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5. STOCHASTIC CONTROL
5.1. Some Preliminaries on Markov Processes. We recall some basic

notions related to Markov processes.

Definition: Given a homogeneous Markov process {X;}, the (infinitesi-
mal) generator A of {X;} is defined to be

e E[f (X)) - f(2)
Af(z) = lim n :

defined for f in the domain D 4 of the generator, where
Dy(x) ={f:R"™ — R such that the limit exists at x},
and

Dy= N D .
A z€R™ 'A(x)

Fact: If X is an Ito diffusion, satisfying
dXt = b(Xt)dt + O'(Xt)th
then, as can be verified by It&’s formula, C3(R™) C D4 and, for f € C2(R"),

of |1 0
Af(z) = Zb,-(g;)a:f + QZ(UUT)ij(x)améij.
i ’ i ’

Dynkin’s Formula
Let f € C3(R"), and 7 be a stopping time with E[X(7)] < co. Then

(5.53) E.[f(X,)] = f(z) + Ea / " AF(X,)ds).

Remark: If 7 is the first exit time of a bounded set D, then Ex[r] < oo
and (5.53) holds for any f € C2.

Suppose you are given a strong Markov process { X;} that admits a canon-
ical representation, i.e., it is is defined on (2, B, {B;},P), where Q is the (ap-
propriate) path space, {B;}} is the o-algebra generated by the projections
and

Xi(w) = wy, t € [0,00).
Then, for every t € [0,00), we can define the shift operators 6; : Q +—
given by
(0:X)s(w) = X(Ow) = w(t + s).
Likewise for any stopping time 7,

(0:X)s(w) = (6:X)s(w), on the set 7(w) = t.



50

Recall that if X is a strong Markov process, then given any measurable
function f, 7p an exit time from an open set D and stopping time 7 < 7p,
we have

D ™D
(5.54) o= [ avyds = = [ avds
0 T

5.2. The homogeneous Markov case. Suppose U is a control parameter
space and M (R™ : U) is the space of measurable functions from R" to U.
Let b and o be drift and dispersion coefficients; b : R® x U — R"™; o :
R"™ x U — R™ ™ and consider the associated family of controlled processes:
given u € M(R" : U).

(5.55) dYy" = b (Ye,u(Yy)) dt + o (Yi, u(Yy))dWy

where W is an m-dimensional Brownian motion. For the moment, we will
not specify any conditions on b, o, but simply assume that they are regular
enough that there exists a weak solution to the SDE, (5.55), which is unique
in distribution.

Suppose you are given a running cost F' : R® x U — R and a terminal
cost K : R" xU — R, an open set G C R™ and let 7 be the exit time from
the domain G. Define, for a fixed u € M(R™ : i), the cost functional

Vi) =5, | [ s o)

where we use the abbreviation F“(y) = F(y,u(y)) and, likewise, K"(y) =

K (y,u(y))-
The stochastic control problem is to infimize the cost over all possible

controls, and to find the corresponding “optimal control” u* that achieves
the infimum if it exists. In other words, we would like to find V', when

V(y) = infJ*(y)

and identify u* such that V(y) = J* (y), if it exists. V is called the value
function of the stochastic control problem.

When V is sufficiently smooth, it is often possible to characterize V' as a
solution to a second-order PDE (as opposed to the deterministic case, where
it is a solution to a first-order PDE), which is referred to as the Hamilton-
Jacobi-Bellman (HJB) equation.

Theorem 5.1. If V € C?(G) and an optimal Markov control u* exists, then
(5.56) Helfl {F“(y) + (A“V)(y)} =0 for ally € G,
and

(5.57) Vy) = K(y) for all y € ORG,
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where OrG are the reqular points of G for Y,* . Moreover, the infimum in
(5.56) is attained if uw = u*(y).

Proof. Let u be any Markov control. Since
7w =g, | [ s+ ).
0

by the strong Markov property (see (5.54)) we know that for any stopping
time o < 7,

B, ) = B, [B, [ [ o s k)|

_ &, |E, |0, </ uy, )dr+K“(YT)> |]-"a”

¥,)dr+ K(Y) 1|

G
- E,|E, /O FU(Y,) dr + K(Y, /F“ ”
[/0 F“(Y)dr]

7 =8 | [ P dr 4B )]
0
Now, let W C G be of the form
O={ze€G:|z—x|<¢e}

where £ > 0 is small enough that O C G. Put a = 70, to be the first exit
time of Y from O. Given an arbitrary v € U, if an optimal Markov control
u*(y) exists, choose

— J'(y)-E

<

Therefore,

u(z) = v itze O
| u*(z) otherwise

Then
V(Ya) = J" (Ya) - JU(Ya)7

and so N
V) <50 =, | [ e ] B ).
Since V € C%(G) by assumption, Dynkin’s formula shows that
E, [V(Ya)] = V(y) + E, {/ A"V (Y,) dr] .
0

Therefore,

v <8, | [ rona] sve s, | [Cavena].
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In other words,
g, [ [ o+ avin) o] 2o
0

Therefore,
Ey [fo (F°(Y;) + A"V(Y;)) dr]
EY[a]
Since F¥ and A"V are continuous at y, seding ¢ | 0, we obtain (5.56). The

boundary conditions follow immediately from the definition of a regular
point and the terminal condition. ([l

>0 for every O.

We also state the converse, which can be proved using Dynkin’s formula
(the proof is left to the reader).

Theorem 5.2. Let h be a bounded function in C*(G) NC (G) such that for
every v € U,
F*(y)+ A%h(y) 20 Vy € G;
with boundary values
hy) = K(y)  yedG.
Then
h(y) < J"(y)
for all Markov controls u. Moreover, if for each y € G, there exists ug(y)
such that
P () + (AOR)(y) = 0

then uw = uo(y) is a Markov control such that

h(y) = J"W(y),

and so ug s an optimal control.

5.3. The Inhomogeneous Markov Case. Just as in the optimal stopping
problem, we can reduce the inhomogeneous Markov case to the homogeneous
case. Suppose you consider Markov controls of the form

u = u(t, Xy(w)),
and, for any given control u, let the associated controlled process satisfy

dXt = dXZL = b(t, Xt, U)dt + O'(t, Xt, U)th
Then, by introducing Y; = (t + s, X¢45), the system equation becomes
dY; =dY" =b(Y", u(Yy))dt + o(Yz, u(Yy))dWy,

where v : R" s U, with u(Y;) : u(t, X¢).
Note that in this case, for v € U,

) 9 92

i J
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where now y € R} x R? and, as usual, a;;(y) = (67 0);;.
Note that in this case we can consider the stochastic control problem on
a fixed horizon [0,¢;] by choosing G C R"*! appropriately so that 7 = #1.

Example 1: (The linear regulation problem)
Suppose

dY;f = (LtY% + Mtut) dt + O'tth
and the cost is of the form

t1
Ju(y) = Ey |:/ (Y;TCSYG + UZDSUS) ds + Xg;Rth
0

where L, My, 04, Cy, Dy, R are continuous and non-random. Also, assume
Ci, R are symmetric, non-negative definite and D; is symmetric, positive
definite Vt.

The associated stochastic control problem admits the following interpre-
tation: the aim is to find a control w that makes |Y;| small first and such
that the “energy” used (~ u! Du) is small.

The HJB-equation in this case is easily seen to be

0 = iI&f{F“(t,x)—l-A”V(t,x)}

ov . A i
= 3 + Hvlf {xTCtx + v Dy + ; (Lew + Myv) ox; + 2 2. 02,0z, } ,

with the boundary condition

V(t1,z) =z R,.
Let us try to find a solution V of the form
(5.58) V(t,z) =27 Sz + as

where each X; is a symmetric, non-negative definite matrix, as, s; are con-
tinuously differentiable and non-random.
To have the boundary conditions coincide, let us set

Stl =R ay, = 0.
Also, substituting (5.58) into the HJB equation, we have

F(t,z) + A"V (t,x) = 7Sz +a,+27Cux +u" D
(5.59)
(5.60) + (Lix + Mw)" (Sew + ST2) + > i (S

Z'7j
The minimum of this expression is obtained when

66111- (F“(t,z) + A"(t,z)) =0,
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i.e., when

2D + 2M}F Syx = 0
or when
(5.61) v=—D;'M}'Sz.

Substituting this back into (5.60), algebraic manipulations show that the
right hand side of (5.60) is zero if

Sl{ = —QL?St + StMtD;lst - Cta t < tl?
all = —tT(UJTS)t < tj'

This is a Riccati type equation and determines S; uniquely. Combining
this with the boundary condition, we obtain

t1
at :/ tT(JO'TS)S ds.
t
Moreover, from (5.61) we conclude that the optimal control satisfies

w*(b,x) = —D; 'MFS,x, t<t
and the minimum cost is

t1
V(t,z) =27 Sz + / (tr(ooT)S)sds, t<t.
t

When compared with the solution to the corresponding deterministic prob-
lem, the formula shows that the extra cost due to the noise in the system is
given by

t1
at:/ tr(oco’ S)sds.
¢



