajectory in D [0, 00) to a trajectory ¢ in D [0, 00) that is con-
strained to take values in [0, a] by a minimal pushing force 77 that is allowed
to increase only when ¢ is at the lower boundary 0 and decrease only when
¢ is at the upper boundary a (see Definition 1.2 for a precise description
of the Skorokhod map on [0,a]). Existence and uniqueness of solutions to
this Skorokhod problem for continuous functions as well as step functions
in D[0,00) follow directly from Tanaka [13], Lemmas 2.1, 2.3 and 2.6. In
fact, it is well-known that solutions to this Skorokhod problem exist for all
functions in D [0, 00) (see, for example, [2]).

In contrast to the Skorokhod map (1.1) on [0,00), prior to the present
work no explicit formula for the Skorokhod map I'g, on [0, a] (sometimes
called the two-sided reflection map) was known. This is provided in Theorem
1.4 below. We then use this formula to establish comparison properties of
I q (Theorem 1.6). This formula involves a new map, A,, defined by (1.11).
Properties of A, are developed in Proposition 1.3 and Corollary 1.5.

The explicit formula for the Skorokhod map on [0, c0) has found applica-
tion in a variety of contexts, including queueing theory and finance (see, for
example, [0], [14] and [7]). More recently, it was used in [3] and [12] to derive
various interesting distributional properties of quantities related to Brown-
ian motion reflected on Brownian motion, a process that arises in the study
of true self-repelling motions. In a similar fashion, the explicit formula for
the Skorokhod map on [0, a] is likely to have several potential applications.
Already in [9] this formula plays a crucial role in the derivation of a diffusion
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approximation for the GI/G/1 queue with earliest-deadline-first service and
reneging by customers who become late. In addition, in [3] the comparison
properties of Theorem 1.6 are used to provide bounds on transaction costs
in an optimal consumption/investment model.

The outline of the paper is as follows. In Section 1.2 we introduce notation
and recall the precise definitions and basic properties of I'g and I'g,. In
Section 1.3, we state the main results. Properties of A, are established in
Section 2. Two proofs of Theorem 1.4 are presented in Sections 3 and 4,
respectively. The proof of Theorem 1.6 is given in Section 5. A technical
result is relegated to the appendix.

1.2. Basic Definitions

Let D4 [0,00), C[0,00), Z[0,00) and BV [0, 00) denote the subspace of non-
negative, continuous, non-decreasing and bounded variation functions, re-
spectively, in D [0,00). For f € BV [0,00), |f|: denotes the total variation
of f on [0,t]. For f € D[0,T], ||f||r denotes the supremum norm of f on
[0,T7]. Let IR; denote the set of non-negative real numbers. Given a,b € IR,
denote a A b = min{a, b}, a V b = max{a, b}, and a™ = a VV 0. We denote by
I4 the indicator function of a set A.

Definition 1.1. (Skorokhod map on [0,00)) Given ¢ € D[0,00) there
exists a unique pair of functions (¢,n) € D[0,00) x Z[0,00) that satisfy the
following two properties:

1. For every t € [0,00), ¢(t) = (t) + n(t) € Ry;

/0 Lig(s)>0ydn(s) = 0. (1.2)

The map T'y: D[0,00) — D4 [0,00) that takes 1 to the corresponding trajec-
tory ¢ is referred to as the one-sided reflection map or Skorokhod map on
[0,00). The pair (¢,n) is said to solve the Skorokhod problem on [0, 00) for

.

Condition (1.2), often referred to as the complementarity condition, stipu-
lates that the constraining term 7 can increase only at times ¢t when ¢(t) = 0.
As mentioned earlier, I'g, the Skorokhod map on [0, c0), has an explicit rep-
resentation given by (1.1). The condition (0—) = 0 is a convention by which
we mean that 7(0) > 0 implies that n has a jump at zero and, according to
(1.2), we must have ¢(0) = 0, in which case 7(0) = —(0). This can happen
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only if 1(0) < 0. In the event that (0) > 0, we have n(0) = 0. In either
case,
1(0) = [=¥(0)] . (1.3)
In direct analogy with the Definition 1.1 and the explicit representation
(1.1) for I'y, it is easy to see that I', : D [0, 00) — D [0, 00) defined by

La(¥)(t) = 9(t) — sup [1(s) —a]” (1.4)

s€[0,t]

takes 1 € D[0,00) to the unique corresponding trajectory ¢ € D0, c0)
that satisfies ¢(t) € (—o0,a| for t € [0,00) and is such that n = ¢ — ¢ is
non-decreasing and increases only at times ¢ when ¢(¢) = a (i.e., such that
Jo° 1ig(s)<aydn(s) = 0). Indeed, it is straightforward to verify that given
a>0and ¢ € D0, 00),

Tu(¥) = a — Tola — ). (L5)

The subject of this paper is the Skorokhod map that constrains a process
in D [0, 00) to remain within [0, a], a map we now define.

Definition 1.2. (Skorokhod map I'y, on [0,a]) Let a > 0 be given.
Given 1) € D [0, 00) there exists a unique pair of functions (¢,7) € D [0, 00) x
BV [0, 00) that satisfy the following two properties:
1. For every t € [0,00), ¢(t) = (t) +7(t) € [0,al;
2. 7(0—) = 0 and 7 has the decomposition 1 = 1y — T, as the difference
of functions Mg, Ty € I [0,00) satisfying

‘/0 ]‘{d;(s)>0}dﬁé(8) =0 and /0 ]‘{(;_5(5)<a}dﬁu(5) =0. (16)

We refer to the mapping o o: D [0,00) — D[0, 00) that takes v to the corre-
sponding ¢ as the two-sided reflection map or the Skorokhod map on [0, al.
The pair (¢,7) is said to solve the Skorokhod problem on [0, a] for 1.

Similarly to (1.3), the condition 7(0—) = 0 coupled with the complemen-
tarity conditions (1.6) implies that

7(0) = [~ (0)]" — [(0) — a] . (1.7)
In other words, ¢(0) = 7(1/(0)), where 7: IR — [0, a] is the projection map

a if x> a,
m(x) =< z if0<z<a, (1.8)
0 ifx<0.
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Furthermore, from the explicit expressions for I'g and I', given in (1.1) and
(1.4) respectively, it is clear (see, e.g., Section 2.3 of [0]) that 7, and 7,
satisfy the equations

me(t) = Sel[lopt][ﬁu(S)—w(S)V and  7(t) = zl[lopt][@b(S)Jrﬁe(S)—a]*- (1.9)

Now consider ¢ € D [0,00) and let 77 = I'g 4(¢)) — %, which has the de-
composition 77 = 7, — 7, into the difference of processes in Z [0,00) as in
Definition 1.2. Denote 7 = I'g (@ — 1) — a+ 1, which has the corresponding
decomposition 7 = 7y — 7. In a similar fashion to (1.5), it follows immedi-
ately from the definition that I'g ,(¢) = a —I'g (@ — %) and, moreover, that

e = Mu and T = - (1.10)

1.3. Main Results

Our main result provides an explicit representation for the Skorokhod map
I'o,q on [0,a] in terms of the mapping A,: D [0,00) — D [0, 00) defined by

Aa(@)(t) = ¢(t) — sup | (¢(s) —a)" A inf o(u)] . (1.11)

s€[0,t] U€E|[s,t]

We will use the notation

Ry(9)(s) = (¢(s) —a) " A inf o(u), (1.12)

u€[s,t]

in terms of which (1.11) may be written as Aq(¢)(t) = ¢(t) —supyepo g Re(D)(s)-
We list properties of A, and then state our main result as Theorem 1.4.
Proofs are relegated to later sections.

Proposition 1.3. A, maps D [0,00) into D |[0,00), C[0,00) into C [0, 00),
BV [0,00) into BV [0,00), and absolutely continuous functions to absolutely
continuous functions.

Theorem 1.4. Given a > 0, let I'g and I'o, be the Skorokhod maps on
[0,00) and [0, a] respectively. Then

FO,a = Aa o Fo. (113)

Theorem 1.4 allows us to give concise proofs of the Lipschitz continuity of
the map I'g 4 in the uniform, J; and M; metrics (Corollary 1.5 below). The
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proof of Corollary 1.5 is in Section 3. Continuity of I'y and I'g 4 in the J; and
M, metrics is due to [2]. For proofs of the inequalities for I'g 4 in Corollary
1.5 that are different from the proofs in this paper, see Section 14.8 of [11].
Below, dw is the uniform metric on [0,77], do is the standard J; metric on
D[0,T] (see, e.g., definition (3.2) on p. 79 of [11]), and d; is the standard
M metric on D[0,T] (see, e.g., definition (3.4) on p. 82 of [14]), while dw,
do and d; are the corresponding metrics on P[0, 00) (see, e.g., Section 12.9

of [11]).

Corollary 1.5. There exists a constant L such that for all T > 0 and
1/’1#?2 € D[()?T];

di(Aa(1), Na(2)) < 2di(1,02)  fori=0,1,00; (1.14)

di(ro’a(wl), F(La('lﬂz)) S Ldi(wla ¢2) fO?” ;= 0, 1, Q. (1.15)

Moreover, the siz inequalities above continue to hold for 1,1y € D|0, 00) if
doo, do and dy are replaced by do, do and di, respectively.

Lastly, in Theorem 1.6, we state comparison properties of the Skorokhod
map on [0, a]. The proof of this result is presented in Section 5.

Theorem 1.6. Given a > 0, cg,c; € IR and 1,9 € D[0,00) with ¢(0) =
Y'(0) = 0, suppose (¢,7) and (¢',7') solve the Skorokhod problem on [0, a]
for co + v and ¢, + ', respectively. Moreover, suppose 7] = Ty — Ty, is the
decomposition of 7 into the difference of processes in L [0, 00) satisfying (1.6)
and 7, — 1, s the corresponding decomposition of 7j'. If there exists v €
Z10,00) such that ¥ =)' + v, then the following four inequalities hold:

1 7 —[cg—colt <y <+ v+[co—cplT;

2.1, — e — co) < < W+ v+ [co — )T

3.0 —[ch—col" <7 <q+v+leo—cp]T

4. [leo=cf]T = v]V]—a] < ¢ — ¢ <[co— ¢f]" Na.

2. Proof of Proposition 1.3

Let ¢ € D[0,00) be given. For each 7 > 0 and € > 0, there exists 6 > 6;
such that

sup |(s) — p(u)| < e. (2.1)

s,u€lf1,02)

Similarly, for each #3 > 0 and € > 0, there exists 01 € [0, 62) such that (2.1)
holds. It is straightforward to use this observation and the following lemma
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to verify that A,(¢) is right-continuous with left-hand limits, i.e., that A,

maps D [0, 00) into D [0, c0).

Lemma 2.1. Let ¢ € D[0,00) be given and assume that (2.1) is satisfied for
given 0 < 6y < 0y and €. Then supy, ;,c(9, 0, |Aa(@)(t1) — Aa(@)(t2)] < 2e.

Proof. From the definition (1.12) of Ry, we see that for any ¢t > 0,
(6(H) —a) " A o(t) < sup Ri(@)(s) < o(t). (2:2)

s€[0,t]

Let t1,t2 be in [61,02) with ¢; < to. Then Ry, (¢)(s) < R (¢)(s). Under

condition (2.1),

sup Ry, (¢)(s) < sup (P(s) — a)+ < (¢p(t1) — a)+ + €.

SE(tl,tQ] Se(tl,tz]
Therefore
sup R, (¢)(s) = sup Rp,(¢)(s)V sup Ri,(9)(s)
s€[0,t2] s€[0,t1] s€(t1,t2]
< sup Ry, (6)(s)V [(6(h) —a)" +¢]
s€[0,t1]
< sup Ry (o)(s) +e,

s€[0,t1]

which implies

Aa(0)(t2)

IAVAT

P(t2) — SUPseo,1y) Bto () (5)
¢(t1) — € — supgepor,] B, (9)(5) — €
Ao(@)(t1) — 2e.

The second inequality in (2.2) and inequality (2.1) imply

sup Rtl(d))(s) —€ <

s€[0,t1]
<

IN

From this we conclude that

Aa(0)(t2)

IVANI

sup Ry, (¢)(s) A (6(t1) —€)

s€[0,t1]

sup [Ry (0)(s) A inf  ¢(u)]

s€[0,t1] sE€(t1,t2]

sup Ry, (¢)(s)
s€[0,t1]

sup Ry, (¢)(s).
s€[0,t2]

¢(t2) — SuPseo,1,) Bto (#)(5)
¢(t1) + € — Supsefo4y) Bty (9)(5) + €
Aa(@)(t1) + 2e.

O]
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Remark 2.2. The proof of Lemma 2.1 shows that if in place of (2.1) we have
a bound € on the oscillation of ¢ over a closed interval, i.e., supg ,c(g, 6] |p(s)—
qﬁ(u)’ < ¢, then SUDY, 1,¢[0; 6] ‘Aa(qb)(tl) — Aa(¢)(t2)] < 2e. Therefore, A,
maps C [0, 00) to C [0, c0).

Corollary 2.3. A, maps absolutely continuous functions to absolutely con-

tinuous functions.

Proof. Suppose ¢ € D [0,00) is absolutely continuous. We fix an arbitrary
T > 0. By the definition of absolutely continuity, there exists a function
vy : (0,00) — (0,00) such that for every ¢ > 0 and every set of non-

overlapping intervals (sj,t;), 7 =1,...,J, contained in [0, 77,
J J
(tj —sj) <wvgle) = D [o(ty) — (s <e. (2.3)
j=1 j=1

Define the function vy, (4) : (0,00) — (0,00) by vp,(4)(€) = v4(e/2) for e > 0.
We claim that (2.3) holds with ¢ replaced everywhere by A, (¢), thus showing
that A,(¢) is absolutely continuous. For the proof of the claim, fix ¢ > 0
and consider any set of non-overlapping intervals (s;,t;), j =1,...,J, such
that ijl(tj —55) < vp,(p)(€). For j =1,...,J, choose s; <5; < t; <t
such that [¢(%;) — ¢(5;)| = max, re[s, ¢, [¢(r) — #(u)|. Remark 2.2 implies
that A,(¢) € C[0,00) and

J J
D 1) (1)) = Aa(@)(s))] < Zwrg[gxt_] [Aa(8)(r) — Aa(d)(w))
i=1 j=1 et
J
< 2ZMrg[gxt_] |6(r) — d(w)]
j=1" FRL]
J
= 2 |6(F) — ¢(5))
j=1
< g

where the last inequality is a consequence of (2.3) and the fact that Zle (t;—
§j) < ’UA(¢)(E) = U¢<€/2). O

To complete the proof of Proposition 1.3, it remains only to show that A,
maps BV [0,00) to BV [0,00). We do not use this fact in the present paper,
and hence can use any results in the remainder of the paper to establish
it. According to Theorem 4.4 below, the function C¢ given by (3.28) has
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bounded variation. If ¢ also has bounded variation, then Aq(¢) = ¢ — C?
does as well.

3. First Proof of Theorem 1.4

The first proof of Theorem 1.4 requires Lemmas 3.1, 3.4 and 3.5 below. For
these lemmas, 1 is an arbitrary element in D [0, co) and

¢=To(v), n=d—v, ¢=~NAle), 7T=0—1. (3.1)
For simplicity, we denote R;(¢)(s) of (1.12) simply as Ry(s).
Lemma 3.1. For € D0, 00),
0< (AgoTo)(¥) <To(¥) Aa. (3.2)

In particular, fort € [0, 00),

Lo(¥)(t) = 0= (AaoLo)(¥)(t) = 0. (3.3)

Proof. We use the notation (3.1). Inequalities (2.2) imply ¢(t) = ¢(t) —
SUPgefo, F(s) > 0 and

o(t) = o(t) — p. Ry(s) < o(t) — [(6(t) — a) " A g(t)] = $(t) Aa.
]

We now derive some relations that will be used in the proofs of Lemmas
3.4 and 3.5. Indeed, from (1.11), (1.12) and the definitions of n and 7 we
obtain the equalities

(t) —n(t) = ¢(t) — ¢(t) = — sup Re(s) (3.4)
s€[0,t]
and
(t=) —n(t=) = —lim sup R,(s) = — sup |(¢(s) —a)* A inf o(u)].
1t se[0,r] s€[0,t) u€ls,t)

(3.5)

Moreover, for ¢ > 0
n(t+e)—n(t+e)= sup Rpe(s). (3.6)

s€[0,t+-¢]
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/Ezplicit Formula for the Skorokhod Map 11
Since for t € [0,00), s € [0,t] and € > 0 we have

Rite(s) = (¢(s) —a)" A inf ¢(u) = Re(s) A _inf o(u),
u€[s,t+e] u€(t,t+e]

the right-hand side of (3.6) can be rewritten as

sup  Riie(s) = K sup Rt(3)> A inf ¢(U)1 v [ sup Rt—&-e(s)] :
s€[0,t+¢] s€[0,t] u€(t,t+e] se(t,t+e]
(3.7)

Definition 3.2. For a function f € D[0,00), we say that t is a point of
increase of f if there exists a sequence sy, | 0 such that f(t + s,) — f(t) >0
for every n or if f(t) — f(t—) > 0, and we say that t is a point of decrease
of f if t is a point of increase of —f. We say that f is flat on a set A C IR
if for everyt € A, f(t) = f(t—) and there exists € > 0 such that f(s) = f(t)
for every s € [t,t+¢).

Remark 3.3. Let f € D[0,00) be given. It is straightforward to verify
that the left-continuous function ¢ — f({—) is nonincreasing on an interval
[01,62) if and only if the right-continuous function ¢ — f(¢) has no point of
increase in the interval, and similarly, ¢ — f(¢—) is nondecreasing on [0, 62)
if and only if ¢ — f(¢) has no point of decrease in the interval. If ¢ — f(¢) is
flat on an interval [0, 02), then ¢t — f(t—) is constant there.

Lemma 3.4. Given t € [0,00), suppose

R.(t) < sup Ru(s). (3.8)
s€[0,¢]

Then t is not a point of decrease of 7. Moreover, if t is a point of increase
of 1, then ¢(t) = 0.

Proof. Fix t € [0,00). Since ¢(t) = I'o(¢)(t) > 0 by the definition of I'y, it
follows that R:(t) = (¢(t) — a)™ A é(t) = (¢(t) — a)™. Thus condition (3.8)
along with the definition (1.12) of R; imply that

0< Rult) = (9(0)-a)* < sup Rls) = sup |(6(s) )" A inf o(u)|A6(0),
s€[0,1] s€[0,t) u€ls,t)
(3.9)

which in particular implies ¢(¢) > 0. The right continuity of ¢ then guaran-
tees the existence of § > 0 such that

0< inf ¢(s) and sup (¢(s) —a)™ < sup Ry(s).
s€[t,t+4] SE[t,t+6] 5€[0,t]
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The first inequality in the last display, when combined with the complemen-
tarity condition (1.2), ensures that

n(t+e)=n(t) for every e € [0,4], (3.10)

while the second inequality shows that for every e € [0, d]

SUPciy e Rive(s) = Supyepyore [(0(5) = @) Ainfuepae 6(u)]
< SUPgefp e (9(8) — )"
< SUPsel0,t] Rt( )

(3.11)
Combining the last two displays with (3.4), (3.6), (3.10) and (3.7), for € €
[0, 6] we obtain

it +e) —n(t)
=n(t+¢) —n(t) — suPse(o14e] Rite(8) + supyepo Re(s)
= SUP,eo, Bt (8) — SUPgefo o) L2 (S)
= SUP,¢(o, L2(s)
SUPse(o0,1] Rt(s)) A nfyeft pe] ¢(U)} Vv [Sllpse[t,t+s} Rt+e(3)} :
(3.12)
When combined with (3.11), this yields the inequality

n(t+e)—i(t) = sup Ry(s)— [ sup Ry(s)
s€[0,t] s€[0,t]

\/[ sup Rt+5(s)] =0. (3.13)

s€t,t+e]

We now consider two cases, based on the two values that sup,c(g Ry(s)
can attain, as dictated by (3.9).
Case 1.

sup Ry(s) = sup l((ﬁ(s) a)t A inf ¢(u)| < o(t). (3.14)

s€[0,t] s€[0,t) u€ls,t)

In this case, due to the right continuity of ¢, by choosing § > 0 smaller if
necessary we can ensure that for every € € [0, 4],

sup Ri(s) < inf u).
selo] ) < int,  #w)

Along with (3.11) and (3.12), this implies that 77(t +¢) — 77(¢) = 0 for every
€ [0, 4]. Furthermore, (3.4) and (3.5), together with (3.14) and the fact
that 7 is nondecreasing, dictate that

1(t) —i(t=) = n(t) —n(t—) = 0. (3.15)
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/Ezplicit Formula for the Skorokhod Map 13

Thus ¢ is not a point of decrease of 7, and the only way ¢ can be a point of
increase of 7 is for 77(t) — 77(t—) to be strictly positive. But

() = 7(t=) > 0= n(t) —n(t—) > 0= 4(t) =0=¢(t) =0,  (3.16)

where the second implication uses the complementarity condition (1.2) and
the third implication follows from property (3.3) of Lemma 3.1.
Case 2.

sup Ry(s) = ¢(t) < sup |(¢(s) —a)™ A inf ¢(u)].
s€[0,t] s€[0,t) u€[s,t)

In this case, ¢(t) = ¢(t) — SUpgefo, () = 0. Furthermore, (3.4), (3.5) and
the fact that n € Z [0, 00) show that

in(t) —n(t=) = n(t) —n(t—) > 0.
Thus, recalling (3.13), we have established the inequalities
n(t) —7t—=) >0 and 7(t+¢e)—n(t) >0 for every e € [0, 6].

Since the equality ¢(t) = 0 always holds in the second case, it also holds
when ¢ is a point of increase of 77. This concludes the proof of the lemma. [

Lemma 3.5. Given t € [0,00), suppose that

Ri(t) = sup Ry(s). (3.17)
s€[0,¢]

Then the following two relations are satisfied:

1. If ¢(t) € [0,a), then t is not a point of decrease of 7j. Moreover, if t is
a point of increase of 7, then ¢(t) = 0.

2. If ¢(t) € [a,00), then ¢(t) = a and t is not a point of increase of 7.
Proof. Fix t € [0,00). Since ¢(t) > 0 we have Ri(t) = (é(t) —a)™ A
o(t) = (¢(t) —a)*, and therefore condition (3.17) is equivalent to the re-
lation supejoq Bt(s) = (¢(t) — a)™. In the proof of the lemma we consider
the two cases separately. In both cases we will make use of the fact that

Supselo,g L2 (s)
= SDyeo.) [(#(5) — @) Ainfueion d(u) A 6(1)] V [(6(t) — a)* A o(b)]

= [supseon [(6(s) = a)* Aint i dw)] V (6(1) — a)*] A (1),
(3.18)

imsart ver. 2005/10/19 file: DoubleReflectionMar23_06.tex date: March 24, 2006



/Ezplicit Formula for the Skorokhod Map 14

Case 1: ¢(t) € [0,a). In this case sup,c[g4 Rt(s) = 0 and so (3.4) and (3.5)
together imply that

n(t) —n(t—) = n(t) —n(t—) + sup [(¢(5)—a)+/\ inf ¢(u)| =0, (3.19)

sE [O,t) u€(s;t)

where the inequality follows because n € Z[0,00) and ¢ takes values in
[0, 00). Substitute the equality (¢(t) —a)™ = 0 into (3.18) to obtain

sup Ry(s) = sup l(qﬁ(s) —a)t A inf ¢(u)‘| A o(t). (3.20)
s€[0,4] S€[0,t) u€(st)

If ¢(t) > 0 then the complementarity condition (1.2) implies n(t)—n(t—) = 0,

and furthermore the last display shows that

sup Ri(s) =0= sup [(¢(s)— a)+ A inf ¢(u)| =0.
s€[0,¢] s€[0,t) u€[s,t)

When combined with (3.19), this shows that if ¢(t) € (0,a), then 7(t) —
f(t—) = 0. On the other hand, if ¢(t) = 0 then ¢(t) = 0 by (3.3) of Lemma
3.1. Therefore, 7(t) — 7(t—) > 0 implies ¢(t) = 0.

Now, due to (3.4), sup,cjo,q Rt(s) = 0 also implies that

¢(t) = ¢(t) and  q(t) = n(t). (3.21)

Moreover since ¢(t) € [0,a), the right-continuity of ¢ guarantees the exis-
tence of & > 0 such that ¢(s) € [0,a) for all s € [t, ¢+ d]. This implies that
for every ¢ € [0, 0],

sup Ripe(s) = suwp |(6(s)—a)t A inf 6(s)| =0,
st t+e] s€lt,t+e] u€[s,t+e]

which in turn implies that

0< sup Ripe(s) = sup Riie(s) < sup Ry(s) =0.
s€[0,t+e] s€[0,t] s€[0,t]

When substituted into (3.4) and (3.6), the last display along with the fact
that 7 is non-decreasing show that for e € [0, 4],

n(t +e) —n(t) =n(t +e) —n(t) > 0. (3.22)

When combined with (3.19), this shows that ¢ is not a point of decrease of
7. Furthermore, suppose there exists a sequence s,, | 0 such that (¢t + s,,) —
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7(t) > 0 for every n € IN. Then (3.22) implies that n(t + sp) — n(t) > 0
(for all sufficiently large n such that s, < ) and so the complementarity
condition (1.2) implies ¢(¢) = 0 which, due to (3.21), in turn implies that

@(t) = 0. This completes the proof of the first property of the lemma.
Case 2: ¢(t) € [a,00). In this case (4(t) —a)t = ¢(t) — a < ¢(t) and so

0 mp Rifs) = Rlt) = (9(0) = a) A 9(0) = 6(0) —a <60 (329

This shows that ¢(t) = ¢(t) —supyepo,q Re(s) = a. Since ¢ is right-continuous,
(3.23) ensures the existence of § > 0 such that

0< sup Ri(s) < sup (¢(s)—a)™ < inf o(u). (3.24)
s€(0,t] s€[t,t+0] u€lt,t+4]

When combined with (3.7), the inequalities in the last display show that for
every ¢ € [0, 4],

SUD,e (0, -e] Reve (s)
= [supsepog Ri(s)| V [sDser e Rive(s)]
= [supseipg Ri(9)] V [supse(speg ((0(5) — @)t Ainfuepie 6(u))]
= [supsepo Re(s)| V [supseirise (6(5) —a)*] .

From the inequalities in (3.24), it also follows that ¢(u) > 0 for every u €
[t,t + d]. Thus by the complementarity condition (1.2) we must have

n(t+e) =n(t) for every ¢ € [0, d].

The last two displays along with (3.4) and (3.6) show that for every e € [0, d],

n(t+e) —n(t)
= SUPeo,q) L2(S) — SUPseo,14¢) Lt+2(5)

= suDaefog Bi(s) = [supseog Rels)] V [subseqrna (6(5) — )]

<0.
(3.25)
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Now observe that due to relation (3.2) of Lemma 3.1, ¢(t) = a implies
that ¢(t) > a > 0 and hence the complementarity condition (1.2) dictates
that n(t) —n(t—) = 0. Together with (3.4) and (3.5) this yields the equation

n(t) —n(t—) = sup [(é(S)—a)Jr/\ inf ¢(U)] — sup Ry(s).
s€[0,t) u€ls,t) s€[0,t]

From the second line of (3.18), we have

sup [(qﬁ(s) —a)t A inf ¢(u)] A @(t) < sup Ry(s),

s€[0,t) u€ls;t) 5€[0,t]

but since sup,cp 4 Bi(s) = ¢(t) — a < ¢(t), we must in fact have

< sup Ry(s).

s€[0,t]

sup l(¢(8)—a)+A inf ¢(u)

s€[0,t) u€ls,t)

This shows that

n(t) —n(t—) <0.
Along with (3.25), this establishes the second property and the proof of the
lemma is complete. O

Proof of Theorem 1.4. Using the notation (3.1), define 79 = 0,
Go = min{t > 7o|p(t) = a}, (3.26)
and for k =1,2,..., let
7r =min{t > 5 _1|¢(t) =0} and Ty =min{t > Ti|¢p =a}. (3.27)

The minima in (3.26) and (3.27) are obtained (or are +00) because of the
right-continuity of ¢. Let P = U [Tk, 0%) and N = U2 [Gk, Tri1). Be-
cause ¢ € D[0,00), we have T, 1 oo and 7 T oo as k — oo. Indeed, if
this were not the case, then there would exist a number # < oo such that
Tt T 0 and & T 0, in which case limgg #(s) would not exist. Therefore,
PUN =10,00).
We define two functions 7y and 7,, in D [0, 00), specifying their left-continuous

versions by the formulas

Wlt=) = S (A ATk) — AT,
Ault=) = = S [ ATR) — (AT ).
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Then the function ¢ — 7,(t—), and hence also the function ¢ — 7(t),
captures the jumps of 7 at the times 7y,7o,... but not the jumps of 7
at 0g,01,.... Furthermore, 7,(0) = 0 if o9 = 79, whereas 7,(0) = 7(0)
if o9 > 79. In fact, 7, is flat on N. Similarly, 7, is flat on P. Finally,
n(t—) = ne(t—) — qu(t—), and hence 7 = 7y — 7u.

For t € [0,00), Lemmas 3.4 and 3.5 together imply that ¢ is a point of
increase of 7 only if ¢(t) = 0 and ¢ is a point of decrease of 7 only if ¢(t) = a.
The fact that ¢(t) < a for t € P implies that 7 has no point of decrease
in each of the intervals [Tk, k). According to Remark 3.3, 7j(-—) and hence
also 7, is nondecreasing on each of the intervals [Ty, ). Being flat on N,
f¢ must in fact be nondecreasing on all of [0, 00). Similarly, since ¢(t) > 0
for t € NV, it follows that 7(-—), and therefore —1,, is nonincreasing on the
components of /. Being flat on P, 7, must be nondecreasing on all of [0, c0).

The first equation in (1.6) follows from the fact that the points of increase
t of 7 are the points of increase of 7, and ¢(t) = 0 at all of these. Similarly,
the points of increase ¢ of 7, are the points of decrease of 7, and ¢(t) = a
at all of these. Therefore, the second equation in (1.6) also holds. |

We now present the proof of Corollary 1.5. Recall the definition of R;(¢)
given in (1.12). For ¢ € D[0,00), it will be convenient to introduce the
function C% € D [0, 00) defined by

C?(t) = sup [Ri(#)(s)] = sup |(é(s) —a)™ A inf ¢(u) for t € [0, 00).
s€[0,t] s€[0,t] u€ls,t]
(3.28)
Note that then A(¢) = ¢ — C? for every ¢ € D [0, 0).

Proof of Corollary 1.5. We first prove (1.14) for i = oco. For ¢1,¢2 €
DI0,T], we have

18a(¢1) = Aa(@2) [l < |61 — dollr + [|C = C¥]|r. (3.29)
For ¢t € [0,T7], because (a1 A b1) — (a2 A b)) < (a1 —az) V (by — ba), we have

C?1(t) — C?2(t)

< supgejo g [Re(91)(s) — Re(h2)(s)]

< sup,eqoy [[(@1(s) — @)t = (2(5) — @)* |V [infupa ) 61.(u) = infucle ) do(u) |
< supefng [|91(5) = da(5)| V supepe g |61 (1) — da(w)]|

< [1¢1 — éallr.
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Taking the supremum over ¢ € [0, 7] and interchanging ¢; and ¢2, we get

HC¢1 — 2

o S 101 = gollr. (3.30)

From (3.29) and (3.30), we obtain (1.14) for ¢ = oc.
Now let M be the class of strictly increasing continuous functions A of
[0,T] onto itself. Then for any A\ € M, the scaling property

Aa(@0A) = Aa(9) 0 A (3.31)

is easily deduced directly from the definition of A,. Moreover, by the defini-
tion of dy, given any ¢1, ¢2 € D[0,T], p1 # ¢p2, for every § > 0 there exists
A € M (possibly depending on §) such that

sup |A(t) —t| < do(@1, d2) + 0[1 A do(1, ¢2)]
te[0,7)

and

sup |¢1(t) — ¢2(A(t))] < do(¢1, d2) + O[1 A do(d1, P2)]-

te[0,T]

The scaling property (3.31) along with (1.14) for i = oo implies that

t:{%l}} [Aa(91)(t) — Aa(d2)(A)] < 2(do(¢1, d2) + S[1 A do(b1, 2)])-

Since this is true for all § > 0, by the definition of dg this implies that

do(Aa(d1), Aa(d2)) < 2do(¢1, P2),

which is the inequality (1.14) for ¢ = 0. Clearly, (1.14) holds also in the case
1=0, 91 =¢2 € D[O,T].

We now prove (1.14) for i = 1. For a given ¢ € D[0,T], let ¢p(0—) = ¢(0)
and let

Gy =A{(t,2) € [0,T] x R : z € [p(t—) N p(t), d(t—) V o(1)]}

be the graph of ¢ ordered by the following relation: (t1,z1) < (t2, 22) if either
t1 < tg or t; = to and |p(t1—) — 21| < |Pp(t1—) — z2|. Let II(¢) be the set
of all parametric representations of Gy, i.e., continuous nondecreasing (in
the order relation just defined) functions (r, g) mapping [0, 1] onto G. For

¢17 ¢2 € D[O’ T]a

di(¢1, ¢2) = inf{||r1 — 2|7 V ||91 — g2l|7 : (riy gi) € H(¢s),1 = 1,2}.
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We show in Lemma A.1 in Appendix A that if (r, g) € II(¢), then (r, Ay,(g)) €
II(Ay(¢@)). Therefore,

dl(Aa(¢1)7Aa(¢2))
< inf{||ry — rollr V [|[Aa(g1) — Aa(g2)||7: (14, 9:) € TL(¢4),i = 1,2}
< 2d1(¢1, $2),

where the last inequality follows from (1.14) for i = co. We have proved
(1.14).

It is well-known (see, for example, Lemma 13.5.1 and Theorem 13.5.1 of
[14]) that for any T' < oo and 1,12 € D[0, T

di(To(11), To(v2)) < 2d; (11, 2) (3.32)

for i = 0,1,00. The representation I'g, = A, o I'g stated in (1.13), along
with (1.14) and (3.32) then implies that (1.15) holds with L = 4.

By the argument in Theorem 12.9.4 in [14], the validity of (1.14) and
(1.15) on DJ0,T] for every T > 0 implies the same bound on D[0,c0). N

Remarks. Example 13.5.1 in [14] shows that the bound in (3.32) with i = co
is tight. Similarly, the bound (1.14) for ¢ = oo is tight. To see this, let us
consider ¢1,¢o € D[O, 1] defined by ¢ = 2][071], ¢s = 3[[071/2) + I[1/271].
With a = 2 we have Ay(¢d1) = ¢1, Aa(d2) = 2][0,1/2), l|p1 — ¢2|l1 = 1 and
[|Aa(P1) — Aa(d2)||1 = 2. However, Theorem 14.8.1 in [14] shows that (1.15)
for i = oo (and thus also for i = 0, 1) actually holds with L = 2. Clearly, the
bound (1.15) with L = 2 is tight, because the bound (3.32) is tight.

4. Second Proof of Theorem 1.4

A more complex, but perhaps more intuitive way of constructing ¢ = Ay(¢)
from ¢ = T'g(v) is to first create two increasing sequences of times {0} }72,
and {7;}72, so that on each interval of the form [o}_1,7y), there is only
pushing of ¢ from above and on each interval of the form [ry, o)), there is
only pushing of ¢ from below. In this section we execute that construction
and thereby obtain a decomposition (4.24) below of the bounded variation
process C? defined by (3.28) into the difference of two nondecreasing pro-
cesses. We provide this alternate proof of Theorem 1.4 in order to illuminate
the nature of the process C?. For this construction, we assume that ¢ is in
D [0,00). We have in mind that ¢ = I'g(¢) for some ¢ € D [0, 0).
For ¢ € D4+ [0,00) and a > 0, we set 79 = 0,

oo = min {t > 0|¢(t) — a > 0}, (4.1)
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and for k > 1, we set

Ty = min {t > op-1| sup ¢(s) —a = ¢(t) } : (4.2)
S$E[ok—1,t]
0r = min {t > 1 |p(t) —a > el[nf ) o(u) } . (4.3)

When ¢ and ¢ are related by (3.1), the stopping times oy and 74, k = 0, 1, ...
coincide with the stopping times @ and 7x, k = 0,1, ... of (3.26) and (3.27);
see Remark 4.5 below. The minima in (4.1)—(4.3) over t are obtained (or are
+00) because of the right-continuity of ¢. In particular, for k& > 1,

o 6(s) —a < o(u) Vu € [oh_1,Th), (4.4)
o P(s) —a > o(m), (4.5)
Os)—a < inf ou) Vs € [mh,00) (4.6)
plok) —a = et o (w). (4.7)
Furthermore,
¢(o0) —a > 0. (4.8)

Wehave 0 =19 <opg<m<o1<mo<og<---.
Proposition 4.1. As k — oo, we have 7, T oo and o T 0.

Proof. Assume the proposition is false. Then there is a number 6 < oo such
that 7, T 0 and oy, T 6. Relation (4.5) implies the existence of py € [op_1, %]
such that ¢(px) > ¢(7x) + §. Since py, T 6, ¢ does not have a left-hand limit
at 0. This contradicts the membership of ¢ in D [0, c0). O

Proposition 4.2. For k > 1, C?(t) = sup,| (¢(s) —a)" forallt e
[0k—1,7k)-

Proof. Let t € (0k—1,7) and p € (op_1,t] be given. Let {p,}2>, be a
sequence in (og_1,p) satisfying p, T p. By definition, C?(t) > (é(pn) —

Tr—1,t]

a)+ Ainfy e, q ¢(u), and letting n — oo, we obtain

Cot) 2 (¢(p=) = a) A (p=) A inf $u), oxa<pSt<me (49)

Now let t € [ok_1,7k) be given. Then there exists p; such that either

pt € [ok-1,t] and  sup ¢(s) = ¢(p), (4.10)
SE[ok_1,t]
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or else
pt € (0k—1,t] and sup (s) = d(pr—). (4.11)
SG[U;C,l,t]
If (4.11) is the case, which can happen only if ¢ > o4_1, then for u € [py, ],
(4.4) implies

d(pe—) —a=(dlp=) —a) A sup  (d(s) —a) < d(pe—) A p(u),

SE[Uk,l 7’U‘}

which yields ¢(pi—) — a < ¢(pt—) Ainf ¢y, 4 #(u). This inequality together
with (4.9) and (4.11) shows that

Cot) = (@lp=) —a) " = sup ((s) —a)". (4.12)

s€[og—1,t]

If, on the other hand, (4.10) is the case, then (4.4) implies

d(pt) —a= sup  ¢(s) —a < ¢(u) Yu € [p, 1],

SE[O’k_l,u]

and hence ¢(p;) — a < inf,¢c(,, 4 #(u). This shows that

Co(t) > (¢(pr) —a) " A inf ¢(u) = (¢p(p) —a)" = sup (4(s) —a)".

u€ps,] s€[oR—1,t]

We again have the lower bound (4.12).
To obtain the reverse of inequality (4.12), we consider separately the cases
k=1and k> 2. If k =1, then (¢(s) —a)™ =0 for s € [0,00) and

S sup (¢(8)_a)+7
s€[o0,t]

C?(t) = sup l(qﬁ(s) —a)" A inf ¢(u)
s€[0,t] w€|[s,t]

as desired. If k > 2, we may write C?(t) = S; V Sy VV S3, where

S1 = sup [((ﬁ(s) —a)" A inf <Z>(u)] : (4.13)
s€[0,7x—1] u€ls,t]

Sy = sup l((b(s) — a)+ A inf gi)(u)] , (4.14)
SE(Tk—1,0k—1) u€[s,t]

S3 = sup l(gb(s) —a)" A inf qb(u)] : (4.15)
se[ok,l,t] uE[S,t]
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We show that each of the terms S; is dominated by supse(y, 4 (A(s) — a)+.
For Ss, this is obvious. For Sy, we use (4.7) and the fact that ¢t > ox_1 to
write

S1 < sup inf @(u) < inf  @(u) < plop_1)—a< sup (¢(s)—a)”,

5€[0,7_1] wEls:t] UE[TE—1,0k-1] s€lop_1,t]
(4.16)
Finally, for s € (7x—1,0%-1), (4.6) implies ¢(s) —a < inf,¢[,, | 4 ¢(u), and
hence

Sy < sup inf  ¢(u) A inf ¢(u)| = inf @(u) < inf o(u).
SE(Th—1,0%—1) UE[TR—1,9] U€E[s,t] UE [T —1,t] UE[TR—1,0k—1]
We conclude as in (4.16). O

Proposition 4.3. We have C?(t) = 0 for t € [0,00). For k > 1, C%(t) =
infye(r, g #(u) for all t € [1y, 0%).

Proof. Tt is obvious from (3.28) that C?(¢) = 0 for t € [0,00). Now let k > 1
and t € [1y, 01) be given. By definition,

C?(t) = sup [(¢(s)—a)+A inf (;S(u)]\/ sup [(¢(s)—a)+ A inf ¢(u)| .

SE[O,Tk] u€(s,1] SE[Tk,t] u€(s,1]
(4.17)
It is obvious that

sup l(qﬁ(s)—a)Jr/\ inf (b(u)] < sup inf ¢(u) = inf ¢(u).

s€[0,7] u€ls,t] s€[0,7;,] wEls:t] u€[rp1]
In addition, (4.6) implies
T
SUPse[ry 1] {(d’(s) —a)" Ainf,egy ¢(U)}

< SUDPse[r, 1] {infue[m,s} ¢(’U,) A infue[s,t] ¢(u)}

= inqu[Tk,t} ¢(u)
We have obtained the upper bound

Cot) < inf p(u). (4.18)

- UE[Tk,t]

For the reverse inequality, we observe that there exists p such that either

p € [ok—1,Tk] and sup  ¢(s) = o(p), (4.19)

s€[ok—1,Tk]
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or else
p € (ok-1,75] and  sup  &(s) = d(p—). (4.20)

s€[og—1,7k]

In either case, we have from (4.4) that for u € [p, 1),

¢(u) > sup  ¢(s)—a= sup ¢(s)—a,

s€lok—_1,u] SE[oK—1,Tk]
and hence, by (4.5),
nf g(u)>  sup  Bs)—a> dm). (4.21)
ue[p:Tk) SE[O’k_l,Tk]

In the case (4.19), we write

COt) > (¢(p) —a) " A inf g(u) A inf @(u)

u€[p,7x) u€[Ty,t]
and use (4.19), (4.5), and (4.21) to conclude that

Co(t) > inf (u). (4.22)

T u€lT,t]

In the case (4.20), we choose a sequence {p,}>2, in (ox—1,p) with p, T p
and write

COt) > ($(pa) —a) " A inf  G(u) A inf o(u).  (4.23)

UE[pn,Tk) UE [Ty, 1]

Letting n — oo, we obtain

Cot) > (p(p-)—a)" Aolp—) A inf (u)A inf (u)

u€[p,Ti) u€|[Ty,t]
> (p(p—)—a) A inf G(u)A inf ¢(u).
u€[p,mx) UE[Tk,t]
We now use (4.20), (4.5), and (4.21) to conclude (4.22). O

In summary, Propositions 4.2 and 4.3 imply that C?®(¢) given by (3.28)
has the form

0, 0 <t <oy,
Co(t) = SUDge(o, .4 (D(5) — a)+, Op—1 <t <, k>1, (4.24)
inqu[Tk,t} qS(u), T <t<og, k>1.
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From (4.24), (4.5), and (4.7), we see that for k > 1,

C(rp—) = e[sup | (¢(s) —a)™ > ¢(m) = C%(m), (4.25)
C(o)—) = et () < dlow) —a= C? (o). (4.26)

We define C?(0—) = 0 and we have
C%(o9—) =0 < C%(0g) = d(0p) — a. (4.27)

In particular, C? is increasing on each interval [o}_1,7;), with a possible
upward jump at oj_1, and C? is decreasing on each interval 1, 0} ), with a
possible downward jump at 7.

Theorem 4.4. Let ¢ € D, [0,00) be given, define C? by (3.28), and set
¢ =¢—C? Then C? € BV[0,00), ¢ € D]0,00), and ¢ takes values only in
[0,a]. Furthermore,

t

10 = [ Vgm0 or st=adIC¥I(5). (4.28)
t t

) = = [ V= Cls) + | s dlCYe). (3:29)

Proof. From (4.24) we see that C? € BV [0,00). From its definition (3.28),
we see that C? further satisfies (¢ — a)* < C? < ¢, and hence

0<¢<aAd. (4.30)

Furthermore, (4.25)—(4.27) show that

&) =0, ¢(op_1) =a, k>1. (4.31)

Since C? = 0 on [0, 0¢), we only need to consider ¢ > o in what follows.
Define the set B
A={t>o00: () €(0,a)}. (4.32)

We show below that [, d|C?| = 0, so that (4.28) holds. We further show
that for t > oy,

¢(t) =0 =t € [, o) for some k, (4.33)

whereas B
o(t) =a =1 € [og_1,7x) for some k. (4.34)
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We can then conclude that C?® does not increase on {t > 0|¢(t) = 0} (the
positive variation of C? assigns zero measure to this set) and C? does not
decrease on the set {t > 0|¢(t) = a} (the negative variation of C assigns
zero measure to this set). This together with (4.28) will imply (4.29).

We first establish (4.33) and (4.34). Suppose t € [oj_1, 7)) for some k.
Then (4.4) and either (4.7) or (4.8) imply

¢(t) > sup  ¢(s) —a = (o)1) —a > 0.

s€ [O'k;,l 7t}

From this and (4.24) we have

Co(t) = sup (o(s) — a)+ = sup o&(s)—a < o(t).

SE[oK—1,t] SE€[oK—1,t]

Therefore, ¢(t) = ¢(t) — C?(t) > 0. This is the contrapositive of (4.33).
Similarly, suppose t € |73, 0%) for some k. Then (4.24) and (4.6) imply
C?(t) = infyer, 4 d(u) > G(t) — a, so that ¢(t) = ¢(t) — C?(t) < a. This is
the contrapositive of (4.34).

We next show that [, d|C?| = 0. For t € A, define

a(t) = inf {s € [00,t]|(s,t] C A}, B(t) =sup{s € [t,00)|[t,s) € A}.

Because of the right-continuity of ¢, we have 3(t) ¢ A, whereas a(t) might
or might not be in A. We also have «(t) <t < (), and so the open interval
(a(t), 5(t)) is nonempty. It follows that A is the countable union of such
disjoint open intervals together with a countable set of left endpoints, i.e.,

A= (Uier (a5, 8;)) U{aylj € J},

where I is a countable index set and J C 1.

As a first step in showing [, d|C?| = 0, we show that if j € J, so o € A4,
then C? is continuous at «;. From (4.31) we see that «; is in the interior of
an interval of the form (7, o) or of the form (oj_1, 7). By the definition of
aj, there is a sequence of points {v,}72; in (0, ;) N A° such that v, T ;.

We consider first the case that ¢(v,) = a, or equivalently, C?(vy,) =
d(yn) — a, for infinitely many values of n. From (4.34), we see that v, €
[0k—1,Tk) for some k. By choosing n sufficiently large, we may assume that
k does not depend on n and o € (0%—1,7x). We have

a = () —C%m) = 0(n) = SWycip,_, 4 (B(5) —a) "
< ¢(m) = (6(m) —a)" = é(w)Aa<a.
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Therefore, the above inequalities must be equalities and we conclude that

0 < d(7m) —a=C%,) = s ]<¢<s>—a)*-
S€0k—1,Tn

Letting n — oo, we see that

0<d(aj—)—a=C%a;—)= sup (¢(s)— a)+.

s€[ok—1,2)

On the other hand, C?(a;) = supseo, ., (#(s) — a)". This shows that
C?%(aj) > C?(aj—). Furthermore, C%(ay;) > C%(a;—) implies C?(a;) =
¢(a;) — a. But in this case, ¢(c;) = a. This contradicts the membership of
a; in A and establishes the continuity of C? at Q.

If #(7,) = a does not hold for infinitely many values of n, then ¢(7,) = 0,
or equivalently, C?(vy,) = ¢(v,), must hold for infinitely many values of n.
From (4.33), we see that v, € [1x,0%) for some k. By choosing n sufficiently
large, we may assume that k does not depend on n and o € (7%, 0%). We
have

0= () = C%(m) = $(1) — _inf  ¢(u) > 0.

ue [’Tk 7'Yn]

Therefore, the above inequality must be an equality and we conclude that

¢(’Yn) = C¢(7n) = inf ¢(u)

ue[Tkzv’ﬂ]

Letting n — oo, we see that

$laj=) = C%aj=) = inf o(u).

u€|[TR,a5)

On the other hand, C%(a;) = infyefr, a;) #(w). This shows that C9 (o) <
C?(a;j—). Furthermore, C?(«j) < C?(aj—) implies C?(aj) = ¢(a;). But in
this case, (ﬁ(aj) = 0. This contradicts the membership of «; in A, which
establishes the continuity of C?¢ at Q.

To establish [, d|C?| = 0, it remains only to show that Siai80) d|C?| =0
for every ¢ € I. Because ¢ is strictly between 0 and a on (a4, 3;), (4.31)
shows that (a;, ;) must be entirely contained in an interval of the form
(g, 0x) or of the form (ox_1, 7). We consider the latter case; the former
case is analogous. It suffices to show that C'? is constant on [a;, b;] whenever
a; < a; < b; < fB;, where

Co(t) = sup (o(s) — a)+ Vt € (ay, B3;)-

Se[okflvt}
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Define
= inf {t S [ai,bi]\0¢(t) > C¢(az)}
Assume p < oo. Because C? is right-continuous, we must have C?(t) =
C?(a;) for all t € [a;,p) and either C?(p) = ¢(p) —a > C(a;) or else

C?%(p) = ¢(p) — a = C?(a;). In either case, ¢(p) = a, contradicting the
definition of A. Therefore, p = co and C? is constant on [a;, b;]. O

Remark 4.5. The stopping times oy, 7%, k = 0,1, ..., of (4.1)—(4.2) coincide
with the stopping times &, 7k, k = 0,1,..., of (3.26) and (3.27). Indeed, for
k > 1, the contrapositive of (4.33) dictates that ¢(t) > 0 for ¢ € [o}_1, Tk)-
Moreover, according to (4.25), ¢(7x) = ¢(7) — C?(1) = 0, and so

T = min{t > o_1|4(t) = 0}. (4.35)

Similarly, the contrapositive of (4.34) dictates that é(t) < afor t € [y, 01),
and according to (4.26), ¢(or) = ¢(op) — C?(0x) = a, so

or = min{t > 73|¢(t) = a}. (4.36)

Finally, for 0 <t < 0y, (4.24) implies o(t) = ¢(t), so (t) < a. According to
(4.27), ¢(00) = ¢(0) — C?(00) = a, so

oo = min{t > 0|¢(t) = a}. (4.37)
Equations (4.35)—(4.37) coincide with (3.26), (3.27).
Second proof of Theorem 1.4. Let ¢ € D[0,00) be given and define
¢ =To(¢)). Then n = ¢ — 1) € T|0,00) satisfies (see (1.2))

0= [0 [ Tpwndils =0 vezo. (139
With C? defined by (3.28), set

b=Na(0)=0—C? =9 +n-C.

Theorem 4.4 implies n — C? € BV [0,00), ¢ € D[0,00), and ¢ takes values
only in [0, a]. It remains to show that for all ¢ > 0,

=0 = [ Va0 or somardin = €I, (139

n(t) — C%(t) /1{¢ _oydln — C?|(s) /1{¢>s) aydln — O%,66)

Because {s|¢(s) = 0} C {s]|¢(s) = 0} (see (4.30)) and C? is decreasing on
this set (see (4.29)), (4.38) implies |n — C?| = n+|C?|. Equations (4.39) and
(4.40) follow from (4.38), (4.28), and (4.29). [ |
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5. Comparison Properties of the Double Reflection Map

In this section we present the proof of Theorem 1.6. We first establish some
preliminary results that may be of independent interest. In the proofs we
make repeated use of the elementary inequalities [by + ba]T < b]L + b; and
[b1 — ba]T > b — by for by, by € IR, without explicit reference.

Lemma 5.1. Given cg,cy € IR and ¢, € D [0, 00) with ¥ (0) = 4'(0) = 0,
suppose (¢,m) and (¢',n') solve the Skorokhod problem on [0,00) for co+ 9
and cy+', respectively. If there exists v € T [0, 00) such that ¢’ <) <p'+v,
then the following two properties are satisfied:

1.m—[cg—col™ <n' <n+v+[o—cl*;

2. ¢ —v—|y—c)t <o < ¢ +v+[c—t.
Moreover, if 1 = ' + v then

¢ =g —colm <P < +v+leo— )T (5.1)

Proof. Using the explicit representations for 7 and 1’ that follow from (1.1),
along with the fact that v € Z[0,00) and ¥ < ¢’ + v, we see that for every
t €[0,00),

n(t) = sup,ejo[—co — ¥ (s)]*

VIV IV IV

Likewise, (1.1) and the fact that ¢ > ¢’ shows that for every ¢ € [0, c0),
+

' (t) = supgeioq [—co — V' (8)]7 > supgepol—co — ¥(s) — (co — o)™
> suPgejo[—co — ¥(s)]T = [cf — co] T
= () —[cp—co] ™

(5.2)
When combined, the last two relations establish property 1. Moreover, the
first relation and the fact that ' = —c{; — ¢’ 4+ ¢’ also implies that

¢ =+cotn = p+co—co—y'+¢' —v—leo—cp]" = ¢+ -y —v—[ch—co] T,

which is no less than ¢/ — v — [¢f, — ¢o] T if ¥/ <9 < ¢’ + v and is no less
than ¢ — [¢f, — co] if ¥ = ¢’ + v. On the other hand the second relation,
(5.2), shows that

¢ = co+ip+n < o+ +n'+co—cy+[cg—col T+ =1 = ¢'+[co—cp] T+ 1.

Together, the last two displays establish property 2 and (5.1). ]
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The representation (1.13) for I'g 4 as the composition of A, and Iy, allows
us to easily deduce the following corollary from Lemma 5.1.

Corollary 5.2. Given a > 0, co,cy € IR and ¢,v" € D[0,00) with (0) =
Y'(0) = 0, suppose (¢,7) and (¢',7') solve the Skorokhod problem on [0, a]
for co + v and ¢y + ', respectively. If 1p = ' + v, where v € T[0,00), then
the following two properties hold:

1.7 —=2[cy —co]™ <7 <420+ 2[co — ]

2. [=[cg —col =v]V[=a] < ¢ = ¢ <[ — co| + V] Na.
Proof. Let C' = C? be the function defined in (3.28) and let ¢! = C?'. From
the first inequality in (5.1) of Lemma 5.1, it follows that

(
C'(t) = supseol(¢'(s) —a)* Ainfyesy ¢ (u)]
< supse(o(@(s) — a+ [ch — co] V)T Adnfyepsy (S(u) + [cp — col )]
< supyeio(@(s) — a) ™ Ainfyeps g ()] + [ch — col

C(0) + [eh — cul

Similarly, the second inequality in (5.1) along with the fact that v is non-
decreasing implies that C’(t) is equal to

suP,eqo.[(¢'(s) — a)™ Adnfyep g &' (u)]
supyefo,[(D(s) — a —v(t) — [co — ] ) F Ainfyuepg(p(u) — v(t) — [eo — co]T)]
sup,epo (¢(s) — a)™ Ainfyeps g @(u)] — v(t) — [co — cp] ™

Ct) —v(t *

) = leo — o)™
Let n = To(co + %) — co — ¢ and, likewise, let o' = To(cf + ') — ¢, —¢', and
note that due to the representation for I'g, in (1.13), the definition (1.11)
of A, and the definitions of C,C’, we can write 7 =n—C and 7/ =7’ — C".
The last two displays, together with property 1 of Lemma 5.1, then show
that

v Iv

n=n-C<1n+[cg—co]" = C" +[cg—col™ =17 +2[ct — co] "
and
77:17—02n'—u—[co—c{)]+—0'—u—[co—cf)]+:ﬁ'—2u—2[co—cg]+

I

which establishes the first property of the corollary. The second property
follows from the first property, the fact that ¢/, ¢ € [0, a] and the relation

¢ —p=ch+'+7 —co—p—n=ch—co—v+7q -7 (5.3)
Il
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We introduce the family of shift operators 7, : D[0,00) — D0, 00),
r € [0,00), defined by

[T.f]1(t) = f(r+t)— f(r) forte]0,00).

We shall also make use of the well-known (and easily verified) fact that if
¢ =T'(¢), where I is either the one-sided reflection map at zero or a, or the
two-sided reflection map on [0, a], then for every a > 0,

¢(a+s) = L(g(a) + Tarh)(s). (5.4)

Remark 5.3. The first and second inequalities in Corollary 5.2 can be
strengthened to the inequalities

—[ch—colt <7 =< [co— )T +v (5.5)

and B B

[—[co = cp]" —v]V[-al < ¢ = <[y — o] Aa, (5.6)
which are both easily seen to be tight. Since ¢(t), ¢'(t) € [0,a] for all t €
[0,00), in order to establish (5.6), it suffices to show that

—[co — i —v(t) < (t) = d(t) < [ch — o] " for ¢t € [0,00).  (5.7)

We use the projection operator 7 of (1.8). This operator is monotone and
Lipschitz with Lipschitz constant 1.

First suppose ¢y > ¢,. Then, due to the monotonicity property of the
projection operator m and the Lipschitz continuity of I'gp,, Lemma 4.2 of
[10] shows that the upper bound ¢' — ¢ < 0 = [c — co]* in (5.7) holds,
while the lower bound in (5.7) follows from the first inequality in part 2 of
Corollary 5.2

Now suppose ¢y < ¢j. Define

T=inf{t > 0:¢(t) > ¢'(t)}.

The fact that ¢(0) = 7(co) < 7(c) = ¢'(0) and é(¢),d'(t) € [0,a] imply
#(t) < a and ¢'(t) > 0 for t € [0,7). (It could happen that 7(co) = 7(c}),
and then 7 = 0 and all assertions concerning ¢ € [0, 7) are vacuously true.)
Definitions 1.1, 1.2 and relation (1.4) then show that for ¢ € [0,7), ¢(t) =
Lo(co+v)(t) and ¢ () = Ta(ch +1')(t). Therefore for ¢ € [0,7), co+1(t) <
o(t) < ¢'(t) < ¢ +9'(t), which in turn implies that

—v(t) <0< P (t) — p(t) < chg—co+ ' (t) —(t) < chg—co  fort €[0,7).
(5.8)
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This shows that (5.7) is satisfied for ¢ € [0, 7). In particular, this implies that
¢'(t—) > ¢(1—) — v(7—). By the monotonicity property of the projection
operator w, we have

Fr) = m(@ ) +u(r) — /()
> (8(r=) — vir=) +(r) ~w(r=) — () =)
> 7 (3(r=) + () ~ ¥(r) — v(r)

where the explicit definition of 7 is used to obtain the second inequality.
Now for s € [0,00), ¢(T+5) = [ a(d(7) +Tr10)(s) and, likewise, ¢/ (T +s) =
Lo.a(¢'(7) +Tr9")(s). Since ¢(7) > ¢'(7) due to the right-continuity of ¢, ¢’,
we can apply (5.7) (with co,c), ), 9" and v replaced by ¢(7),¢'(7), Ty,
T:4" and T,v), and use (5.9) to obtain for s € [0, c0),

—v(14s) < —[o(1)=¢' (1) T=Trv(s) < @' (T+s)—p(7+s) < [¢'(1)—(7)]" =0,

which shows that (5.7) also holds for ¢t € [, 00).
We have established (5.7), and hence (5.6). The inequality (5.5) can be
deduced from (5.6) using the basic relation

i =i = ¢’ —p—(cp—co)— (V' =) = ¢’ —p—(ch—co)+v- u

Although Corollary 5.2 provides bounds on the difference between the
net constraining terms 7 and 7, it is often desirable to compare the indi-
vidual constraining terms at the upper and lower barriers. Such bounds are
provided in Theorem 1.6. To establish these bounds, we recall that if (¢, 7)
solves the Skorokhod problem on [0, a] for ¢ € D[0, 00), and if 7 admits the
decomposition 77 = 7y — 7, that satisfies (1.9), then for any ¢ € [0, ),

Me(t) = e(t=) = sup [fu(s) = P(s)]" = sup [Fu(s) —(s)]"
s€[0,t] s€[0,t)

= [fu(t) — () — me(t—)]"

= [=o(t=) = »(t) + P(t=) + 7u(t) — 7u(t—)]".(5.10)
Proof of Theorem 1.6. Define
a =inf {t > 0: 7(t) + v(t) + [co — o] ™ < Ay(t) or Fu(t) + [cg — col ™ < (1)},

with « = oo if the infimum is over the empty set. Then the definition of «
dictates that the following two relations are satisfied for s € [0, ):

() < 7e(s) + v (s) + [eo — c] T (5.11)

imsart ver. 2005/10/19 file: DoubleReflectionMar23_06.tex date: March 24, 2006



/Ezplicit Formula for the Skorokhod Map 32

7u(s) < u(s) + [co — col ™ (5.12)
Suppose o < 0o. Then we claim (and prove below) that it is also true that

mp(a) < 7ea) +v(a) +[eo — ¢ " (5.13)
and

(@) < fula) + [co — co] ™. (5.14)

To see why the claim is true, first note that since v, 7, and 7, are non-
decreasing, it is clear from (5.11) that if 77, is continuous at «, then (5.13)
holds. Likewise, if 7, is continuous at «, then (5.12) implies that (5.14) is
satisfied. Now suppose 7;(«) — 7j;(a—) > 0. Then the complementarity con-
ditions in (1.6) show that ¢'(a) = 0 and 7,(a—) = 7, (). Hence, (5.10)
applied to 77, implies that

() = pla—) = ¢'(a=) —'(a) + ¢'(a—).

0
Making the further substitutions 7j)(a—) — ¢/ (a—) +v/(a—) = —c}+11,,(a—),
=) +1

Y =1’ + v and then 7,(a—) = co + P (« o(a—) — ¢(a—) into the last
display, we obtain

() = —c + 7,(a—) = ¢'(a)
= —cy + 7, (a=) —(a) +v(a)
= —cp + co + P(a—) + fu(a—) — ¢(a—) = Y(a) + v(a) + 7, (a=) = fu(a—).

Taking limits as s | « in (5.12) yields the inequality 7, (a—) — u(a—) <
[ch — co]T. When substituted into the last display, this shows that

(@) < —cp+co+la—)+qla—) — dla—) — P(a) + v(a) + [cf — co]*
= Pla—) +(a—) = p(a—=) = P(a) + v(a) + [co — cp] T 515

Since 7y () — 7y (a—)
me(@) = fila—)+[=dla—) = P(a) +9(a—) + fu(a) — fula—)]*

> e(a=) = pla=) = (@) + Y(a-).
When substituted into (5.15) this yields (5.13). The proof of the remaining
fact that (5.14) continues to hold even if 7, (a) — 7, (a—) > 0 is exactly
analogous and is thus omitted.

Having established (5.13) and (5.14), we note from the definition of «
that there must exist a sequence {s} with s, | 0 as n — oo such that one
of the following two cases holds:

Vv

0, (5.10) implies that

(i) mp(a+ sn) > Me(a+ sp) +vla+s,) + [co — cp]t Yne IN;  (5.16)
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(i) 7, (a+ sp) > Gula + sp) + [ch — o]t Vn e IN. (5.17)

First, suppose that Case (i) holds. Then due to (5.16), the fact that s, | 0
and the right continuity of 77}, 7y and v, it follows that 7;(«) > 7s(o) +v(c) +
[co — ¢b]T. When combined with (5.13), this yields the equality

mie(e) = 7je(@) + v(a) + [co — cp] T (5.18)

We now show that in this case ¢(a) = ¢'(a) = 0. First, combining (5.18),
(5.16) and the fact that 7, + v is non-decreasing, we have 7,(a+ sp,) > 7(c)
for every n € IN. Since s, | 0, the first complementarity condition in (1.6)
ensures that ¢'(a) = 0. Along with (5.14), (5.18) and the relations ¢'(a) = 0
and @ = v’ + v, this implies that

d(a) = p(a) — ¢/ (a) co — ¢+ v(a) +ie(a) — i) + 7, (a) — fju(a)
co —co— [co — cp] "+ [eg — ol
0.

Al

Since ¢ € [0, al, this implies ¢(a) = 0.

The right continuity of ¢ and ¢’ then ensures the existence of € > 0 such
that for every s € [0,¢], #(a + s) < a and ¢'(a + s) < a. Hence, due to the
complementarity conditions (1.6), property (5.4) and the definitions of T'g
and I'o 4, for s € [0, ] we can write

¢lats) = To(gp() +Taw)(s) = To(Tat))(s);

¢(a+s) = To(d(a) +Tat')(s) = To(Tay)')(s);
Taﬁf(s) - Ta_(s) = FO(Taw)(S) - Ta’(/)(S),
Tomp(s) = Tanf'(s) Lo(Tat))(s) — Tay'(s)

Since Tptp = Tut)' + Tov and ¢(a) = ¢'(a) = 0, property 1 of Lemma 5.1
(replacing ¢ and ¢{ by 0 and 9" and ¢ by T,,¢)" and T,1), respectively) shows
that for every s € [0, ¢],

fg(ats)—=g(@) = Tumy(s) < Taie(s)+Tav(s) = fe(a+s) () +v(ats)—v(a).
When combined with (5.18) this yields the inequality
Mol +5) < ie(a+s) +v(a+s)+lco— ]t forse0,e],

which contradicts (5.16) and so Case (i) does not hold.
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Thus we have shown that there does not exist any sequence {s,} with
sn, | 0 that satisfies (5.16). Together with (5.11) and (5.13), this means that
there must exist 6 > 0 such that

mp(s) < ne(s) +v(s) + [co— cp]T  for s € [0, + 6.

Combining (1.9) with the above inequality we then obtain for ¢ € [0, a + ¢],

() = sup [ch+¥'(s) +j(s) —a]*
s€|0,t
= sup [cf +¥(s) — v(s) +7y(s) —a]t
s€[0,¢]
< sup [eo +1(s) +7e(s) —a+ch—co+ [co — o] T]T
s€[0,t]

SUDseqo.4[co + ¥ (s) + 7e(s) — a]t + [ch — o] T
Tu(t) + [cp — co] ™

(IIVAN

However this contradicts (5.17) and so we conclude that neither Case (7)
nor Case (ii) holds, which in turn contradicts the fact that o < oo. Thus
«a = oo or, in other words, the second inequality in property 1 and the first
equality in property 2 of the theorem are satisfied.

Applying the result just proved above with 1,1/, co, ¢, replaced by —¢', —1), a—
¢h, a — ¢q respectively, and invoking (1.10), it follows that 5 = oo, where

B=inf{t>0:q,(t) +v(t) + [co — o] " < u(t) or M(t) + [ch — co] ™ < 7e(t)}-

This completes the proof of the first two properties of the theorem. The
third and fourth properties are the content of Remark 5.3. [ |

References

[1] Anderson, R. and Orey. S., Small random perturbations of dynamical
systems with reflecting boundary. Nagoya Math. J., 60:189-216, 1976.

[2] Anulova, S. V. and Liptser, R. Sh., Diffusion approximation for pro-
cesses with normal reflection. Theory Probab. Appl., 35, 3:411-423,
1990.

[3] Burdzy, K. and Nualart, D., Brownian motion reflected on Brownian
motion. Probab. Theor. Rel. Fields, 122, 471-493, 2002.

[4] Chaleyat-Maural, M., El-Karoui, N. and Marchal, B., Réflexion discon-
tinue et systemes stochastiques. Ann. Prob. 8:1049-1067, 1980.

imsart ver. 2005/10/19 file: DoubleReflectionMar23_06.tex date: March 24, 2006



/Ezplicit Formula for the Skorokhod Map 35

[5] El Karoui, N. and Chaleyat-Maurel, M., Un probleme de réflexion et
ses applications au temps local et aux équations différentielles stochas-
tiques sur IR — Cas continu, in Temps Locauz, Astérisque 52-53, Société
Mathématique de France, J. Azema and M. Yor, ed., 1976-1977, 117—
144.

[6] Harrison, M., Brownian Motion and Stochastic Flow Systems. John
Wiley & Sons, Inc., 1985.

[7] Henderson, V. and Hobson, D., Local time, coupling and the passport
option. Finance and Stochastics, 4:69-80, 2000.

[8] Janecek, K. and Shreve, S., Futures trading with transaction costs. In
preparation.

[9] Kruk, L., Lehoczky, J., Ramanan, K. and Shreve. S., Diffusion approx-
imation for an earliest-deadline-first queue with reneging. In prepara-
tion.

[10] Ramanan, K. and Reiman M., The heavy traffic limit of an unbalanced
generalized processor sharing model. Preprint.

[11] Skorokhod, A. V., Stochastic equations for diffusions in a bounded
region. Theor. of Prob. and Its Appl., 6:264-274, 1961.

[12] Soucaliuc, F. and Werner, W. A note on reflecting Brownian motions.
Elec. Comm. in Probab., 7:117-122, 2002.

[13] Tanaka. H., Stochastic differential equations with reflecting boundary
conditions in convex regions. Hiroshima Math. J., 9:163-177, 1979.

[14] Whitt, W., An Introduction to Stochastic-Process Limits and Their
Application to Queues. Springer, 2002.

Appendix A: Transformation of graph parametrizations under
Aq

Lemma A.1. Let ¢ € D]0,T] be given. For (r,g) € I1(¢), we have (r, Ay(g)) €
II(Aa(0))-

Proof. Since the mapping (r, g) is continuous, by Proposition 1.3 the map
(r, Aa(g)) is also continuous. We will show that for every s € [0, 1], (r(s), Au(g(s))) €
G, (¢)- Fix t € [0,T]. We consider two cases.

Case 1. ¢(t) = ¢(t—).
Consider s € [0,1] such that r(s) = ¢t. We want to show that eql

Aa(g)(s) = Na(0)(D), (A1)
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which clearly implies (7(s), Aa(g)(s)) € Ga,(4)- In the case under consider-
ation,

9(s) = ¢(t) (A.2)
and (A.1) is equivalent to

sup [(g(s') —a)+ A inf g(s")] = sup l(qb(t') —a)+ A inf gb(t”)] )

sel0,s el Vel el
(A.3)

The inequality

sup [(g(s’)—a)Jr/\ inf }g(s”)] > sup l(qﬁ(t')—a)Jr/\ inf qb(t")]

s'€0,s] s"€[s’,s ' €[0,t] et ]
(A.4)

follows from (A.2) and the monotonicity of (r, g), together with the fact that
the graph of (r(s"),g(s")), s’ € [0, s], consists of the graph of (¢, ¢(t')), t' €
[0,¢], and the vertical segments t’ x [p(t'—) A p(t'), p(t'—) V ¢(t')], t' € [0, 1].
To prove the opposite inequality, let sy € [0, s] attain the supremum on the
left-hand side of (A.3). Let tg = 7(sg) and let [b,c] = r~1(¢y). We want to
show that sp may be chosen to be either b or ¢ (in other words, that the
supremum is attained at one of the endpoints of [b,c]). This is obvious if
o(to) = d(to—), since then g = ¢(tg) on [b, c|. If p(to—) < P(to), then by the
case assumption, typ < ¢t and sy < ¢ < s. In this case, g increases on [b, (|
and the supremum on the left-hand side of (A.3) is attained at c. Thus, if

o(to—) < ¢(tg), we have

sup |(g(s") —a)" A inf g(s")| = (g(c)—a)" A inf g(s")
s'€[0,s] s""€[s’,s] s"€le,s]
+ . //
= to) — A f t
(6(t0) — a) ot o)
< su Y—a)" A inf t”
N t’e[g,)t] [(qb( ) ) tet! ¢ ¢( )

On the other hand, if ¢(top—) > ¢(tg), we again have tg < t and s¢9 < ¢ < s,
but now g decreases on [b,c] and the supremum on the left-hand side of

u-phi

eq2

eq2.5
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(A.3) is attained at b. In this case

sup (g(s’)—a)+/\ inf g(s")| = (g(b)—a)+A inf g(s")

8/6[078} S”E[S’,S] 8"6[(),8]
_ NN\t . . 7
= (¢(to—) —a)” A o(to JA o)
<  su Y —a)t A inf t"
N t’e[é?t] [(¢( )—a) e[t 1] o)

Thus, regardless of the relationship between ¢(t9) and ¢(t9—), (A.3) holds.

Case 2. ¢(t) # o(t—).

Let (b = r3(8), & = 6 — (6(t) — SNy, o/(5) = 9(s) — (g0 A
¢) —g(s Ab)). Then ¢’ = g on [0,b], ¢' = ¢ on [0,t) and ¢/(t) = P(t—).
This in turn shows that Ay(g")(b) a(9)(0), Aa(P)(t) = Au(¢)(t—) and
(r,g') € II(¢) on [0,¢]. Since ¢'(t) = ¢'(t—), we can apply (A.1) to conclude
that Ag(g)(b) = Aa(9')(b) = Aa(¢)(t) = Au(d)(t—). For ¢ > ¢ such that
o(t') = ¢(t'—) and s’ € [0,1] such that r(s") = t' we have, again by (A.1),
Aal9)(s) = Aal@)(¥). Taking 1/ | 1, we get Aa(g)(c) = Aa(6)(t). Finally,
A4 (9)(s) moves continuously and monotonically from A, (g)(b) to Ag(g)(c) as
s increases over [b, ¢]. Hence, for s € [b, c], (r(s),Aa(g9)(s)) = (t,Au(g)(s)) €
Gra(@)-

Conclusion.

We have shown that the map (r,A.(g)) takes values in Gy, ). If Aa(®)
is discontinuous at t € (0,77, then ¢ is also discontinuous at t. The Case 2
analysis shows that when ¢ is discontinuous at ¢, the function A,(g) traverses
the the vertical segment t x [¢(t—) A ¢ (t), p(t—) V ¢(t)] in the direction from
¢(t—) to ¢(t), which means that (r, g) is nondecreasing in the order relation
on the graph of G, (4) on the interval r~1(t). For values of ¢ for which T'y(¢)
is continuous, we use the fact r is nondecreasing to again conclude that (7, g)
is nondecreasing. O
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