
Chapter 4

Markov and Strong Markov

Property

4.1 Basic Definitions of a Markov Process

Intuitively, a process {Xt,Ft} is said to be Markov if given the present state, Xs,
any information about the history Fs of the process before time s is irrelevant for
determining the evolution of X after time s. The Markov property is a property
of the distribution induced by the process on the path space, and is not a sample
path property. Therefore, when talking about Markov processes, we can (and
will) assume without loss of generality that we are dealing with the canonical
version of the Markov process, i.e., Ω is the appropriate space of functions
(continuous functions in the case of Brownian motion) and Xt(ω) = ωt and Ft

is the σ-algebra generated by the coordinate processes for s ≤ t. A rigorous
definition of a Markov process is given as follows.

Definition 4.1.1. Given d ∈ N and µ a probabiity measure on (Rd,B(Rd), an

adapted, d-dimensional process {Xt,Ft} on a probability space (Ω,F ,Pµ) is said

to be a Markov process with initial distribution µ if

1. P
µ(X0 ∈ A) = µ(A) for every A ∈ B(Rd);

2. for s, t ≥ 0 and A ∈ B(Rd),

P
µ(Xt+s ∈ A|Fs) = P

µ(Xt+s ∈ A|Xs), P
µ a.s.

Remark 4.1.2. Note that when Fs = σ(Xu, u ≤ s), it is easy to show that the
second condition above is equivalent to the condition that for every 0 ≤ s1 ≤
s2 ≤ . . . ≤ sn ≤ s, A,Ai open sets in R

d, i = 1, . . . , n and n ∈ N,

P
µ(Xt+s ∈ A,Xs1

∈ A1,Xs2
∈ A2, . . . ,Xsn

∈ An) = P
µ(Xt+s ∈ A,Xsn

∈ An).
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When dealing with Markov processes, one is sometimes interested in proper-
ties of the entire paths after a certain time (for example the future supremum),
conditioned on the past. For this, it is convenient to introduce a family of shift
operators. For s ≥ 0, let θs : Ω 7→ Ω be a F \ F-measurable mapping such that

Xs+t(ω) = Xt(θsω).

For example, when Ω is the space C[0,∞) of continuous functions on [0,∞) and
Xt is the co-ordinate mapping process Xt(ω) = ω(t), we can define

(θsω)(t) = ω(s+ t), t ≥ 0.

If Y : C[0,∞) 7→ R is B(C[0,∞)) measurable, then Y ◦ θs is a function of the
future of the path, after time s. Indeed, consider the example Y (ω) = f(ω(t))
for some t ∈ [0,∞) and f : R 7→ R. Then

Y ◦ θs = f(θs(ω(t))) = f(ω(s+ t)) = f(Xs+t).

Likewise, if Y (ω) = f(wt1 , . . . , wtn
) for some fixed sequence of times t1 < t2 <

. . . tn and f : R
n 7→ R, then

Y ◦ θs = f(Xs+t1 , . . . , (Xs+tn
).

In terms of the shift operator, the second condition of the Markov process
can be shown to be equivalent to the condition

P
x(θ−1

s A|Fs) = P
Xs(A) P

x − a.s. (4.1)

for every A ∈ FX
∞, or equivalent to the condition that for all s ≥ 0, and all

bounded, measurable Y : Ω 7→ R,

P
x(Y ◦ θs|Fs) = EXs

[Y ], (4.2)

where the right-hand side is equal to ψ(Xs), where ψ(y)
.
= Ey[Y ], y ∈ R. The

forms (4.1) and (4.2) are very important in practice.

4.2 Brownian Motion and the Markov Property

In this section, we show that Brownian motion {Bt,Ft} is a Markov process.
The basic intuition behind why this is the case is seen by representing, for
0 ≤ s ≤ t, Bt = Bt − Bs + Bs and noting that Bt − Bs is independent of
Fs. Thus it is clear that Bt depends on Fs only through Bs. To make this
rigorous, we establish a basic lemma. Subsequently, making the identification
X 7→ Bt −Bs, Y 7→ Bt, F 7→ Fs and G 7→ σ(Bs), we will be able to deduce the
Markov property of Brownian motion as a corollary. In fact, it is straightforward
to deduce from this that, for every s ≥ 0, Bs+· − Bs is a Brownian motion
independent of Fs.
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Lemma 4.2.1. Suppose that X and Y are d-dimensional random vectors on

(Ω,F ,P), G is a sub-σ-algebra of F , X is independent of G and Y is G-measurable.

Then for every Γ ∈ B(Rd),

P(X + Y ∈ Γ | G) = P(X + Y ∈ Γ | Y ) P-a.s.

and

P(X + Y ∈ Γ | Y = y) = P(X + Y ∈ Γ) a.e. for PY −1.

Proof. We will show that for D ∈ B(Rd × R
d),

P((X,Y ) ∈ D | G) = P((X,Y ) ∈ D | Y ).

First look at D = D1 ×D2 for D1,D2 ∈ B(Rd) (so-called measurable rectangles
in (Rd)2. The left hand side is

P(X ∈ D1, Y ∈ D2 | G) = 1{Y ∈D2} P(X ∈ D1 | G) = 1{Y ∈D2} P(X ∈ D1)

and the right hand side is equal to the same thing by the same logic. Since the
measurable rectangles form a Dynkin system and generate B(Rd × R

d), we are
done.

We will now, in fact, establish a stronger version of the above result, that
shows that the above result holds when deterministic times are replaced by (a.s.
finite) stopping times.

Theorem 4.2.2. Let {Bt,Ft} be a Brownian motion, where {Ft} is a right-

continuous filtration, and let T be a finite-valued stopping time. Then the process

B(T ) = BT+t −BT for t ≥ 0 is a Brownian motion independent of FT .

Before we prove Theorem 4.2.2, we will establish a simple approximation
lemma.

Definition 4.2.3. A simple stopping time is a stopping time whose image is

countable.

Lemma 4.2.4. Given a right-continuous filtration {Ft} and any finite {Ft}-
stopping time, there exists a non-increasing sequence of simple {Ft}-stopping

times T1 ≥ T2 ≥ · · · such that limn→∞ Tn(ω) = T (ω) for every ω ∈ Ω and, in

addition, FT =
⋂

n FTn
.

Proof. For n ∈ N, define for each ω ∈ Ω,

Tn(ω)
.
=

∞
∑

k=0

k + 1

2n
1[k2−n,(k+1)2−n)(T (ω)).

Then clearly Tn(ω) ≥ Tn+1(ω) for all n, and Tn(ω) converges to T (ω) as n→ ∞
since 0 ≤ Tn(ω) − T (ω) ≤ 2−n. Also, for any t ≥ 0 and n ∈ N, there exists
k ∈ N such that t ∈ [k2−n, (k + 1)2−n), and

{Tn ≤ t} = {Tn ≤ k2−n} = {T ≤ k2−n} ∈ Fk2−n ⊆ Ft.
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Therefore each Tn is a stopping time.
Now, since T ≤ Tn, it follows that FT ⊆ FTn

, and therefore FT ⊆
⋂

n FTn
.

On the other hand, if A ∈
⋂

n FTn
then A ∩ {Tn ≤ t} ∈ Ft for all n ≥ 1 and all

t ≥ 0. Therefore

A ∩ {T ≤ t} =
⋂

ε>0

⋃

m≥1

⋂

n≥m

(A ∩ {Tn ≤ t+ ε}) ∈
⋂

ε>0

Ft+ε = Ft

by the right continuity of {Ft}. This completes the proof that
⋂

n FTn
= FT .

Proof of Theorem 4.2.2. Step 1. We first prove the theorem for the case when
T is a simple stopping time with range {τ1, τ2, . . . } ⊂ [0,∞). For any A ∈ FT

and for all C1, . . . , Cm ∈ B(R), 0 ≤ t1 < t2 < . . . , < tm <∞, m ∈ N,

P

(

A ∩
(

⋂

i≤m{BT+ti
−BT ∈ Ci}

))

=

∞
∑

k=0

P



A ∩





⋂

i≤m

{Bτk+ti
−Bτk

∈ Ci, T = τk}









=

∞
∑

k=0

P





⋂

i≤m

{Bτk+ti
−Bτk

∈ Ci}



 P ({T = τk} ∩A)

= P





⋂

i≤m

{Bti
∈ Ci}



 P(A),

where the second equality uses the fact that A ∩ {T = τk} ∈ Fτk
along with

the independence of Bτk+· − Bτk
from Fτk

, and the last equality follows from
the time-homogeneity of Brownian motion. Now set A = R to deduce that t 7→
BT+t − BT has the same finite-dimensional distributions as Brownian motion.
Since the paths t 7→ BT+t −BT are also easily seen to be continuous, it follows
that BT+· −BT is a Brownian motion. Finally, since A ∈ FT was arbitrary, we
also conclude that BT+· −BT is independent of FT .
Step 2. For a general stopping time T , consider the approximating sequence of
simple stopping times Tn ց T defined above. For any A ∈ FT and for all open
C1, . . . , Cm ∈ B(R), 0 ≤ t1 < t2 < . . . , < tm < ∞, m ∈ N, we have by the
continuity of Brownian motion,

P



A ∩





⋂

i≤m

{BT+ti
−BT ∈ Ci}







 = lim
n→∞

P



A ∩





⋂

i≤m

{BTn+ti
−BTn

∈ Ci}









= lim
n→∞

P





⋂

i≤m

{Bti
∈ Ci}



 P(A)

= P





⋂

i≤m

{Bti
∈ Ci}



 P(A)

since A ∈ FTn
for all n.


