Chapter 2

Martingales

Martingales are adapted stochastic processes for which the conditional expected
value of the process at some time t, given the past observations upto some ear-
lier time s, is equal to the observation at the earlier time s. Martingales and
submartingales can, roughly speaking, be thought to be the stochastic analogs
of constants and increasing functions, respectively. We will show that martin-
gales will serve as building blocks for more complicated stochastic processes.
Martingales also arises naturally in applications. Originally, the term “martin-
gale” referred to a rein to hold a horse, and was the name given to a class of
betting strategies that was popular in 18th century France. The concept of a
martingale was introduced into probability theory by Paul Lévy, and Joseph
Doob contributed greatly to the early development of martingale theory. One
of the early motivations for studying martingales was to show the impossibility
of successful betting strategies.

2.1 Basic Definitions and Properties

In what follows, let 7 be a subset of R .

Definition 2.1.1. An adapted stochastic process {Xy, F; | t € T} defined on
(Q,F,P) with E|Xy| < oo for allt € T, is said to be a

1. sub-martingale if E[X; | Fs] > X for all s < t,s,t € T;
2. super-martingale if E[X, | F,] < X, for all s <t,s,t € T.
8. martingale if it is both a sub- and super-martingale.

When the parameter set T is countable, it is referred to as a discrete (parameter)
martingale.

Remark 2.1.2. Note first that if {B;, F;} is a Brownian motion then it is a
martingale. Indeed,

E[B; — Bs + Bs | 5] = E[B; — Bs] + Bs; = Bs.
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34 CHAPTER 2. MARTINGALES
We will see later that all continuous martingales share many important proper-
ties with {Bt,ft}.

The following theorem summarizes some basic inequalities satisfied by mar-
tingales. The proof for discrete martingales can be found in [8]. The results can
be extended to continuous martingales using approximation arguments as long
as the continuous martingales satisfy some path regularity.

We first define the number of upcrossings of a stochastic process. Suppose
{X:, F: | t € T} is a stochastic process. For a < b and F' C 7 finite, let

1. m=min{t € F | X; <a}
2. gj=min{t € F |t >1;,X; > b}
3. Tjq1i=min{t € F |t > 0;,X; < a}
Given an interval I C 7, let
Ur(a,b; X) = sup{Urpla,b] | F C I, F finite}.

Theorem 2.1.3. (Basic Inequalities) Let { X, F;,t € T} be a sub-martingale
whose every path is right-continuous *, and suppose that 0 < 0 < 7 < 00, a < b,
and A > 0. Then we have the following results.

1. AP <supte[m] X, > A) < E[XF].
2. AP (infyepon X; < —2) < E[XH] - E[X,].
3. (Up-crossing inequality) (b — a) E [Uy 11(a,b; X)] < |a| + E[X[].

4. (Doob’s LP inequality) If X is non-negative and 1 < p < oo, then

P p
B | sw x| < (25) ElxpL.
t€lo,7] p—1

This can be rewritten more succinctly as
XM, < Cp 1 X1,

where X{ = sup,<,<; Xs, Cp =p/(p—1) and, as usual, ||Xth = (E[\Xt|p])1/p.

We now show how the inequalities above can be applied in practice to es-
tablish an important property of Brownian motion.

Theorem 2.1.4. ((Law of the Iterated Logarithm)

P limsupL =1

tl0 2tloglog(1)

INote that this is automatically satisfied if 7 is discrete since we can view the paths as
being piecewise constant in between times.
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Proof. Write h(t) = |/2tloglog(+). The first step is to show that

By
limsup—— <1, P—as. 2.1
nsup g S (2.1)

Apply Doob’s maximal inequality to the exponential martingale Z; = exp(aB;—

%Qt) yielding for @ > 0

P( sup (B;— 3as) > B | =P | sup Z; >e* | <e “PE[Z] = e P,
s€[0,t] s€[0,t]

Now fix 0,6 € (0,1) and apply the inequality with ¢t = ", « = 0" (1 + §)h (™),
and 3 = $h(6"). Then

1 1\"
and e*” = log(nlog(5))'** = O(n'*?). So

1
sup P(Bs — =s(1+6)07"h(0")) >
s€[0,07] 2

h(6™)) < Cn~(+9),

DN | =

By the Borel-Cantelli Lemma there is © ; € F with P(Q2') = 1 such that for all
w € Q' there is Ny 5(w) such that for all n > Ny 5(w)

1 -n n } n
. (By = 5s(1+8)0""h(0")) < 5h(0")

Thus for 71! < ¢ < o™

1 1
Bi< sup B, < (2+8)07"h(6") < 5(2+9)0Fh()

s€[0,07]

M| —

where the last inequality uses the fact that h(8™) < =2 h(0"T1) < 0~ 2h(t), so

lim sup 5 < (14 g)ﬁ_%.
tlo t
Letting § | 0 and 6 T 1 along countable sequences the proof of the first step is
complete.

We now establish the reverse inequality in (2.1). For this, we would like
to use the second Borel-Cantelli lemma to show that B;/h(t) exceeds 1 (or,
rather, exceeds a function that is less than, but arbitrarily close to, 1) infinitely
often, along some subsequence t, (we will choose t, = 6™) converging down
to 0. However, the second Borel-Cantelli lemma applies only to a sequence of
independent events — and so we need to first rewrite this event in terms of the
increments of B. As we will see below, we can do this by using (2.1).
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Consider the sequence of independent events
n i{Bgn —Bgn+1 > \/1—0h(0”)}, n:1,2,...,

for some fixed # € (0,1). By the scaling and translation invariant property
of Brownian motion, we know that (Bgn — Bgn+1)/v/0™ — 71 is a standard
normal random variable. Therefore, we can use the following inequality (left to
the reader to verify) on the tails of the standard normal distribution:

6712/2 / 7u2/2
T V2m

1 x
Vor 1+ 22

with the choice of

T =z, = Jim = h\(/%) V/2loglog(8—") = v/2logn + 2loglog(1/6),

to conclude that

Byn — Bgn+1 > > >
A A RSP B
Vo —gntlt Vom(zy, +1/xy,)

for all n > |1/logf|, where C' is a positive constant. The last expression is the
general term of a divergent series, and so the second half of the Borel-Cantelli
lemma shows that for a.s. every w € Q,, given k > 1, there exists m = m(k,w)
such that

e=on/2 S C
-n

P(A,) =P (

By (w) — Bym+1(w) > VI — 00(6™),

where the second inequality follows from the form of h. On the other hand, (2.1)
applied to the Brownian motion —B shows that there exists an integer-valued
random variable N such that for a.s. every w,

—Bgni1 (w) < 20(07FY) < 4VOR(O™), n > N*(w).

Combining the last two displays, it follows that for a.s. every w, there exists
m = m(k,w) > kV N*(w) such that

Bgm (w)
he( ) >V1-0—4V0.

Sending m — oo, we conclude that

hntllsoup h( ) > V1 — V46

holds a.s. Letting 6 | 0 through the rationals we obtain

B
1imsup—75 >1, Pas.
t1o - h(t)

and the proof is complete. O
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The upcrossing inequality established in Theorem 2.1.3 also leads naturally
to a condition for the convergence of continuous martingales, as t — oo.

Theorem 2.1.5. (Doob’s Forward Convergence Theorem) Let { Xy, F;,t €
T} be a right-continuous sub-martingale that satisfies sup,e7 E[|X;T]] < oo.
Then a.s. Xoo = limy, 00 Xy, exists, Xoo is Foo-measurable and E[| X |] < 0o.

Proof. First, note that by the monotone convergence theorem and Theorem
2.1.3(iii), for any a < b,

) ) al + E[XT
Bl e (05 0] = fim B0l e b:X)) < Jim IEEEA <o

where the finiteness follows from the L'-boundedness assumption on X*. Let

A = {X; does not converge to a limit in [—o0, 00|}
= {limtinf X; # limsup X; }
t

= U {limtiant <a<b<limsup X;}
a<beQ ¢

= U Aa,b-
a<beQ

But
Aa,b c {U[O,oo)[aa b] = OO} = {J\}E)noo UN[avb] = OO}

Since Ujg,«0)[a, b] has finite expectation, the probability of A, is zero, and so
(since A is a countable union of such A,;) P(A) = 0. Thus X exists a.s.
and it is immediate from its definition as a limit that X, is Fso-measurable.
Moreover, for every t € [0, 00),

E[lX:|] = E[|1X;” — X, |] < 2E[X;"] - E[X,] < 2sup E[X;] — E[Xo] < o0,

where we have used the fact that X is a submartingale in the second-last equal-
ity. Therefore, by Fatou’s Lemma

E[|Xool] = Eflim inf | X,[] < lim inf E[|.X,[] < co.
O

We will now introduce another convergence theorem that is particularly use-
ful when generalizing discrete time martingale results to continuous time mar-
tingales.

Definition 2.1.6. Given a decreasing sequence {F, }52, of o-algebras, {X,,, Fn}
is a backward sub-martingale iff E[|X,|] < oo for every n € N and E[X,, |
Frt1] = Xng1 a.s. for all n.

Theorem 2.1.7 (BSM-CT: Backward Submartingale Convergence Theorem).
Let {F,}22, be a decreasing sequence of o-algebras and suppose that {X,,, Fn,}
is a backward sub-martingale. If lim, o E[X,] > —oco then {X,} is u.i.



