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Abstract

The paper studies the problem of distributed static parameter (vector) estimation in sensor networks with nonlinear
observation models and imperfect inter-sensor communication. We introduce the consepauably estimableb-
servation models, which generalize the observability condition for linear centralized estimation to nonlinear distributed
estimation. We study the algorithm§Z/ (with its linear counterpariCl{) and N LU/ for distributed estimation in
separably estimable models. We prove consistency (all sensors reach consensus almost sure and converge to the true
parameter value), asymptotic unbiasedness and asymptotic normality of these algorithms. Both the algorithms are
characterized by appropriately chosen decaying weight sequences in the estimate update rule. While the algorithm
NU is analyzed in the framework of stochastic approximation theory, the algorithity exhibits mixed time-scale
behavior and biased perturbations and require a different approach, which we develop in the paper.

Keywords. Distributed parameter estimation, separable estimable, stochastic approximation, consistency, unbiased-

ness, asymptotic normality, spectral graph theory, Laplacian

I. INTRODUCTION
A. Background and Motivation

Wireless sensor network (WSN) applications generally consist of a large number of sensors which coordinate to
perform a task in a distributed fashion. Unlike fusion-center based applications, there is no center and the task is
performed locally at each sensor with intermittent inter-sensor message exchanges. In a coordinated environment
monitoring or surveillance task, it translates to each sensor observing a part of the field of interest. With such

local information, it is not possible for a particular sensor to get a reasonable estimate of the field. The sensors
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need to cooperate then and this is achieved by intermittent data exchanges among the sensors, whereby each sensor
fuses its version of the estimate from time to time with those of other sensors with which it can communicate

(in this context, see [1], [2], [3], [4], for a treatment of general distributed stochastic algorithms.) We consider the
above problem in this paper in the context of distributed parameter estimation in WSNs. As an abstraction of the
environment, we model it by a static vector parameter, whose dimengigrtan be arbitrarily large. We assume

that each sensor receives noisy measurements (not necessarily additive) of only a part of the parameter vector. More
specifically, if M, is the dimension of the observation space of thth sensor,M,, < M. Assuming that the

rate of receiving observations at each sensor is comparable to the data exchange rate among sensors, each sensor
updates its estimate at time indéby fusing it appropriately with the observation (innovation) received abd

the estimates atof those sensors with which it can communicate. 3/e propose and study two generic recursive
distributed iterative estimation algorithms in this paper, nam®®, and A LU/ for distributed parameter estimation

with possibly nonlinear observation models at each sensor. As is required, even by centralized estimation schemes,
for the estimate sequences generated byNfi¢ and A/ LU/ algorithms at each sensor to have desirable statistical
properties, we need to impose some observability condition. To this end, we introduce a generic observability
condition, theseparably estimableondition for distributed parameter estimation in nonlinear observation models,
which generalize the observability condition of centralized parameter estimation.

The inter-sensor communication is quantized with random link (communication channel) failures. This is appro-
priate, for example, imigital communication WSN when the data exchanges among a sensor and its neighbors are
guantized, and the communication channels (or links) among sensors may fail at random times, e.g., as when packet
dropouts occur randomly. We consider a very generic model of temporally independent link failures, whereby it
is assumed that the sequence of network Laplaci@héi)};>o are i.i.d. with meanL and satisfying\z(L) > 0.

We do not make any distributional assumptions on the link failure model. Although the link failures, and so
the Laplacians, are independent at different times, during the same iteration, the link failures can be spatially
dependent, i.e., correlated. This is more general and subsumes the erasure network model, where the link failures
are independent over spaaad time. Wireless sensor networks motivate this model since interference among the
wireless communication channels correlates the link failures over space, while, over time, it is still reasonable
to assume that the channels are memoryless or independent. In particular, we do not require that the random
instantiations of communication graph be connected; in fact, it is possible to have all these instantiations to be
disconnected. We only require that the graph stays connecteaverage This is captured by requiring that

A2 (f) > 0, enabling us to capture a broad class of asynchronous communication models, as will be explained in
the paper.

As is required by even centralized estimation schemes, for the estimate sequences generatetiZyatite
N LU algorithms to have desirable statistical properties, we need to impose some observability condition. To this
end, we introduce a generic observability condition, separably estimableondition for distributed parameter
estimation in nonlinear observation models, which generalize the observability condition of centralized parameter

estimation. To motivate the separably estimable condition for nonlinear problems, we start with the linear model



for which it reduces to a rank condition on the overall observability Grammian. We propose the alg6tittion

the linear model and using stochastic approximation show that the estimate sequence generated at each sensor is
consistent, asymptotically unbiased and asymptotically normal. We explicitly characterize the asymptotic variance
and in certain cases, compare it with the asymptotic variance of a centralized schemél/ Tdigorithm can

be regarded as a generalization of consensus algorithms (see, for example, [5], [6], [7], [8], [9], [10], [11], [12],
[13], [14], [15], [16], [17]), the latter being a specific case of tha with no innovations. The algorithm\vi/

is the natural generalization of thé&{ to nonlinear separably estimably models. Under reasonably assumptions

on the model, we prove consistency, asymptotic unbiasedness and asymptotic normality of the aly@rithm

An important aspect of these algorithms is the time-varying weight sequences (decaying to zero as the iterations
progress) associated with the consensus and innovation updates. The algétittfemd its linear counterpartis)

is characterized by the same decay rate of the consensus and innovation weight sequences and hence, its analysis
falls under the framework of stochastic approximation. The algoritfibh, though provides desirable performance
guarantees (consistency, asymptotic unbiasedness and asymptotic normality), requires further assumptions on the
separably estimable observation models. We thus introduceViigd algorithm, which leads to consistent and
asymptotic unbiasedness estimators at each sensor for all separably estimable models. In the context of stochastic
algorithms, 'L/ can be viewed as exhibiting mixed time-scale behavior (the weight sequences associated with
the consensus and innovation updates decay at different rates) and consisting of unbiased perturbations (detailed
explanation is provided in the paper.) TAELU algorithm does not fall under the purview of standard stochastic
approximation theory, and its analysis requires an altogether different framework as developed in the paper. The
algorithm N LU/ is thus more reliable than th&l/ algorithm, as the latter requires further assumptions on the
separably estimable observation models. On the other hand, in cases whevé/tladgorithm is applicable, it

provides convergence rate guarantees (for example, asymptotic normality) which follow from standard stochastic
approximation theory, whileV'£i4 does not follow under the purview of standard stochastic approximation theory

and hence does not inherit these convergence rate properties.

We comment on the relevant recent literature on distributed estimation in WSNs. The papers [18], [19], [20],
[21] study the estimation problem in static networks, where either the sensors take a single snapshot of the field
at the start and then initiate distributed consensus protocols (or more generally distributed optimization, as in [19])
to fuse the initial estimates, or the observation rate of the sensors is assumed to be much slower than the inter-
sensor communicate rate, thus permitting a separation of the two time-scales. On the contrary, our work considers
new observations at every and the consensus and observation (innovation) updates are incorporated in the same
iteration. More relevant to our present work are [22], [23], [24], [25], which consider the linear estimation problem
in non-random networks, where the observation and consensus protocols are incorporated in the same iteration.
In [22], [24] the distributed linear estimation problems are treated in the context of distributed least-mean-square
(LMS) filtering, where constant weight sequences are used to prove mean-square stability of the filter. The use of
non-decaying combining weights in [22], [24], [25] lead to a residual error, however, under appropriate assumptions,

these algorithms can be adapted for tracking certain time-varying parameters. The distributed LMS algorithm in [23]



also considers decaying weight sequences, thereby establiShingnvergence to the true parameter value. Apart
from treating generic separably estimable nonlinear observation models, in the linear case our alffriiexs
to asymptotic normality in addition to consistency and asymptotic unbiasedness in random time-varying networks
with quantized inter-sensor communication.

We briefly comment on the organization of the rest of the paper. The rest of this section introduces notation and
preliminaries, to be adopted throughout the paper. To motivate the generic nonlinear problem, we study the linear
case (algorithmCl() in Section Il. Section Ill studies the generic separably estimable models and the algorithm

NU, whereas, algorithmV' LU/ is presented in Section IV. Finally, Section V concludes the paper.

B. Notation

For completeness, this subsection sets notation and presents preliminaries on algebraic graph theory, matrices,
and dithered quantization to be used in the sequel.
Preliminaries. We denote theé:-dimensional Euclidean space B}*!. The k x k identity matrix is denoted by
I, while 1,0, denote respectively the column vector of ones and zerd®*if'. We also define the rank one
k x k matrix P, by
1

P = 2 141% (1)

The only non-zero eigenvalue d?, is one, and the corresponding normalized eigenvect rl'ys\/E) 1;. The
operator||-|| applied to a vector denotes the standard Euclidean 2-norm, while applied to matrices denotes the
induced 2-norm, which is equivalent to the matrix spectral radius for symmetric matrices.
We assume that the parameter to be estimated belongs to a &ub&éte Euclidean spacg™ <. Throughout
the paper, the true (but unknown) value of the parameter is denotéd.Biye denote a canonical elementiaf
by 6. The estimate of* at timei at sensom is denoted byk,, (i) € RM*1, Without loss of generality, we assume
that the initial estimatex,, (0), at time0 at sensom is a non-random quantity.
Throughout, we assume that all the random objects are defined on a common measurabl€spacdn case
the true (but unknown) parameter valuedis the probability and expectation operators are denotellgby:] and
Ey- [-], respectively. When the context is clear, we abuse notation by dropping the subscript. Also, all inequalities
involving random variables are to be interpreted a.s. (almost surely.)
Spectral graph theory. We review elementary concepts from spectral graph theory. Famairectedgraph
G = (V,E),V =][1---NJis the set of nodes or verticeld]

= N, andF is the set of edgesE| = M, where| - |
is the cardinality. The unordered p4it, ) € E if there exists an edge between nodeand!. We only consider
simple graphs, i.e., graphs devoid of self-loops and multiple edges. A graph is connected if there exists a path

between each pair of nodes. The neighborhood of node
Q,={leV|nlekFE} 2

1A path between nodes andi of lengthm is a sequencén = ig,i1,- - ,im = [) Of vertices, such thatiy,ir11) € EV0O <k <m—1.



Node n has degreel,, = |2,,| (number of edges witm as one end point.) The structure of the graph can be
described by the symmetri¥’ x N adjacency matrixA = [A,;], A =1, if (n,]) € E, A, =0, otherwise. Let
the degree matrix be the diagonal matfix= diag(d; - - - di). The graph Laplacian matrix,, is

L=D-A ?3)
The Laplacian is a positive semidefinite matrix; hence, its eigenvalues can be ordered as
0=XM(L) <A(L) < < An(D) 4)

The smallest eigenvalug, (I) is always equal to zero, witl(l/\/ﬁ) 1y being the corresponding normalized
eigenvector. The multiplicity of the zero eigenvalue equals the number of connected components of the network;
for a connected graph\2(L) > 0. This second eigenvalue is the algebraic connectivity or the Fiedler value of the
network; see [26], [27], [28] for detailed treatment of graphs and their spectral theory.

Kronecker product. Since, we are dealing with vector parameters, most of the matrix manipulations will involve
Kronecker products. For example, the Kronecker product oitheN matrix L and; will be an NM x N M ma-
trix, denoted byL ® I',;. We will deal often with matrices of the for@ = [Ixy — DL ® Iy — alyyr — Py ® Ing).
It follows from the properties of Kronecker products and the matriceB, that the eigenvalues of this matrix
are—a and1 — bA;(L) —a, 2 < i < N, each being repeatetf times.

We now review results from statistical quantization theory.

Quantizer: We assume that all sensors are equipped with identical quantizers, which uniformly quantize each
component of thel/-dimensional estimates by the quantizing functiq(,) : R*! — 9M_ Fory ¢ RM*! the

channel input,

1 1

aly) = [kA,-- kuA)], (km = 5)A< 4 <(km+5)A 1<m<M (5)
A A

= y+e(y), —Slvsely) <51y, Wy (6)

wheree(y) is the quantization error and the inequalities are interpreted component-wise. The quantizer alphabet is
QM = {na, -+ kA" | ki € Z, Vi) %

We take the quantizer alphabet to be countable becausepniori bound is assumed on the parameter.

Conditioned on the input, the quantization erkgfy) is deterministic. This strong correlation of the error
with the input creates unacceptable statistical properties. In particular, for iterative algorithms, it leads to error
accumulation and divergence of the algorithm (see the discussion in [29].) To avoid this divergence, we consider
dithered quantization, which makes the quantization error possess nice statistical properties. We review briefly basic
results on dithered quantization, which are needed in the sequel.

Dithered Quantization: Schuchman ConditionsConsider a uniform scalar quantizgr) of step-sizeA, where

y € Ris the channel input. Lefy(i)},., be a scalar input sequence to which we added a dither seq{ie(ig¢; .,



of i.i.d. uniformly distributed random variables ¢rA /2, A/2), independent of the input sequenji)},~ . This
is a sufficient condition for the dither to satisfy the Schuchman conditions (see [30], [31], [32], [33]). Under these

conditions, the error sequence for subtractively dithered systems {3t}

e(i) = q(y(i) +v(@) — (y(i) + v (7)) 8)

is an i.i.d. sequence of uniformly distributed random variable$-aefA /2, A /2), which is independent of the input
sequencey(i)},;,. To be more precise, this result is valid if the quantizer does not overload, which is trivially
satisfied here as the dynamic range of the quantizer is the entire real line. Thus, by randomizing appropriately the
input to a uniform quantizer, we can render the error to be independent of the input and uniformly distributed on
[-A/2,A/2). This leads to nice statistical properties of the error, which we will exploit in this paper.

Random Link Failure. In digital communications, packets may be lost at random times. To account for this, we
let the links (or communication channels among sensors) to fail, so that the edge set and the connectivity graph of
the sensor network are time varying. Accordingly, the sensor network atitimeodeled as an undirected graph,

G(i) = (V, E(i)) and the graph Laplacians as a sequence of i.i.d. Laplacian mafddeyt,.,. We write

L) =L+L(i), Vi>0 9)

where the meart. = E [L(i)]. We do not make any distributional assumptions on the link failure model. Although
the link failures, and so the Laplacians, are independent at different times, during the same iteration, the link
failures can be spatially dependent, i.e., correlated. This is more general and subsumes the erasure network model,
where the link failures are independent over spawd time. Wireless sensor networks motivate this model since
interference among the wireless communication channels correlates the link failures over space, while, over time,
it is still reasonable to assume that the channels are memoryless or independent.

Connectedness of the graph is an important issue. We do not require that the random instari{ajiafithe
graph be connected; in fact, it is possible to have all these instantiations to be disconnected. We only require that
the graph stays connected awverage This is captured by requiring thag (Z) > 0, enabling us to capture a broad
class of asynchronous communication models; for example, the random asynchronous gossip protocol analyzed

in [34] satisfies\, (L) > 0 and hence falls under this framework.

Il. DISTRIBUTED LINEAR PARAMETER ESTIMATION: ALGORITHM LU

In this section, we consider the algorithdd/ for distributed parameter estimation when the observation model
is linear. This problem motivates the genesgeparably estimableonlinear observation models considered in
Sections Il and 1V. Subsection II-A sets up the distributed linear estimation problem and presents the algbfrithm
Subsection 1I-B establishes the consistency and asymptotic unbiasedness 4if thlgorithm, where we show
that, under theCl/ algorithm, all sensors converge a.s. to the true parameter \&lu€onvergence rate analysis

(asymptotic normality) is carried out in Subsection 1I-C, while Subsection II-D illustrétésvith an example.



A. Problem Formulation: AlgorithmCi/

Let 9* ¢ RM*! pbe anM-dimensional parameter that is to be estimated by a netwoik sénsors. We refer té
as a parameter, although it is a vectorMf parameters. Each sensor makes i.i.d. observations of noise corrupted

linear functions of the parameter. We assume the following observation model farttheensor:

zn (i) = Hp(i)0" + Cn(i) (10)

where: {z,(i) € RM%“}DO is the i.i.d. observation sequence for theth sensor;{(,(i)},>, is a zero-mean

i.i.d. noise sequence of b;unded variance; &g (i)}, is an i.i.d. sequence of observation matrices with mean

H, and bounded second moment. For most practical sensor network applications, each sensor observes only a
subset ofM,, of the components of, with M,, < M. Under such a situation, in isolation, each sensor can
estimate at most only a part of the parameter. However, if the sensor network is connected in the mean sense (see
Section I-B), and under appropriate observability conditions, we will show that it is possible for each sensor to get

a consistent estimate of the parametéby means of quantized local inter-sensor communication.

In this subsection, we present the algoritiii¥ for distributed parameter estimation in the linear observation
model (10). Starting from some initial deterministic estimate of the parameters (the initial states may be random,
we assume deterministic for notational simplicity),(0) € RM*1, each sensor generates by a distributed iterative
algorithm a sequence of estimat¢s., (i) },.,. The parameter estimate, (i + 1) at then-th sensor at timé+ 1 is
a function of: its previous estimate; the communicated quantized estimates dtdfnte neighboring sensors; and
the new observation,, (i). As described in Section I-B, the data is subtractively dithered quantized, i.e., there exists
a vector quantizery(.) and a family,{¢]7;(4)}, of i.i.d. uniformly distributed random variables drA/2, A/2)
such that the quantized data received by thih sensor from thé-th sensor at timeé is q(x; () + vn.(4)), where
v (i) = [V} (i), -, vM(@)]T. It then follows from the discussion in Section I-B that the quantization error,
en(i) € RM*1 given by (8), is a random vector, whose components are i.i.d. unifornfi-ak/2, A/2) and
independent ok;(z).

Algorithm L/ Based on the current stase, (i), the quantized exchanged ddta(x; (i) + v (i))}cq, (), and

the observatiorz,, (i), we update the estimate at theth sensor by the following distributed iterative algorithm:

i+ 1) = xa (1) — (i) [b Y (xali) — a(xa(i) + vua(i))) — Hy (20(i) = Huxali)) (11)
1€Q, (3)

In (11), b > 0 is a constant anda(i)},>, is a sequence of weights with properties to be defined below. Algo-
rithm (11) is distributed because for sensoit involves only the data from the sensors in its neighborh@qd:).

Using eqn. (8), the state update can be written as

Xp (i + 1) = %, (i) — (i) |b Z (% (i) = %1(0)) — Hyy (20 (i) — HnXn(8)) + b (i) + bepi (i) (12)



We rewrite (12) in compact form. Define the random vectdf$;) and ¥ (i) € RVM>*1 with vector components

To(i)=— Y vuli) (13)
1€, (1)

(i) =— Y euli) (14)
ey (3)

It follows from the Schuchman conditions on the dither, see Section I-B, that

E[Y(i)] = E[¥@:)]=0,V: (15)
. 2
apE[[ T = swk[jwe)?) < T DA (16)
from which we then have
supE [|X(0) + ¥ @)°] < 2supE[ITO)]] + 250 [ ()]
N(N —1)M A2
< A TT=
- 3
= Mg (17)
Also, define the noise covariance matfx as
Su=E[(X() +2(1) (Y6) +2()" | (18)
The iterations in (11) can be written in compact form as:
x(i+1) = x(0) = (i) [b(L()) @ Iy)x(i) - Dy (a(0) = Dgx(i) ) + b (@) + b () (19)

Here, x(i) = [x{(i)-- ~x]TV(i)]T is the vector of sensor states (estimates.) The sequence of Laplacian matrices
{L(4)},~, captures the topology of the sensor network . They are random, see Section I-B, to accommodate link

failures, which occur in packet communications. We also define the mattigesind D as

D = diag [ET . Fﬂ andDy; = Dy Dy = diag |7, H; - .ﬁﬁﬁN] (20)

We refer to the recursive estimation algorithm in egn. (19 &6 We now summarize formally the assumptions

on the LU algorithm and their implications.

A.1)Observation Noise.Recall the observation model in egn. (10). We assume that the observation noise process,
{C(i) = [¢T (@), ,g]{,(i)]T}‘>0 is an i.i.d. zero mean process, with finite second moment. In particular, the

observation noise covariance is independent of
E [¢(i)¢T(j)] = Scbij, Vinj >0 1)

where the Kronecker symbadl; = 1 if ¢ = j and zero otherwise. Note that the observation noises at different



sensors may be correlated during a particular iteration. Eqn. (21) states only temporal independence. The spatial
correlation of the observation noise makes our model applicable to practical sensor network problems, for instance,

for distributed target localization, where the observation noise is generally correlated across sensors.

A.2)Observability. We assume that the observation matricgg/: (i), -~ , Hn(i)]},5,, form an i.i.d. sequence
with mean|Hq, - - - 7FN] and finite second moment. In particular, we have

H,(i) = H, + H,(i), Vi,n (22)
where,H,, = E[H, ()], Vi,n and { [ﬁl(i), e ,ﬁN(i)} }_>0 is a zero mean i.i.d. sequence with finite second

moment. Here, also, we require only temporal indepenaence of the observation matrices, but allow them to be

spatially correlated. We require the following global observability condition. The métrix
N T
G=)> H,H, (23)
n=1

is full-rank. This distributed observability extends the observability condition for a centralized estimator to get a
consistent estimate of the paramefér We note that the information available to theth sensor at any time
about the corresponding observation matrix is just the méan and not the randomH,, (). Hence, the state
update equation uses only ti&,’s, as given in egn. (11).
A.3)Persistence Condition.The weight sequencga(i)},, satisfies
a(i) >0, Za(i) = 00, Zaz(i) < 00 (24)

i>0 i>0
This condition is commonly assumed in adaptive control and signal processing and implies, in particular, that,
a(i) — 0. Examples include

a(i):i—ﬁ, H<p<1 (25)

A.4)Independence AssumptionsThe sequence$L(i)}i20,{§n(z‘)}lSnSN, izo’{Hn(i)}lgngzv,izo’{’/ﬁ(i)} are
mutually independent.

Markov. Consider the filtration{F} .-, given by

Fr = o (x(0), L), 20), YG), ¥ ()b, (26)

It then follows that the random objects(:), z(i), Y (i), ¥ (i) are independent af*, rendering{x(i), 7}, @

Markov process.

B. Consistency ofi/

We recall standard definitions from sequential estimation theory (see, for example, [35]).
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Definition 1 (Consistency) A sequence of estimateg® (i)}, is called consistent if

Py- [lim x*(i) =0 =1, vo* e 27)

or, in other words, if the estimate sequence converges a.s. to the true parameter value. The above definition of

consistency is also called strong consistency. When the convergence is in probability, we get weak consistency. In

this paper, we use the term consistency to mean strong consistency, which implies weak consistency.

Definition 2 (Asymptotic Unbiasedness)

A sequence of estimatesc® (i)}, is called asymptotically unbiased if
lim Eg- [x*(i)] = 6%, V0" cU (28)

11— 00

The main result of this subsection concerns the consistency and asymptotic unbiasednegd oélperithm.

Before proceeding further we state the following result.

Lemma 3Consider theCl/ algorithm under Assumption&.1-4. Then, the matrix[bf@ In + Dﬁ] is symmetric

positive definite.

Proof: Symmetricity is obvious. It also follows from the properties of Laplacian matrices and the structure
of D that these matrices are positive semidefinite. Then the méiifixx I, + Dy;| is positive semidefinite,
being the sum of two positive semidefinite matrices. To prove positive definiteness, assume, on the contrary, that

the matrix [bL @ I + D] is not positive definite. Then, there exisktse RV 1, such thatx # 0 and
x" BT @ Iy + Dg] x = 0 (29)
From the positive semidefiniteness bf® I, and Dy, and the fact thab > 0, it follows
xT [f ® IM} x =0, XTDﬁX =0 (30)
Write x in the partitioned form,
X:[xlT-uxMT, X, ERM*1 v1<n<N (31)
It follows from the properties of Laplacian matrices and the fact thdf) > 0, that eqn. (30) hold#f
X, =a, Vn (32)
wherea € RM*1 anda # 0. Also, eqn. (30) implies

N
Z xfﬁfﬁnxn =0 (33)

n=1
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This together with egn. (32) implies
alGa=0 (34)

whereG is defined in egn. (23). This is clearly a contradiction, becadses, positive definite by AssumptioA.2
anda # 0. Thus, we conclude that the matrfkL @ I, + D] is positive definite. [

We now present the following result regarding the asymptotic unbiasedness of the estimate sequence.

Theorem 4 £U: Asymptotic unbiasednes§)onsider theCl/ algorithm under Assumptions.1-4 and Iet{x(z‘)}i20

be the state sequence generated. Then we have

lim E[x,(#)]=6", 1<n<N (35)

In other words, the estimate sequen{:em(i)}izo, generated at a senseris asymptotically unbiased.

Proof: Taking expectations on both sides of egn. (19) and using the independence assumptions (Assump-

tion A.4), we have
E[x(i +1)] = E[x(i)] - a(i) [b (T ® In) E[x(i)] + D7E [x(i)] — DgE [2(i)]] (36)

Subtractingl y @ 6* from both sides of eqn. (36) and noting that
(Lo In)(1n ®6°) =0, DZE[z(i)] = Dy (1n ® 67) (37)

we have
E[x(i+1)] — 1y ® 0" = [Inm — a(i) (bL @ In + D7)] [E [x(3)] — 1x ® 67 (38)

Define,Amin (bL ® Ins + D) andAmax (bL @ Ins + D7) to be the smallest and largest eigenvalues of the positive
definite matrix[bL @ In; + D] (see Lemma 3.) Sincey(i) — 0 (AssumptionA.3), there exists, such that,

1
g) < = , Vi>1 39
a(ip) < A (bL®IM n Dﬁ) t =10 (39)
Continuing the recursion in egn. (38), we have, fos i,
1—1
E[x(i)]— 1y ®0* = H [Inn — o(j) (bL @ Ing + D)] | [E[x(i0)] — 1n ® 6] (40)
Jj=to
Egn. (40) implies
IE [x(0)] — 1y ® 6|| < (H [ Ixar — () (BT @ Ing + Dy )H) IE [x(io)] — 1y ® 6%, i>ip  (41)
J=10

It follows from eqgn. (39)

[ Inar — a(j) (VL @ Ing + D) || = 1 = a(§)Amin (0L @ Ing + D) 5 § > g (42)
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Egns. (41,42) now give

IE [x(5)] -1y @07 < l:[ (1= () Amin (VL @ Ins + D)) | IE[x(io)] — Iy @ 07|, i>io  (43)

J=to0
Using the inequalityl —a < e™¢, for 0 < a < 1, we finally get

i—

IE [x(0)] — 1y @ 67| < e~ e CESItPr) 25 2O B e (ig)] — Ly © 07, i > i (44)
Since, Amin (bL ® Ips + D) > 0 and the weight sequence sums to infinity, we have

lim [[E [x(i)] =1y ® 07| =0 (45)

11— 00

and the theorem follows. [ |
We prove that, under the assumptions of 1£ié algorithm (see Subsection II-A), the state sequeregi)},,
satisfies

P [hm X (i) = 07, Vn} =1 (46)

11— 00

In other words, the sensor states reach consensus asymptotically and converge a.s. to the true paraméter value,
thus yielding a consistent estimate at each sensor.

In the following, we present some classical results on stochastic approximation from [36] regarding the con-
vergence properties of generic stochastic recursive procedures, which will be used to characterize the convergence

properties (consistency, convergence rate) ofdbealgorithm.

Theorem 5Let {x(i) € R™*'} _  be a random vector sequenceRf*!, which evolves according to:
x(i+1) =x(i) + a@@) [R(x(%)) + T (i + 1,x(4), w)] (47)

where, R(-) : RI*1 —— R*! is Borel measurable anfll'(i,x,w) };50 yerix: i @ family of random vectors in
R!*1 defined on some probability spat@, 7, P), andw € € is a canonical element 6t. Consider the following
sets of assumptions:

B.1): The functionI'(i, -, -) : R™*! x Q — R*! s B! @ F measurabffor everyi.

B.2): There exists a filtratiof 7; },-,, of 7, such that, for eachj the family of random vector§l' (i,x, w)}, cgix:

is F; measurable, zero-mean and independenfaf; .

(Note that, if Assumption8.1, B.2are satisfied, the procesgx(i)},;-, is Markov.)

B.3): There exists a functio (x) € C, with bounded second order partial derivatives and a peing R!*!

2B! denotes the Borel algebra Bf %1,



satisfying:

V(x) =0, V(x)>0,x#x*, limjyj_c V (x) =0

SUD < |x—x*|| < 1 (R(x),Vx(x)) <0, Ve>0
B.4). There exist constants;, k; > 0, such that,
IRGI® +E [0 G+ 1,x,0)I| <k (14 V () = ka2 (R (), Va (%))
B.5): The weight sequencéa(i)},, satisfies

a(i) >0, Zai = 00, Zaz(i) < 0

i>0 i>0

C.1): The functionR (x) admits the representation

where
N FE]

x—x* [|X — X*H B

(Note, in particular, ifo (x) = 0, then eqn. (53) is satisfied.)
C.2): The weight sequencén(i)}, is of the form,

a
N s
a(7) e 1>0
wherea > 0 is a constant. (Note that.2 implies B.5.)
C.3): The matrixX%, given by
1
Y=aB+ -1
ab + 5

is stable. Herd is thel x [ identity matrix anda, B are given in eqns. (54,52), respectively.

C.4). The entries of the matrices
A(i,x) =E[T(i+1,x,0) 7" (i+1,x,w)], Vi>0, z € R
are finite and the following limit exists:
i—»ool.irfclﬂx* A (%) =S

C.5): There exists > 0, such that

lim  sup sup/ I (i+1,%x,w)|*dP =0
R—00 |x—x*||<e i>0 J||T(i+1,x,w)||>R

Then we have the following:

13

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)
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Let the Assumption8.1-B.5hold for the process{,x(z’)}izo, given by eqn. (47). Then, starting from an arbitrary
initial state, the Markov proces$x(i)},, converges a.s. t&*. In other words,
P [hm x(i) =x*| = 1 (59)
71— 00
The normalized procesg,v/i (x(i) — x*)}._ . is asymptotically normal if, in addition to Assumptiofs1-B.5,

AssumptionsC.1-C.5 are also satisfied. In particular, as- ~o
Vi (x(i) — x*) = N(0,5) (60)

where=—> denotes convergence in distribution or weak convergence. Also, the asymptotic vafiaimcegn. (60)
is given by,
o0 T
S = a2/ eV Spe™ Ydv (61)
0

Proof: For a proof see [36] (c.f. Theorems 4.4.4, 6.6.1). |
In the sequel, we will use Theorem 5 to establish the consistency and asymptotic normalityCof gigorithm.

We now give the main result regarding the a.s. convergence of the iterate sequence.

Theorem 6 LU Consistency)Consider theCl/ algorithm with the assumptions stated in Subsection II-A. Then,

P [hm x, (i) = 0%, vn} =1 (62)

11— 00

In other words, the estimate sequer{g,(i)},., at a sensor, is a consistent estimate of the parameter
Proof: The proof follows by showing that the procegs(i)},.,, generated by th€z/ algorithm, satisfies the
AssumptionsB.1-B.5 of Theorem 5. Recall the filtratiod. 7}, ,, given in eqn. (26). By adding and subtracting

the vectorl y ® #* and noting that

(L) (1y ©6°) = 0 (63)
egn. (19) can be written as
x(i+1) = x(i)— ali) [b (T ) (x(i) — 1y @ 60%) + b (f(i) ® m) x(i) + Dy (x(i) — 1y ® 07)
iy (z(z’) _DE1y ® 9*) FOY () + bxp(z)} (64)

In the notation of Theorem 5, eqn. (64) can be written as
x(1+1) =x(i) + ai) [R(x(2)) + T (@ + 1,x(4),w)] (65)

where

=
x
I

—[bf@IM—FDH] (x—1y®0") (66)

T(i+1lxw) = — [b (L(i) ® JM) x— Dy (z(i) Dy 9*) + Y () + b (i) (67)
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Under the Assumptiond.1-A.4, for fixed i+ 1, the random family{T" (i + 1,x,w)}, cgvarx1, IS F; Measurable,
zero-mean and independent f. Hence, the assumptiofs1, B.2 of Theorem 5 are satisfied.
We now show the existence of a stochastic potential fundti¢n satisfying the remaining AssumptioBs3-B.4

of Theorem 5. To this end, define
V(x)=(x—1xy®6) [bL® Iy + D] (x — 1y ® 6%) (68)

Clearly, V (x) € C, with bounded second order partial derivatives. It follows from the positive definiteness of
[bL ® Ins + Dy] (Lemma 3), that

V(AN®6) =0, V(x)>0, x#1y® 06" (69)

Since the matri{bL ® I, + D] is positive definite, the matrixvL @ I, + Dﬁ]2 is also positive definite and

hence, there exists a constait> 0, such that
(x—1y®6%)" [bL ® Ing + Dﬁ]z (x —1nx ®0%) > c1]|x — 1y @ 072, Vx € RVMx1 (70)

It then follows that

sup (R(x),Vx(x)) = =2 inf (x— 1y ®6%)" [bf@IM—i—Dﬁf(x—lN@%*)
Ix—1n®60%||>e Ix—1n®0*|>e
< - inf e lx—1y®67°
x—1n®0*[>e
S —20162
< 0 (71)

Thus, AssumptiorB.3 is satisfied. From eqn. (66)
IR)? = (x—1y®6%)" BLe Iy + Dy’ (x — 1y @ 6%)
= 5 (R, Vx(x)) (72)

From eqn. (67) and the independence assumptions (Assuni#n

. 2 s\ T 2 *

E [||F(z—|— 1,x,w)|| } = E {(x— 1y ®6%) (bL(z) ®IM) (x—1y®6 )]
— ! 2
+E [HDH (a(i) - Dyin @) H } + PR [T () + 2 ()]

Since the random matrii(z‘) takes values in a finite set, there exists a constant 0, such that

~ 2
(x—1y®6%)" (bL(z’) ® IM) (x -1y ®6%) < cofx —1n ® 0> vx € RVMx! (73)
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Again, since(bf@ Iy + Dﬁ) is positive definite, there exists a constagt> 0, such that
(x 1y ®0°)" PL@ I + D] (x — 1y @ 0%) > cal|x — 1y @ 6> ¥x € RVMX! (74)

We then have from eqns. (73,74)

E |:(X 1y ®9*)T (bz(l) ®IM)2 (Xf 1n ®9*)] < %(Xf 1y ®9*)T [bf@IM +Dﬁ] (X* 1y ®9*)
= ¢4V (x) (75)

for some constant, = ¢ > 0. The termE [Hﬁﬁz(i) —Dgly ® 9*||2} +b’E {||‘r(z') + \Il(i)||2} is bounded by

a finite constant; > 0, as it follows from Assumption&.1-A.4. We then have from eqns. (72,73)

IRGIPHE[IN G+ Lx)l?] < —5 (RO, V() +esV () + 5
< ch—i—V(x))—%(R(x),Vx(x)) (76)

where cg = max (cy, c5) > 0. This verifies Assumption.4 of Theorem 5. Also, AssumptioB.5 is satisfied by
the choice of{a(i)},, (AssumptionA.3.) It then follows that the proces(i)},., converges a.s. tdy ® 6*.
In other words,

P[lim x,(¢) = 0", Vn| =1 (77)

1— 00

which establishes the consistency of th& algorithm. [ ]

C. Asymptotic Variancell/

In this subsection, we carry out a convergence rate analysis ofthalgorithm by studying its moderate
deviation characteristics. We summarize here some definitions and terminology from the statistical literature, used

to characterize the performance of sequential estimation procedures (see [35]).

Definition 7 (Asymptotic NormalityA sequence of estimate§x*(i)},, is asymptotically normal if for every

0* € U, there exists a positive semidefinite matix9*) € RM>M such that,

lim Vi (x*(i) — %) = N (0ar, S(67)) (78)

11— 00

The matrix,S(0*) is called the asymptotic variance of the estimate sequértg)}, .

In the following we prove the asymptotic normality of ti#@/ algorithm and explicitly characterize the resulting
asymptotic variance. To this end, define
Hy (i) H, (4)
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Let Awin (WL ® Iy + D), be the smallest eigenvalue 0L @ Iy, + D] and recall the definitions of, S,
(egns. (21,18)).

We now state the main result of this subsection, establishing the asymptotic hormality £ thkgorithm.

Theorem 8 £U: Asymptotic normality and asymptotic efficiend@pnsider theCl/ algorithm underA.1-A.4 with

link weight sequence{a(i)},-, given by:
a

afi) = P Vi (80)
for some constant > 0. Let {x(i) },., be the state sequence generated. Thezm>if2kmm(bféIM+Dﬁ), we have
V@) (x(1) — 1y © %) = N(0,5(6%)) (81)

where
S@*) = a* /O h eZ? Spe*Vdu (82)
S = —a[iLe L+ Dyl + 5l (83)
So = Sy+ DzScDy+b2S, (84)

In particular, at any sensar, the estimate sequenc{as;n(i)}izo is asymptotically normal:
V(@) (xa (i) = 67) = N(0, 5,0 (67)) (85)
where, S,,,,(6*) € RM*M denotes thes-th principal block ofS(6*).

Proof: The proof involves a step-by-step verification of Assumpti@&-C.5 of Theorem 5, since the
AssumptionsB.1-B.5 are already shown to be satisfied (see, Theorem 6.) We recall the definitiddéxgfand

I'(: + 1,x,w) from Theorem 6 (egns. (66,67)) and reproduce here for convenience:
R(x)=—[bL® Iy + Dy (x — 1y ® 6%) (86)
D(i+1,xw)=— [b (E(i) ® m) x — (Duz(i) — Dgly ® 0%) +bY (i) + bW (i) (87)
From eqn. (86), Assumptio@.1 of Theorem 5 is satisfied with

B=—[bL & Iy + Dy] (88)

1
2Amin (bL®I 0+ D)

andd (x) = 0. AssumptionC.2 is satisfied by hypothesis, while the condition> implies

— 1 1
Y =—a[bL® Iy + Dy + Sinm =aB+ 5lvum (89)
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is stable, and hence Assumpti@n3. To verify AssumptionC.4, we have from AssumptioA.4
Ali,x) = E {F(iJr 1,%,0) 07 (i + 1,x,w)]
2 7 T (7 T ) . T
— BE {(L(z‘) ® IM) xx (L(i) ® IN,) ] +E [(Dﬁz(i) — Dyly ©0°) (Dga(i) — Dyly @ 0%) ]
+VE [(X(0) + (i) (Y6) + ()] (90)

From the i.i.d. assumptions, we note that all the three terms on the R.H.S. of egn. (90) are indepefidemd,of

in particular, the last two terms are constants. For the first term, we note that

lm B [(Z(z‘) ® IM) xxT (f(i) ® IM)T} =0 (91)

from the bounded convergence theorem, as the entrie{sf()a‘)} . are bounded and

(E(i) ® IM) (1y ©6°) =0 (92)

For the second term on the R.H.S. of egn. (90), we have

H (4)
. . * . . T e *
E |(Dgali) - Dyly ©0°) (Dga(i) - Dylve6’)'| = E|| Dy 1n0
I Hy (i)
. T
H; (i)
Dyl . - 156" + E|Dyp(("Dx
Hy (i)
— Sy +DzS Dy (93)

where the last step follows from eqgns. (79,21). Finally, we note the third term on the R.H.S. of eqn. i{38) is
(see egn. (18).) We thus have from egns. (90,91,93)

lim  A(®i,x) = Sy-+ DgzSDy+ b8,

1—00, X—Xx*

= S (94)

We now verify AssumptiorC.5. Consider a fixed > 0. We note that eqn. (58) is a restatement of the uniform

integrability of the random family{ ||T" (i + 1, x,w) [|*} . From egn. (87) we have

i>0, |x—0%||<e

ITG+1,xw)? = Hb (E(i) ® IM) x — (Duz(i) — Dyly  0%) + bY(i) + b@(i)\f

[0 (E6) @ 1ar) (x—0%) — (Darati) ~ Durtor @ 0°) + 57 + 02 )| (95)

IN

9 U’ (bZ(i) ® IM) (x — 6%)

2 _
+ || Dgz(i) — DFFln ® 9*||2 + 02| X)) + \Il(i)||2]
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where we used the inequalityy; +y2+ys||*> < 9 [Hy1||2 + Iyl + ||y3H2} , for vectorsy 1, y2, ys. From eqn. (73)
we note that, if|x — 6*|| <,
~ 2
H (bL(z’) ® IM) (x — 9*)H < cpe? (96)

From (95), the family{f(i+ 1,x,w)} dominates the family{||T" (i + 1,x,w

2
i>0, ||x—0*|<e ) }iZO, lx—0*[|<e’
where

FiE+1,x,w)=9 {0262 + Hﬁﬁz(z) — Dyly ®6*

0 () + e () 97)

It is clear that the family{f (i + l,x,w)} “o. [xt-] is i.i.d. and hence uniformly integrable (see [37]). Then
120, |[|x—0*|<e
the family {||T" (i + 1,x,w) ”2}120, Ix_o- | <c 1S @lso uniformly integrable since it is dominated by the uniformly
integrable family{f(i + l,x,w)}>0 _— (see [37]). Thus the Assumptior3.1-C.5 are verified and the
120, ||x—0%|<e
theorem follows. ]

D. An Example

From Theorem 8 and egn. (79), we note that the asymptotic variance is independéntifothe observation
matrices are non-random. In that case, it is possible to optimize (minimize) the asymptotic variance over the weights
a andb. In the following, we study a special case permitting explicit computations and that leads to interesting

results. Consider a scalar paramgtgéf = 1) and let each sensor have the same i.i.d. observation model,
2n (1) = hO* + (o (1) (98)

whereh # 0 and{(,(7) };>0, 1<n<n is a family of independent zero mean Gaussian random variables with variance
o2. In addition, assume unguantized inter-sensor exchanges. We define the average asymptotic variance per sensor
attained by the algorithnfi/ as
1
= —Tr 99
Scu N (S) (99)

where S is given by egn. (82) in Theorem 8. From Theorem 8 we hsiye- 02h2Iy and hence from eqn. (82)

a202h2 0
e = L ([ )
N 0

2 212 e’s}
_ @oh Tr (€22%) do (100)
N 0

From eqn. (83) the eigenvalues 2v are [—2abA, (L) — (2ah? — 1)] v for 1 <n < N and we have

a202h2 o~ [ T 2
Spy = / o[-2ab20 (D)~ (2012 1)]v g,
v Zh
a202h? 1

N = 2ab\, (L) + (2ah? — 1)

2 272 2 272 N
_ aazh +aah Z _ 1 (101)
N (2ah? — 1) N 2= 2abA\, (L) + (2ah? — 1)
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1

in Theorem 8 reduces t0 > 5,

In this case, the constrairt > and hence the problem of

1
2Amin (PL®In +D)
optimuma, b design to minimizeS.;, is given by

Sk, = inf  Sey (102)

a>ﬁ, b>0

It is to be noted, that the first term on the last step of eqgn. (101) is minimizeldrath—l2 and the second term

(always non-negative under the constraint) goes to zertp-asx for any fixeda > 0. Hence, we have

o2

Stu= w2 (103)
The above shows that by setting= h—lz, andb sufficiently large in theCi/ algorithm, one can maké,;, arbitrarily
close toS7;,.
We compare this optimum achievable asymptotic variance per sefiggr, attained by the distributed?/
algorithm to that attained by a centralized scheme. In the centralized scheme, there is a central estimator, which
receives measurements from all the sensors and computes an estimate based on all measurements. In this case, the

sample mean estimator is an efficient estimator (in the sense ofé&iRav) and the estimate sequeriee(i)};>o

is given by
reli) = 5 3 2l (104)
and we have
Vi (ze(i) = 67) ~ (0,5.) (105)

where, S, is the variance (which is also the one-step Fisher information in this case, see, [35]) and is given by

g
Se NI (106)
From egn. (103) we note that,
Sty =S, (107)

Thus the average asymptotic variance attainable by the distributed algdithism the same as that of the optimum

(in the sense of Craérm-Rao) centralized estimator having access to all information simultaneously. This is an
interesting result, as it holds irrespective of the network topology. In particular, however sparse the inter-sensor
communication graph is, the optimum achievable asymptotic variance is the same as that of the centralized efficient
estimator. Note that weak convergence itself is a limiting result, and, hence, the rate of convergence in egn. (81)

in Theorem 8 will, in general, depend on the network topology.

1. N ONLINEAR OBSERVATION MODELS: AGORITHM NU

The previous section developed the algoritid for distributed parameter estimation when the observation model
is linear. In this section, we extend the previous development to accommodate more general classes of nonlinear

observation models. We comment briefly on the organization of this section. In Subsection IlI-A, we introduce
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notation and setup the problem, and in Subsection IlI-B we presentidealgorithm for distributed parameter

estimation for nonlinear observation model and establish conditions for its consistency.

A. Problem Formulation-Nonlinear Case

We start by formally stating the observation and communication assumptions for the generic case.
D.1)Nonlinear Observation Modet Similar to Section II, lep* € &/ ¢ RM*! pe the true but unknown parameter
value. In the general case, we assume that the observation model at eachrnseossists of an i.i.d. sequence
{20(i)};50 In RM~>1 with

Pg- [z, (i) € D] = / dFy-, VD e BMvx1 (108)
D

where Fy- denotes the distribution function of the random veetpfi). We assume that the distributed observation

model isseparably estimablea notion which we introduce now.

Definition 9 (Separably Estimabld)et {Zn(i)}izo be the i.i.d. observation sequence at semsorherel < n <
N. We call the parameter estimation problem to be separably estimable, if there exist fupgtiongR M~ x1
RMX1 V1 <n < N, such that the function(-) : RM*! . RM*1 given by

N
MO) = 5 3 o [ga (2 (1) (109)

is invertible®

We will see that this condition is, in fact, necessary and sufficient to guarantee the existence of consistent distributed
estimation procedures. This condition is a natural generalization of the observability constraint of Assuxption

in the linear model. Indeed, if, assuming the linear model, we defiié) = FZQ, V1l <n < N in egn. (109),

we haveh(0) = G, whereG is defined in eqn. (23). Then, invertibility of (109) is equivalent to Assump#idh

i.e., to invertibility of G; hence, the linear model is an example of a separably estimable problem. Note that, if
an observation model is separably estimable, then the choice of fungtidnsis not unique. Indeed, given a
separably estimable model, it is important to figure out an appropriate decomposition, as in eqn. (109), because
the convergence properties of the algorithms to be studied are intimately related to the behavior of these functions.
At a particular iterationi, we do not require the observations across different sensors to be independent. In other
words, we allow spatial correlation, but require temporal independence.

D.2)Random Link Failure, Quantized Communication. The random link failure model is the model given in
Section I-B; similarly, we assume quantized inter-sensor communication with subtractive dithering.
D.3)Independence and Moment AssumptionsThe sequencegl (i)}~ {2 (i)} <,< v i>01¥ni ()} (the dither

sequence, as in eqgn. lI-A) are mutually independent. Define the funcfig(g,: RM>1 —— RMX1 py
hi(0) = Eg [gn(zn(i))], V1 <n <N (110)

3The factor% in egn. (109) is just for notational convenience, as will be seen later.
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We make the assumption:

.

In Subsection IlI-B and Section IV, we give two algorithm&Z/ and NUZ, respectively, for the distributed

1 N

n=1

2
] =n(d) <oo, VO €U (111)

estimation problenD1-D3 and provide conditions for consistency and other properties of the estimates.

B. AlgorithmNU

In this subsection, we present the algorithiii/ for distributed parameter estimation in separably estimable
models under Assumptior3.1-D.3

Algorithm AU. Each senson performs the following estimate update:

xa(i+ 1) = x,(0) — ali) | 3 B0xa(d) — axai) + va(i) + ha(xa (i) — gulza() | (112)

SN0

based onx, (i), {a(xi(¢) + vw(i))}icq, i), and z,(i), which are all available to it at timé. The sequence,
{xn(i) € RMXl}i>O’ is the estimate (state) sequence generated at sensbe weight sequencigx(i) },, satisfies
the persistence condition of Assumpti&r8 and/ > 0 is chosen to be an appropriate constant. Similar to egn. (12)

the above update can be written in compact form as
x(i+1) =x(1) — (i) [B(L(E) ® In)x(i) + M(x(2)) — J(2(2)) + X (3) + ¥ (i)] (113)

where Y (i), ¥ (i) are as in egns. (13-16) andi) = [x7 (i) - - - x%(i)]T is the vector of sensor states (estimates.)

The functionsM (x(¢)) and J(z(¢)) are given by
M (x(i)) = [hy (x1(0)) - - hy (ew (D)), J(x(3)) = [91 (21(2)) -~ g (zn (0))]" (114)

We note that the update scheme in egn. (113) is nonlinear and hence convergence properties can only be character-
ized, in general, through the existence of appropriate stochastic Lyapunov functions. In particular, if we can show
that the iterative scheme in eqn. (113) falls under the purview of a general result like Theorem 5, we can establish

properties like consistency, normality etc. To this end, we note, that eqn. (113) can be written as

x(i+1) = x(i) — (i) [ﬂ (L®In) (x([) -1y ®0%) + 3 (E(z‘) ® IM) x(i) + (M (x(1)) — M(1y ® 0%))

—(J(z(i)) = M(1y ® 07)) + X (i) + ¥(4)] (115)
which becomes in the notation of Theorem 5
x(i+1) =x(4) + a(i) [R(x(?)) + T (i + 1,x(4), w)] (116)

where
R(x)=—[B(L®Iy)(x—1y®0") + (M (x) - M(1y ®0"))] (117)
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and
D(i+1,%w)=— [5 (Z(z’) ® IM) x — (J(2(i)) — M(1y ® 0%)) + Y (i) + @(i)} (118)

Consider the filtration{F;},.,

Fi=o (X(0)> {L(J')v {zn(hen TO), ‘I’(j)}ogj«‘) o

Clearly, under AssumptionB.1-D.3 the state sequencéx(i)},., generated by algorithmVi/ is Markov w.r.t.
{Fi};>0, and the definition in egn. (118) renders the random faniiy(i + 1, x,w) }, cpva<1, Fip1 Measurable,
zero-mean, and independent Bf for fixed i + 1. Thus Assumption8.1, B.2 of Theorem 5 are satisfied, and we

have the following immediately.

Proposition 10 {/I/: Consistency and asymptotic normalit@onsider the state sequen{::e(i)}iZO generated by

the AU algorithm. LetR (x),T' (i + 1,x,w) , F; be defined as in egns. (117,118,119), respectively. Then, if there
exists a function/ (x) satisfying Assumption8.3, B.4atx* = 1y ® 6", the estimate sequenge,,(i)},-, at any
sensorm is consistent. In other words,

Py« [ lim x,,(7) = 0%, Vn] =1 (120)

1— 00

If, in addition, Assumption€.1-C.4are satisfied, the estimate seque{mg(z’)}izo at any senson is asymptotically

normal.

Proposition 10 states that, a.s. asymptotically, the network reaches consensus, and the estimates at each sensor
converge to the true value of the parameter veétoiThe Proposition relates these convergence propertigéd vfo

the existence of suitable Lyapunov functions. For a particular observation model characterized by the corresponding
functions h,,(+), g (-), if one can come up with an appropriate Lyapunov function satisfying the assumptions of
Proposition 10, then consistency (asymptotic normality) is guaranteed. Existence of a suitable Lyapunov condition

is sufficient for consistency, but may not be necessary. In particular, there may be observation models for which the
NU algorithm is consistent, but there exists no Lyapunov function satisfying the assumptions of Proposftion 10.
Also, even if a suitable Lyapunov function exists, it may be difficult to guess its form, because there is no systematic
(constructive) way of coming up with Lyapunov functions for generic models.

However, for our problem of interest, some additional weak assumptions on the observation model, for example,
Lipschitz continuity of the functiong:,(-), will guarantee the existence of suitable Lyapunov functions, thus
establishing convergence properties of ffi&f algorithm. The rest of this subsection studies this issue and presents
different sufficient conditions on the observation model, which guarantee that the assumptions of Proposition 10

are satisfied, leading to the a.s. convergence ofAthé& algorithm. We start with a definition.

4This is because converse theorems in stability theory do not always hold (see, [38].)
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Definition 11 (Consensus Subspad#® define the consensus subspate, RMV*1 as
cz{yeRNM“ y=1N®§,yeRM“} (121)
Fory € RVM>1 we denote its component & by yc and its orthogonal component tyy.

Theorem 12 §/U: Consistency under Lipschitz dn,) Let {X(i)}izo be the state sequence generated by/\fié
algorithm (Assumption®.1-D.3) Let the functionsh,(-),1 < n < N, be Lipschitz continuous with constants

k, >0, 1 <n < N, respectively, i.e.,

17 (8) = hn ()| < nll6 — 6], V6,6 € RV 1<n<N (122)
and satisfy
T ~ ~
(9—9) (hn(e)—hn(e)) >0, VO£0eRMX 1<pn<N (123)
Define K as
K =max(ky, - ,kn) (124)

Then, for everys > 0, the estimate sequence is consistent. In other words,

Py- [hm X (i) = 0", vn} =1 (125)

11— 00

Before proceeding with the proof, we note that the conditions in egns. (122,123) are much easier to verify than the
general problem of guessing the form of the Lyapunov function. Also, as will be shown in the proof, the conditions
in Theorem 12 determine a Lyapunov function explicitly, which may be used to analyze properties like convergence
rate. The Lipschitz assumption is quite common in the stochastic approximation literature, while the assumption
in egn. (123) holds for a large class of functions. As a matter of fact, in the one-dimensional\tasd), it is
satisfied if the functiong.,,(-) are non-decreasing.
Proof: As noted earlier, the Assumptiols1, B.2 of Theorem 5 are always satisfied for the recursive scheme

in egn. (113.) To prove consistency, we need to verify Assump#8sB.4only. To this end, consider the following
Lyapunov function

V(%) = ||Ix — 1y © 6| (126)

Clearly,
VAy®0")=0, V(x)>0, x#1y®6", lim V(x)=o0 (127)

lIx[|—o0

The assumptions in egns. (122,123) imply th&t) is Lipschitz continuous and

T

0—0) (hO)—h®)) >0, VO+0ecRM* (128)
(0= ( )
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where eqn. (128) follows from the invertibility df(-) and the fact that,

h(6) = %hn 0), VoecRMx! (129)

Recall the definitions of? (x),T" (i + 1,x,w) in egns. (117,118) respectively. We then have
(R(x),Va(x)) = —20(x—1n26) (T@Iy)(x—1xy®@6") —2(x -1y @6%)" [M (x) - M(1y ® 6")]
N
= 28(x—-1y®0) (Loly) (x—1y®0) -2 [(xn — 0" (hn(x,) — hn(e*))}

n=1

0 (130)

IN

where the last step follows from the positive-semidefiniteneds®f,; and eqn. (123). To verify Assumptid®i.3,
we need to show

sup (R(x),Vx(x)) <0, Ve>0 (131)

e<[lx—1n0*| <

Let us assume on the contrary that egn. (131) is not satisfied. Then from egn. (130) we must have

sup (R(x),Vx(x))=0, Ye>0 (132)

e<|lx—1n0*[|<L

Then, there exists a sequendes” |, _ in {x € RVMx1

€< ||x —1n0*|| < %} such that
lim (R(x"), Vi(x)) =0 (133)

k—o0

Since the sefx € RVMx1 | e < |x — 1560*|| < 1} is relatively compact, the sequen{e” has a limit point,

}kzo
X, such thate < [|x — 156*|| < 1, and from the continuity of R (x) , Vi (x)), we must have

(R(%), V(X)) =0 (134)
From eqgns. (123,130), we then have
X-1v20) (TeIy)(XR—1n®60%) =0, (Xn—0%)" (ha(Xn) — ha(6%)) =0, ¥n (135)

The first equality in eqgn. (135) and the properties of the Laplacian imply Xhat C and hence there exists
a € RM*1 such that,

X, =a, Vn (136)
The second set of inequalities in egn. (135) then imply
(a—0")" (h(a) = h(6)) =0 (137)

which is a contradiction by eqn. (128) sinaeZ 6*. Thus, we have egn. (131) that verifies AssumpBo® Finally,
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we note that,

IR(x)|? = |[B(L®Iy)(x—1y®0%)+ (M(x) - M1y ® 9*))H2
< 4B (T @ In) (x—1x 69| +4||M (x) — M(1y ® 67|
< ABPAND)|x — 1y @ 0% + 4K |x — 1y @ 6%|2 (138)

where the second step follows from the Lipschitz continuityhgf-) and K is defined in eqgn. (124). To verify

AssumptionB.4, we have then along similar lines as in Theorem 6

IRG) 2 +E[IDG+1Lxw)?] < k(l+V (x)

< B4V () - (R(X), Vi (x) (139)

for some constant; > 0 (the last step follows from eqn. (130).) Hence, the required assumptions are satisfied and
the claim follows.

|
It follows from the proof, that the Lipschitz continuity assumption in Theorem 12 can be replaced by continuity of

the functionsh,,(-), 1 <n < N, and linear growth conditions, i.e.,
1ha(0)1? < o+ cuzll6l?, VO ERM* N 1<n< N (140)

for constants:, 1, c,,2 > 0.

We now present another set of sufficient conditions that guarantee consistency of the algdtithh the
observation model is separably estimable, in some cases even if the underlying model is nonlinear, it may be
possible to choose the functions,(-), such that the function(-) possesses nice properties. This is the subject of

the next result.

Theorem 13 /U Consistency under strict monotonicity &) Consider theN/ algorithm (AssumptionsD.1-
D.3.) Suppose that the functiong,(-) can be chosen, such that the functidng(-) are Lipschitz continuous
with constantsk,, > 0 and the functiom.(-) satisfies

T

(9—9) (h(e) —h(§)> > ]|6 — ]2, V0,8 € RM*! (141)
for some constany > 0. Then, if § > % the algorithmA/Z/ is consistent, i.e.,

P, [hm xn (i) = 6", Vn} -1 (142)

1— 00

where, K = max(kq, -+, kn).

Before proceeding to the proof, we comment that, in comparison to Theorem 12, strengthening the assumptions on

h(-), see eqn. (141), considerably weakens the assumptions on the furigtighsEqn. (141) is an analog of strict



27

monotonicity. For example, ik(-) is linear, the left hand side of eqn. (141) becomes a quadratic and the condition
says that this quadratic is strictly away from zero, i.e., monotonically increasing with rate
Proof: As noted earlier, the AssumptioBsl, B.2of Theorem 5 are always satisfied by the recursive scheme in
eqgn. (113.) To prove consistency, we need to verify Assumpt8sB.4only. To this end, consider the following
Lyapunov function
V(x) = |x — 1y ® 60| (143)

Clearly,
VAy®0*)=0, V(x)>0, x#1y®6", lim V(x)=o0 (144)

lIx]|—o0

Recall the definitions ofR (x),I' (i + 1,x,w) in eqgns. (117,118), respectively, and the consensus subspace in
egn. (121). We then have

(R(x),Va(x)) = —20(x—1n@6) (T@Iy)(x—1xy®@6") —2(x -1y @6*)" [M (x) - M(1y ® 6")]

~2822() |- |I* = 2 (x — 1y © %) [M (x) — M(xc)]

IN

—2(x— 1y ® 0 [M(xc) — M(1y ® 6%)]

< —20a(Dlxes [P +2 [x— v @) (M (x) - M(xe)]
—2(x— 1y @6%)" [M(xc) - M(1y ®6°)]
< =280(D)|xc |? + 2K [xcu|lx — 1n ® 07|
—2(x— 1y ® 09 [M(xc) — M(1y ® 6%)]
= =28 (L)|xc |* + 2K |xcr [[x — 1y ® 0% — 2xZ. [M(x¢) — M(1y @ 607)]
—2(x¢ —1xy ©@0%)" [M(x¢) — M(1y ® 6%)]
< =28 (D)|xc|? + 2K xc [[Ix — 1y © 67| + 2 ||xZ. [M(xc) — M(1y  6%)]|
—2(x¢ — 1y @6%)" [M(xc) — M(1y ® 6°)]
< =280(D)|xc [P + 2K e [l[x — 1n ® 67| + 2K [xc || xc — 1y @ 67

—27 |x¢ — 1y @ 0°|*

= (=20%(L) + 2K) |Ixcx |” + 4K [xc [llIxe = 1y ® 67| = 27 [lxe — 1y @ 0°|* (145)
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where the second to last step is justified becayse- 1y ® y for somey € RM*! and

N
(xc —1x @07 [M(xc) - M(1y ® 0%)] = Z (¥ = 0)" [ (F) = B (67)]

= (y-4 *Tiv: (¥) = hn(67)]

n=1
= N@F-0)"[h(F) - h(6)]
> Nyly -0
= qllxc —1x ®0*|? (146)

K24+ K~

It can be shown that, i > WA

the term on the R.H.S. of eqn. (145) is always non-positive. We thus have
(R(x),Vx(x)) <0, ¥xecRMNx1 (147)

By the continuity of(R (x), Vi (x)) and the relative compactness {)k € RNVMx1

€ < |lx — 1n0*|| < g}, we
can show along similar lines as in Theorem 12 that
sup (R(x),Vx(x)) <0, Ye>0 (148)
e<|lx—1n0%[] <1
verifying AssumptionB.3. AssumptionB.4 can be verified in an exactly similar manner as in Theorem 12 and the

result follows. ™

IV. NONLINEAR OBSERVATION MODELS; ALGORITHM N LU

In this Section, we present the algorithi£i/ for distributed estimation in separably estimable observation
models. As will be explained later, this is a mixed time-scale algorithm, where the consensus time-scale dominates
the observation update time-scale as time progressesNtig algorithm is based on the fact that, for separably
estimable models, it suffices to knoi(6*), becaused* can be unambiguously determined from the invertible
function h(6*). To be precise, if the functioh(-) has a continuous inverse, then any iterative scheme converging
to h(0*) will lead to consistent estimates, obtained by inverting the sequence of iterates. The alggrithiis
shown to yield consistent and unbiased estimators at each sensor for any separably observable model, under the
assumption that the functioh(-) has a continuous inverse. Thus, the algorithAifl/ presents a more reliable
alternative than the algorithov'¢/, because, as shown in Subsection IlI-B, the convergence properties of the latter
can be guaranteed only under certain assumptions on the observation model. We briefly comment on the organization
of this section. TheV LU/ algorithm for separably estimable observation models is presented in Subsection IV-A.
Subsection IV-B offers interpretations of théLl{ algorithm and presents the main results regarding consistency,
mean-square convergence, asymptotic unbiasedness proved in the paper. In Subsection IV-C we prove the main
results about theV LU/ algorithm and provide insights behind the analysis (in particular, why standard stochastic
approximation results cannot be used directly to give its convergence properties.) Finally, Subsection V presents

discussions on thd/Li/ algorithm and suggests future research directions.
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A. AlgorithmN LU

Algorithm N LU: Let x(0) = [x7 ---x%]T be the initial set of states (estimates) at the sensors. &/

generates the state sequetes (i)}, at then-th sensor according to the following distributed recursive scheme:

Xp(i+1) = h7! (h(xn(i)) - B(i) ( Y (hxa(®) = a(h(xi(i) + vnz(i)))) — a(i) (h(xn (i) = gn(2n (i)
1eQ, (7) (149)

based on the informationx,, (i), {q (h(xi(7)) + vni (i) }1cq, i) - 2n (i), available to it at timei (we assume that at

time i sensorl sends a quantized version bfx;(i)) + v,,;(i) to sensom.) Hereh~1(-) denotes the inverse of the

function h(-) and {5(i) },5, . {a(i)},>, are appropriately chosen weight sequences. In the sequel, we analyze the

N LU algorithm under the model AssumptioBs1-D.3 and in addition we assume:

D.4): There exists; > 0, such that the following moment exists:

Eg

’J(z(z’)) - % (1n ® )" J(2(4))

24€1
1 =k(0) <0, YVOeU (150)

The above moment condition is stronger than the moment assumption required\sy/thigorithm in egn. (111),
where only existence of the quadratic moment was assumed.

We also define

Eg [HJ(Z(Z‘)) - % (1y ® Ing)" J(z(i))m =r1(0) < o0, VOeU (151)
Eg HJ(Z(Z‘)) - % (1y @ L) J(2(i)) 2} = ko(f) < o0, VOEU (152)

D.5): The weight sequence§3(i)},-,.{5(i)};>, are given by

a b
afi) = ———, i) = —— 153
0= 20 =G (153)
wherea, b > 0 are constants. We assume the following:
SO<T, <1, 7> + Ty, 2T > T (154)

2+61

We note that under Assumptidh4 thate; > 0, such weight sequences always exist. As an examp&g_,%f = .49,
then the choicer;, = 1 and» = .505 satisfies the inequalities in egn. (154).

D.6): The functioni(-) has a continuous inverse, denoted/by! (-) in the sequel.

To write the N'£U in a more compact form, we introduce theansformedstate sequence(x(i)},.,, where

x(i) = [xT(i)--- x4 (i)]F € RNMx1 and the iterations are given by
R(i + 1) = %(5) - 8() (LG) @ Tn) XG) — (i) [K() — J(a(0))] — BG) (X(0) + ¥ () (155)

x(i) = [ (b7 G @) " - (7 G ()] (156)
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Here Y (i), ¥(:) model the dithered quantization error effects as in algoriftitd. The update model in egn. (155)
is a mixed time-scale procedure, where the consensus time-scale is determined by the weight $etjiignce.
On the other hand, the observation update time-scale is governed by the weight sefju@hgg,,. It follows

from AssumptionD.5 that 7; > 75, which in turn implies,igg — 00 asi — oo. Thus, the consensus time-scale

dominates the observation update time-scale as the algorithm progresses making it a mixed time-scale algorithm
that does not directly fall under the purview of stochastic approximation results like Theorem 5. Also, the presence
of the random link failures and quantization noise (which operate at the same time-scale as the consensus update)

precludes standard approaches like time-scale separation for the limiting system.

B. Algorithm A/ LU Discussions and Main Results

We comment on theV LU/ algorithm. As is clear from eqns. (155,156), thé£l/ algorithm operates in a
transformeddomain. As a matter of fact, the functiob(-) (c.f. definition 9) can be viewed as an invertible
transformation on the parameter spateThe transformed state sequen¢g(i)};>o, is then a transformation of
the estimate sequené& (i) };>0, and, as seen from egn. (155), the evolution of the sequgt@e} ;> is linear. This
is an important feature of th& £/ algorithm, which is linear in the transformed domain, although the underlying
observation model is nonlinear. Intuitively, this approach can be thought of as a distributed stochastic version of
homomorphic filtering (see [39]), where, by suitably transforming the state space, linear filtering is performed on
a certain non-linear problem of filtering. In our case, for models of the separably estimable type, the fufigtion
then plays the role of the analogous transformation in homomorphic filtering, and in this transformed space, one can
design linear estimation algorithms with desirable properties. This make¥ ¢ algorithm significantly different
from algorithm A4, with the latter operating on the untransformed space and is non-linear. This linear property
of the A LU algorithm in the transformed domain leads to nice statistical properties (for example, consistency
asymptotic unbiasedness) under much weaker assumptions on the observation model as required by the nonlinear
N LU algorithm.

We now state the main results about thNeCl/ algorithm, to be developed in the paper. We show that, if the
observation model is separably estimable, then, in the transformed domaixl dhealgorithm is consistent. More
specifically, if §* is the true (but unknown) parameter value, then the transformed seq{e(igé;~, converges
a.s. and in mean-squared sensé {6*). We note that, unlike th&/l{ algorithm, this only requires the observation
model to be separably estimable and no other conditions on the funétigns h(-). We summarize these in the

following theorem.

Theorem 14Consider the\ LU/ algorithm under the Assumptioris.1-D.5 and the sequencix(i)},., generated
according to eqgn. (155). We then have
Py | lim %, (i) = h(6*), V1 < n < N} = 1 (157)

Jim By [[Ra(3) = h(6)P] = 0, ¥1<n<N (158)
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In particular,
lim Egp» [x,(i)] = h(0%), VI<n< N (159)

71— 00
In other words, in the transformed domain, the estimate sequighgg)};>o at sensom, is consistent, asymptot-

ically unbiased and converges in mean-squared sens&19.

As an immediate consequence of Theorem 14, we have the following result, which characterizes the statistical

properties of the untransformed state sequepd@)};>o.

Theorem 15Consider the\' LU/ algorithm under the Assumptior3.1-D.6 Let {x(i)},>, be the state sequence
generated, as given by eqns. (155,156). We then have

P, [Alim x,(i) = 0%, V1<n< N} -1 (160)

11— 00

In other words, the\V LU/ algorithm is consistent.
If in addition, the functionh=1(-) is Lipschitz continuous, thé/ £l algorithm is asymptotically unbiased, i.e.,

lim Eg- [x,(0)] =6, V1<n<N (161)

11— 00

The next subsection is concerned with the proofs of Theorems 14, 15.

C. Consistency and Asymptotic Unbiasednes&/@i/: Proofs of Theorems 14,15

The present subsection is devoted to proving the consistency and unbiasednes&/éitragorithm under the
stated Assumptions. The proof is lengthy and we start by explaining why standard stochastic approximation results
like Theorem 5 do not apply directly. A careful inspection shows that there are essentially two different time-scales
embedded in eqn. (155). The consensus time-scale is determined by the weight sqme)}ggo, whereas the

observation update time-scale is governed by the weight seql{eme)e}izo. It follows from AssumptionD.5 that
B(2)
(i)
update time-scale as the algorithm progresses making it a mixed time-scale algorithm that does not directly fall under

71 > 7o, Which, in turn, implies — 00 ast — oo. Thus, the consensus time-scale dominates the observation
the purview of stochastic approximation results like Theorem 5. Also, the presence of the random link failures and
guantization noise (which operate at the same time-scale as the consensus update) precludes standard approaches
like time-scale separation for the limiting system.

Finally, we note that standard stochastic approximation assume that the state evolution follows a stable determin-
istic system perturbed byero-meanstochastic noise. More specifically, §f/ (i) };>o is the sequence of interest,

Theorem 5 assumes thég (i) };>o evolves as

y(i+1) =y(@)+7) [Ry(i) + T+ 1w, y(0))] (162)

where {v(7) };>0 is the weight sequencé&,(i + 1,w,y(i)) is the zero-meamoise. If the sequencéy(i)};>o is

supposed to converge §a, it further assumes thak(yo) = 0 andyy is a stable equilibrium of the deterministic



32

system
ya(i+ 1) =ya(i) + (i) R(ya(i)) (163)

The MU algorithm (and its linear version;i/) falls under the purview of this, and we can establish convergence
properties using standard stochastic approximation (see Sections Il,11I-A.) HoweveY,dbealgorithm cannot be
represented in the form of eqn. (162), even ignoring the presence of multiple time-scales. Indeed, as established by
Theorem 14, the sequend&(i)};>( is supposed to converge oy ® h(6*) a.s. and hence writing egn. (155) as

a stochastically perturbed system around ® h(6*) we have
x(1+1) =x0) + @) [R(x(%) + T(E + 1,w,%x(7))] (164)

where,

R(x(i)) = —B(i) (L ® Inr) (X(i) — 1y @ h(0")) — a(i) (X(i) — 1y ® h(67)) (165)

and

P(i+ 1,0, %(0)) = —(0) (L) ® Inr ) (&) — Ly © h(6%)) — B(3) (X(0) + ©(0)) +a(i) (J(2() — 1y © h(67))
(166)
Although, R(1xy ® h(6*)) = 0 in the above decomposition, the noBé& + 1,w, x(7)) is not unbiased as the term
(J(z(i)) — 1n ® h(0*)) is not zero-mean.
With the above discussion in mind, we proceed to the proof of Theorems 14,15, which we develop in stages.
The detailed proofs of the intermediate results are provided in the Appendix.
In parallel to the evolution of the state sequersgi)},.,, we consider the following update of the auxiliary

sequence{x° (i)},
x°(i+1) =x°(i) — B(i) (L ® Inr) X°(i) — (i) [x°(i) — J(a(i))] (167)

with x°(0) = x(0). Note that in (167) the random Laplacidnis replaced by the average Laplacianand the
quantization noise¥ (i) and ¥ (i) are not included. In other words, in the absence of link failures and quantization,
the recursion (155) reduces to (167), i.e., the sequef@s},., and {x°(i)},., are the same.

Now consider the sequence whose recursion adds as input to the recursion in (167) the quantizatiGf(foises
and ¥(4). In other words, in the absence of link failures, but with quantization included, define similarly the

sequencex(i)},, given by
(i +1) = %(i) — B(0) (L © In) X(0) — i) [R(0) — J(2(i))] — B(0) (X (i) + (i) (168)

with X(0) = x(0). Like before, the recursions (155,156) will reduce to (168) when there are no link failures.
However, notice that in (168) the quantization noise sequeftigs and ¥ (i) are the sequences resulting from

quantizingx(z) in (155) and not from quantizing(i) in (168).
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Define the instantaneous averages over the network as

Xavg(i) = ifjx(i)—iu ® In)" x(4)
avg = anl =5 N M
Ravg(i) = iii(i)—iu ® Ing)" %(3) (169)
avg = Nn=1 =5 N M
o . 1 al o/ 1 T oy
Xavg(Z) Nzxn(l): N(1N®1M> x° (1)
n=1
1 N
Ravg(i) = N;iZ(i)=N<1N®IM)Ti°<i> (170)

We sketch the main steps of the proof here. While proving consistency and mean-squared sense convergence,
we first show that the average sequen{:ﬁgvg(i)}izo, converges a.s. t&(6*). This can be done by invoking
standard stochastic approximation arguments. Then we show that the se§ueg¢,. , reaches consensus a.s.,
and clearly the limiting consensus value musti#ié*). Intuitively, the a.s. consensus comes from the fact that,
after a sufficiently large number of iterations, the consensus effect dominates over the observation update effect,
thus asymptotically leading to consensus. The final step in the proof uses a series of comparison arguments to show
that the sequencgx(i)},., also reaches consensus a.s. with*) as the limiting consensus value.

We now detail the proofs of Theorems 14,15 in the following steps.

I: The first step consists of studying the convergence properties of the seq{nq;,g(e')}izo (see eqn. (167)),

for which we establish the following result.
Lemma 16Consider the sequencéx®(i)},,, given by eqn. (167), under the Assumptidd<-D.5 Then,
Py- [nm X°() = 1y ® h(@*)] - 1 (171)

1—00

lim - |[%°(5) = 1y @ h(0")[*] = 0 (172)

1— 00

Lemma 16 says that the sequer6€ (i)}, converges a.s. and ifi; to 1y ® h(6*). For proving Lemma 16 we
first consider the corresponding average sequenge,(i)}i>o (see eqn. (170)). For the sequenog,q(7)}i>o,
we can invoke stochastic approximation algorithms to prove that it converges a.s. @sdtanh(6*). This is

carried out in Lemma 17, which we state now.

Lemma 17Consider the sequenc@ig\,g(z‘)} given by eqn. (170), under the Assumptiddd-D.5 Then,

i>0’

Il
-

Py- {lim Ruqli) = h(e*)} (173)
Jim Eg- [[[%2,g(0) — h(6")||°]

In Lemma 16 we show that the sequene (i)}, reaches consensus a.s. andds which together with

Il
o

(174)

Lemma 17 establishes the claim in Lemma 16 (see Appendix Il for detailed proofs of Lemmas 17,16.)
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The arguments in Lemmas 17,16 and subsequent results require the following property of real number sequences,

which we state here (see Appendix | for proof.)

Lemma 18Let the sequencef(i)},, and{r2(i)},-, be given by

ax

N

=0 e

(175)
whereay,az,02 > 0 and0 < é; < 1. Then, if §; = d5, there existsB > 0, such that, for sufficiently large
non-negative integerg, < i,

<B (176)

0< Z [( 11 1—r1(1))> 7o (k)

I=k+1

Moreover, the constanB can be chosen independently ©fi. Also, if §; < d3, then, for arbitrary fixed,

lllﬂoloz [( h 1- 7”1(1))) T2(k’)] =0 (177)

=j I=k+1

(We use the convention thef];_, w1 (L=m)=1,fork=i-1)

We note that Lemma 18 essentially studies stability of time-varying deterministic scalar recursions of the form:

y(i+1) = r1()y(i) + ra2(2) (178)

where{y(i)}:>o is a scalar sequence evolving according to eqn. (178) p{ith= 0, and the sequencés; (i)},

and {rz(i)},>, are given by eqn. (175).

II': In this step, we study the convergence properties of the seqL{Q«(q‘.}?ﬁZO (see eqn. (168)), for which we

establish the following result.

Lemma 19Consider the sequend& (i)}, given by eqn. (168) under the AssumptidDsl-D.5 We have

Py- [hm %() =1y ® h(e*)} =1 (179)

11— 00

lim Ey- [|%() - 1y @ h(67)]°] = 0 (180)

The proof of Lemma 19 is given in Appendix Ill, and mainly consists of a comparison argument involving the

sequencegXg,q(i) },., and{X(i)};5o-

Il : This is the final step in the proofs of Theorems 14,15. The proof of Theorem 14 consists of a comparison
argument between the sequendegi)},, and {x(i)},.,, which is detailed in Appendix IV. The proof of

Theorem 15, also detailed in Appendix 1V, is a consequence of Theorem 14 and the Assumptions.
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V. CONCLUSION

This paper studies linear and nonlinedistributed (vector) parameter estimation problems as may arise in
constrained sensor networks. Our problem statement is quite general, including communication among sensors that
is quantized, noisy, and with channels that fail at randonm times. These are characteristic of packet communication
in wireless sensor networks. We introduce a generic observability condition, the separable estimability condition,
that generalizes to distributed estimation the general observability condition of centralized parameter estimation.
We study three recursive distributed estimata;i/, N/, and N LU. We study their asymptotic properties,
namely: consistency, asymptotic unbiasedness, and fod fli¢ and NI/ algorithms their asymptotic normality. The
N LU works in a transformed domain where the recursion is actually linear, and a final nonlinear transformation,
justified by the separable estimability condition, recovers the parameter estimate (a stochastic generalization of
homeomorphic filtering.) For example, Theorem 14 shows that, in the transformed domail,(teleads to
consistent and asymptotically unbiased estimators at every sensor for all separably estimable observation models.
Since, the functior(-) is invertible, for practical purposes, a knowledgegf*) is sufficient for knowingd*. In that
respect, the algorithmV' £/ is much more applicable than the algorithfi/, which requires further assumptions
on the observation model for the existence of consistent and asymptotically unbiased estimators. However, in case,
the algorithmN/ U/ is applicable, it provides convergence rate guarantees (for example, asymptotic normality) which
follow from standard stochastic approximation theory. On the other hand, the algavittthdoes not follow under
the purview of standard stochastic approximation theory (see Subsection IV-C) and hence does not inherit these
convergence rate properties. In this paper, we presented a convergence theory (8:9.cdrttie three algorithms
under broad conditions. An interesting future research direction is to establish a convergence rate theory for the
N LU algorithm (and in general, distributed stochastic algorithms of this form, which involve mixed time-scale

behavior and biased perturbations.)

APPENDIX |

PROOF OFLEMMA 18

Proof: [Proof of Lemma 18] We prove for the case < 1 first. Consider;j sufficiently large, such that,
ri(i) <1, Vi>j (181)

Then, fork > j, using the inequality]l —a < e~ ¢, for 0 < a < 1, we have

i—1 .
1 a-rnm)< e~ Zizkn i (182)
I=k+1
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It follows from the properties of the Riemann integral that

i—1 i—1
a1
> om0 = > oo
I=k+1 I=k+1 <Z T 1) '
i+1 1
2 al/ Tdt
k42 17
_ 1“15 [+ 1) — (k+2)' %] (183)
— 01

We thus have from eqgns. (182,183)

<.

i—1 i—1 i—1
[( H 1—7‘1(1))> Tz(l)] = Z [671251 (i+1)176161i}51 UHZ)P%} - 5
k=5 L \i=k+1 pyt (k+1)%
1—1
_ (i+1)! G (k) 1
= age - =0 kZ:; [el 1 (k+1)% (184)

Using the properties of Riemann integration again, for sufficiently largee have

i—1 i—1
a1 (k+2)1’51 1 ] (k+2)'~ 51 1
eT=61 - < el- 51 -
Z, [ (k+1)%=| — ; (5 4+1)%

k=j
i1 1-6 1
= 9% T (k+2)" 701
2 { 1 5+ 2
i+1
a 1-51 1
= 252 Z |:€1_11k :|
1
k=j-+2 ko
; s L0
(1 +1)%2 Mt ko2
ay . — i+1 aq 1—
< QT DT 7(;1)52 +252/ [el e 1 } dt  (185)
¢ i+2
Again by the fundamental theorem of calculus,
i+1 a 51
eT— 01 (i+1)1 %1 = al/ |:6111t1 - 1:| dt + C
J

a 1— ]_
= al/ eT ot 5177552—51 dt + Cy (186)
i+2 to2
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whereCy = C1(j) > 0 for sufficiently large;j. From egns. (185,186) we have

i—1 i—1 i—1
N e R (ae Vs ket~ 1
KH 1‘““”) ’"2(”1 SRR B (k+1)]

<.

k=j I=k+1 k=j
262 %(Prl)l_él 26 al tl_‘;li d
aee (z+1)52 + a2f o 7 | Ot
S el (1+1)1 S
s I A
o 2%qy 2%2az i+2 { t%} dt
o (i+1)% T ()17
5o i+1
262 2 a2f [ Yy }dt
< a2 = (187)

(i+1)% 1f7+1 {61&1 e Pt 61}6&4—01

It is clear that the second term stays boundedl if= 5> and goes to zero as— oo if §; < d2, thus establishing

the Lemma for the cas@ < 1. Also, in the casé; = J,, we have from eqgn. (187)

3 T 52@2 62a2
2 l( 11 (1_“(0)) r2(i)] = (z‘2+ 1)% + 2 e

—1
k=j L \i=k+1 a1 +C [ i [el m} dt}
2 2
< Qog, 4 292 (188)
ai
thus making the choice aB in egn. (176) independent of ;.
Now consider the cas& = 1. Consider; sufficiently large, such that,
ri(i) <1, Vi>j (189)
Using a similar set of manipulations fér> j, we have
i—1 .
[[ G-n@) < eoZida
l=k+1
< e—al f;éii; 1dt
_ efalln(i 12)
— M (190)
(i+1)»
We thus have
i—1 i—1 i—1
. ao (k + 2)“1
(I=r1() ) re(d)] < —
oy [(ZE—I 1 ((+1)m = (k4 1)
__2%a 2 (k4 2)n
- (i+ 1™ P (k 4 2)%
= & S E (191)
(i+1)m £~ |2
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Now, if a; > d9, then

= s 52, i+1
K 11 <1—r1<Z>>> mm] < &T 3 s

k=5 L \i=k+1 k=j+2

= & (Z + 1)a1762 + i: ka1*52
(i+1)n ‘
k=j+2
252a2
(i+1)m
262(12 n 252(12 (Z + 1)(17624’1 _ (] + 2)0,7524»1
(i+1)2  a—6y+1 i+ Do

(i +1)" =% intith o= qy]

(192)

It is clear that the second term remains bounded, i= 1 and goes to zero if; > 1. The casez; < d2 can be

resolved similarly, which completes the proof.

|
APPENDIXII
PROOFS OFLEMMAS 17,16
Proof: [Proof of Lemma 17] It follows from eqns. (167,170) and the fact that
(In @ In)" (LeoIy)=0 (193)
that the evolution of the sequenckxg,q(i)} ., is given by
1 N
Xavg(l + 1) = Xayg(t) — (i) |Xayg(i) — & > 9n(2a(9)) (194)
n=1
We note that eqn. (194) can be written as
Xavg(i + 1) = Xgug(i) + (i) [R(Xgug(i) + T (i + 1, X3yq(0), w)] (195)
where
1 N
R(Y) = _(y_h(g*))a F(i+1ava) = Nzgn(zn(i) _h(g*)v ye€ RMXI (196)
n=1
Such a definition ofR(-),T'(-) clearly satisfies Assumptior3.1,B.2 of Theorem 5. Now, defining
V(y) = lly = h(69)]? (197)
we have
V(h(#*) =0, V(y)>0, y #h(67), lm V(y)=cc (198)

lyll—oo
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Also, we have fore > 0

sup (R(y), Vy(y)) = sup (—2]ly — h(6")[?)
e<lly—h(0=)]|< e<lly—h(6=)]|<?

—2¢2

IN

< 0 (199)
thus verifying AssumptiorB.3. Finally from eqgns. (111,196) we have
IR +Eo- [IG+ Ly, @)lIP] = Ily = AO"I +n(6")
< k(1+V(y)

< R(1+V(y) = (R(y) Vy(y)) (200)

for k1 = max(1,n(6*)). Thus the AssumptionB.1-B.4 are satisfied, and we have the claim in egn. (173).

To establish eqn. (174), we note that, for sufficiently laige

2] = (I-a(i—1)) [Hxavg ) — h(67)

< (1—afi—1) {|| Rl h(o)|| } Qi — Dn(6*)  (201)

Ep- |[[%angli) - | + a2 - o)

where the last step follows from the fact thaK (1 — «(¢)) < 1 for sufficiently largei. Continuing the recursion
in egn. (201), we have for sufficiently large< ¢

- %2~ n0")|7] < (Hl—a )n»«avg WO +00) [(H <1—a<z>>)a2<k>]
k=j k=j l=k+1
< (e TiSew) ||>~c;vg(o>—h(e*>|\2+n(e*)§j[(ﬂ (1—a<1>>> ﬁk)} (202)
k=0 l=k+1

From AssumptionD.5, we note thatzz;lj a(k) — oo asi — oo becaused.5 < 7, < 1. Thus, the first term
in eqn. (202) goes to zero as— oo. The second term in eqgn. (202) falls under the purview of Lemma 18 with

01 = 7, andd, = 27, and hence goes to zero as» co. We thus have

lim Egy- [Hxavg i) — h(0")

17— 00

2] —0 (203)

[ |
Proof: [Proof of Lemma 16] Recall from eqns. (167,194) that the evolution of the sequéﬁee@}izo and

{x°(i)},>, are given by

x°(i4+1) =x°(i) — B(i) (L ® In) X° (i) — (i) [X(i) — J(2(3))] (204)

igvg(i +1) = iz(;vg(i) — a(i) X.':1vg . Z In (2Zn (i (205)



40

To establish the claim in egn. (171), from Lemma 17, it suffices to prove

Py. Lhi?o %°(5) = (1n ® Kag(d)) || = 0} —1 (206)
To this end define the matrix
1
P=(y@ly)(1ye In)" (207)
and note that
Px°(i)) =1y ® igvg(z'), Ply ® i;vg(z') =1y ® ig\,g(z'), Vi (208)

From eqgns. (204,205), we then have

(41~ (v @R+ 1) = [Ivar — B6) (L@ Iur) — ali)vas — P] [R00) ~ (Ly @ Fangli)]
+ali) | (a() = (In © In)” J(a(0) (209

Choose) satisfying

0<do<m — — T (210)

24+ ¢

and note that such a choice exists by Assumpiios We now claim that

1
Pg* hm 1 s 5
1—00 (Z + 1)2+€1

7(a() - % (1 @ Lap)” J(zu))H _ o] —1 (211)

Indeed, consider any > 0. We then have from Assumptidd.4 and Chebyshev’s inequality

>

i>0

v
(i+1)FFa e

T(2()) ~ (v ® Inn) " T (a(0)

1
’ > e] < Z (i + 1)1Fo@ren) 2ter

i>0

.|

K 1
T e24ea QZO (i + 1)1+5(2+€1)

HJ(Z(Z)) - % (1v ® In)" J(2(5))
(07)

2+61:|

< o0

It then follows from the Borel-Cantelli Lemma (see [37]) that for arbitrary 0

1

Po- m J(2(i) - i(1N®IM)T J(2(i))

N

’ > € 1.0. 1 =0 (212)

where i.0. stands for infinitely often. Since the above holds farbitrarily small, we have (see [37]) the a.s. claim
in egn. (211).

Consider the sef); C Q with Py« [Q;] = 1, where the a.s. property in eqn. (211) holds. Also, consider the
set()y C Q with Py« [Q2] = 1, where the sequenc{eigvg(i)}i>0 converges toh(0*). Let Q3 = Q; N Q. It is
clear thatPy- [23] = 1. We will now show that, orf23;, the sample paths of the sequer{s€ (i)}, converge to

(1n ® h(0*)), thus proving the Lemma. In the following we index the sample paths g emphasize the fact
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that we are establishing properties pathwise.
From eqgn. (209), we have an € Q3

[°(i+1,w) — (In @ Xaqug(i + L,w))|| < |1 =BG) (L& In) — ali)Inm — P||[|X°(,w) — (1n ® Xavg(i,w))]|
1
(i+1)77

a

Jr
(i+1)" e

+3

[J(z(z’, w)) — % (1n ® In)T J(2(i, w))} H
For sufficiently largei, we have
| = B(i) (L ® Ing) — a(@)Inar — P|| < 1= B(i)A2(L) (213)

From eqn. (212) fow € Q3 we can choose > 0 andj(w) such that

1

. 1 - .
W [J(z(z,w)) % (1n ® Ipr) J(Z(z,w))}

<e Vi>jw) (214)

Let j(w) be sufficiently large such that egn. (213) is also satisfied in addition to egn. (214). We then have for
w€ N3, 1> j(w)

i—1

%26, w) = (v @ Xguyi,w)) || < (H (1—5(16)/\2(13))) [%°(j (@), w) = (1nv @ Xgug(i (w),w)) |

k=j(w)

voe ¥ K 11 (l—ﬂaw(m)) 115]

k=j(w) L \i=k+1 (k+1)" ==
For the first term on the R.H.S. of egn. (215) we note that

i—1 o
[1 -Ba(@) < e Eimeo®
k=j(w)

= o MDEw arhe (215)

which goes to zero as— oo sincers < 1 by AssumptionD.5. Hence the first term on the R.H.S. of eqn. (215)
goes to zero as — oo. The summation in the second term on the R.H.S. of eqn. (215) falls under the purview of

Lemma 18 withd; = 5 anddy = 7 — — 4. It follows from the choice ob in egn. (210) and AssumptioD.5

2+e
thatd; < 0o and hence the terrﬁjk_] ( l_k+1 (1= B0 (L ))) 15} — 0 asi — oco. We then

(k1) T
conclude from egn. (215) that, far € Q3

lim ||X°(i,w) — (1n ®§§vg(i,w))|| =0 (216)

The Lemma then follows from the fact th&p- Q3] = 1.
To establish eqn. (172), we have from eqn. (209)
||io(i+1) (1N®Xavg ’L-I—l H < HI ﬁ L®IM)—oz(')INM—PHZHNO(i)—(1N®§<§vg(i))||2

+20(3) |1 = 8) (T & Inr) = a(i)Iwar = P [%°(0) — (Ln  %aug@) | | 7(2(0)) = & (1w @ Inn) " I (2()|

2(4) HJ(z(i)) — L1y ® )" J(2(i) H (217)
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Taking expectations on both sides and from eqn. (151)

Eg- [Hio(i +1) = (1y ® Xavg(i + 1)) HZ} < |1 = () (L ® Inr) — (i) Inas — P||* Eo- {

%6 - (1n & %)
4200 1 - 5(0) (T © In) — ai}war — Pl (6B [[52(0) — (1n © Fgli) ]

+2a(i) [T = B(i) (L ® In) — a(i)Ina — P|| k1 (6%) + o (i)k2(6%)

where we used the inequality

Hio( (1N®Xavg )’ <1N®Xavg )H +1, Vi (218)
Choosej sufficiently large such that
|1 —B6) (L®In) —ali)Ing — P||1—B(i)Xao(L), Vi>j (219)

For ¢ > j, it can then be shown that

Eo- [JIR°G+1) = (In @ Kagli + D)[*] < [1= B0)A(I) +20(0)51 (0")) Eo- |

%) ~ (1n © %ag() ||’

+a(i)er (220)
wherec; > 0 is a constant. Now choosg > j and0 < ¢, < A\2(L)® such that,
= B(0)A2(L) + 2a(i)k1(0%) < 1= B(i)ca, Vi> ja (221)

Then fori > j;

Eo- [[%°() - (v @ %) [*] < (H (1ﬂ(k)02)) Eo- [[%°01) — (v @ %ag)[*]  @22)

k=j1
i—1
+c1 Z K IT a (5)02)> Oé(k)]
k=71 I=k+1
The first term on the R.H.S. of eqn. (220) goes to zeré asco by the argument given in egn. (215), while the
second term falls under the purview of Lemma 18 and also goes to zere-aso. We thus have the claim in
egn. (172). [ ]

APPENDIX I

PROOF OFLEMMA 19

Proof: [Proof of Lemma 19] From egns. (167,168) we have
(i +1) %+ 1) = [Ina — ) (L© Ing) — a(i)Inag) [R() — X°()] - B(0) (X(0) + ©(0))  (223)

5Such a choice exists because > 7.
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For sufficiently largej, we have
|1 =8@0) (L@ In) —a()Inm| <1 —a(i), Vi>j (224)

We then have from eqn. (223), for> j,

IN

Eo- [+ 1) =%+ D] < (1= a(@)’ B [IRG) = K] + B20)Eo [I76) + © ()]

< (1= a(0) B [IRG) = %G| +ny52(0) (225)

where the last step follows from the fact thia (1 — «(4)) < 1 for i > j and egn. (17). Continuing the recursion,

we have

i—1 i—1 i—1
Eg- |[I%(4) —>~<°(i)H2} < (H(l —a(k‘))) IR() = %G +mg Y K II @ —a(l))> ﬁg(k)] (226)
k=j k=5 L \i=k+1

By a similar argument as in the proof of Lemma 17, we note that the first term on the R.H.S. of eqn. (226) goes
to zero asi — oo. The second term falls under the purview of Lemma 18 with= 7, and ., = 27 and goes to

zero asi — oo since by Assumptio.5, 27, > 7. We thus have
lim Eg- |||%(6) ;<°(z')u2} =0 (227)

which shows that the sequen¢gx(i) —x°(i)|},>, converges to 0 inC, (mean-squared sense). We then have

from Lemma 16

lim Ep- |||R() — 1y @ h(67)]?

11— 00 i|

< 2 lim Ey- [Hﬁ(i) —°(0)|*| +2 lim Epe |[IX°() — 1y ® h(e*)uﬂ

0 (228)

thus establishing the claim in eqn. (180).
We now show that the sequenégx(i) —x°(i)| },», also converges a.s. to a finite random variable. Chgose

sufficiently large as in eqn. (224). We then have from eqn. (223)

X(i) =x°(i) = ( i (Inne = Bk) (L@ Inr) — a(k)f)) (x(7) =x°(4))

k=j
i—1 i—1

- K I (vm =80 (T In) - a(l)I)) ﬂ(k)‘r(k)]
k=j I=k+1

-y K 1:[ (Inar = BU) (L & Inr) — a(l)l)> ﬁ(k)\If(k)] (229)
k=j I=k+1

The first term on the R.H.S. of eqn. (229) converges a.s. to zefo-aso by a similar argument as in the proof

of Lemma 17. Since the sequen¢¥ (i)}, is i.i.d., the second term is a weighted summation of independent
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random vectors. Define the triangular array of weight matri¢els,.,, j <k <i — 1}i>j, by

i—1

A =[] (v =80 (T @ In) - a)I)B(k) (230)
l=k+1
We then have i i .
Z K IT (Uxa=80) (L@ In) - a(l)1)> 6(k)T(k)] =3 A (k) (231)
=J l=k+1 k=7

By Lemma 18 and AssumptioD.5 we note that

thUpiHAi,kHQ < hmsupz [( H 1—a(l))> 52(]“)]

11— 00 1— 00

k=j I=k+1
= 0 (232)
It then follows that -
sup Y [|Ai kl|* = C5 < o0 (233)
1>] k—=j

The sequence{zz;lj Ai”“r(k)}bj then converges a.s. to a finite random vector by standard results from the
limit theory of weighted summations of independent random vectors (see [40], [41], [42]).

In a similar way, the last term on the R.H.S of egn. (229) converges a.s. to a finite random vector since by the prop-
erties of dither the sequend (i)}, is i.i.d. It then follows from eqn. (229) that the sequer&gi) — X°(i)},,
converges a.s. to a finite random vector, which in turn implies that the seqfigiage — x°(i)| },>, converges a.s.
to a finite random variable. However, we have already shown that the seqfien@e — x°(i)| },-, converges in
mean-squared sense to 0. It then follows from the uniqueness of the mean-squared and a.s. limit, that the sequence
{I1%(#) = x°(9)[|};5, converges a.s. to 0. In other words,

Py | lim [|R(6) — %°(i)|| = 0] =1 (234)

17— 00

The claim in eqn. (179) then follows from eqn. (234) and Lemma 16.

APPENDIXIV

PROOFS OFTHEOREMS 14,15

Proof: [Proof of Theorem 14] Recall the evolution of the sequences)} -, {X(i)};5, in eqns. (155,168).
Then writing L(i) = L + L(i) and using the fact that

(Z(i) ® IM> (i) = (f(z’) ® IM) %o (i), Vi (235)
we have from egns. (155,168)

%(i+ 1) R0+ 1) = [Tvar — A) (L) ® Tar) — (i) Iwvad] (K(0) — () — B0) (E() @ Ing) e () (236)
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For ease of notation, introduce the sequefig€)},.,, given by
y (i) = x(i) — x(2) (237)
To prove eqn. (157), it clearly suffices (from Lemma 19) to prove

Py- [_hm y(i) = 0} —1 (238)

71— 00

From egn. (236) we note that the evolution of the seque{ly({é)}izo is given by

y(i+1) = [Ivar = 80) (D@ Ir) = a(@)Iwn] y(0) = 86) (LG) @ T ) y(0) = 5) (L) @ Ing ) Re (3) (239)
The sequencgy (i)}, is not Markov, in general, because of the presence of the ,tﬂn'm(f(i) ® IM) X (1)
on the R.H.S. However, it follows from Lemma 19 that

Pp- | lim Ko (i) = 0| =1 (240)

and, hence, asymptotically its effect diminishes. However, the seqt{&@c&éi)}izo is not uniformly bounded over

sample paths and, hence, we use truncation arguments (see, for example, [36]). For @ s&dilae its truncation
(a)f at level R > 0 by

(241)
0 ifa=0

o { o min(lal, R) if a #0
For a vector, the truncation operation applies component-wise.Aar 0, we also consider the sequences,
{yr(i)};>o. given by
yr(i+1) = [Ivar = 80) (L@ In) = a()Ivu] yr() — 86) (LG) @ T ) yr(D) = BG) (L) @ Iar ) Rer ()"
(242)
We will show that for everyR > 0
Po- [ lim yr() = 0] =1 (243)

Now, the sequencgx.. (i)}, converges a.s. to zero, and, hence, for every0, there existsi(e) > 0 (see [37]),

such that
Py- {Sup Hﬁci (4) — Rex ()79 = o] S1-¢ (244)
i>0
and, hence, from eqns. (239,242)
Py« [sup Hy(z) — y B (’L)H = O} >1—c¢ (245)
i>0

This, together with egn. (243), will then imply

Py- [nm y(i) = 0} >1—¢ (246)

i—00
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Sincee > 0 is arbitrary in eqn. (246), we will be able to conclude egn. (157). Thus, the proof reduces to establishing
eqgn. (243) for everyk > 0, which is carried out in the following.
For a givenR > 0 consider the recursion given in eqn. (242). Choese- 0 andes < 0 such that

1—6e9<2m9 — €1 (247)

and note that the fact, that > .5 in AssumptionD.5 permits such choice of, 5. Define the functionV :
N x RVMx1,_, R+ py
V(i,x) =i'x" (L® L) x + pi (248)

wherep > 0 is a constant. Recall the filtratio{ﬂ-‘i}i20 given in eqgn. (119)

Fi=o <X(0)’ {L(j)v{zn(j)}lgN’ T(j)’w(j)}oqd) o

to which all the processes of interest are adapted. We now show that there exists aniigtegérsufficiently

large, such that the proce$¥ (i, yr (7))} is a non-negative supermartingale w.r.t. the filtrat{gh },., . To

this end, we note that o
Eo- [V(i+ Lyr(i+ D) | F] = V(,yr@) = (+1)7yhi+1) (L@ ) yr(i+ 1)+ pli+ 1)
—i*ty{(i) (L © Inr) yr(i) — pi=®

= (i+ 17 |yhe () (T D) yrer () = 2800y F 0 () (T In) yres ()
~20(i)y% 1 (i) (L@ Lnr) e (1) + 28() i)y o1 (1) (L@ Ing) Y- (0)
+02(0)yh ex (1) (T® In) yrer (i) + a2()yh o2 () (T © Int) Y (1)
32 (i) Ey- [yg oo (4) (Z(z') ® IM) (T® Iy) (E(z’) ® IM> Ve (i) ’ ]-'Z}
+23%(i)Eg- [yRCL (i) (L ®IM) (L@ In) (E(z‘) ®IM> (Xe (7) ‘ ]—“]
+82(D)Es- (%5 (0)" (L) @ v ) (L@ Tur) (L) @ Tnr ) (e ()" | 7]

Hi+ 1) =iy 00 () (L® L) yre (i) — pi
where we repeatedly used the fact that
(L@ In)yr() = (L& In) Yrer (9), (Z(i) ® IM) yr(i) = (f(i) ® IM) Yrc+(4) (250)

and L(i) is independent ofF;.
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In going to the next step we use the following inequalities, whegre 0 is a constant:

Yher (L&) yrer (@) > M) ||yre: ()]
o

>
Y]
—~

~
-

= oM@ |y 7.ce @]

> :i((%y;&(i) (Z® In) yres (i) (251)
Vher ) (L@ ) yrer ) < A [[yges ()]

- AA?;((LL))ML) [¥rer O

< *jzv(%)yﬁcL<>(L®fM)yRci<> (252)
Vet @) (L@ ) yrer () < MA@ [yres O

- *iv(%hz(f) Iy r.cs @)

< iif((f))yRcLU(L@IM)yRcL() (253)

Bo- [vhes () (£0) © In) (E@ Inr) (L) ® It )y ()| ] < M( )@ I ) Ypco (i H |J-'}
< @B [lyres O] | 7]

= eAv(@)[lyne: O]

< OOy E O (E ) yre () (259
[0 (500 ) (0 ) (50 1) e 0| 2] = [ [ocs] (00 )]
(T L) H( ®1M)H H Ko (i H ’ f} (255)
< ReiAn(L) ||ygex (0)]] (256)
< Reidn (L) + Reidn (D) ||y g,ex (6)]
< ReiAn (L) (257)
i j(%” Vi) (L&) yrer () (258)
Eo- {(ﬁ@ (i))R (f(i)®lM> (L ® In) (E(z‘)@IM) (Rer (D)F ‘ J-'i] < R’cian(D) (259)
(41T =i < e+ (260)
pli+1)72 = pi < pesi™ ! (261)

where going from eqn. (255) to eqn. (256) we use the fact HI(m@L H < R. Using inequalities (251-261),
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we have from eqn. (250)

o [V Lynti+ 1) 5] - Viyn@) < 407 [ 250 - 2000322 ~ 2000
D) e (D)
+20(i)a(i) A;V(Z) + 8°(4) A;V@
v (i) + 02 220 122 T |y ) (L0 1) v 0
+ [ 5rs 1_ - (2Rei AN (L) + RPeiAn (D)) + p€2i82_1] (262)

For the first term on the R.H.S. of eqn. (262) involving . (i) (L ® Inr) yg,c (), the coefficient-245(i)(i+1)"
dominates all other coefficients eventualty & 1 by AssumptionD.5) and hence the first term on the R.H.S. of
egn. (262) becomes negative eventually (for sufficiently lajg&he second term on the R.H.S. of egn. (262) also
becomes negative eventually becapse < 0 and1 — e, < 219 — &1 by assumption. Hence there exists sufficiently

largei, sayig, such that,
Eo- [V(i+ LynG+1) | £] = VGi,yr(@) <0, Vizin (263)

which shows that the sequen¢® (i,yr(i))} is a non-negative supermartingale w.r.t. the filtrat{of; }

Thus,{V (i,yr(i))};>;, converges a.s. to a?ri?te random variable (see [37]). It is clear that the seqﬂémi;};s
to zero as=5 < 0. We then have
Py Ll_i)lglo i#y5(i) (T ® In) yr(i) exists and is finit}a —1 (264)
Sincei® — oo asi — oo, it follows
Py [_nm y5() (T ® L) yr(i) = o} -1 (265)

11— 00

Sincey% (i) (L ® Ing) yr(i) > A2(L) HyRycL(lb)H2, from eqgn. (265) we have

Py- {lim Ve (i) = 0} —1 (266)
To establish eqgn. (243) we note that
Yrc(i) = 1N ® yR,avg(t) (267)
where
Yravgli + 1) = (1 — a(i)) y ravg(i) (268)

Since ), a(i) = oo, it follows from standard arguments thgi; ayg(i) — 0 asi — oo. We then have from
eqgn. (267)
Py- [ lim ype(i) =0] = (269)
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which together with egn. (266) establishes eqn. (243). The claim in eqn. (157) then follows from the arguments
above.

We now prove the claim in egn. (158). Recall the matfixn egn. (207). Using the fact,

P(L(i)®Iy)=P(L®Iy)=0, Vi (270)
we have
Px(i+1) = Px(i) — a(i) [Px(i) — PJ(z(i))] — B()P (X (i) + ¥(3)) (271)
and similarly
Px(i+1) = Px(i) — a(i) [PX(i) — PJ(z(7))] — BG)P (X (i) + ¥(3)) (272)

Since the sequences’x(i)},-, and {Px(i)},, follow the same recursion and start with the same initial state

PX(0), they are equal, and we have
Py(i) = P(x(i)-x())
I (273)
From egn. (239) we then have
y(i+1) = [Ivar = B0) (L Inr) = ali)Inas = Py (0)=B0) (L) ® Inr ) y()—80) (L) © Lnr ) %(3) (274)
By Lemma 19, to prove the claim in eqn. (157), it suffices to prove
Jim Eg- |[ly(0)[*] =0 (275)

From Lemma 19, we note that the sequetigéi)};>o converges inC, to 1y ® h(6*) and henceC, bounded,

i.e., there exists constant > 0, such that,
sup Eg- [||§<(¢)\|2] < ey < 00 (276)
i>0

Choosej large enough, such that, for> j

[ Inas = B() (L © Ing) — (i) Inm = P|| <1 = B(i)Ao(L) (277)
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Noting thatf(z‘) is independent ofF; and Hf(i)H < ¢y for some constant, > 0, we have for; > j,

Eo- [IyG+DI?] = Eo- [y70) (Ivar = 86) (L@ Inr) = ali) I — P)” ()
L0y () (E<i>)2 (i) + 30" 0) () =00
+6%(0)y" ]

< (1-B)A <>) [Hymﬂwﬂ?() Iy@1IP]
e (i) + (20%()eBed ) Eg. [y ()]
< (1-80n(E >+c2ﬂ2<>+252<>c§c§) Iy @1?]

+32(4) (cgc;g + 20303) (278)

where in the last step we used the inequality

ES. [ly@I?] <Eo- [ly@I?] +1 (279)

Now similar to Lemma 16, choosg > j and0 < ¢, < A2(L), such that,
— Bi)Ae(L) + 30%(i) + 26 (i)c3e; < 1= P(i)es, Vi> g (280)

Then fori > j;, from egn. (278)

Eo- [y +1)I] < (1 = B)ea) Bo- [Iy ()] +62G) (cBes + 2633 ) (281)

from which we conclude thdim; . E {Hy( ) } =0 by Lemma 18 (see also Lemma 16.)
[
Proof: [Proof of Theorem 15] Consistency follows from the fact that by Theorem 14 the seq{®(©¢,.
converges a.s. tdy ® 6*, and the functiomh,~1(-) is continuous.
To establish the second claim, we note that,if'(-) is Lipschitz continuous, there exists constant 0, such

that
A (7)) = F2)|| S klIFL — Vell, ¥V ¥1,52 € RMX! (282)
Since L, convergence implie€, we then have from Theorem 14 for<n < N
Jim [[Eg- [x, (1) = 6°] < lim Eg- [[[xn(d) — 67]]]
= lim Ep- [[[n7" (Ka(i) = h ™" (h(0")]]
<k lim Ep- [[%,(0) — h(67)]

- 0 (283)

which establishes the theorem. [ ]
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