2. CHANGES OF MEASURE AND GIRSANOV’S THEOREM

We have seen that semimartingales are invariant under various transfor-
mations. For example, It6’s formula shows that semimartingales are invari-
ant under composition with C? functions or, more generally, compositions
with differences of convex functions. Semimartingales are also invariant
under time-changes (although we established this only for continuous semi-
martingales and suitable time-changes). It turns out that semimartingales
are also invariant under absolutely continuous changes of measure. The fo-
cus of this section is to establish a version of the latter result for continuous
semimartingales. In particular, this often allows one to view a process that
is a semimartingale (for example, Brownian motion with drift) under some
measure P as a Brownian motion under a different measure P that is abso-
lutely continuous with respect to P on some o-algebra. One can then often
deduce properties of Brownian motion with drift from the corresponding
properties for Brownian motion, which are easier to establish due to the
special properties and symmetry of Brownian motion.

We first establish some preliminary results concerning exponential mar-
tingales and likelihood ratios (or Radon-Nikodym derivatives) in Section 2.1,
before stating the main results in Section 2.2. Conditions that allow the ver-
ification of the assumptions of the main theorems are presented in Section
2.3 and, finally, some applications of Girsanov’s theorem are illustrated in
Section 2.4.

2.1. Preliminary Results. A. Fzponential semimartingales

Theorem 2.1. (Doléans) Let X be a continuous semimartingale with
Xo =0, and suppose that Zy is some Fy-measurable random variable. Then
for A € R, there exists a unique (continuous) semimartingale Z such that

(2.6) Zy = Zy+ )\/ ZsdXs.
(0,¢]
The unique solution is given explicitly by
(2.7) Zy = ZoEMN X)),
where
)\2
(2.8) EMX); = exp ()\Xt — 2(X>t) :

Proof. Note that E(X); = f(Xy, (X)), where f(z,y) = MY, Therefore,
applying Itd’s formula to f(X, (X)), and using the fact that
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we find that

dENX)) = AENX)dX; — fEA(X)td<X)t + % (A2EN(X),) d(X)s

= AEMX)dXy.

This shows that Z = £)(X) is a solution of (2.6) with Zy = 1. The fact
that (2.7) implies (2.6) for general Fy-measurable Z; can be deduced in a
similar fashion.

To prove uniqueness, define

1 1
Y; = DX+ NX) ) = e
t = exp < t + 5 ( >t> XX,
)\2
and note that Y; = g(Xy, (X)), where g(x,y) = e T2 Another applica-

tion of Itd’s formula to g(X, (X)) shows that

A2 1
dY, = —AVdX;+ =Yid(X) + = (A2Y) d(X ),
(2.9) 2 2

= —\YidX; + N2Y,d(X);.
Let Z be any solution of (2.6). Then (2.6) and (2.9), together, show that
(2.10) dZ,Y) = =NV, Zpd(X ).

Using the integration-by-parts formula and substituting from (2.6), (2.9)
and (2.10), we obtain

d(Z:Yy) = ZdYs + YidZy + d(Y, Z)y
Z(—\Y3d Xy + N2Y,d(X)¢)
+Y;(AZpdXy) — N2V Zyd(X )y

= 0.
Thus Z;Y; is constant in time, equal to ZyYy = Zy. In turn, this implies
Zy = Zy/ Yy = ZpE(X)y, which completes the proof. O
Remark 2.2.

1. We call (2.6) an exponential SDE and the solution (2.7) an expo-
nential semimartingale.

2. If X = M is a continuous local martingale null at zero, then (2.6)
shows that £*(M) is a non-negative local martingale and hence (by
Fatou’s lemma) a supermartingale. In particular, this implies that

ey sl (e Yon)[ 1w
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B. Likelihood ratios and Radon-Nikodym derivatives.

In this section, we consider the following setup. Let (Q, 7%, {F}) be a fil-
tered probability space. Let P and P be two equivalent probability measures
on (2, F0). Let (Q, F,{F}) be the augmentation of (2, F°, {F?}). Since P
and P are equivalent, the augmentation with respect to either measure leads
to the same {F;}, F and, moreover, P and P are equivalent on F.

Theorem 2.3. The following properties hold.

(i) There exists a uniformly integrable P-martingale D such that D is
cadlag and for allt, Dy is a version of the Radon-Nikodym derivative
dP/dP on (9, F).

(11) P(Vt, Dy >0, D¢ > 0) =1

(iii) M is a P martingale if and only if DM is a P martingale.
(iv) M isa P local martingale if and only if DM is a P local martingale.

Proof. We start with the proof of the first property.
(i) Let Doy = dP/dP on F, and let D be a cadlag modification of the
uniformly integrable P-martingale

D, =E[Dw | F.

Note that the existence of a cadlag modification follows because the map
t — E[D:] = E[Dy] is continuous and {F;} satisfies the usual conditions
(see, e.g., Theorem 3.13 of Chapter 1 of [1]). For A € F, since D is a
P-martingale, we have

E[I4aD¢] = E[I4Ds] = P(A),
so that D; is a version of dP/dP on (Q, F;).
(ii) Let
7=inf{t>0:D;=0o0r D;" =0}.

Then 7 is an Fi-stopping time because

{r<ty={Di=0yu|() U {Dqﬁi} € Fi.

neN geQN|[0,t]

Now, for n € N, define 6,, = inf{¢t > 0 : Dy < 1/n}. Then 6, is an F;-
stopping time and for any rational number ¢ > 0, clearly 6, < 7 < 7+ ¢.
Thus, by the optional sampling theorem (which can be applied because D
is a non-negative martingale), for every n € N,

E[D714] = E[Dy,] <

S |-

Sending n — oo, we conclude that P(D;;1, = 0) = 1 and therefore that
P(Dryq = 0Vq € Q,q > 0) = 1, which in turn implies P(D; = 0 for all ¢t >
7) = 1 due to the right-continuity of D. However, for each fixed t, since
I@(Dt 0) = 0 and P is absolutely continuous relative to P, we have P(D; =
) = 0. Hence P(7 = o0) = 1.

(@)



(iii) Let M be a P-martingale. Then for s <t and A € Fy, we have

E [Ml4] = E[Ml,4],

which implies E [D;M 4] = E [DsMl4]. Thus, DM is a P-martingale, and
the “only if” part is proved. The “if” part is proved in a similar fashion with
(P,P, D~ 1) replacing (P, P, D).

(iv) Let M be a P-local martingale. By replacing M by {M; — My : t > 0},
assume that My = 0. Let {T},} be a localizing sequence for M under P,D so
that M is a I@’—martingale. Since P << P, under P, {T,} is again a sequence
of stopping times with T}, T co. By part (iii), DM is a P-martingale, so
that

(DM)" = (DM )T
is a P-martingale, and the result follows. ([l

2.2. Girsanov-Cameron-Martin Theorem.

A. Continuous Semimartingales under Changes of Measure.
Suppose we are in the setting of Section 2.1B. By assertions (i) and (ii) of
Theorem 2.3, we know that

dP

2.12 Zy = —
(2.12) =

, t€0,00),
Fi
is a strictly positive uniformly integrable martingale. Suppose, in addition,
that Z is continuous. Then the process Z ! is well-defined, locally bounded
and continuous (and hence progressively measurable). Hence, the stochastic

integral

t
(2.13) X; = / z;tdz,
0
is well-defined. Then .
Zy = Zy —1—/ ZdXs.
0

In other words, Z is the solution Z = Zy€(X) of the exponential SDE driven
by the continuous local martingale X.

Theorem 2.4. Suppose the process Z defined in (2.12) is continuous and
let X be defined as in (2.13). Given any continuous P local martingale M,
the process

t
(2.14) Ny = My — (M, X))y = M; — / Z7Yd(M, Z),
0

defines a continuous P-local martingale and, moreover,
(N) = (M).
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Proof. Due to Theorem 2.3(iv), in order to show that N is a P local martin-
gale we need only verify that NV Z is a P-local martingale. By the integration-
by-parts formula,

d(M,Zy) = MydZ; + Zyd M, + d{(M, Z);.

Also,
d(<M>X>tZt) = <M¢X>tdZt+th<M7X>t

= (M, X)dZ,+ Z, (Z;'d(M, Z),,)

where the second equality follows by substituting dX = Z~1dZ from (2.13).
Note that there is no Itd correction term here because (M, X) is a finite

variation process. Subtracting the second equation from the first and using
the fact that N = M — (M, X), we obtain

A(N:Zy) = MdZ — (M, X)dZy + Zyd M,

= NydZi + Zyd My,
so that

t t
NtZt:NOZO—i—/ NstS+/ ZdM,.
0 0

Each of the terms on the right-hand-side is a stochastic integral with respect
to a P-local martingale, which implies NV Z is itself a P-local martingale. The
fact that (N) = (M) follows from (2.14) and the fact that (M, X) is a finite
variation process. U

Remark 2.5. Note that Theorem 2.4 shows that M remains a semimartin-
gale under P, and explicitly identifies its decomposition. Thus Theorem 2.4
shows that continuous semimartingales remain continuous semimartingales
under an absolutely continuous change of measure in which the likelihood
process Z is continuous. In fact, the more general result that a semimartin-
gale (not necessarily continuous) remains a semimartingale under an abso-
lutely continuous change of measure is true, but the proof of this fact lies
beyond our current scope.

B. Specializing to Browian Filtrations.
We now consider a specific setting of the above result, which will be impor-
tant in applications. Suppose

(2.15) Q =C([0,00) : R™) Wi(w) = w(t) F = 0(Bs s<t),

let P be Wiener measure on 2, so that W is a Brownian motion under P
and let F; be the P-augmentation of JF.

Theorem 2.6. (Cameron-Martin, Girsanov) The following properties
hold:



(i)

(2.16)

Proof.

11

Let P be a law on (Q, F) which is equivalent to P. Then there exists
a predictable R™-valued process {H;} such that

dP t 1t
= exp (/ H,dW, — / \H5\2d3>
Fi 0 2 0

7 = —
ET AP
B t
Wtth—/Hsds
0

and, under P,

1s a Brownian motion.
Let v be a predictable R™-valued process such that

) t 1 t
Ct = €xp (/ 'YSdWs - 2/ ’75‘2d$>
0 0

defines a uniformly integrable P-martingale. Define a measure P on

(2, F) by

dPP

Then, under P,
¢
Wy =W; — / Vsds,
0
t € [0,00), is a Brownian motion.

(i) The process Z is a P-martingale adapted to the Brownian
filtration F; and is thus continuous by the martingale representation
theorem (see, e.g., Theorem 4.15 of Chapter 3 of [1]). Moreover,
by the zero-one law, Zy = 1. Another application of the martingale
representation theorem shows that the continuous P local martingale

X; = / t z;tdz,
admits an integral represent;tion
X = / t H,dW,
and Z solves the exponentialOSDE
Zy = 1+/()tZSdX5

whose unique solution £(X) is the right-hand-side of (2.16). How-
ever, by Theorem 2.4

t
Wi =W, — (W XY =W, — / H!ds
0

defines a continuous P-local martingale W?. Moreover, since
<Wi7 Wj>t = <WZ7 W]> = (Sijta



