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Appendix A

Review of Background

Material

A.1 Basic Measure Theory

Modern probability theory is spoken in the language of measure theory ... so
before we can learn of the advances in probability theory, we should familiarize
ourselves with the basic jargon of measure theory. Throughout let Ω be a set
that is referred to as the sample space. Very roughly speaking, ω ∈ Ω repre-
sents an experiment or a “realization” of the randomness. We will also refer to
another space S as the state space, which loosely corresponds to the space of
all possible values that can be attained in the experiment.

1. Algebras and σ-algebras. F is a σ-algebra (or, equivalently, a σ-field) if it
is a non-empty collection of subsets of Ω that is closed under countable unions
(i.e. if Ai ∈ F , i = 1, . . . , then ∪iAi ∈ F and ∩iAi ∈ F), as well as closed under
complementation (i.e. if A ∈ F then Ac ∈ F). It is an algebra if, instead of
being closed under countable unions, it is closed under only finite unions.

Comments. The following are easy consequences of the definition.
(1) Ω ∈ F and ∅ ∈ F .
(2) F is closed under countable intersections and under monotone limits.
(3) The largest F is the power set (the set of all subsets) of Ω and the smallest
F is {∅,Ω}.
(4) Intersections of σ-fields are σ-fields.
(5) Given any set C of subsets of Ω, the F generated by C is well-defined and
denoted by σ(C) (simply take the intersection of all σ-fields containing C.

If S is a topological space, then the σ-algebra generated by the open sets is
referred to as the Borel σ-algebra of S and denoted B(S).
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Think. Why do we need σ-fields ? What do they represent ?
These are particularly important questions in probability theory where, in con-
strast to measure theory, measurability (and therefore the concept of a σ-field)
tends to be as central an issue as measure.

2. Measurable space.
The collection (Ω,F) of a space with a σ-algebra is referred to as a measurable
space. Elements of F are referred to as measurable sets.

3. Measures.
Definitions. A non-negative set function µ0 : F0 → [0,∞] on an algebra F0 in
Ω is said to be additive (or finitely additive) if µ0(∅) = 0 and for F,G ∈ F0

F ∩ G = ∅ ⇒ µ0(F ∪ G) = µ0(F ) + µ0(G).

The map µ0 is said to be countably additive on F0 if, whenever {Fn, n ∈ N} is
a sequence of disjoint sets in F0 with union F = ∪nFn in F0, then

µ0(F ) =
∑

n

µ0(Fn).

Given a measurable space (Ω,F), a map µ : F → [0,∞] is said to be a measure
if it is countably additive on F .
The triple (Ω,F , µ) is then referred to as a measure space. A non-negative
measure µ is said to be a probability measure if µ(Ω) = 1.
A statement C about points ω ∈ Ω is said to hold µ-almost surely if the set

F
.
= {ω : C(ω) is false } ∈ F and µ(F ) = 0.

Given a measure space (Ω,F , µ), for any set G ⊂ Ω the inner µ-measure µ∗(G)
and the outer µ-measure µ∗(G) is defined by

µ∗(G) = sup{µ(F ) : F ∈ F , F ⊂ G},

and
µ∗(G) = inf{µ(F ) : F ∈ F , G ⊂ F}.

respectively. If µ∗(G) = µ∗(G) then G is said to be µ-measurable. If Fµ denotes
the collection of µ-measurable sets, then µ can be extended to a measure on Fµ

by setting
µ(G) = µ∗(G) = µ∗(G) for G ∈ Fµ.

The triple (Ω,Fµ, µ) is called the completion of (Ω,F , µ). The σ-algebra Fµ is
the smallest σ-algebra that extends F and contains every set of outer µ-measure
0.

Standard Results.
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Theorem A.1.1. Carathéodory’s Extension Theorem. Given a set Ω, an alge-
bra F0 on Ω and a finitely additive set function µ0 on F0, there exists a unique
measure µ on (Ω, σ(F0)) such that µ = µ0 on F0 if and only if µ0 is countably
additive on F0.

Lemma A.1.2. Consider a probability space (Ω,F , µ) and G ⊂ Ω with µ∗(G) =
1. Then µ∗(G∩F ) = µ(F ) for every F ∈ F . Moreover, (G,G, µ∗) is a measure
space, where G is the σ-algebra comprising subsets of G of the form G ∩ F , for
some F ∈ F .

3. Measurable mappings, random variables and distributions.
Given two measurable spaces (Ω,F) and (S,S), a mapping ξ : Ω → S is said to
be (F ,S)-measurable if for every A ∈ S, the set ξ−1(A)

.
= {w : ξ(w) ∈ A} ∈ F .

(When the σ-fields F and S are clear from the context, then one sometimes
simply says that ξ is measurable.) If S is a topological space and S is the Borel
σ-field, then the mapping ξ is said to be Borel-measurable. If S = R

d then the
mapping ξ is often referred to as a random variable or random vector (when
d > 1) and, more generally, it is referred to as a random element or an S-valued
random variable. Given a probability measure P on (Ω,F), the distribution µ
of ξ is the image measure on (S,S) induced by ξ:

µ(A) = P ({ω ∈ Ω : ξ(ω) ∈ A}) , A ∈ S.

4. Lp spaces, Modes of Convergence and Uniform Integrability

Definition A.1.3. (Lp spaces) Given a measure space (Ω,F , µ), two mea-
surable functions X and Y are said to be in the same equivalence class if
µ(X 6= Y ) = 0. If X and Y belong to the same equivalence class, one sometimes
says X is a version of Y . For p > 0, the space Lp(Ω,F , µ) is the collection of
equivalence classes of measurable functions that satisfy

∫

Ω

|X|p dµ < ∞.

When the probability space, filtration and/or the probability measure is clear
from the context, we will sometimes just write Lp or Lp(µ) or Lp(F , µ) for
Lp(Ω,F , µ).

Definition A.1.4. (Expectation) Given a random variable X defined on a prob-
ability space (Ω,F , P), the expectation E[X] of the random variable is defined
to be

E[X] =

∫

Ω

X(ω)dP (ω).

If X ∈ L1(Ω,F , P), then the expectation of X is well-defined and finite.

One is often interested in characterizing the convergence of random variables
or random elements. For example, the strong law of large numbers, weak law
of large numbers and the central limit theorem all identify the limits of appro-
priately scaled sequences of random variables/vectors. We review these basic
modes of convergence.
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Definition A.1.5. (Modes of Convergence) Given a random element X
and a sequence of random elements {Xn}n∈N defined on a common probability
space (Ω,F , P) and taking values on a common topological space (S,B(S)),

1. Xn is said to converge to X almost surely iff

P

(
ω ∈ Ω : lim

n→∞
Xn(ω) = X(ω)

)
= 1.

2. Xn is said to converge to X in Lp (denoted Xn
Lp

→ X) iff X and each Xn

lie in Lp and

lim
n→∞

∫

Ω

|Xn(ω) − X(ω)|pdP (ω) = 0.

3. If S is a separable metric space with distance ρ, Xn is said to converge to

X in probability (denoted Xn
P→ X) iff for every ε > 0,

lim
n→∞

P(ω ∈ Ω : ρ(Xn(ω),X(ω)) ≥ ε) = 0.

In the definition of convergence in probability above, separability of the state
space is required to ensure that ρ(Xn,X) is a random variable for every n. It
is easy to see that a.s. convergence and Lp convergence imply convergence in
probability, and it is possible to show (using the Borel-Cantelli lemma) that
convergence in probability implies that every subsequence has a further subse-
quence, along which we have the a.s. convergence of Xn to X. However, one
is often interested in when a.s. convergence implies L1 convergence, i.e., when
does Xn → X P a.s. imply

lim
n→∞

E[Xn] = E[X].

In other words, when can we interchange limits and expectation?
We start by recalling some classical theorems from measure theory that

address this question.

Theorem A.1.6. (Convergence Theorems) Xn → X a.s. implies Xn
L1

→ X,
i.e. limn→∞ E[|Xn − X|] → 0 in the following cases:

1. (Dominated Convergence Theorem - DCT) If Xn(ω) ≤ Y (ω) for
every n ∈ N, ω ∈ Ω and E[|Y |] < ∞.

2. (Bounded Convergence Theorem - BCT) There exists C < ∞ such
that supn |Xn(ω)| ≤ C for every ω ∈ Ω.

3. (Monotone Convergence Theorem - MCT) If {Xn} is a non-negative
non-decreasing sequence of random variables.

Moreover, Fatou’s lemma (abbreviated, Fatou) states that if {Xn} is a non-
negative non-decreasing sequence of random variables, then

E

[
lim inf

n
Xn

]
≤ lim inf

n
E [Xn] .



A.1. BASIC MEASURE THEORY 5

The DCT, MCT and Fatou’s lemma are all valid for more general (i.e. not
necessarily probability or finite) measure spaces. Note that the BCT is essen-
tially a consequence of the DCT, but we state it separately for the purpose of
applications. While all these conditions are very useful, the most general condi-
tion under which the above question is answered in the affirmative is “uniform
integrability”.

Definition A.1.7. (Uniform Integrability) A family of random variables
{Xt}t∈T , is said to be uniformly integrable if

lim
r→∞

sup
t∈T

E[|Xt|I{|Xt|>r}] = 0.

The importance of uniform integrability derives from the following theorem.

Theorem A.1.8. (A necessary and sufficient condition for L1 conver-

gence) Let {Xn} be a sequence in L1 and let X ∈ L1. Then Xn
L1

→ X iff the
following two conditions are satisfied:

1. Xn → X in probability;

2. the sequence {Xn} is uniformly integrable.

It is the “if” part of the last theorem that is particularly useful. We now provide
some useful sufficient conditions for uniform integrablility.

Lemma A.1.9. (Characterizations of Uniform Integrability)

1. The class of random variables {Xt}t∈T is uniformly integrable if and only
if supt E[|Xt|] < ∞ (i.e., {Xt}t∈T is L1 bounded) and

lim
P(A)→0

sup
t∈T

E[|Xt|IA] = 0. (A.1)

2. The class of random variables {Xt}t∈T is uniformly integrable if and only
if there exists a nonnegative increasing function G on [0,∞) such that

lim
t→∞

G(t)

t
= ∞

and
sup

t
E[G(Xt)] < ∞.

In particular, if {Xt}t∈T , is Lp bounded for some p > 1, i.e., supt∈T E[|Xt|p] <
∞, then {Xt}t∈T is uniformly integrable.

Proof. Suppose {Xt}t∈T is uniformly integrable. Then for r > 0,

E[|Xt|IA] ≤ rP(A) + E[|Xt|I{Xt>r}].

Taking P(A) → 0 and then r → ∞, (A.1) follows, while taking A = Ω and r
large enough, the L1-boundedness follows.
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Conversely, suppose {Xt}t∈T is L1-bounded and satisfies (A.1). Then, by
Markov’s inequality, it follows that

lim
r→∞

sup
t

P(|Xt| > r) ≤ lim
r→∞

sup
t

E[|Xt|]
r

= 0.

Thus, applying (A.1) with A = {|Xt| > r}, it follows that the family {Xt}t∈T

is uniformly integrable, and the first assertion of the theorem follows.
We omit the proof of the second assertion, but observe that the third asser-

tion follows from the second by choosing G(t) = tp for p > 1.

From Theorem A.1.8, it follows that uniform integrability, along with con-
vergence in probability, implies L1 convergence. In the absence of convergence
in probability, uniform integrability implies weak L1 convergence. It is well-
known that any L2-bounded sequence has a subsequence that converges weakly
in L2. Uniform integrability provides a corresponding sufficient condition for
(relative) weak compactness in L1. This fact is used, for example, in the proof
of the Doob-Meyer decomposition in continuous time.

Definition A.1.10. Assume X,X1,X2, . . . ∈ Lp for some p ∈ [1,∞). Then
Xn → X weakly in Lp iff E[Xnη] → E[Xη] for every η ∈ Lq, where 1/p+1/q =
1.

Lemma A.1.11. (weak L1-compactness, Dunford) Every uniformly inte-
grable sequence of random variables has a subsequence that converges weakly in
L1.

Proof. Let {Xn} be uniformly integrable. Define Xk
n

.
= XnI{|Xn|≤k}, and note

that {Xk
n} is L2-bounded in n for each k. By L2-compactness and a diagonaliza-

tion argument, there exists a subsequence N ′ ⊂ N and some random variables
η1, η2 . . . , such that for every k, Xk

n → ηk holds weakly in L2, and thus also in
L1, as n → ∞ along N ′.

Now, by Fatou’s lemma, ||ηk − ηl||1 ≤ lim infn ||Xk
n −X l

n||1, and by uniform
integrability the right-hand side tends to zero as k, l → ∞. Thus, the sequence
{ηk}k∈N is Cauchy in L1 and so, it converges in L1 towards some ξ. By approx-
imation, it follows easily that Xn → X weakly in L1 along N ′. Indeed, for any
bounded, F-measurable random variable γ, note that for any k, n ∈ N,

E[γ(Xn − X)] ≤ ||γ||∞ sup
n

||Xn − Xk
n||1 + E[γ(Xk

n − ηk)] + ||γ||∞||ηk − X||1.

Taking limsup of both sides as n → ∞, the second term on the r.h.s. vanishes.
Then taking k → ∞, the first term vanishes by the uniform integrability of
{Xn}, while the last term vanishes by the definition of X.

In addition to the modes of convergence described in Definition A.1.5, in the
next section we will also consider weaker forms of convergence (for sequences
of random variables not necessarily defined all on the same probability space)
such as convergence in distribution.
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A.2 Limit Theorems

In what follows, {Xi}∞i=1 is a sequence of i.i.d. random variables defined on a
common probability space (Ω,F , P) and, for n ∈ N,

Sn
.
= X1 + X2 + · · · + Xn.

Theorem A.2.1. (Khintchine’s Weak Law of Large Numbers) If E[|X1|] < ∞,
then as n → ∞,

Sn

n
→ E[X1] in L1(P) and hence in probability.

Theorem A.2.2. (Kolmogorov’s Strong Law of Large Numbers) If E[|X1|] <
∞, then as n → ∞,

lim
n→∞

Sn

n
= E[X1] P a.s. (A.2)

Conversely, if lim supn→∞ |Sn/n| < ∞ with positive probability, then E[|X1|] <
∞ and (A.2) holds.

We now recall the celebrated central limit theorem. First, recall the notion
of convergence in distribution of random variables or probability measures on
R

d.

Definition A.2.3. If µ, µi, i ∈ N are probability distributions on (R,B(R)) with
respective distribution functions F , Fi, i ∈ N. Then µn converges in distribution
to µ (denoted µn ⇒ µ) as n → ∞ if and only if

lim
n→∞

Fn(x) = F (x)

for all x ∈ R
d at which F is continuous. Moreover, given R

d-valued random
variables X, Xi, i ∈ N, Xn is said to converge in distribution to X as n → ∞
if and only if their distributions converge weakly or, equivalently, if and only if

P(Xn ≤ x) ⇒ P(X ≤ x)

for all x such that P(X = x) = 0, where here the inequalities are to be interpreted
coordinatewise.

We now provide a useful criteria for convergence in distribution on R
d.

Definition A.2.4. Given a finite measure µ on (Rd,B(Rd)), its Fourier trans-
form µ̂ is given by

µ̂(t) =

∫

R

ei〈t,x〉µ(dx), t ∈ R
d,

where i =
√
−1 and 〈t, x〉 =

∑d
i=1 tixi is the usual Euclidean inner product. If

X is an R
d-valued random variable/vector with distribution µ, µ̂ is often referred

to as the characteristic function of X.
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Lemma A.2.5. (Cramér-Wold Device) Given R
d-valued random variables X,Xn, n ∈

N with respective distributions µ, µn, n ∈ N, Xn ⇒ X if and only if 〈t,Xn〉 ⇒
〈t,X〉 for all t ∈ R

d. Moreover, the latter convergence holds if µ̂n(t) → µ̂(t) for
all t ∈ R

d.

Theorem A.2.6. (1-d Central Limit Theorem) If E[|X1|] < ∞ and V ar(X1) ∈
(0,∞), then

Sn − n√
n

⇒ N (0, V ar(X1)).

Theorem A.2.7. (Multidimensional Central Limit Theorem) If {Xn}n∈N are
i.i.d. random vectors in R

d with E[X1
i ] = µi and Cov(X1

i X1
j ) = Qi,j for an

invertible (d × d) matrix Q. Then (Sn − nµ)/
√

n converges in distribution to a
multi-dimensional Gaussian with mean zero and covariance matrix Q, i.e., for
all d-dimensional hypercubes G = (a1, b1] × · · · × (ad, bd],

lim
n→∞

P

(
Sn − nµ√

n
∈ G

)
=

∫

G

e−
1
2 y′Q−1y

(2π)d/2
√

det(Q)
dy.

A.3 Conditional Expectations.

Definition A.3.1. Let (Ω,F , P ) be a measure space and let X be an F-measurable
random variable with E[|X|] < ∞. Let G be a sub σ-algebra of F . Then Y is
a version of the conditional expectation E[X|G] if and only if Y is a random
variable that satisfies

(i) Y is G-measurable.

(ii) E[|Y |] < ∞.

(iii) For every set G ∈ G ∫

G

Y dP =

∫

G

XdP.

Given another random variable Z on (Ω,F , P ), a version of the conditional
expectation E[X|Z] is defined to be E[X|σ(Z)].

When X ∈ L1(P ) (that, is, when E[|X|] < ∞), existence of conditional expec-
tations follow from the Radon-Nikodým theorem. When X ∈ L2(P ) the alter-
native characterization of the conditional expectation E[X|G] as the orthogonal
projection of the F-measurable function X onto the sub-space of G-measurable
functions in the Hilbert space L2(P ) is also useful for an intuitive interpretation
of E[X|G] as the “best guess” or “best prediction” of X given the information
contained in G.

Properties of Conditional Expectations
We now provide a list of basic properties satisfied by conditional expecta-

tions. Here, we always assume that X is a random variable defined on the
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probability space (Ω,F , P) that satisfies E[|X|] < ∞, and that G and H denote
sub-σ-algebras of F . (The use of ‘c’ to denote ‘conditional’ in (cMON), etc.,
should be apparent.)

(a) If Y is any version of E[X|G] then E[Y ] = E[X].

(b) If X is G measurable, then E[X|G] = X, a.s.

(c) (Linearity) E[a1X1 + a2X2|G] = a1E[X1|G] + a2E[X2|G], a.s.

Clarification: if Y1 is a version of E[X1|G] and Y2 is a version of E[X2|G],
then a1Y1 + a2Y2 is a version of E[a1X1 + a2X2|G].

(d) (Positivity) If X ≥ 0, then E[X|G] ≥ 0, a.s.

(e) (cMON) If 0 ≤ Xn ↑ X, then E[Xn|G] ↑ E[X|G], a.s.

(f) (cFATOU) If Xn ≥ 0, then E [lim inf Xn|G] ≤ lim inf E [Xn|G], a.s.

(g) (cDOM) If |Xn(ω)| ≤ V (ω),∀n and E[|V |] < ∞ and Xn → X, a.s., then

E[Xn|G] → E[X|G], a.s.

(h) (cJENSEN) If c : R → R is convex, and E [c(X)] < ∞, then

E [c(X)|G] ≥ c (E [X|G]) ≥ c (E [X|G]) , a.s.

Important corollary: ‖E[X|G]‖p ≤ ‖X‖p for p ≥ 1, where ||Y ||p denotes
(E[|Y |p])1/p for any r.v. Y .

(i) (Tower Property) If H is a sub-σ-algebra of G, then

E [E [X|G] |H] = E [X|H] , a.s.

(j) (‘Taking out what is known’) If Z is G-measurable and bounded, then

(*) E [ZX|G] = ZE [X|G] , a.s.

If p > 1, p−1 + q−1 = 1, X ∈ Lp (Ω,F , P) and Z ∈ Lq(Ω,G, P), then (*)
again holds. If X ∈ (mF)+, Z ∈ (mG)+, E[X] < ∞ and E[ZX] < ∞,
then (*) holds.

(k) (Rôle of independence) If H is independent of σ(σ(X),G), then

E [X|σ(G, H)] = E[X|G], a.s.

In particular, if X is independent of H, then E[X|H] = E[X], a.s.
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A.4 Lebesgue-Stieltjes Integration

In this section we provide a brief summary of Lebesgue-Stieltjes integration.
Given a real-valued, right-continuous function f defined on [0,∞), the (first)

variation Vt(f) = V
(1)
t (f) of the function f on the interval [0, t] is defined to be

Vt(f)
.
= sup

π

kπ∑

i=1

|fti+1
− fti

|, (A.3)

where the supremum is over partitions π = {0 = t0 < t1 < . . . < tkπ
= t} of

[0, t]. Since by the triangle inequality, for 0 < s < r < t,

|ft − fs| ≤ |ft − fr| + |fr − fs|,

it follows that

Vt(f) = lim
||π||↓0

kπ∑

i=1

|fti+1
− fti

|,

where the (mesh) size ||π||t of the partition is equal to maxi |ti+1 − ti|. In
particular we can write

Vt(f)
.
= sup

n≥1

2n∑

k=1

∣∣∣f tk
2n

− f t(k−1)
2n

∣∣∣ .

A function f is said to be of finite variation if Vt(f) < ∞ for every t ∈ [0,∞) and
then the function V (f) : t → Vt(f) is referred to as the total variation of f . The
total variation of f is clearly positive and non-decreasing. If limt→∞ Vt(f) < ∞
then the function f is said to be of bounded variation.

It is easy to see that C1 (continuously differentiable) functions are of finite
variation. Monotone functions are also of finite variation, and conversely any
real-valued function f of finite variation is the difference of two non-decreasing
functions. Indeed, note that

ft = f0 + f+
t − f−

t

with f+
0 = f−

0 = 0, where

f+
t

.
= [Vt(f) + ft − f0] /2 and f−

t
.
= [Vt(f) − ft + f0] /2

can be easily shown to be non-negative, non-decreasing functions. This decom-
position is minimal in the sense that any other pair of positive non-decreasing
functions f̃− and f̃+ with the property that f − f0 = f̃+ − f̃−, must satisfy
f+ ≤ f̃+ and f− ≤ f̃−. As a consequence f has left limits at any t ∈ (0,∞)
and we write ft− or f(t−) for lims↑t fs and set f0− = f0. Moreover, we use

∆f
.
= ft − ft−

to denote the jump of f at t.
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The importance of functions of finite variation lies in the fact that the map
f 7→ µf given by

ft = µf ([0, t]) and µf ({0}) = 0.

defines a one-to-one correspondence between right-continuous functions f hav-
ing finite variation and Radon measures µ on [0,∞) (recall that a Radom mea-
sure on [0,∞) is a measure µ on the Borel σ-field B([0,∞)) such that µ(K) < ∞
for every compact set K ⊂ [0,∞)). The measure µV (f) induced by the total
variation function V (f) corresponds to the total variation |µf | of the measure
µ and the measures induced by f+ and f− correspond to the minimal decom-
position of µf into its positive and negative parts respectively [7]. Define

∆ft = ft − ft−

and note that f can be decomposed into the sum of its continuous and atomic
parts as follows:

f = f0 + fc + fd

where
fc

t = ft− and fd =
∑

0<s≤t

∆fs.

Since ft− = µf ([0, t)) and ∆ft = µf ({t}), this corresponds to the decomposition
of the measure µf into its absolutely continuous and singular parts (with respect
to Lebesgue measure).

Given a function f of finite variation and a locally bounded Borel-measurable
function g on [0,∞) (or, more generally, a function that lies in L1([0,∞),B([0,∞)), |µf |)
the Lebesgue-Stieltjes integral of g with respect to f is defined to be the Lebesgue
integral of g with respect to µf :

(g · f)t
.
=

∫ t

0

gsdfs
.
=

∫

(0,t]

gsdµf (s), (A.4)

Note that the jump at zero does not come into play, in the sense that

∫ t

0

dfs = ft − f0.

This representation, along with the fact that µf = µf+ − µf− , implies that the
map t → (g · f)t is also right-continuous and of finite variation. Moreover, as a
consequence of the Radon-Nikodym theorem, it follows that if f is an absolutely
continuous function then µf is absolutely continuous with respect to Lebesgue
measure and the integral g · f is a continuous function of t. If g is a continuous
function on [0, t], then the Riemann-Stieltjes integral of f with respect to g on
[0, t] is well-defined and equals the Lebesgue-Stieltjes integral, that is

∫

[0,t]

g(s)df(s) = lim
n→∞

Nn∑

k=1

g(sn
k )(f(tnk ) − f(tnk−1)), (A.5)
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for any sequence of partitions π = {tk, k = 1, . . . , Nn} where sn
k ∈ [tnk−1, t

n
k ] and

maxNn

k=1 |tk − tk−1| → 0 as n → ∞.
We now recall the integration by parts and change-of-variable formulas for

Lebesgue-Stieltjes integrals.

Lemma A.4.1. (Integration by Parts for FV functions) If f and g are two
right-continuous functions with finite variation, then for any t

ftgt = f0g0 +

∫ t

0

fsdgs +

∫ t

0

gs−dfs =

∫ t

0

fs−dgs +

∫ t

0

gs−dfs + [f, g]t, (A.6)

where
[f, g]t

.
=

∑

0<s≤t

∆fs∆gs.

Proof. Consider the product signed measure µf × µg on (0,∞) × (0,∞) and
notice that both sides of the equality (A.6) are equal to (µf ⊗ µg)([0, t]

2). It is

not hard to see that
∫ t

0
fsdgs is the measure of the upper triangle including the

diagonal,
∫ t−

0
gs−dfs is the measure of the lower triangle excluding the diagonal

and f0g0 = (µf ⊗ µg)({0, 0}). Indeed, evaluating the signed measures using the
representation

(0, t] × (0, t] = {(u, v) : 0 < v ≤ t; 0 < u < v} ∪ {(u, v) : 0 < u = v ≤ t}
∪ {(u, v) : 0 < u ≤ t; 0 < v < u} ,

one obtains

(ft − f0)(gt − g0) =

∫

(0,t]

(fv− − f0)dgu +

∫

(0,t]

(gv− − g0)dfu + [f, g]t.

The above can be rearranged to give the lemma.

Lemma A.4.2. Let F be a C1 function on [0,∞) and let g be a finite variation
function on [0,∞). Then

F (gt) − F (g0) =

∫

(0,t]

F ′(gs−)dgs +
∑

0<s≤t

[F (gs) − F (gs−) − F ′(gs−)∆gs] .

(A.7)

Proof. Fix the finite variation function g. Let C be the class of functions F such
that (A.7) holds. Then it is clear that C is a vector space. Moreover, as shown
below, C is also an algebra. Indeed, let F,G ∈ C and set H = FG. Then by
assumption F and G satisfy (A.7) and therefore in differential notation we can
write

d(F (gt)) = F ′(gt−)dgt + [F (gt) − F (gt−) − F ′(gt−)∆gt]

and likewise

d(G(g))t = G′(gt−)dgt + [G(gt) − G(gt−) − G′(gt−)∆gt] .
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On the other hand by the integration-by-parts formula

H(gt) − H(g0) =

∫

(0,t]

F (gs−)d(G(g))s +

∫

(0,t]

G(gs−)d(F (g))s + [F (g), G(g)]t,

from which it follows that

∆(H(g))t = [H(gt) − H(gt−)]
= F (gt−) [G(gt) − G(gt−)] + G(gt−) [F (gt) − F (gt−)]

+ [F (gt) − F (gt−)] [G(gt) − G(gt−)] .

Thus combining the last four displays we have

d(H(g))t = [F (gt−)G′(gt−) + G(gt−)F ′(gt−)] dgt + F (gt−)[G(gt) − G(gt−)]
+G(gt−)[F (gt) − F (gt−)] − [F (gt−)G′(gt−) + G(gt−)G′(gt−)] ∆gt

+[F (gt) − F (gt−)][G(gt) − G(gt−)].
= H ′(gt−)dgt + ∆(H(g))t − H ′(gt−)∆gt.

Thus
d(H(g))t = H ′(gt−)dgt + [∆(H(g))t − H ′(gt−)∆gt] ,

which shows that h ∈ C and thus C is closed under multiplication. Since C
trivially contains the function F (x) = x, it follows that C contains all poly-
nomials. Now let F be any C1 function. It is enough to prove (A.7) for all
t ∈ [0, t0] for any t0 < ∞. Since g is right-continuous there exists M such that
g(t) ∈ [−M,M ] for all t ∈ [0, t0]. Moreover, there exist polynomials pn such
that pn → F and p′n → F uniformly on [−M,M ]. Since (A.7) is true for each
pn, it follows from standard convergence theorems that (A.7) is satisfied by all
C1 functions F .

One can similarly establish the N -dimensional generalization. Given an R
N -

valued function g = (g1, g2, . . . , gN ) of finite variation and function F on R
n

with continuous first-order partial derivatives Dif , it follows that

F (gt)−F (g0) =
N∑

i=1

∫

(0,t]

DiF (gs−)dgi
s+

∑

0<s≤t

[
F (gs) − F (gs−) −

N∑

i=1

Dif(gs−)∆gi
s

]
.

A.5 Other Useful Results

1. Borel-Cantelli Lemmas

The Borel Cantelli Lemma, is an extremely powerful result that is particu-
larly useful for establishing a.s. limit theorems. Given a sequence of events En,
n ∈ N, recall that the set of points that lie in infinitely number n (referred to
as the event that En occurs infinitely often) is given by

lim sup En
.
= ∩m ∪n≥m En.
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Lemma A.5.1. (Borel-Cantelli) Let {En} be a sequence of events such that∑
n P (En) < ∞. Then

P (lim sup En) = P (En infinitely often ) = 0.

The proof is easy and left to the reader.
A partial converse of this also holds.

Lemma A.5.2. (Borel-Cantelli 2) Let En be a sequence of independent events
such that

∑
n P (En) = ∞. Then

P (En infinitely often ) = 1.

2. Monotone Class Theorems

Dynkin system. A collection D of subsets of Ω is called a Dynkin system or
a d-system if

1. Ω ∈ D;

2. A,B ∈ D and B ⊆ A imply A \ B ∈ D;

3. {An}∞n=1 ⊆ D and A1 ⊆ A2 ⊆ ... imply ∪∞
n=1An ∈ D.

The Dynkin system generated by a collection of subsets C (which is defined to
be the intersection of all Dynkin systems containing C – check for yourself that
this intersection is indeed still a Dynkin system) is denoted by d(C).

π-system. A collection I of subsets of Ω is called a π-system if I is closed
under finite intersections.

Theorem A.5.3. (Dynkin) If I is a π-system then

d(I) = σ(I).

This theorem is extremely powerful and is often used in the following con-
text. Often one wants to show that a certain property A holds for all sets in a
σ-algebra F . In that case, one first shows that the property holds for a π-system,
and for Ω and then shows that the property is “closed” under the operations
(ii) and (iii) described in the Dynkin system theorem.

For example, showing that a function is (F ,S) measurable involves showing
that for all sets in S, the inverse image of the set under the function lies in F –
the fact that this collection of sets is a Dynkin system is a simple consequence
of the fact that F is a σ-algebra. Thus it is sufficient to show that the inverse
image of any π-system that generates S lies in F . Likewise, showing that the
conditional expectation of a random variable with respect to a σ-algebra F is
a.s. equal to some other random variable can also be phrased in this manner.
Here one wants to show that for all sets in F the integral of the two random
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variables over the sets is equal. The fact that this collection of sets is a d-system
follows easily from elementary properties of the integral. Thus once again, the
Dynkin system theorem shows us that it is sufficient to check equality only for
some simple π-system that generates F .

Remark. Note that if you first show that the property is true for a collection
of sets in an algebra (and not just a π-system) then properties (1) and (2) of
a Dynkin system are automatically satisfied. And hence one only has to check
that if the property holds for a countable sequence of increasing sets, then the
property also holds for the union.
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A.6 Some Functional Analytic Results

A.6.1 Some Useful Inequalities

Lemma A.6.1. (Cauchy-Schwarz and Hölder) If f, g ∈ L2(Ω,F , P), then
fg ∈ L1(Ω,F , P) and

‖fg‖1 ≤ ‖f‖2 ‖g‖2 .

More generally, if f ∈ Lp(Ω,F , P), g ∈ Lq(Ω,F , P) where 1/p + 1/q = 1, then

‖fg‖1 ≤ ‖f‖p ‖g‖p .

A.6.2 The Banach-Steinhauss Theorem

The Banach-Steinhauss theorem or the principle of “uniform boundedness” is
one of the main results in functional analysis. It states that for a family of con-
tinuous linear operators on a Banach space, pointwise boundedness is equivalent
to boundedness in operator norm.

Definition A.6.2. A Banach space is a complete normed vector space.

Definition A.6.3. An operator T : X → Y from one real vector space to
another is said to be linear if

T (ax + by) = aT (x) + bT (y)

for every a, b ∈ R and x, y ∈ X. A linear operator is continuous if it maps
bounded sets into bounded sets.

Definition A.6.4. The norm ‖T‖ of an operator T : X → Y from one normed
(real) vector space to another is defined as follows

‖T‖ .
= min{c : ‖Tx‖ ≤ c ‖x‖ for all x ∈ X}.

Theorem A.6.5. (Banach-Steinhauss Theorem) Suppose X is a Banach
space and Y is a normed vector space. Suppose F is a collection of continuous,
linear operators from X to Y . If

sup
T∈F

‖T (x)‖ < ∞ for every x ∈ X

then
sup
T∈F

‖T‖ < ∞.
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