21-880: Advanced Stochastic Calculus IT — Spring 2009

Homework Assignment 6
(Distributed Monday, April 13, 2009)
(Due by Wednesday, April 29, 2009)

Reading. This homework is based on probabilistic representations of sto-
chastic partial differential equations and reflected diffusions. Read the re-
lated lecture notes and Chapter 4 and parts C an D of Chapter 3.6 of K-S

Problem 1.

(0.1)

Problem 2.

(0.2)

Consider an N x N matrix D with D;; = 1 for every ¢ = 1,..., N,
and suppose that

N
Z |dij| < 1, for every i = 1,..., N.
=15
The ith column of D represents the direction of “reflection” or con-
straint that is applicable on the face

{x eRY i 2, = 0}.

Consider the following multi-dimensional analog of the Skorokhod
problem. Given an R¥-valued continuous function v, show that
there exist a unique pair of continuous functions (¢,n) that satisfy
the following properties:

(a) ¢(t) € RY for every t € [0, 00);

(b) ¢(t) = 9(t) + Dn(t) for every t € [0, 00);

(c) for every i = 1,..., N, n; is non-decreasing and

/0 " gu(t)dni(t) = 0.

Hint: Show that there exists a solution (¢,n) to the above problem if
and only if each coordinate satisfies a certain one-dimensional Sko-
rokhod problem. Use a suitable fired-point argument to show that a
unique solution to the latter exists.

Consider the Dirichlet problem in a domain G with boundary con-
dition f. We showed in class that if f is bounded then any bounded
solution to this Dirichlet problem admits the representation

u(z) = Eo[f(X7)].

In particular, this establishes uniqueness among bounded solutions.
Show by example that there can also exist unbounded solutions that
need not be given by (0.2).

Hint: Take D = {(x1,x2) : z2 > 0} and f(x1,0) =0 for x; € R.
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Problem 3.

Problem 4.

Suppose that f : (0,00) — R is a Borel-measurable function that
satisfies

/OO e*axﬂf(x)\ dr < oo
0

for some a > 0, and define
1
u(t,z) = E . [f(IWi])], O0<t< 22" > 0.
Show that u is of class C!'? and satisfies the (forward) heat equation
on (0,1/2a) x (0, 00),

= lim u(t R
fx) th}y wu( Y), Vx eR,
and

0 1
li — =0; 0<t < —.
st 0 8xu(s’ z) =0 ST
(clearly not for submission) Read through Section 4.4.A on the Feynman-

Kac formula



