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A TWO-PERSON GAME FOR PRICING CONVERTIBLE BONDS*

MIHAI SIRBU' AND STEVEN E. SHREVE}

Abstract. A firm issues a convertible bond. At each subsequent time, the bondholder must
decide whether to continue to hold the bond, thereby collecting coupons, or to convert it to stock.
The bondholder wishes to choose a conversion strategy to maximize the bond value. Subject to
some restrictions, the bond can be called by the issuing firm, which presumably acts to maximize
the equity value of the firm by minimizing the bond value. This creates a two-person game. We
show that if the coupon rate is below the interest rate times the call price, then conversion should
precede call. On the other hand, if the dividend rate times the call price is below the coupon rate,
call should precede conversion. In either case, the game reduces to a problem of optimal stopping.
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1. Introduction. Firms raise capital by issuing debt (bonds) and equity (shares
of stock). The convertible bond is intermediate between these two instruments. A
convertible bond is a bond in that it entitles its owner to receive coupons plus the
return of principal at maturity. However, prior to maturity the holder may convert
the bond, surrendering it for a preset number of shares of stock. The price of the
bond is thus dependent on the price of the firm’s stock. Finally, prior to maturity,
the firm may call the bond, forcing the bondholder to either surrender it to the firm
for a previously agreed price or convert it to stock as above.

After issuing a convertible bond, the firm’s objective is to exercise its call option
in order to maximize the value of shareholder equity. The bondholder’s objective is to
exercise the conversion option in order to maximize the value of the bond. Because the
firm must pay coupons to the bondholder, it may call the bond if it can subsequently
reissue a bond with a lower coupon rate. This happens as the firm’s fortunes improve,
for then the risk of default has diminished and investors will accept a lower coupon
rate on the firm’s bonds. In the case of a convertible bond, the firm has a second
incentive to call: as the firm’s fortunes improve, the investor may convert, becoming
a shareholder of a profitable firm and diluting the value of the stock owned by the
original shareholders. The firm can prevent this by calling the bond. The bondholder
has an incentive to convert the bond to stock before maturity under exactly the same
scenario; the bondholder may want to become a shareholder of a profitable firm, for the
promise of future dividends may be more valuable than the promise of future coupons.

If stock and convertible bonds are the only assets issued by a firm, then the
value of the firm is the aggregate value of these two types of assets. In idealized
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markets, where the Miller-Modigliani [32], [33] assumptions hold (see Hennessy and
Tserlukevich [20] for a model in which they do not), changes in corporate capital
structure do not affect firm value. In particular, the value of the firm does not change
at the time of conversion, and the only change in the value of the firm at the time of
call is a reduction by the call price paid to the bondholder if the bondholder surrenders
rather than converting the bond. By acting to maximize the value of equity, the firm
is in fact minimizing the value of the convertible bond. By acting to maximize the
value of the bond, the bondholder is in fact minimizing the value of equity. This
creates a two-person, zero-sum game. The game is complicated by the fact that one
can expect the dividend payment policy of the firm to depend on the bond price, a
feature explicitly modeled in this paper. This feature causes the bond price to be
governed by a nonlinear second-order partial differential equation, a novel feature of
this paper.

This is a companion paper to Sirbu, Pikovsky, and Shreve [36]. In [36], the bond
did not mature and hence time was not a variable, whereas in the present paper, the
bond has finite maturity and the bond price depends on the time to maturity.

Brennan and Schwartz [8] and Ingersoll [22] address the convertible bond pricing
problem via the arbitrage pricing theory developed by Merton [30], [31] and underlying
the option pricing formula of Black and Scholes [7]. In the Brennan—Schwartz [8]
model, dividends and coupons are paid at discrete dates. Between these dates, the
value of the firm is a geometric Brownian motion and the price of the convertible
bond is governed by the linear partial differential equation developed by Black and
Scholes [7]. This sets up a backward recursion over payment dates, which permits
a numerical solution of the bond pricing problem but is not readily amenable to
qualitative analysis. In Ingersoll [22], coupons are paid out continuously. For most of
the results obtained in [22], dividends are zero, and because of this the bond price is
again governed by a linear partial differential equation.

The present paper differs from the classical literature in a second respect. In [8],
the bond should not be converted except possibly immediately prior to a dividend
payment; in [22], the bond should not be converted except possibly at maturity.
Therefore, neither of these papers needs to address the free boundary problem that
arises if early conversion (other than at discrete dates) is optimal.

Ingersoll [22] provides a heuristic argument that the firm should call as soon as the
conversion value of the bond (the value the bondholder would receive if he converts
the bond to stock) rises to the call price. It is observed that firms tend to call later
than this, and several reasons have been advanced to explain this departure from the
model; see, e.g., [2], [3], [16], [19], [23]. We show here by a rigorous analysis of the
model that, although the Ingersoll conclusion is often valid, it is also possible that the
firm should call before the conversion value of the bond rises to the call price. In these
cases, explanation of observed firm behavior is more difficult than previously believed.

The present paper assumes that a firm’s value comprises equity and convertible
bonds. To simplify the discussion, we assume that equity is in the form of a single
share of stock, and that there is a single convertible bond. We assume that the value
of the issuing firm has constant volatility, the bond continuously pays coupons at a
fixed rate, and the firm continuously pays dividends at a rate that is a fixed fraction
of equity. Default occurs if the coupon payments cause the firm value to fall to zero,
in which case the bond has zero recovery. In this model, both the bond price and the
stock price are functions of the underlying firm value. Because the stock price is the
difference between firm value and bond price, and dividends are paid proportionally
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to the stock price, the differential equation characterizing the bond price as a function
of the firm value is nonlinear.

In section 2 we provide a no-arbitrage argument, which states that once the firm
and the bondholder choose their call and conversion strategies, the price of the bond
is the expected value under the risk-neutral measure of the cash flows that accrue
from ownership of the bond. The determination of the optimal call and conversion
strategies then becomes a Dynkin game between the firm and the bondholder, and
the bond is almost a game option in the sense of Kifer [26]. In contrast to [26], here
the evolution of the underlying process, the firm value, depends on the solution to
the game. Kallsen and Kiihn [24] consider a game option setting that includes this

possibility.
Recognizing that convertible bond pricing is a game is implicit in previous work.
For example, [8] observes that the pricing problem “... results in a pair of conversion-

call strategies which are in equilibrium in the sense that neither party could improve
his position by adopting any other strategy.” Here we make the game explicit and
obtain a good qualitative description of its value. In particular, if the dividend rate is
below the interest rate, then the game reduces to one of two possible optimal stopping
problems, either the problem of optimal call or the problem of optimal conversion,
and we are able to determine in advance from the model parameters which of these
two problems is relevant.

Convertible bonds can have several features that must be captured by any model
intended for practical application; see [29]. These include periods of call protection,
time-dependent conversion factors, and exposure to interest rate and default risk. The
model of this paper captures only the default risk, and that via a simple structural
model in which default occurs at the time the firm value falls to zero. Loschak [27]
allows nonconvertible senior debt and uses a more sophisticated structural model
for default. Brennan and Schwartz [9] also allow senior debt. Another interesting
issue is the process of conversion when bonds are held by competing investors; see
Constantinides [11] and Constantinides and Rosenthal [12].

Practical models have been built around the idea that the cash flow from a con-
vertible bond can be separated into an “equity” part, which should be discounted
at the interest rate, and a “bond” part, which should be discounted at the interest
rate plus a credit spread. Papers taking this approach are McConnell and Schwartz
[28], Cheung and Nelken [10], Ho and Pteffer [21], Tsiveriotis and Fernandes [39],
and Yigitbasioglu [40]. Ayache, Forsyth, and Vetzal [4] analyze some of this work and
conclude that its failure to account for the effect of default on equity introduces signif-
icant pricing errors. This deficiency is corrected in Davis and Lischka [14], Takahashi,
Kobayashi, and Nakagawa [38], and Andersen and Buffum [1], who build intensity-
based models for default affecting equity value.

We describe our model in section 2 and report our main results in section 3. In par-
ticular, the Dynkin game that describes the bond price reduces to one of two optimal
stopping problems and a fixed point problem. Section 4 provides a probabilistic justi-
fication for the reduction of the game to optimal stopping. Viscosity solution results
concerning the Hamilton—Jacobi-Bellman equations governing the optimal stopping
problems are provided in section 5. This permits the proof in section 6 of the exis-
tence and uniqueness of the solution to the fixed point problem, and this solution is
the bond pricing function. Section 7 relates this paper to perpetual convertible bonds.
In section 8 we provide some results on the nature of the stopping and continuation
regions of the optimal stopping problems of this paper.
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2. The model. We denote the value of the firm at each time ¢ by X;. We
assume the value of the firm consists of equity and debt. The debt D; is due to a
single outstanding convertible bond. This assumption of a single bond means that
all debt is called and/or converted simultaneously. We denote by S; the total value
of equity, which, following the standard finance model (e.g., Merton [31, bottom of
p. 453]) is given by

(21) St = Xt - Dt.

Equity owners receive dividends paid continuously over time at a rate 65, and the
bondholder receives coupons paid continuously over time at a rate c. We assume that
6 > 0 and ¢ > 0 are both constant. If there is no call or conversion prior to maturity
T, then at maturity the bondholder receives the par value L from the firm, provided
Xr > L. Otherwise, the bondholder receives Xp. However, at any time ¢t € [0,7],
the bondholder may convert the bond to stock, thereby immediately receiving stock
valued at the conversion factor v € (0,1) times the firm value X;. The firm value
is not affected by this conversion. On the other hand, at any time ¢ when X; > K,
the firm may call the bond, forcing the bondholder to either immediately surrender
the bond in exchange for the call price K or else immediately convert the bond as
described above. We assume K > L > 0; it is common to have L = K. If K were
less than L, then L would be irrelevant since the firm could always call at maturity
to avoid paying L.

In order to model the firm value process, which is the primitive in our analysis,
we note that, prior to maturity, as long as the bond has not been called or converted
and the firm value has not fallen to zero, there are three financial instruments in the
market: the stock, the convertible bond(s), and a money market account with risk-free
rate of interest r > 0. The wealth V; of an investor holding A; shares of stock and I';
convertible bonds at each time ¢, investing or borrowing in the money market account
as necessary in order to finance this, evolves according to the stochastic differential
equation

(22) d‘/t = At[dSt + 6St dt] + Ft[th + Cdt] + T[V(t) — AtSt — FtDt] dt,
and the discounted wealth thus satisfies
(2.3) d(e*”Vt) = A [d(e*”St) +e 68, dt} + Iy [d(e*”Dt) +e e dt].

Such an investor should not be able to produce arbitrage. To ensure this, according
to the first fundamental theorem of asset pricing, both the discounted stock price plus
the cumulative discounted dividend payments,

t
M, =e" "8, —|—/ e~ ™68, du,
0

and the discounted convertible bond price plus the cumulative discounted coupons,

t

N, =e "D, —I—/ e "edu,

0

must be local martingales under some risk-neutral probability measure P (see the

argument due to [18] and developed in great generality by [15]). Adding the above
equations, using the relation X; = S; + D;, we obtain

(2.4) dX; = rX,dt —cdt — 6S; dt + e"'d(M; + Ny).
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Assuming constant volatility ¢ > 0 for X; means that the local martingale term
e"'d(My + Ny) is in fact equal to oX;dW;, where W is a Brownian motion. To
summarize, in our model the value of the firm evolves according to the equation

(25) dXt = T‘Xt dt*Cdt*éSt dt+UXt th,

where Wy, 0 < t < T, is a Brownian motion under the risk-neutral probability measure
P. This is the starting point of our model, and it is a common starting point for
treatments of the convertible bond pricing problem; see, e.g., [8], [22]. Equation (2.5)
says that under the risk-neutral measure the mean rate of growth of X; is the interest
rate r adjusted by the payouts being made.

Finally, we observe from (2.5) that X, < Xoe("=29)t+oW:_Therefore, since 0 <
S < Xy and 0 < Dy < X4, we conclude that the local martingales M; and N, are
martingales under P.

We adopt throughout the standing assumption

(2.6) 0<s<r,

but see Remark 3.5 below.

We generalize slightly the previous discussion by permitting the initial time to be
s € [0,T] rather than requiring it to be 0. We shall price the bond at time s under
the assumption that X; = x. Given these initial conditions, we denote by X;** the
solution to (2.5) at time ¢t € [s,T] and set

;" £ min{t € [s,T]: X" =y}, y >0,

where we adopt the convention that min() = co. The firm defaults on the bond at
time 65" if 6" < T, and ;" = oo corresponds to no default.

The firm adopts a call strategy p and the bondholder adopts a conversion strategy
7. Both of these are stopping times for the filtration generated by W, — W, u € [s, T
(augmented by P-null sets), and they must satisfy p,7 € [s,T A 657U {657} We
denote the set of all such stopping times by S%%. We interpret p and 7 to be the
times of call and conversion, respectively, except on the set {p = 65}, where there
is no call. Similarly, on the set {r = 6;"}, there is no conversion. On the set
{p =7 < 65"}, there is simultaneous call and conversion, and the conversion takes
priority. This is the standard contractual specification for convertible bonds. There is
no requirement that call or conversion must take place, and we capture the absence of
call (respectively, conversion) by permitting p = oo (respectively, 7 = 0o) if 5" = .
The firm can call at time p < 63 only if X5* > K. We denote by Sg” the set of
stopping times in §** satisfying the additional condition that X5* > K on p < 05",
and we require that p € Si*. Once the call and conversion strategies p € Sp* and
7 € §%7 are chosen, we use the fact that N; stopped at pAT AT is a martingale under
P to write the value of the bond D, at time s as

(1>

PATNT
J(s,x;p,7) = °E / e "™edu + e_r(pATAT)Dp/\TAT
pATNT
— ¢™E / e e du + e—r(p/\T/\T) (H{TSpAT},VXj’x
s

(27) + H{p<T}K + H{p/\T:OO}(X;’z A L)):| .



CONVERTIBLE BONDS 1513

3. The method and principal results. We must deal with the fact that the
process S; in section 2 is endogenous. In fact, the bond price, the firm value, and
the equity value S; are related by (2.1). Just as in [8], [22], [31], and even [7], for
the case of options rather than convertible bonds, we make the ansatz that there is
a function g¢(¢,z) such that prior to call and conversion, Dy = g(t, X;) and hence
S¢ = X; — g(t, X;). This is a reasonable step because the only source of uncertainty
in the model is the uncertainty in the firm value (equivalently, the uncertainty in the
Brownian motion driving the firm value), and thus all asset prices should depend on
only this and the time variable.

We eventually see (Lemma 4.1 below) that if vX; > K, then it is optimal to
convert, and hence D; = vX;. Hence, the function g(¢, z) should satisfy

K
(3.1) gt,x) =vyrfor 0 <t <T and x > —.
v

Also, we expect both the value of the bond and the value of the equity to increase
with increasing firm value, which is equivalent to

(3.2) 0<g(t,y) —glt,z) <y—zxzfor0<t<Tand 0 <z <y.

The bond is never worth less than its conversion value and never worth more than
the firm value. Since the firm can always call when vz < K, in which case the call
does not result in conversion, the bond is not worth more than the call price. In other
words,

(3.3) vy < glt,x) <z AKfor0<t<Tand 0 <z <

e

We shall show that within the collection of functions
G ={g:[0,T] x [0,00) — [0,00) : g is continuous and (3.1)—(3.3) hold},

there exists a unique function ¢g* such that g*(¢, X;) gives a bond price consistent with
our modeling assumptions.
To get started, we simply choose an arbitrary g € G and define

(3.4) Sy = X —g(t, Xy).

We substitute this value of S; into (2.5), thereby obtaining a stochastic differential
equation for X. The Lipschitz continuity (3.2) guarantees that corresponding to every
initial condition (s,z) € [0,7T] x [0,00) this equation has a strong solution, and we
thus obtain X*®%. We proceed as in section 2 and conclude with the function J of
(2.7), which we now denote J,.

For each fixed g € G, we can construct a Dynkin game, where now the evolution
of the underlying process is specified by (2.5) and (3.4). Kallsen and Kiihn [24] show
that the value of this game will be the no-arbitrage price of the bond, provided the
function g has been chosen “correctly” (see the next paragraph). This game has lower

and upper values
A . — A .
vg(s,2) = sup inf Jo(s,a5p,7), Dg(s,2) = inf = sup Jy(s,2;p,7),
TESS @ pESE pESK” €8s

respectively. Clearly, v, < ;. In fact,

(3.5) vy(8,2) =0y(s,x) for 0 < s <T and x > 0.
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This is a consequence of the theory of Dynkin games, but rather than appeal to that
theory, we obtain (3.5) as a by-product of our characterization of the solution of the
game; see Lemma 4.1 and Propositions 4.5 and 4.6 below.

The function v, = v, provides the price of the convertible bond if we choose g
to be the pricing function of the convertible bond. That is to say, we want to find
a function g* € G such that v,. = Vg» = g*. Let us define the operator 7 on G by
Tg = v, =0y. We shall prove the following.

THEOREM 3.1. 7 maps G into G and has a unique fized point g*.

When z = 0, the only stopping time in ST is 7 = T', whereas when 0 < 2 < %,
the set ST>® also contains the stopping time 7 = co. When x = 0, the only stopping
in SIT(‘z is p = T, whereas when 0 < x < K, the only stopping time in S};’x is p = c0.
When K <z < %, the set SITg$ consists of p =T and p = co. We further have

Jg(Ta P, T) = H{TSp/\T}fo + ]I{p<T}K + H{p/\r:oo} (x A L)
It is now straightforward to compute v (7T, z) and vy(T,x) for 0 < x < %, and
irrespective of the choice of g, this results in the terminal convertible bond pricing
function ¢*(T),-) given by

=

(3.6) g (T,z)=(x ANL)V (yz) for 0 <z < o

Because g* also satisfies (3.1), we need only describe this function on [0,7) x [O, %)

From (3.3) we have the boundary conditions
* * K
(3.7) G (,0)=0, g (t,;) —Kfor0<t<T.

THEOREM 3.2 (Case I). If ¢ < rK, the time of optimal call is the first time
the conversion value vX; rises to the call price K. The bond pricing function g*
is determined by solving the problem of optimal conversion in [0,T] x [O, 5]. In
particular, g* is the unique continuous viscosity solution of the variational inequality

1
3.8 min < —vy + rv — m:—cvz—i-éax—vvw—702x2vm—c,v— z,=0
( 5 v

on [0,T] x [0, %] satisfying (3.6) and (3.7).

(Case II). If 6K < ¢, the time of optimal conversion is at the first time the
conversion value yX; rises to the call price K, or at maturity if the conversion value
exceeds the par value. The bond pricing function g* is determined by solving the
problem of optimal call in [0,T] x [O, %} In particular, g* is the unique continuous
viscosity solution of the variational inequality

1
(3.9) max {—Ut +rv— (re — c)vy + 6(x — v)v, — 502x2vm —c,v— K} =

on [0,T] x [0, %] satisfying (3.6) and (3.7).

Remark 3.3. By a “continuous viscosity solution on [0,77] x [0, %]” we mean a
continuous function on [0, 7] x [0, 5] that is a solution in the interior of the domain,
namely, (0,7) x (0, %)
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Remark 3.4. Because of standing assumption (2.6), Cases I and II overlap. In
other words, we can have § K < ¢ < rK, and optimal call and conversion both occur
the first time vX; rises to K. In this case, g* is the unique continuous viscosity
solution on [0,7] x [0, %] of the partial differential equation

1
—vp +1rv— (rv — v, + 6(x — v)v, — 502x2vm =c

satisfying (3.6) and (3.7).

Remark 3.5. The proofs in this paper do not actually require standing assumption
(2.6), but rather that either ¢ < rK or 6 K < c¢. Under either of these conditions,
Theorems 3.1 and 3.2 hold. However, Theorem 3.6 below requires (2.6) for the pricing
of the perpetual convertible bond; see [36].

THEOREM 3.6. As the time to maturity approaches oo, the price of the finite-
maturity convertible bond approaches the price of the perpetual convertible bond of
[36], which is characterized in Theorem 7.2 below, and this convergence is uniform in
the firm value.

4. Construction and properties of vg.

4.1. Reduction to [0,T] X [0, %]
LEMMA 4.1. Assume that g defined on [0,T] x [0,00) satisfies (3.2), so that (3.4)
and (2.5) uniquely determine a process X*7% for (s,x) € [0,T] x [0,00). Then

K

(4.1) v, (8,2) =0y(s,2) =z for 0 <s <T and z > —.
Y

Proof. With 7 = s, (2.7) implies J,(s,z; p, s) =y for p € S2*, and thus

4.2 v,(s,2) > inf J,(s,x;p,8) =~yx.
(4.2 by(3) 2 inf Jy(s.7ip5) =7

For = > %, we may set p = s and then have for every 7 € S%7 that Jy(s,z;s,7) =
vl —sy + Ko7y < vz, and hence

(4.3) Tg(s,z) < sup Jy(s,z;8,7) < ya.
TeSE”
But directly from their definitions, we know that v, < 7,. ]

We fix a function g € G for the remainder of section 4.

4.2. Modification of payoffs. The contractual features of convertible bonds
require that we define the value of the bond by (2.7) once the call and conversion
strategies p and 7 are specified. This formulation is not readily amenable to analysis,
since the stopping times are allowed to take the value oo, the different players have
different sets of stopping times at their disposal, and the payoff in the event of call is
not always less than or equal to the payoff in the event of conversion. In this section we
create an auxiliary problem that has all these desirable features, and we subsequently
show in Propositions 4.5 and 4.6 that both problems have the same value.

We restrict our attention to stopping times in 3% £ {§ € §** : § < T}. In
particular, we do not allow stopping times to take the value co and we do not require
the call strategy p to satisfy X, > K on {p < 65"} We also change the payoffs
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appearing in (2.7). We define
A vz for0<t<T, x>0,
w(t,x){ (xANL)V (yz) fort=T, x>0,
(t2) & (zANK)V(yx) for0<t<T,z>0,
T = (xANL)V (yz) fort=T, 2 >0.

Then ¢ < ¢ on [0,T) X (07 %) and ¥ = ¢ on the parabolic boundary

(4.4) @D0é<mjﬁx{af}>u<ﬂﬁx[Qi}).

For p,7 € 83", we set

Jg(s,2;p,7)
PAT
LR {/ e "edu + e TPAT) (]I{T<p}1/)(7, X% + H{pST}go(p, X;"”))} .

The interpretation of fg is that if the firm value is insufficient to pay the call price
at the time of the call, then the bondholder receives the firm value. Also, call takes
priority over conversion, but the bondholder receives the conversion value if that is
greater than the call price at the time of the call. We show in Propositions 4.5 and
4.6 that changing the payoffs in this way does not change the value of the convertible
bond pricing problem. We begin with the following straightforward modification of
Lemma 4.1.
LEMMA 4.2. For0<s<T and x > %, we have

inf sup Jy(s,x;p,7) = sup inf Jy(s,x;p,7) = 2.
PEST resy resy® pESY”

4.3. Technical preparations. It6’s formula implies that if A is a continuous
function on [0, 7] x [0, %}, h is C12 on the interior of its domain, and the derivatives

of h have limits at the boundary of its domain, then for (s, z) € [0,T] x [0, %],

t
d (/ e "edu+ e " h(t, Xt”))
(4.5) =" [ — Lyh(t, X;") + c] dt +e "o X h(t, X;F) dW,

for t € [s,05" A 0%’95 A T], where
Loh(t,x) & —hy(t,x) + rh(t,z) — (rz — c)hy(t, x)
(4.6) +6(z — g(t, x))hy(t,z) — %O'szhxx(t, x).
LEMMA 4.3. Let ¢ > 0 be given, and for 0 < s <T and 0 <z < %, define
k(s,x)

R 05" NOK AT —7(05 T N0 AT
L TS E3
S

T e T"Edu+ e Bl p <9g’z A 95%,1: AT, Xei%%e}%T)]

~

05 “NOF" AT —r (05T NOREAT) oo am o
J— s ol —ruzy ~ 9 9 9
=e"’E / e "Mcdu+e ¥ el o, /\0% /\T,ng,m/\gsl,(mAT ,
s K

~

(4.7)
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where we have used the fact that ¢ and ¢ agree on the parabolic boundary OpDo. Then
k is continuous and satisfies k = ¢ =1 on 0pDy.

Remark 4.4. We would expect the function k to satisfy the partial differential
equation L4k = ¢, but since ¢ is only continuous and not Holder continuous with
respect to time, we do not know that this equation has a classical solution. Hence,
we give a probabilistic proof of Lemma 4.3.

Proof of Lemma 4.3. 1t is apparent that £ =1 on 0,Dp. It remains to prove the
continuity.

We extend g to a jointly continuous function, globally Lipschitz in its second
variable, defined on [0,7] x R, so that for every (s,z) € [0,T] x [0, %], X" can be
defined by (2.5) and (3.4) for all ¢t € [s,T]. We define X;* = z for t € [0, s). All the
processes X *7 are defined on the same probability space (2, F,P) and take values in
[0, T).

For (s,x) € [0,T] x [0, %}, denote by P*® the distribution of X** on C0,T].
According to [37, p. 152], P is continuous in (s, z). For (s,z) € [0,T] x R, we define
the measure Q%% = §, x P** on [0, T x C[0, T], where §, denotes the unit point mass
at s. Then Q%7 is also continuous in (s,z) [6, Thm. 2.8, p. 23], which means that

(4.8) / f(sn,y) dP* (y) — f(s,y) dP>*(y)
clo,T] C[o,T]
whenever s, — s, ©,, — x and f defined on [0, T] x C[0,T] is a bounded function that

is continuous except on a Q%*-null set.
We define 7: [0,T] x C[0,T] — [0,T] by

(s,y) 2 T/\min{t e ls,T] : y(t) ¢ (of)}

so that 05" A 0" AT = 7(s, X**). For P-almost every w, if 7(s, X**(w)) < T, then
2l

there is a sequence ¢, | 0, depending on s, x, and w, such that Xj(”; X5 (w))+en ¢

[0, %} for every n. Indeed, if X**(w) exits (0, %) at 0, this follows from the fact that
¢ > 0 and all other terms on the right-hand side of (2.5) are zero at the time of exit.
On the other hand, if X**(w) exits (O, %) at %, this follows from the nondegeneracy
of the diffusion term in (2.5). Because of the fact that, almost surely, if X% exits
(0, %) strictly prior to time T, then it also exits [0, £] immediately thereafter, a small
perturbation of the path of X*®7 results in a small perturbation of the time of exit.
More precisely, for every (s,z) € [0,T] x R, 7 is continuous except on a Q%*-null set.
We conclude by rewriting (4.7) as

k(Sn,xn)

7(sn,y)
= e”"/ / e”"edu + e_”(s"’y)w(r(sn, ), y(7(sn,y))) [ dP**" (y)
Cl0,T] |/ sn
and observing that because the argument of v is in d,Dy, where 1) is bounded and
continuous, (4.8) implies k(sy, zn) — k(s,x) as s, — s, T, — . 0
4.4. Characterization of game value.
PROPOSITION 4.5 (Case I). Assume ¢ < rK. In this case, we define

(4.9) vg(s,x) £ sup  eE { / e-mcdu+e—”w(7,X;"”“)]
TESSJ‘T,TSOSKJ s
K
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for (s,z) € [0,
Then vy = v

T] x [ ,%], and we define vy(s,x) £ yx for (s,z) € [0,T] x (%,oo).
v, =Ty on [0,T] x [0,00). Furthermore,

(4.10) vg(s,z) = inf sup J, q(s,z;p,7) = sup inf J, o(s,2;p,7)
PEST” ress® resy” PEST”
for0<s<T andx > 0.
Proof. The claims about v, for > % follow immediately from Lemmas 4.1 and
4.2. We thus restrict our attention to 0 < x < %
Step 1: Construction of an upper bound on v,. Define hy(t,z) £ K and h2 (t, )
xforO<t<TandO<x<%. Both hy and hy dominate 9 on [0, 7] [,7

K
Because ¢ < rK, we have —Lgh1 + ¢ < 0. Therefore, for any stopping time 7 € S7
satisfying 7 < 9;7“, (4.5) 1mphes
vy

)

hi(s,z) > e™E {/ e "Medu+ e "Thy (T, Xﬁx)]
(4.11) > e E [/ e ™edu+ e "TY(T, X:”)] .
S
It follows that vy < hy on [0,T] x [0, %} On the other hand,

(4.12) Loho =c+6(x—g(x)) >c

because of (3.3), and the above argument applied with ho in place of h; yields vy, < ho
on [0, 7] x [0, %] We conclude that

=

(4.13) vg(s,2) <z AK for 0<s<T, 0<z<—.

2

By definition, vy (T, -) = ¢(T,-) = (T, ). Because of this and (4.13),

(4.14) vg(s,x) < p(s,z) for 0<s<T, 0<z <

e

Step 2: Optimal stopping time. The theory of optimal stopping we use here
requires that we replace ¢ on the right-hand side of (4.9) with a continuous function.
Let ¢ € (0,¢) be given, and let k be the continuous function defined by (4.7). For
0§3<Tand()<x<§,wehave

05" NOK AT
k(s,z) < e™E / T e Medu
S

_T(OS’EAQSKE/\T) 98,:6 65717 T Xs1x
+e B P07 A & AT, 657 NG AT
y

(4.15) < vgy(s, ).

Set 1 = ¢ V k. Since k(T,z) = (T, z) > ya for 0 < x < % and (s, z) = yx for
0<s<T,0<z< %7wehavezZ(s,m) = max{yz, k(s,2)} for 0 < s <T,0<z < %

Being the maximum of two continuous functions, zz is continuous. Also, ¥ < zﬂ/; < vy
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According to the principle of dynamic programming,

(4.16) v(s, )= sup U e Tedu+ e Tug(r, Xiv“”ﬂ .
TES;’m,TSHSK‘m s
K

Comparing (4.9) and (4.16), we see that

(4.17) vg(s, ) = Sup ek [/ e edu+ e "TY(T, Xf’x)} .
TESHY TLO%” s

We fix (s,z) € [0,T] x [0, %} and define
t
YSr A ers {/ e ™edu + e”vg(t,XtS’z)] for s <t <O ANOY AT.
s v

We set 7 = min{t € [s,7] : vy(t, X;") = O(t, X))} Since Vg = ¥ on 0p Dy, we have
T < 05" NOR AT. According to the theory of optimal stopping applied to (4.17) (see,

e.g., [25, Thms. D.12, D.13] or [35, pp. 124-127]), Y}z e is a supermartingale
K

tAO "
X
and the stopped process Y, = is a martingale.

Step 3: Optimal strategies for the game. From (4.15) and the fact that 1Z = VEk,
we see that 7 = min{t € [s,T] : v, (¢, X;"") = (¢, X;"")} and

P B0, G if7 <T,
(4.18) v (7, X77) = $(7 X=7) = { (X§* ALYV (yX3") if 7 =T,

Define 7* = 00 if 7 =T and 0 < X" < %, and define 7% = 7 otherwise so that
7€ 8% and T =7 AT. We have

(4.19) vy (7%, X20) = 4 X270 if 7 < T

For every p € 8", (4.19), (4.13), and the fact that vy(T,2) =2 AL when 0 < z < %
imply

Jo(s,z;p,7%)

PAT* AT .
=¢"E / e "edu + e TPATAT) (Lire <pnryy Xt + Lipery K

+ Ipare=oo} (X777 A L))

PAT*AT
- - *AT ;
> e™E / e Tedu + e TPATA )vg(p/\T*/\T,X;AwT*/\T)
S

(4.20) =EY,Z = EY" = v,(s,x).

PAT

This implies v, (s, z) > vy(s, ).
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To show that v,(s,x) > T,(s,z), we set p* £ 0% A %", which is in Sp*. For
. ad
every T € 8%, we have p* AT AT € 8%, and thus

Jg(s,x;p",7)

P ATAT .
=k / e edu+ e TN (g ey Y X2 4 T K

+ L pr nr=oo} (X7 A L))

S e’I‘S]E

P ATAT )
/ e edu+e T T Dot AT AT X )

(4.21) < wy(s,x).

This implies Ty (s, ) < vy(s, ). We conclude that v, = v, = 7,.
Step 4: Proof of (4.10). With 7 € S7:” as defined in Step 2, we have from (4.14)
and (4.18) that for every p € S3”,

Jg(svx; va)

PAT _
— R V e edu+ e Lz X7 + Tppamyo(p X5)

PAT - )
> ™K [/ e "edu+ e TPy, (p AT, X0%)
CEVSE S EYS = ().

On the other hand, with p* defined as in Step 3 and
(4.22) PEP AT =0 N0 AT € 837,
il

we have ¢(p, X>*) = ¢(p, X>*). Thus, for every 7 € §3:7,

PAT -
—F U e edu+ e (I )y X7 + Ly (0, X5)

PAT -
=e"E [/ e Medu+ e PG AT, X;;@)}
(4.23) < wy(s,z).

We complete the argument as in Step 3. ]
PROPOSITION 4.6 (Case II). Assume 6K < c. In this case, we define

P
4.24 O i TS / “Tedu+ e Pp(p, X5T
20 s it B [N edut e ol )
for (s,z) € [0,T] x [0, %], and we define vy(s,z) £ yx for (s,z) € [0,T] x (%,oo).
Then vy = v, =7, on [0,T] x [O, oo). Furthermore,
(4.25) vg(s,z) = inf sup jg(s,x;p,T) = sup inf jg(s,x;p,T)
PEST® ress® resse peST”

for0<s<T and x> 0.
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Proof. The claims about vy for z > % follow immediately from Lemmas 4.1 and
4.2. We thus restrict our attention to 0 < z < %

Step 1: Construction of bounds on v,. Define hs(t,z) = 7:13 and ha(t,z) £ x for
0§t§Tand0§m§%,sothathggapghg.For(t, x) € [0,%] we have
(4.12) and
(4.26) Lyhs(t,z) =cy+6v(z—g(t,z)) <c+ (1—7)(6yz—c) < c

Let p € 83" satisfy p < 0%, and apply (4.5) and (4.26) to conclude

p
hs(s,z) < e™E [/ e "edu+e " hs(p, X;’z)]

P
(4.27) <e™E {/ e "edu + erpap(p,X;’””)} .
Taking the infimum over p, we obtain
K
(4.28) yr <wvg(s,x)for 0<s<T, 0<z<—.
Y

We repeat the above argument with hy and p = 05" A0 x AT, using (4.12) to reverse
Y
the first inequality and ¢ < ho to reverse the second, to obtain

P
ha(s,xz) > e™E {/ e "edu+ e "Pha(p, X;’m)]
P
> e"E [/ e ™edu+ e "Pp(p, X;’””)}
K
(4.29) >vg(s,z) for 0<s<T,0< < —.
v

In fact, since for (s,z) € [0,T) x (0, %), with positive probability X% exits [0, 7] x
(0, %) through the set {T} x (L, %], where hs is strictly greater than ¢, the second
inequality in (4.29) is strict for such (s,z). This implies

K
(4.30) vg(s,z) <z for0<s<T,0<z<—.
Y

Step 2: Optimal stopping time. Let ¢ € (¢,00) be given and let k be defined by
(47). For0<s<Tand 0 < x < %, using the second part of (4.7), we have

05 “NOKNAT
k(s,x) > €™ E / T e ™edu
—r(05 " NOZTAT)
te "y <937“ ANOYE AT, X;SﬁAQSKzAT)]
(4.31) > vg(s, ).

We set ¢ = ¢ A k. Because o(T,z) = k(T,z) < a ANK for 0 < z < %, and
<p(t,x)za:/\Kf0rO§t<T,O§z§%,wehave

=

pt,r) =@ ANK)ANk(t,z) for 0 <t <T,0< 2z < —.
v
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This shows that ¢ is continuous. From (4.24) we have vy < ¢, and hence v, < @ < o.
According to the principle of dynamic programming,

o
(4.32) vg(s,z) £ inf e™E [/ e "Medu+ e vy (p, X;’x)} .

PESTT p<O%”
Comparing (4.24) and (4.32), we see that

P
(4.33) vg(s, 1) = inf e™E [/ e "edu+ e "P(p, X;’x)] )
pESE p<O%” s

K

We fix (s,z) € [0,T] x [0, %} and define

¢
73T =e" [/ e "edu + e_”vg(t,Xf’x)] for s <t <Oy NOYAT.
s vy

We set
(4.34) P2 min{t € [5, 7] : v (1, X;7") = G(t, X))
Since v, = @ on 9, Dy, we have p < 07" A0 AT. According to the theory of optimal

s Q
stopping, Zts/’\ggg,m pge 15 8 submartingale and the stopped process Z;.7 is a martingale.

Step 3: Optz’m?zl strategies for the game. Because of (4.31), we have that p =
min{t € [s,T] : vy(t, X)) = o(t, X;"*)}. In particular, v,(p, X;%) = X3 A K on
{p < T}. Inequality (4.30) then implies
(4.35) vg(p, X%) = K < X% on {p < 65" NT}.

Define

«a | 00 ifﬁ:TandX;’yc>O7
p= p  otherwise,

so that p* € Sg" and p = p* AT. For every T € §5%, (4.28), (4.35), and the fact that
ve(T,z) = (T ,z) > x AL when 0 <z < % imply
Jo(s, 230", 7)

P ATAT .
=k / ce” " du+ e "N ([ gy Y X3+ T ey K

+ H{p* /\T:OO}(X;’I N L))

P ATAT B}
<e™E / ce " du+ e NNy (0" AT AT, X0l oat)
S

(4.36) =EZ20 = Z9% = vy(s, x).

PAT

This implies Ty(s, ) < vg(s, z).
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We set
(4.37) TEOYTNOY AT,
T f7<T,
(138) 2T HT=TX;>Loritr=T, X3 =0,

oo fT=T,0<Xp" <%,
so that 7% € §**. For every p € S}, we have

Jg(s,x5p,77)

PAT* AT )
=e"E / ce” " du + e TPATAT) (H{T*gpAT}’YXf’x + Lpery K

+ ]I{p/\T*zoo}(XTS”z A L))

PAT* AT )
> ¢ / ce” ™ du + e~ (AT /\T)(p(p* ATAT, X;fr*/\T)
S

(4.39) > vy(s,2).

This implies v, (s,7) > vy(s,x). We conclude that vy, = v, = 7.
Step 4. Proof of (4.25). With p € 8% given by (4.34), we have vy(p, X;) =

o(p AT, X50), and (4.28) implies that for 7 € §37,

Jg('S,I;p? T)

PAT -
—F V e edu+ e (I )y X7 + Ly (5, X5)

PAT -
<e™E [/ e "edu+e "My (p AT, X0

=REZ0, = Z7" = vy(s,2).

With 7 € §7:* defined by (4.37), we have for every p € 83",

Jg(s,x;p,7)

PAT -
mE U eedu+ ¢ (L Y X5+ Tperyolo. X37))

PAT -
(4.40) =¢€™E {/ e "cdu+ e TP o(p AT XZ}\IT)] > v,(s, x).
We complete the argument as in Step 3. ]
PROPOSITION 4.7 (overlapping case). Assume 6K < ¢ < rK. In this case, v,

defined by (4.9) agrees with vy defined by (4.24), and for 0 < s <T and 0 <z < %,
’Ug(S, x)
0 "N AT —r(05" NO%EAT) ar e o
=e"E / T e ™edu+te RE VN 5 /\9%’ /\T7X9(;),IAGSKIAT

00" NORAT —r (85" AT AT) ow e -
T e ™edu+te Bl w0y NOY /\T,Xgé,m/\gs},{mAT .
5 K

S

S

=e"E

~

(4.41)
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Furthermore,
K
(4.42) v <vg(s,x) <z AK for0<s<T and 0 <z < —.
Y

Proof. The function v, defined by (4.9) satisfies (4.10), the function v, defined
by (4.24) satisfies (4.25), and so these definitions of v, coincide. With p £ 7 given by
(4.22) and (4.37), inequalities (4.23) and (4.40) imply

P _
e E [/ e ™edu+ e "Pp(p, X;"T)]

P _
=e"E [/ e "edu + e Py (p, X‘;’x)}

< vg(s,x)
P _
<e™E [/ e ™Medu+ e "Pp(p, X;’x)] )

which gives us (4.41).

We return to (4.11), replacing 7 with 5 and using the fact that when 0 < s < T
and 0 < x < %, there is a positive probability that X** exits [0,7] x [0, %] through
the set {(t,x) t=T,0< 2 < %}, where h; = K is strictly larger than 1. This
implies

P — .
K > e™E |:/ e ™edu + €_Tp¢(ﬁa X;’L) = Ug(8,$).

The second inequality in (4.42) follows from this and (4.30). For the first inequality
in (4.42), we replace p in (4.27) with p and use the fact that when 0 < s < T and
0<z< %, there is a positive probability that X** exits [0,7] x [0, %] through the
set {(t, x):t=T,0<x < %}, where hg = vz is strictly smaller than ¢, to obtain

p —
yr < "R [/ e ™edu+ e "Po(p, Xg’l) = v,(s,x). O

4.5. Membership of vy in G. To show that v, € G whenever g € G, we must
verify that v, is continuous and satisfies (3.1)—(3.3). Property (3.1) is provided by
Propositions 4.5 and 4.6. When ¢ < rK, we obtain the lower bound in (3.3) directly
from (4.9) and the fact that ¢ > ~x, and (4.13) provides the upper bound. When
6K < C, the upper bound in (3.3) comes from (4.24), the fact that ¢ < K on
[0,7] x [0, %], and (4.29). The lower bound comes from (4.28). It remains to verify
that v, is continuous and satisfies (3.2), which is the subject of this section.

LEMMA 4.8. We have

(4.43) 0 <wy(s,y) —vg(s,z) <y—a for0<s<T and 0 <z <y.

Proof. In Step 4 of the proofs of Propositions 4.5 and 4.6, we produced stopping
times p,7 € 87" such that

(4.44) Jg(s,2;0,7) <wg(s,x) < Jg(s,z;p,7) for all p,7 € S§*.
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It follows from this that vy(s,z) = jg(s,:z:;ﬁ, 7). Relation (4.44) was developed for
(s,z) €[0,7T] x [0, %], but in light of Lemma 4.2, it holds as well for (s,z) € [0,T] X
[%, oo) if we define p =7 = s in this case.

We note that ¢ and ¢ satisfy (3.2), and we use the representations (4.10), (4.25)
to show that v, does as well. Without loss of generality, we consider only the case
s=0. Welet 0 <z <y < oo be given. Then Xto’m < Xto’y for 0 < t < T, almost
surely, and S»* c S%Y.

. . . _ _1
Consider the nonnegative martingale Z; = e=""Wt=2

2
ot 'We compute

A(XPY = X0 Z0) = (r — o) (XDY — X07) 2y dt
—[(XY = X)) = (g(t, XPY) — g(t, XP°7))] 24 dt
< (r—o?)(X>Y — X0 Z, dt.

Gronwall’s inequality implies (X{Y — X)) Z, < (y — x)e(r_”z)t, or equivalently,
XY - XD < (y—a)et TR 0 <t <

Let 7,p € S%m be the stopping times appearing in (4.44) corresponding to the initial
condition (0,z). For every 7 € 8%%, we have

Jy(0,:p.7)
- {/OP/\T ce™ " du + e_r(mT)(]I{T<p}w(T, X0 4 Ipery (B, Xg,w))]
= Jo(0,577) ~ B [ (T (B(XDY) — 0(X27))

Hpery (95, X0) = 05, X3™) ) |

Jg(07 y?ﬁa T) - E [eir(ﬁ/\T) (Xo’y _ XO,I ):|

PAT PAT

l

v

0,49, 7) — (y — x)]EeaW(ﬁAr)—%o2(ﬁAT)

0,9;9,7) — (y — @).

Furthermore, p A 7 € S%x whenever 7 € S%y, and for z = x and z = y, we have

Jg(0,2;0,7) = Jg(0, 20,5 A 7). Therefore,

Y

R

7)9(07x) J’_y_x = J9(07$§p7?) +y_$

sup jg(O,ac;ﬁ,ﬁ/\T) +y—=z
TeSH”

v

sup Jg(0,y:0,p A T)

TESH®

= sup Jy(0,y;5,5AT)

TESNY

= sup Jy(0,y;75,7)

resShY

> inf sup J,(0,y;p,7)
PES%yTGS%y

= ”9(073/)-
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This establishes the second inequality in (4.43).

The set of stopping times S%x is the set of all stopping times of the form 7 A 6‘8’96,
where 7 is any stopping time in the set Sy of all stopping times satisfying 7 < T
almost surely. Therefore,

Ug(oax) = sup inf :];(O’xyp A 087-7:,7. A 08,.@)’
T€ST PEST

vg(O,y) = sup inf fg(o’ Y p A 98,y77_ A Hg,y).
T€ST PEST

Thus, to prove the first inequality in (4.43), it suffices to show that
(79(07 i p AOYT T NPT < jg(O, yip AOYY T AOYY)

for all p,7 € Sp. This follows from the definition of J, and 65 < 65Y. O

The value functions of optimal stopping problems with continuous payoff functions
are continuous (see [5]), and thus the representations (4.17) and (4.33) of v, imply
continuity of vy. In this model, however, continuity can be proved without invoking
the general theory. We have already shown in Lemma 4.8 that vy (s, ) is Lipschitz in
x € [0,00), uniformly in s € [0,T]. Given this, it is not difficult to show that vy(s, z)
is jointly continuous in (s, z), and we do that here.

LEMMA 4.9. The function vy is continuous on [0,T] x [0,00).

Proof. Because of Lemmas 4.1 and 4.8, we need only show for each fixed z € (0, %)
that the function s — vg(s, z) is continuous. With z fixed, s € [0,77], e > 0, and 6 > 0,
we define

AZS & max |X5" —z| <e
u€[s,05 “ANOE" A (s+8)AT)

Because ¢ is bounded on [0, 7] x [0, %}, (3.4) and (2.5) imply

4.45 li in P(A>Y) =1 f > 0.
(4.45) 61?852[1(}%“] (AZ5) or every €

We proceed under the Case II assumption 6 K < ¢; the argument in Case I is

similar. In Case II, the submartingale Z;%. .« , ;:.. of Step 2 of the proof of Proposition
0 NOK

~

4.6 is a martingale when stopped at p given by (4.34). Let s and ¢ satisfy 0 < s <t <
(s+6) ANT. Then

vg(s, )
A -
="K [/ e edu+e TPy, (5 A, X;/ﬁ)}
pAt
(4.46) <e™E [/ e "Medu+ e Pug(p A t,XZ}\wt)] for p e 877, p < 0%".
If p < t, then v,(p A t,X010) = @(p, X2F). But @ = ¢ Ak, and (4.31) shows
that for (u,y) € [0,7) x (0, %), we have vg(u,y) = @(u,y) if and only if vy(u,y) =

¢(u,y) = y A K. This observation combined with (4.30) yields

0 = or U K
(4.47) vg(u,y) = o(u,y) & v4(u,y) = K f €0, 7), ye (O, 5 )
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We now choose ¢ > 0 s0 that 0 <z —¢ <z +¢ < & On the set {5 <t} N Ay we
have 0 < X0, = X% < %, and thus

vg(p A th;}\xt) = vy(p, X;’x) =K >vy(t,z) —e.
On the set {p > t}N A7, we also have vy (pAt, X;3;) > v,y(t, x) — €, this time because
of the Lipschitz continuity (4.43). The equality in (4.46) implies

(4.48) vg(s,2) > " Ele™" Py (5 A t, Xon)] = e TPP(ALY) [ug(t, x) — €.

On the other hand, on the set A7§, we have 67 A 0%" At = t, and the inequality in
il
(4.46) implies

vg(s,x)
O SO Ry A R 5,0
<e™E / Y e "™edu+te vovg | Oy /\9%’ /\t,Xo(;],IAeZIM
5+06
< ers/ e Medu+ [1— IP(A‘::?)]K +E {HAijgvg(t,Xf’””)}
c s S, T S, '
< S e+ [ BATDIE + BAZE) (o t,2) + ).
(4.49)

From (4.48) and (4.49), using the fact that 0 < v,(¢,z) < K, we obtain
(1= BT — € < vy(s,7) — vy(t3) < (01— 70+ [1 - PAS)]K +e.
; r ;

Continuity of s — v4(s, z) follows from this and (4.45). O

5. Viscosity solution characterization of vg. Propositions 4.5 and 4.6 estab-
lish (3.5). Except for the fact that we have fixed a function g € G that may not satisfy
the fixed point condition v4 = g, Proposition 4.5 says further that when ¢ < rK, the
convertible bond pricing problem reduces to the problem of optimal conversion in the
region [0,77] x [0, %} In particular, (4.20) and (4.21) show that the firm should use

the call strategy p* = 6, A 0%". Proposition 4.6 shows that when 6K < ¢, the con-

vertible bond pricing problemwreduces to the problem of optimal call. In particular,
(4.36) and (4.39) show that the bondholder should use the conversion strategy 7* of
(4.38). Note that at maturity, 7* mandates conversion if and only if the conversion
value 7 X7* exceeds the par value L. These are the main assertions of Theorem 3.2.

In this section, we examine the versions of (3.8) and (3.9) appropriate for the
situation with g € G chosen a priori. These equations are

(5.1) min{L,v — ¢,v — vz} =0,
max{Lyv —c,v — K} =0,

where L, is given by (4.6). The proofs that the value function of the optimal stopping
problem (4.9) satisfies (5.1) and that the value function of problem (4.24) satisfies
(5.2), both in the viscosity sense on (0,7)) x (0, %) (see Definition 5.1 below), are

standard and are omitted. Uniqueness of the continuous viscosity solutions of (5.1)
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and (5.2) subject to the boundary conditions (3.6) and (3.7) follows from Lemma 6.1
below; see Remark 6.2.

We refer the reader to [13] and [17] for a detailed development of the theory of
second-order viscosity solutions for Hamilton—Jacobi-Bellman equations and to [34]
for an application of this theory to optimal stopping.

DEFINITION 5.1. Let v be a continuous function defined on (0,T) x (0, %)

(a) The function v is a viscosity subsolution of (5.1) (respectively, (5.2)) if, for
every point (to,z0) € (0,T) x (0, %) and for every “test function” h € C*2((0,T)
x (0, %)) satisfying v < h on (0,T) x (0, %) and v(tg,z9) = h(to,zo), we have
min{Lgh(to,z0) — ¢, h(to, zo) —vxo} < 0 (respectively, max{Lyh(to, o) —c, h(to, zo) —
K} <0).

(b) The function v is a viscosity supersolution of (5.1) (respectively, (5.2)) if, for
every point (to,zo) € (0,T) x (0, %) and for every “test function” h € C**((0,T) x
(0, %)) satisfying v > h on (0,T) x (0, %) and v(to,xo) = h(to, o),
we have min{L,h(ty,z0) — ¢, h(to,z0) — yxo} > 0 (respectively, max{Lgh(ty,xo) —
C, h(to,xo) — K} > 0)

A function v is a viscosity solution of one of these equations if it is both a viscosity
subsolution and a viscosity supersolution.

The pricing function for the convertible bond satisfies a variational inequality, and
the solution of a variational inequality is often the solution to a free boundary problem,
where the “free boundary” divides the region in which an action (conversion or call)
should take place from a region in which no action should occur. We show in section
8 that the bond pricing function does indeed satisfy a free boundary problem, and we
derive properties of the free boundary. To prepare for that analysis, we introduce the
following sets.

In Case I (¢ < rK) of Proposition 4.5, we define the continuation set

ch & {(t,x) € (0,T) x <O,I§> tvg(t, ) > 'yx}

K ~
(5.3) = {(m) € (0,7) x <o, 7) gt ) > ¢<t,z>} ,
where ¢ (t,z) = max{yz, k(t,z)} is defined in Step 2 of the proof of Proposition 4.5.

Because k satisfies (4.15), vy(t, ) > e if and only if vy(t,z) > ¥(t, ). Because Vg
and v are continuous, C:Ip is open. Define the stopping set

séé{(t,x)e[o,T]x

K
0, 7] tvg(t,x) = w(t,x)}

= {(t,x) €10,7] x

K -
0, 7] tvg(t,x) = w(t,x)} )

The equality is justified by the same argument that justified the equality in (5.3)
and the additional observation that ¢(T,-) = ¢(T,-). The set St is closed. Under
the Case I assumption, vy is a viscosity solution of (5.1), which is equivalent to the
following three conditions:

(1) vg > vz on [0,T] x [O,%],

(ii) vg is a viscosity supersolution of Lyv —c¢ =0 on (0,T) x (0, %)7 and
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(iii) v, is a viscosity solution of £,0 — ¢ =0 on C%.
In Case IT (6K < ¢) of Proposition 4.6, we define the continuation set

cil & {(t,:v) €(0,T) x (0, {j) tug(tx) < K}

(5.4) - {(t, 7)€ (0,T) x (o, f) vy () < au,x)} ,

where © = @ A k is defined in Step 2 of the proof of Proposition 4.6, and the equality
in (5.4) is justified by (4.47). The set C1! is open. Define the stopping set

Sir & {(t,x) €10,T] x

0, ﬂ 0y (t,2) = o, x)}

= {(t,x) € [0,T] x

0, I;] tug(tx) = @(t,x)} .

The equality is justified by the argument that justified (5.4) and the additional obser-
vations that o(T,-) = @(T,-). The set SH is closed. Under the Case II assumption,
vg is a viscosity solution of (5.2), which is equivalent to the following conditions:

(iv) vy < K on [0,T] x [0, %},

(v) vy is a viscosity subsolution of Lyv —c¢ =0 on (0,T) x (0, %)7 and

(vi) vy is a viscosity solution of L,v —c¢ =0 on CH.

Remark 5.2. In the overlapping case, S K < ¢ < rK, we have from Proposition 4.7
that C7. = C/ = (0,7) x (0, %) and v, is a viscosity solution of Lyu — ¢ =0 on this
set. Remark 4.4 applies in the overlapping case, which is why we require Lyvy —c = 0
to hold only in the viscosity sense.

6. Proof of Theorem 3.1. In this section we prove Theorem 3.1 and also prove
that the continuous viscosity solutions of (5.1) and (5.2) with boundary conditions
(3.6) and (3.7) are unique. In light of Propositions 4.5 and 4.6 and the discussion of
section 5, this provides the final step in the proof of Theorem 3.2.

For e € [O, %), we define the sets

D. 20,7 x

@KL D, 2[0,T] x
v

K
loge,log — |,
v

their parabolic boundaries

)
([O,T] x {bge,logf}) U ({T} x (bge,logf)) ,

and their topological boundaries

oD, = 9,D. U ({O} X (e, Ij)) , 0D.28,D U ({O} X (1og €, log f)) .

[I>

9,D.

(1>

8, D,

In the above definitions, we use the convention log0 = —o0, so 50, 8p50, and 8ﬁ0
are subsets of the extended real numbers. The following comparison lemma is a
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modification of Theorem 8.2 of [13], differing by the fact that the functions v and v
satisfy different equations rather than the same equation.

LEMMA 6.1 (comparison). Let f,g in C(Dy) be given. Let u,v € C(Dy) be
respective viscosity sub- and supersolutions on Do \ 0Dy of the equations

(6.1) min{Lu —c,u —yz} =0,
(6.2) min{Lyv —¢,v —yz} = 0.

Alternatively, let u,v be respective viscosity sub- and supersolutions of the equations

(6.3) max{Lsu—c,u— K} =0,
(6.4) max{Lyv —c¢,v — K} =0.

Assume further that one of the functions u or v (let us say u) satisfies
(65) 0< u(t,y)—u(t,a:) Sy—l’f()?” (tax)a(tvy) € Dy.
Then for every A > 0, we have

At +
t,z) — vt
e (ul(t,z) —v(t, z))

(6.6) < max{ max e/\t(f(t,z) - g(t,x))t max e (u(t,z) — v(t,x))+}.

r 4+ X (t,x)€Dy (t,z)€dp Do

Proof. We provide the proof under the assumptions that u is a subsolution of (6.1)
and v is a supersolution of (6.2). Because f, g, u, and v are continuous, it suffices to
prove

At +
ta - t7
(tgl)agje e (u(t, z) —v(t, z))

I}
< maX{T O man, ) — ) mas e ult ) ol x>)*}

for every € € (0, %) To do this, we define u(t,&) £ eMu(t,e®), v(t,&) £ eMu(t,ed),

F(t,6) 2 e’\tf(t, 65)7 and g(t, &) £ eMyg (t, eg). In terms of these functions, we need to
prove that for every e € (O7 %),

max  (a(t, &) — 5(t,€)) "

(t.€)€D.
~ _ " _ N
6.7 < max max (f(t, &) —g(t, &), max (u(t,&) —v(t, € .
(67) { Tx e (F69 -3.0)", max (i(t.6) (s 6)
For > 0, we define u" (¢, &) = u(t, &) — 7, so that lims o u"(t,§) = —oo uniformly in
¢ We will show for all € € (0, £) that

max  (@(t,€) —(t,€)) "
(t,£)eDe

(6.8) < max{

max_ (f(t,€) —g(t,€))", max (awt,«s)—v(t,f))*}.

T+ A (1.¢)eD. (t.6)€d, D,
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We can then let 17 | 0 in (6.8) to obtain (6.7) and conclude the proof.
The change of variable transforms (6.1) and (6.2) into
1 ~
min { -+ (r+Nu— (7’ —6— 202> te — e ME (L, €)ie + ce S

1 5. ~
—5021155 —eMe, U — 7@”“} =0,

~ ~ 1 ~ ~ ~ _
min {—vt +(r+MNv— (T —6— 202) Te — 6 MEG(E, €)Te + ce T
1 5. -
—5021)55 —eMe, v — ’ye’\”g} =0.

On the set
Ci2 {t,¢ € Do\ 8Dy : T(t, ) > yeteY,
the function u is a viscosity subsolution of

(6.9)
1

- - 1 5\~ - . -
—u 4+ (r+N)u— (7“ —6— 202> Ug — 502u55 —eMe = 6 MTEf(L, &)U — ce g,

and so for n > 0, the function u” is also a viscosity subsolution of this equation on
Cz. On Dy \ Dy, v(t, &) > veM+E, and ¥ is a viscosity supersolution of

(6.10)
1

- ~ 1 o\~ ~ e -
—U+ (r+A)v — (r —6— 202) Ve — 5021)55 —eMe = 6 MTEG(t, €)Ve — ce” ST

Let us assume that (6.8) is violated for some n > 0 and € € (O, %) This means
that

(6.11) max  (@(t,€) - o(t,€)) " > max  (f(t,€) —g(t,) "

(t,@)€D. T+ A (t,¢)eD.

Let a > 0 be given, and set

. - Q
M, %  max _ (u"(t,f)—v(t,C)—*lﬁ—CP)~
(4,6),(t.0)€D. 2

The maximum is attained at some point (tn,&q, (). According to a slight variant of
Lemma 3.1 of [13],

(6.12) lim aléy — (| =0and lim M, = max (@"(t,€) —0(t,E)).

a— 00 a— 00 (t,E)EDe
Violation of (6.8) implies that for large a, the points (ta,{s) and (ta, (a) are bounded
away from the parabolic boundary 9,D.. Furthermore, because lim; o @"(¢, &) = —o0,

these points are bounded away from the topological boundary Qﬁé as well.
There are two cases to consider. In the first case, (ta, &) ¢ Ca, and so u"(tn,&a) =
yeMatla — I < yeMatla We have

(6.13) My < UM (ta, €a) — Dlta, Co) < yerte (65"‘ — eC"“).
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In the other case, (tq,&a) is in Cz. Because @7 is a subsolution of (6.9) in a
neighborhood of (¢4, &), U is a supersolution of (6.10) in a neighborhood of (¢, (),
and these points are bounded away from dD., condition (8.5) of Theorem 8.3 of [13]
is satisfied (our time variable is reversed from that of [13]). That theorem with € =
implies the existence of numbers b, X, and Y such that X <Y and!

1
o

(b, a(Ea — (), X) € P W (ta, €0) and (b, a(En — (o), Y) €P (ta, Ca)

(see the use of Theorem 8.3 on page 50 in [13]; see also page 17). Note that (tn, &)
and (ta,(,) are in the open set D, \ oD.,. Moreover, they provide terms that can
replace the time derivative, the spatial derivative, and the second spatial derivative
in the subsolution and supersolution inequalities for (6.9) and (6.10):

—b+ (r+ N (ta, Ea) — <7" — 65— ;a2> aléy — Co) — %&X —eMeag

(6.14) < de M8 f(t g, €a)a(ba — Ca) — e a(ba — Ca),
b+ (r+ N0(ta, Ca) — <r -6 202) €y — (o) — %JQY — eMeag
(6.15) > bem Mo G (ta, Ca)al(€a — Ca) — ce” al€a — Ca)-
Subtracting (6.15) from (6.14) and using Supg 515 c ¢ 4c ’% = 1, we obtain
Mo < 0(ta,€a) — U(ta;Ca)
< e (. €0) — Gltas o))l — Ga)
616) 4y e Gl — G + el — G

But also, (6.5) implies, at least formally, that 0 < wu.,(t,z) < 1, or equivalently,
0 < Uge(t, &) < eMHe. Of course u, and U may not exist, but (6.5) implies that
a(€q — (a), the surrogate for g (ta, &y ), must satisfy 0 < (€, — () < eMetde. Using
this inequality in (6.16), we obtain

Mo < =5 (Ftar€a) = GltarGa)) + Ofalea — GaY)
= 0 (Fltar€a) — Gt 0)) + 5 (tarEa) — 3lt0,Ga)
+ O(Oé(ga - Coz)2)
< max (f(t,6) = 5(6.) "+ (3(ta, &) — 5lta ()

T+ A (t,£)eD.
(6.17) +0((éa — ¢a)?).

IFollowing [13], for a real-valued function u defined on a domain D C R? and for (t,§&)
in the interior of D, we set P>tu(t, &) 2 {(b,a,X) € R? : wu(s,y) < u(t,&) + b(s — t) +
aly — &) + 53X — > +o(s — ) + oy — 2)%) as (5,59) — (1,6} and define P>~ u(t,§)
analogously to P2%71 but with the inequality in the definition reversed. @ We next define
fQ’iu(t, €) £ {(bya,X) € R3 : there exists (tn,&n,bn,an, Xn) € D x R3 such that (b, an, Xn) €
PQ’iu(tTL?gn) and (tn7§'ﬂ7u(tn7£n)7b'ﬂ7an7Xn) - (t7§7 u(t7§)7b7 a7 X)}'
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Letting o — oo in (6.13) and (6.17), using (6.12), and using the uniform continuity
of g on D., we contradict (6.11). a
Proof of Theorem 3.1. Set A £ § + 1 and endow G with the metric

(6.18) d(f,9) & B M f(t,x) — g(t, )| for all f,g €G.
t,x)€Dg

Under this metric, G is complete. Let f,g € G be given, and define u = 7 f and
v = Tg. According to subsection 4.5, u and v are in G. In particular, (6.5) is
satisfied. We apply Lemma 6.1, noting that u and v are viscosity solutions of (6.1)
and (6.2), respectively, or viscosity solutions of (6.3) and (6.4), respectively, and they
agree on 0, Dy, to conclude that

5 N
d Mf(t,x) — gt .
(u,0) < o5 e e (f(t2) —g(t,2))
Reversing the roles of f and g, we obtain the contraction property for 7. 0

Remark 6.2. Uniqueness of the continuous viscosity solution of (6.1) or (6.3) with
boundary conditions (3.6) and (3.7) follows from Lemma 6.1 with f = g.

7. Asymptotic behavior. We relate the problem of this paper to the perpetual
convertible bond. To do this, we reverse time, denoting by uy, (¢, z) the price of the
bond for fixed par value L € [0, K] when the time to maturity is ¢ and the firm value
is z. This section requires standing assumption (2.6). We have the following variation
of Lemma 6.1.

LEMMA 7.1. Fiz T > 0 and let g; and g2 in C([0,T] x [0, %}) be a viscosity
subsolution and a viscosity supersolution, respectively, of

K
(7.1) min{g, + Ng— c,g — 7z} = 0 on (0,T) x (o, 7)
or a viscosity subsolution and viscosity supersolution, respectively, of

K
(7.2) max{g; + Ng—c,g— K} =0 on (0,T) x 0,; ,

where N is the nonlinear operator
Ng(ta I) £ ’I”g(t,CE) - (TJC - C)gx(t7l‘)
1
+6(x - g(t,x))gm(t, x) — iazngm(t,x).

Assume that either g1 or go satisfies (3.2). If g1(0,-) < g2(0,-) and

(7.3) 91(t,0) < g2(t,0), g1 (1, g) <, g) 0<t<T,

then g1 < go. In particular, if g1 and go are viscosity solutions of (7.1) or (7.2),
91(0,+) = g2(0, ), and equality holds in both parts of (7.3), then g1 = ga.

Proof. Apply the time-reversed version of Lemma 6.1 with A = 0, u = f = g1,
and v = g = go to conclude that
5 N
- max (gl(t, x) — ga(t, x))

+
max t,z) — g2t @) =
(912, 2) = g2(t, @) (t,2)€[0,T]x[0,%]

(t,2)€[0,T]x[0,£]
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Since 6 < r, we have g1 < go. 0

Regardless of the initial time to maturity, as a function of the firm value and
remaining time to maturity, the convertible bond price must satisfy one (or both) of
(7.1) and (7.2), depending on whether ¢ < rK or § K < ¢. The uniqueness assertion in
Lemma 7.1 guarantees that while the bond price does depend on the time to maturity,
it does not depend on the time when the bond was issued, or equivalently, it does not
depend on the initial time to maturity.

A perpetual convertible bond never matures, and hence the time variable and the
par value are irrelevant. Its price p(z) is a function of the underlying firm value alone.
The following result is proved in [36].

THEOREM 7.2. The perpetual convertible bond price function p is continuous
on [0,00), continuously differentiable on (O, %), and satisfies 0 < p/(z) < 1 for
0<zx< % and p(x) = yx for x > %

If ¢ < rK, then p, regarded as a function of (t,z) with p, = 0, is a continuous
viscosity solution of (7.1) satisfying

(7.4) p(0)=0, p (f) =K.

Furthermore, there exists C; € (O, %] such that p restricted to (0,C%) is strictly
greater than vz and is a classical solution of Np = ¢, whereas p(x) = vz for x > C*.
If 6K < ¢, then p is a continuous viscosity solution of (7.2) satisfying (7.4).
Furthermore, there exists C;; € (0, %] such that p restricted to (0,C%) is strictly less
than K and is a classical solution of N'p = c, whereas p(z) = K for C¥ < x < %

Uniqueness of p in [36] is proved only in the class of functions that are smooth in
the continuation region, not within the class of all continuous functions. We upgrade
the uniqueness result to the larger class here.

LEMMA 7.3. Let p be the perpetual convertible bond price function. If ¢ < rK,
then p is the unique viscosity solution of (7.1) on (0, %) that is continuous on [O, %]
and satisfies (7.4). If 6K < ¢, then p is the unique viscosity solution of (7.2) on (0, %)
that is continuous on |0, %] and satisfies (7.4).

Proof. We provide the proof for the case ¢ < rK. In the second case, 6K < ¢, a
similar proof is possible.

Let g € C|0, %] be a viscosity solution of (7.1) on (0, %) satisfying (7.4). Assume

(7.5) . (p(r) = a(2) = plwo) = alwo) > 0.

Then 2o € (0,%) and p(z9) > g¢(x0) > ywo, s0 2o € (0,C;). Because p is twice
continuously differentiable in (0, C¥), we can use p + q(xo) — p(xo) as a test function
for the viscosity supersolution g to obtain

122//

rq(zo) — (rzo — ¢)p'(wo) + 5(9:0 — q(xo))p'(xg) — 50 %P (zg) > c.
But p satisfies N'p(xo) = ¢, so
rp(zo) — (rzo — o)p (wo) + 6 (z0 — p(20))p’ (z0) — %J2x%p"(xo) =c.

Subtracting these relations, we obtain

r(p(zo) — q(z0)) < 6(p(x0) — q(x0))p (o).
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But 0 < p'(zg) <1 and 0 < 6 < r, so we have a contradiction to (7.5).
Assume on the other hand that

(7.6) D (¢(=) = p(x)) = q(w0) — p(x0) > 0.

Then zo € (0, %) and q(xo) > p(xg) > yxo. We have ¢ < p + q(xo) — p(xo), and if
xg # C}, so that p is twice continuously differentiable in a neighborhood of xy, we
can use p + q(zo) — p(xo) as a test function for the viscosity subsolution ¢ to obtain

(7.7) rq(zo) — (rzo — )p'(z0) + 6(zo — q(20))p’ (z0) — %azxgp”(mo) <ec.
But AMp(zg) > ¢ means that
(7.8) rp(z0) — (rzo — o)p (wo) + 8 (z0 — p(x0))p (w0) — %0255(2)])”(950) > c.

Subtracting these relations, we obtain

(7.9) r(q(zo) — p(xo)) < 6(q(zo) — p(x0))p (x0),

and we conclude as before.

The only other possibility is that (7.6) holds and z¢p = C € (O7 %) According to
Theorem 7.2, p’ is defined on (0, %), and using the equations N'p = ¢ to the left of C*
and p(z) = vz to the right of xo, we see that the left- and right-hand second derivatives
p"(zo—) and p”(zo+) = 0 exist. Furthermore, p(x) — v attains its minimum value
of 0 at zg, so p”(zo—) > 0. We need only rule out the case p”(zo—) > 0, for in the
event p”(xzo—) = 0, the function p is twice continuously differentiable at zy and we
can use p + q(zg) — p(xo) as a test function as above.

Suppose p”(zg—) > 0 = p’(zo+). Let p be the solution in (0, %] of the ordinary
differential equation N'p = ¢ satisfying p(xg) = vyzo and p'(z9) = 7. On (0,z0], p
is a solution to this terminal value problem and hence agrees with p. In particular,
p"(20) = p’(xo—) > 0, and this implies p(z) > vz = p(x) for x in some interval
(xo, xo+e€), where € > 0. The function g—p attains a local maximum at o because ¢—p
does, and we can use p + q(zo) — p(zo) as a test function for the viscosity subsolution
q as above. This leads to (7.7), with p”(z¢—) replacing p”(z¢). Inequality (7.8) holds
for all x € (0, zg), and letting = T 2o, we obtain (7.8), with p”(xo—) replacing p” (xo)
as well. This implies (7.9), and (7.6) is contradicted. O

Proof of Theorem 3.6. The terminal condition (3.6), with time reversed, states
that for 0 < L < K, we have

’YZ‘Z’LLO(O,Z’)SuL(O,Z‘)SUK(O,JI):J?/\K, 0<2< .
The functions wug, ur, and ux are continuous viscosity solutions of (7.1) or (7.2),
depending on whether ¢ < 7K or 6 K < ¢. Lemma 7.1 and the membership of uy and
ug in G (see, in particular, (3.3)) imply that for 0 < L < K,

K
(7.10) vyr <up(t,x) <up(t,z) <ug(t,z) <zAK, t>0,0<z<—.

Y
For 0 < 1 < tg, we have ug(0,-) = v < ug(t2 — t1,-), and we can apply Lemma 7.1
with ¢1(0, ) = ug(0,-) and g2(0, ) = ug(t2 —t1,-) to conclude that ug(t1,-) < ug(ta, ).
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In other words, wug(t, ) is nondecreasing in ¢ for each fixed x. On the other hand,
ug(0,z) = x A K > ug(te — t1,2), and this leads to the conclusion that ug (¢, ) is
nonincreasing in ¢ for each fixed x. Both wug(t, ) and ug (¢, -) are Lipschitz continuous
with constant 1, and the Arzela—Ascoli theorem implies that they converge uniformly
on [O, %] to Lipschitz continuous limits u_(-) and wuy(-), respectively, as t — oo.
Uniform convergence preserves the viscosity solution property (see [13]), and so u_
and u4 are also continuous viscosity solutions of either (7.1) or (7.2). Lemma 7.3
implies u— = p = uy. Relation (7.10) then implies lim; o ur(¢,2) = p(z) for all
T € [O, %], and the convergence is uniform in z. Of course, for z > %, ur(t,z) = p(x)
= yx. O
Remark 7.4. The proof of Theorem 3.6 shows that for all ¢ > 0,

(7.11) uo(t,z) < lim wo(s,z) =p(x) = lim ug(s,z) <ug(t, x)

§— 00 §—00

and the convergence is uniform in z € (0, %)

8. Continuation and stopping sets. We continue with the time reversal in-
troduced in section 7, denoting by wur,(¢,2) the price of the convertible bond when
time to maturity is ¢ and the underlying firm value is z. Following section 5, in Case
I (¢ < rK) of Proposition 4.5, we define

(8.1) cl & {(t,x) € (0,00) x (07 I;) cup(t,z) > w},

(8.2) N {(t,m) € (0,00) x (0, ﬂ cup(t,x) = vx}.

In Case IT (6K < ¢) of Proposition 4.6, we define

(8.3) cir & {(t,:v) € (0,00) x (o,f) cup(t,r) < K},

(8.4) Sir & {(t,x) € (0,00) x (0, ﬂ cup(t,x) = K}

To relate (8.4) to the definition of SE in section 5, recall (4.47). The present section
provides some information about the nature of the sets in (8.1)—(8.4).

LEMMA 8.1. For all t > 0, the mapping x — %UL(t,ZE) 1S nonincreasing.

Proof. We rescale ur. Let £ > 0 be given and define 7 : [0, 00) x [0, KTK] — [0, 00)

by w(t,xz) £ lu (t, %) Because we have formally that 0 < u,(¢,z) < 1, we also have
formally that 0 < @, (¢, ) < 1. Furthermore,

x
t. —

85)  wlt,a) + Na(t,a) = ¢ [ut( , e) + Nul(t, f)} + el — O, (t, z).

14

InCaseI (c<rK)welet 0 <a<b< % be given and set £ = 2 > 1. Because
us + Nu > ¢, (8.5) implies

(8.6) u(t,x) + Nu(t,x) > le+ c(1 — Ou,(¢,z) > c.

In other words, u(t, z) is a viscosity supersolution of u; + N@ > ¢ on (0, 00) X
But also, u(t,z) > va for 0 < < % because u(t,z) > vz for 0 < a < % It
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follows that for every T' > 0, @ is defined and continuous on [0,7] x [0, &] and is
a supersolution of (7.1). Furthermore, u(0,-) > «(0,-), @(¢,0) = u(t,0) = 0, and
u(t, %) > K =uft, %) Lemma 7.1 implies @ > u on [0,7] x [0, %} for every T > 0.
In particular, 2u(t,a) = @(t,b) > u(t,b), which yields the desired result.

In Case IT (6K < ¢) we again let 0 < a < b < % be given, but now set £ = ¢ < 1.
In this case, uy + Nu < ¢ and both inequalities in (8.6) are reversed. But also,
7 < ¢K < K. It follow that @ is a subsolution of (7.2), but it is defined only on the
set [0, 00) x [0, %] C [0, 00) x [O, %] However, on the upper boundary [0, c0) x {%}
of this set, = (K and u(t, ZTK) > (K. The function u(0, -) also dominates @(0, -). We

fix an arbitrary T' > 0 and apply Lemma 7.1 on the smaller domain [0, T] x [0, %]

(just take vy in Lemma 7.1 to be 7) to conclude that @ < u on this domain. In

particular, u(t,a) > u(t,a) = fu(t,b), which yields the desired result. a
In Case I, we define the free boundary

(8.7) cn(t) & inf{x c (o, ﬂ Cun () = m}, £ 0,

and in Case II, we define the free boundary
A . K
(8.8) dr(t) =inf Jx € O,; cup(t,z) =K, t>0.

In the overlapping case 6K < ¢ < rK, Remark 5.2 says that ¢y (t) = dp(t) = % for
all ¢ > 0. We see in Remark 8.4 below that ¢y, (¢) and dp,(t) are positive, so inf could
be replaced by min in (8.7) and (8.8).

Remark 8.2. Because up(t,r) is nondecreasing in L, we have S C S ¢ S in
Case I and S ¢ SH c 8! in Case I1. This implies that ¢y (¢) is nondecreasing in L
in Case I and dy(¢) is nonincreasing in L in Case II. In the proof of Theorem 3.6 at the
end of section 7, we saw ug(¢, ) is nondecreasing in ¢t and uk (¢, ) is nonincreasing in
t. This implies in Case I that cy(¢) is nondecreasing and cg (¢) is nonincreasing, while
in Case II, do(¢) is nonincreasing and dg (t) is nondecreasing.

The following theorem asserts that the continuation set and stopping set are
divided by the free boundary ¢y (-) in Case I and dp(-) in Case II.

THEOREM 8.3. In Case 1 (¢ < rK) we have

sl = {(t,x) € (0,00) x (0, ﬂ cen(t) <3 < f}

In Case 11 (6K < c¢) we have
K K
SH = {(t,ac) € (0,00) x (0, v} vdp(t) <z < 7}.

Proof. In Case I, we must show that if ur(¢,2) = vz for some z € (07 %), then
ur(t,y) =y for all y € [x, %} This follows immediately from Lemma 8.1. In Case
I1, the result follows from the nondecrease in x of uy (¢, x). |

Remark 8.4. Consider Case L If (tg, z9) € SL, then uy (o, ) = yzo. Because uy,
is a viscosity solution of min{u; + Nu — ¢,u — yz} = 0, we may use h(z) = yx as a
“test function” at the point (tg,zq) for the viscosity supersolution property to obtain



1538 MIHAI SIRBU AND STEVEN E. SHREVE

Nh(zg) > ¢, or equivalently, =g > %. It follows that min{%7 %} <ep(t) < % for
every t > 0. In Case I, we have K = ur(t,dr(t)) < dp(t) < %

THEOREM 8.5. Let C; and C} be as in Theorem 7.2. In Case I, we have
limy 00 e (t) = C%. In Case 11, we have lim;_, oo d,(t) = C¥.

Proof. In light of Remark 8.2, it suffices to prove the theorem for the limiting
cases L =0and L = % We treat Case I only.

Since ¢y is nondecreasing and ck is nonincreasing, these functions have limits
co(00), and ck (o) in (0, %] as t — 0o, and we must show cg(o00) = C* = cx(00).
Because C = min {x € (O, %] s p(x) = 733}, we have from the first inequality in
(7.11) that co(t) < C% and hence co(00) < C¥. But ug(t, co(t)) = veo(t) and ug(t, -)
converges uniformly to p(-), so ¢o(c0) > Cf.

Using the second inequality in (7.11), we obtain ¢k (¢) > C%, and hence cx (c0) >
C*. Assume C¥ < cg(o0) < % Because ck(+) is nonincreasing, uy is a viscosity
solution of us + Nu = ¢ on (0,00) x (0, cx(c0)). Hence the limit p(-) is a viscosity
solution of this equation on (0, cx(00)). But p(z) = vz for x € (C¥, cx(0)), and this
does not satisfy N'p = ¢. This contradiction implies ¢ (c0) = C§. a
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