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Abstract. This work considers a many-server queueing system in which ¢ us-
tomers with i.i.d., generally distributed service times en ter service in the order
of arrival. The dynamics of the system are represented in ter ms of a pro-
cess that describes the total number of customers in the syst em, as well as a
measure-valued process that keeps track of the ages of customers in service.
Under mild assumptions on the service time distribution, as  the number of
servers goes to in nity, a law of large numbers (or uid) limi  t is established
for this pair of processes. The limit is characterised as the unique solution to
a coupled pair of integral equations, which admits a fairly e xplicit representa-
tion. As a corollary, the uid limits of several other functi onals of interest, such
as the waiting time, are also obtained. Furthermore, when th e arrival process
is time-homogeneous, the uid limit is shown to converge to i ts equilibrium.
Along the way, some results of independent interest are obta ined, including
a continuous mapping result and a maximality property of the uid limit. A
motivation for studying these systems is that they arise as m odels of computer
data systems and call centers.
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1. Introduction

1.1. Background and Motivation. The main objective of this work is to obtain
functional strong laws of large numbers limits or \ uid" approximations of various
functionals of the G/GI/N queue (that has general arrivals, i.i.d., generally dis-
tributed service times and N servers), in the limit as the number of servers tends
to in nity. In fact, a more general setting is considered that allows for possbly
time-inhomogeneous arrivals. In order to obtain a Markovian description of he
dynamics, the state includes a non-negative integer-valued process that represents
the total number of customers in system, as well as a measure-valued process that
keeps track of the ages of customers in service. The uid limit obtained is for this
pair of processes and thus contains more information than just the limit of the
scaled number of customers in system. In particular, it also yields a descriptio of
the uid limits of several other functionals of interest, including the waiting tim e.
A fairly explicit representation for the uid limit is obtained, which is then used to
study the convergence, as ! 1 , of the uid limit to equilibrium in the case when
the arrival process is time-homogeneous. These results are obtained under mild
assumptions on the service distribution, such as the existence of a density, which
are satis ed by most distributions that arise in applications. While we expect that
these conditions can be relaxed, the representation of the uid limit is likely to
be more involved in that setting. Thus, for ease of exposition, we haveeastricted
ourselves to this generality.

Multiserver queueing systems arise in many applications, and have generally
proved to be more di cult to analyse than single server queues. Thus it is natural
to resort to an asymptotic analysis in order to gain insight into the behavior of these
systems. It is of particular interest to consider an asymptotic regime in vhich the
probability of a positive queue lies strictly between zero and one since this captures
what is observed in many applications. In the seminal paper of Hal n and Whitt
[10], it was shown that for the case of Poisson arrivals and exponentily distributed
service times, this can be achieved by letting both the number of serverhl andpt@
corresponding arrival rate  go to in nity in such a mannerthat 5 = N N
and some > 0. Specically, in [10] a central limit theorem for the number
of customers in system was obtained in this setting and then used to derive an
approximation for the probability of a positive queue (equivalently, the probability
of a customer having a positive wait). For networks of multi-server queues wih
(possibly time-varying) Poisson arrivals and exponential services, uidand di usion
limits for the total number of customers in system were obtained by Mandelbaum,
Massey and Reiman in [17], and these results were later extended to include the
qgueue length and virtual waiting time processes in [18]. All of these results wer
obtained under the assumption of exponential service times.

This work is to a large extent motivated by the fact that G/GI/N queues aris e
as models of large-scale telephone call centers, for which the limiting regime con-
sidered here admits the natural interpretation of the scaling up of the number of
servers in response to an analogous scaling up of the arrival rate of custars (see
[2] for a survey of the applications of multi-server models to call centers). Recent
statistical evidence from real call centers presented in Brown et. al. [2] sugges
that, in many cases, it may be more appropriate to model the service times as
being non-exponentially distributed and, in particular, according to the lognor-
mal distribution. This emphasises the need to obtain uid limits when the service
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times are generally distributed. With this as motivation, a deterministic uid ap-
proximation for a G/GI/N queue, with abandonments that are possibly generally
distributed, was proposed by Whitt in [25]. However, a general functional strong
law of large numbers justifying the uid approximation was not obtained in [ 25]
(instead, convergence was established for a discrete-time version of the model, al-
lowing for time-dependent and state-dependent arrivals). In this paper, we establish
a functional strong law of large numbers limit allowing for time-dependent arrivals,
but in the absence of abandonments, and provide an intuitive and fairly explicit
characterization of the limit. We consider an asymptotic regime in which the num-
ber of serversN goes to in nity, and the arrival rate y scales roughly asN (),
for some possibly time-varying function . This asymptotic regime is essentially
the same as the one considered in [25], and is a slight generalization of the one
introduced originally by Hal n and Whitt in [10], adapted to the situation i n which
only a \uid" approximation (as opposed to a central limit theorem) is sought .
Concurrently with this work, uid and central limit theorems for just the number

in system were established in the work of Reed [22] using a clever comparison Wia
G=GI=1 system. Here, we take a di erent approach that involves a measure-valued
representation. This leads to a semimartingale representation of the uid limi of
the number in system and also yields the uid limits of several other functionals d
interest.

One of the challenges in going from exponential to non-exponential service dis-
tributions is that a Markovian description of the dynamics leads, in the limit as
N !'1 , to an in nite-dimensional state. The measure-valued representation and
martingale methods adopted in this paper provide a convenient framework for the
asymptotic analysis of multi-server queues (see [20] for a recent survey on theeaisf
martingale methods for establishing heavy-tra c limits of multi-server queues with
exponentially distributed service times). Indeed, the framework developed here is
quite exible and can be extended in many ways. For example, the results of this
paper have been generalized in [14] to include abandonments and this framework
has also been used in [15] to establish ergodicity of many-server queues with aban-
donment. In addition, the characterization of the pre-limit obtained here is used
to establish central limit theorems in [16]. In the context of single-server gieueing
networks, recent works that have used measure-valued processes to study uid lim-
its include [4], [7], [8] and [9]. In these papers, the measure-valued processes keep
track of the residual service times of customers. In contrast, in the present paer
we introduce a di erent measure-valued representation that keeps track of the ages
of customers in service. The latter representation o ers several advantages shas
yielding semimartingale representations that are more amenable to computatio,
and can therefore be more convenient in many contexts.

The outline of the paper is as follows. A precise mathematical description of the
model, including the basic assumptions, is provided in Section 2. Section 3 intro-
duces the uid equations and contains a summary of the main results. Uniqueness
of solutions to the uid equations is established in Section 4 and the functional
strong law of large numbers limit is proved in Section 5. Finally, the large-time or
equilibrium behavior of the uid limit is described in Section 6. In the remainder
of this section, we introduce some common notation used in the paper.

1.2. Notation and Terminology. The following notation will be used throughout
the paper. N is the set of positive integers,Z. is the set of non-negative integers,
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R is set of real numbers andR. the set of non-negative real numbers. Form;b2 R,

a _ b denotes the maximum ofa and b, a” b the minimum of a and b and the
short-hand a* is used fora_ 0. GivenA R anda2 R, A a equals the set
fx 2 R:x+ a2 Agand 1z denotes the indicator function of the setB (that is,

I (x)=1if x 2 B and 15 (x) = 0 otherwise).

1.2.1. Function Spaces. Given any Polish spaceS, G(S) and G(S) are, respec-
tively, the space of bounded and continuous real-valued functions and the space of
continuous real-valued functions with compact support de ned onS. In this paper,

S will typically be either a subset of R or of R2. When S=[0;M) R, ;the space
CG([0;M) Ry) refers to the space of continuous functions orR? with compact
support, restricted to [0;M) R, , the spaceC:1([0;M) R.) is de ned to be the
subset of functions' in G([0;M) R.) for which the directional derivative

) 2im O 9T) KD g0 om) Ry

"x(x;8)+

exists and lies inG.([0;M) R.), and the spaceC-'*([0;M) R, ) is the space
of bounded functions on [M) R, for which the directional derivative ' x + ' ¢
exists, and is also bounded and continuous. Alsoi (R?) is the space of in nitely
di erentiable functions on R2. For S = [0;M) the spaceG[0;M) is the space of
continuous functions with compact support on [QM) and G[0;M) is the subset
of once continuously di erentiable functions in G.[0;M). For f 2 CL[0;M), we let
f° denote the derivative of f . Also, BV[0; 1 ) is the space of adhg functions on
[0;1 ) with f (0) = O that have nite variation on every bounded interval in R,
and | ¢[0; 1 ) is the subspace of non-decreasing @dag functions withf (0) = 0. Let
L[0;M) and Li.[0; M) represent, respectively, the spaces of Lebesgue integrable
and locally Lebesgue integrable functions on [0M). Recall that for M 1 |, a

nction is said to be locally Lebesgue integrable on [M ) if and only if it satis es
[O;m]jf (X)jdx < 1 for all m < M . The constant functions f landf Oon
[0; M) will be represented by the symbolsl and 0, respectively. With some abuse
of notation, we will also usel and 0O for the constant functions on [OM) [0;1 ),
respectively, that equal 1 and 0 respectively. The use will be clear from the contex
In addition, we use T to denote the constant function on R: that is equal to 1.
Furthermore, we useid to represent the identity function on R.: id(t) = t for
t2R,. Givenanyf denedon [O;M);M 1 , we dene kfk; =supg,o.1)If ()]
for every T M. For a real-valued function' on S, let k' k; = sup,,sj' (X)j.
Note that both kf k; and kfk, could possibly equal in nity. In addition, the
support of a function ' is denoted by supp( ). )

Given a non-decreasing, right continuous functionf having left limits, with f =

SUPsz (01 ) f (), consider the following inverse functionals that take values in the
extended reals:

(1.2) inv[f](t) = inf fs 0:f(s) tg; t2][0;f];

with the convention that [0;f ]=[0;1)iff =1 ,andiff < 1 then inv[f](t) =
1 fort>f . Likewise, let

(1.2) f Yt)=supfs O0:f(s) tg: t2[0f):
andf (t)=1 fort f .
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1.2.2. Measure Spaces.The space of Radon measures on a Polish spa& en-
dowed with the Borel -algebra, is denoted byM (S), while M ¢ (S), M 1(S) and
M 1(S) are, respectively, the subspaces of nite nonnegative, probability and sub-
probability measures in M (S). Also, givenB < 1, M g(S) M ¢(S) denotes
the space of measures in M g(S) such that (S) B. Recall that a Radon
measure is one that assigns nite measure to every relatively compact subset &.
By identifying a Radon measure ZZI\/I (S) with the mapping on G.(S) de ned by

T (X)) (dx);
S

one can equivalently de ne a Radon measure o1$ as a linear mapping fromC(S)
into R sucg that for every compact setK S, there existsLk < 1 such that

1.3) "(X) (dx) Lk K Kk, 8' 2 C(S) with supp(') K :
S

The spaceM (S) is equipped with the vague topology, i.e., a sequence of measures
f ,gin M (S) is said to converge to in the vague topology (denoted , ! ) if
and only if for evgry " 2C(S),

(1.4) "(X) n(dx)! "(X) (dx) asnl!l
S S

On M ¢ (S), we will also consider the weak topology, i.e., a sequende ,gin M ¢ (S)
is said to converge weakly to (denoted , I ) if and only if (1.4) holds for every
" 2 Cy(S). Asis well-known, M (S) and M ¢ (S), endowed with the vague and weak
topologies, respectively, are Polish spaces. The symbok will be used to denote
the measure with unit mass at the point x and, with some abuse of notation, we
will use 0 to denote the identically zero Radon measure onS. When S is an
interval, say [0; M), for notational conciseness, we will often writeM [0; M ) instead
of M ([0; M)).

We will mostly be interested in the case whenS =[0;M)and S=[0;M) R.,
for someM 2 (0;1 ]. To distinguish these cases, we will usually usé to denote
generic functions on [M ) and ' to denote generic functions on [OM) R, . With
some abuse of notation, givenf on [0;M), we will sometimes also treat it as a
function on [0;M) R, that is constant in the second variable. For any Borel
measurable functionf : [0;M) ! R thatis integrable with respectto 2 M [0; M),
we often use the short-hand notatio%

H; 1= f(x) (dx):
[o;M)
Also, for ease of notation, given 2 M [0;M) and an interval (a;b)  [0; M), we
will use (a;b) and (a) to denote ((a;b) and (fag), respectively.

1.2.3. Measure-valued Stochastic Processessiven a Polish spaceH, we denote
by Dy [0; T] (respectively, Dy [0;1 )) the space of H-valued, @dhg functions on
[0; T] (respectively, [0 1 )), and we endow this space with the usual Skorokhod;-
topology [19]. ThenDy[0; T] and Dy [0; 1 ) are also Polish spaces (see [19]). In this
work, we will be interested in H-valued stochastic processes, wherld = M ¢[0; M)
for someM 1 . These are random elements that are de ned on a probability
space ( ;F;P) and take values in Dy [0;1 ), equipped with the Borel -algebra
(generated by open sets under the Skorokhod;-topology). A sequencef X, g of
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@dhg, H-valued processes, withX,, de ned on the probability space ( n;Fn;Pn),
is said to converge in distribution to a @adhg H-valued processX de ned on
( ;F;P)if, for every bounded, continuous functional F : Dy [0;1 ) ! R, we have

lim B [F(Xn)] = E[F (X

where E, and E are the expectation operators with respect to the probability
measuresP, and P, respectively. Convergence in distribution of X, to X will be
denoted by X, ) X.

2. Model Dynamics and Basic Assumptions

In Section 2.1 we describe our basic model and state our main assumptions, and
in Section 2.2 we introduce some auxiliary processes that are useful for the study
of the dynamics of the model.

2.1. Description of the Model. Consider a system withN servers, where arriv-
ing customers are served in a non-idling, First-Come-First-Serve (FCFS) manner,
i.e., a newly arriving customer immediately enters service if there are any idle
servers, or, if all servers are busy, then the customer joins the back of the queue,
and the customer at the head of the queue (if one is present) enters service as soon
as a server becomes free. Our results are not sensitive to the exact mechanism
used to assign an arriving customer to an idle server, as long as the non-idling
condition is satis ed. Let E(N) denote the cumulative arrival process, withE (N) (t)
representing the total number of customers that arrive into the system in the time
interval [0;t], and let the service requirements be drawn from an i.i.d. sequence
fvi;i= N+1; N+2;:::;0;1;:::9, with common cumulative distribution func-
tion G. For i 2 N, v; represents the service requirement of théth customer to
enter service after time 0. Let X (N)(0) denote the number of customers in the
system at time 0. Thenfv;;i = (X(N)(0)A N)+1; ;0grepresents the service
requirements of customers already in service at time zero. Whe& () is a renewal
process, this is simply a GI/GI/N queueing system.

Consider the adhg, real-valued processR,(EN) de ned by
. n (o]
(2.1) RM(s)zinf t>s :EM(@)>EMN)(s) s

which denotes the time froms until the next arrival. If E(N) is a renewal process,
then R,(EN) is simply the forward recurrence time. The following mild assumptions
will be imposed throughout, without explicit mention.

E(N) is a non-decreasing, pure jump process wittE(N)(0) = 0 and for
t2[0;1), EN(t)<1 andEMN)I(t) EMNI(t )2f0;1g;

The cumulative arrival processE(N) is independent of the sequence of ser-
vice requirementsfvj;j = N +1; N +2;:::0;

The processR,(EN) is Markovian with respect to its own natural ltration;
this holds, for example, whenE(N) is a renewal process (see Proposition
1.5 of Section V of [1]) or an inhomogeneous Poisson process;

G has densityg;
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Without loss of generality, we can (and will) assume that the mean service

requirement_is 1:
Z Z

(2.2) (1 G(x)) dx= xg(x)dx =1:
[0;1) [0;1)

The sequence of processdR\ ) EMN); X N (Q);viji = N +1;:::;0,1; gy an

are all assumed to be de ned on a common probability space (; F ; P) that is large

enough for the independence assumptions stated above to hold.

The rst three assumptions stated above are very general, allowing for a lage
class of arrival processes. Note that the fourth assumption implies, in paicular,
that G(0+) = 0. The existence of a density is assumed for convenience, and is
satis ed by a large class of distributions of interest in applications. The relaxation
of this assumption would lead to a more complicated and somewhat less intuitie
representation for the uid limit and thus, for ease of exposition, we have estricted
ourselves to this generality. De ne the hazard rate

2 9x) M
(2.3) h(x) = T 60 x 2 [0;M);
where
(2.4) M = supfx 2 [0;1 ) : G(x) < 1g:

Note that in many interesting cases,M = 1 . Also, observe thath is automatically
locally integrable on [0;M ) since forevery0 a b<M,
Zy
h(x)dx=In(1 G(a)) In(1 G(b)<1:
a
When additional assumptions onh are needed, they will be mentioned explicitly in
the statements of the results.

The N -server model described above can be represented in many ways (see, for
example, representations for GI/G/N queueing systems in [1, Chapter XIlI]). For
our purposes, we will nd it convenient to encode the state of the system in the
processes R1); X V), (V) where RM) is the process de ned in (2.1), X V) (t)
represents the number of customers in the system at timd (including those in
service and those in the queue, waiting to enter service) andt(N) is the discrete
non-negative Borel measure on [M) that has a unit mass at the age of each
of the customers in service at timet. Here, the agea]-(N) of customerj is (for
every realization) the piecewise linear function on [Q1 ) that is de ned to be O till
the customer enters service, then increases linearly while the customer is in service
(representing the amount of time elapsed since entering service) and is then constant
(equal to the total service requirement) after the customer departs. Hence, the total
number of customers in service at timet is given by ht; (Mi = ™) [0o;M), which
is bounded above byN and so t(N) 2M \[O;M) foreveryt 2 [0;1 ). Our results
will be independent of the particular rule used to assign customers to servers, but
for technical purposes we will nd it convenient to also introduce the additional

N 2 N, de ned on the same probability space ( ;F;P). For eacht 2 [0;1), if
customerj has already entered service by timd, then Sj(N )(t) is equal to the index
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SJ-(N)(t) = 0 otherwise. Finally, for t 2 [0;1 ), let F}(N) be the -algebra generated

[0;t]g and let fF t(N )gt o denote the associated right continuous ltration, which is
completed (with respect to P) so that it satis es the usual conditions. As elaborated
on in the next section, it is not hard to see that (EMN); X (N); (N)y is £ (Mg
adapted. An explicit construction of these processes (in a more general setting
that allows the possibility of abandonments) that uses the framework of piecevge
deterministic Markov processes can be found in [14]. The results in [14] show,
in particular, that f(R(EN)(t);X(N)(t); t(N)); Ft(N); Pg is a strong Markov process,
though we do not use this property in this paper.

2.2. Some auxiliary processes. We now introduce the following auxiliary pro-
cesses that will be useful for the study of the evolution of the system:

the cumulative departure processD(N), where D(N)(0) = 0 and for t >
0; DN)(t) is the cumulative number of customers that have departed the
system in the interval (0; t];

the processk (N, whereK (N)(0) = 0 and for t> 0, K (N)(t) represents the
cumulative number of customers that have entered service in the interval

(O; 1].
Simple mass balances show that
(2.5) DN) = x (N)(g) XN 4 g(N).
and
(2.6) KM = p; M p1; Wi+ pt:

Due to the FCFS nature of the service, observe thatk (N)(t) is also the highest
index of any customer that has entered service by timet, and soK (N) is fF t(N)g-
adapted. _

For N 2 N and eachj, let J-(N) = inv[ K (N)](j), where inv is de ned as in (1.2).

In other words, ]-(N) is the time at which customerj enters service. The age process

of all customers in service increases linearly and so, given the service requirenten

of customers, the evolution of the age process can be described explicitly in terms
(N)

of the stopping times ;" as follows:
(h (N)i (N)
) i ) <Vi:
@.7) aj(N)(t) _ t i _ 0 ift j Vi;
v;  otherwise.
Fort O; the measure t(N) can be written in the form
KR
(2.8) N = M)y Iy g0 :
: t aj (1) fay (H)<vg”
j=h1; Min

Recall that 4 represents the Dirac mass at the pointx. Now, at any time t, the age
process of any customer has a right-derivative that is positive (and equal toone)
if and only if the customer is in service, and has a left-derivative that is positve
and a right-derivative that is zero if and only if it has just departed. Thus D(N) is
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clearly fF t(N)g-adapted and, since t(N) can be written explicitly purely in terms of
the age process as

KR

(2.9) Ny = iy

0 -
N N ’
aj( (1) %aj( J(t+) >0

j=h1; Miw

(N) is also fF t(N)g-adapted. Furthermore, sinceht; t(N)i represents the number
of customers in service at timet, the non-idling condition takes the form

(2.10) N h1; Mj=[Nn xMN*:

This shows that h1; (V)i < N if and only if X N)(t) < N, which occurs if and
only if the number in system is equal to the number in service, and so there is
no queue. From the above discussion, it follows immediately that the processes
X (N): (N p(N) and K (V) are all fF (M) g-adapted. For an explicit construction of
these processes, in a more general context that allows the possibility of custeer
abandonment, see [14].

Remark 2.1. If M < 1, then for every N, we will always assume that ((JN) has
support in [0; M ). From (2.8), this automatically implies that t(N) also has support

in [0; M) for every t 2 [0;1 ) and, moreover, that (N) 2Dy jom)[0;1 ).

3. Main Results

We now summarise our main results. First, in Section 3.1, we introduce the
so-called uid equations, which provide a continuous analog of the discrete model
introduced in Section 2. In Section 3.2 we present our main results, which in
particular show that, under the speci ed assumptions, the uid equations uniquely
characterize the strong law of large numbers limit of the multi-server sysem, as the
number of servers goes to in nity. Lastly, in Section 3.3, we show how our resuft
can be used to obtain uid limits of various other functionals of interest. This, in
particular, illustrates the usefulness of adopting a measure-valued representation
for the state.

3.1. Fluid Equations. Consider the following scaled versions of the basic pro-

cesses describing the model. FA¥ 2 N, the scaled state descriptorﬁ(EN);Y(N);*(N))

is given by

XMN(t)
N 1

=(N) o (N) —(N) gy = M(B)
t ( )_ T

(3.1) RE ()= RM @y, x™M ()=

for t 2 [0;1 ) and any Borel subsetB of [0;M), and observe that *EN) is a sub-
probability measure on [0 M) for every t 2 [0;1 ). Analogously, de ne

. - ENN) _ . p(N) . . (N)
(3.2) g 2 BN ey 2 Dy o KT

N N N
Recall that 14[0;1 ) is the subset of non-decreasing function§ 2 Dg, [0;1 )
with f (0)=0and M =supfx 2 [0;1): G(x) < 1g, and de ne

3.3) SO:: (f;x; )210[0;1) Ry M 4O;M):1 h1l; i=[1 x]
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Sp serves as the space of possible input data for the uid equations. We make
the following convergence assumptions on the primitives of the scaled sequence of
systems.

Assumption 1. (Initial conditions) There exists an Sp-valued random element
(E; X (0); 7o) such that, asN !'1 , the following li]mits hold:
W E™ 1 E inDr[01)Pas,andE EC(t) ! E E(t) < 1 for
everyt 2 [0;1); h i
@ x™M@©! X(@© inR, Pas,andE X" ! EX(@©O)]<1:
3 *E,N) I' 7o weakly inM ;[0;M), P-a.s.

Remark 3.1. Note that conditions (1) and (2) of Assumption 1 imply that for
everyt 2 [0;1 ), limsupy EX " (0)+ EM (0] < 1 .

Remark 3.2. If the limits in Assumption 1 hold only weakly rather than almost
surely, then using the Skorokhod representation theorem in the standard way, it can
be shown that all the stochastic process convergence results in the paper continue
to hold.

Our goal is to identify the limit in distribution of the quantities ( Y(N);*(N)),
asN !'1 . In this section, we rst introduce the so-called uid equations and
provide some intuition as to why the limit of any sequence X(N);*(N)) should be
expected to be a solution to these equations. In Section 5, we provide a rigorous
proof of this fact. In what follows, h is the hazard rate function de ned in (2.3).

De nition 3.3. (Fluid Equations) The adhg function ( X; ™) dened on [0;1 )
and taking values inR. M  1[0; M) is said to solve the uid equations associated
with (E; X (0); 7o) 2 Sy if and only if for every t 2 [0;1 ),

z t

(3.4) hh; sids<1;
0
and the following relations are satis ed: for every' 2 CX1([O;M) R:),
z t
(85)  HQGt; i = R0+  H(;s)+ " s(;9); sids
Z, 0 z
th()' (;s);Tsids+  * (0;5)dK(s);
0 [0;t]
z t
(3.6) X(t) = X(0)+ E(@) Hh; i ds;
0
and
(3.7) 1hl~i=[1 X@O;
where
z t
(3.8) K(t)=hL;—i h 1,5+ hh;sids:

0
We now provide an intuitive explanation for the form of the uid equations.
Suppose K; 7) solves the uid equations associated with some E; X (0); 7o) 2 So.
Then, roughly speaking, forx 2 R., —s(dx) represents the amount of mass (or
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limiting fraction of customers) whose age lies in the rangeX; x + dx) at time s.
Since h is the hazard rate, h(x) represents the fraction of mass with agex that
would depart from the system at any time. Thus hh; —¢i, which is nite for almost
every s by (3.4), represents the departure rate of mass from the uid system at
time s, and the processD given by

t
(3.9 D(t)= Hh;sids t2[0;1);

0
represents the cumulative amount of departures from the uid system. SinceE is
the limiting cumulative arrival rate of mass into the uid system in the i nterval
[0;t], a simple mass balance yields the relation (3.6) (in analogy with the pretnit
equation (2.5)). Likewise, (3.7) and (3.8) are the uid versions of the non-tdling
condition (2.10) and the mass balance relation (2.6), respectively. It is @ar from
(3.6) that X is continuous (respectively, absolutely continuous) ifE is continuous
(absolutely continuous).

Next, note that the uid equation (3.5) implies, in particular, that for f 2

Qo M),
Zt Zt

(3.10) W, —i=H; Hi+ H%ids hh; —i ds+ f (Q)K (t):
0 0

The dierence H; —¢i h f; —4i is caused by three di erent phenomena { evolution
of the mass in the system, departures and arrivals { which are represented by
the second, third and fourth terms on the right-hand side of (3.10), respectively
Speci cally, the second term on the right-hand side represents the change inm
due to the fact that the ages of all customers in service increase at a constant
rate 1, the third term represents the change due to departures of customers that
have completed service, and the last term on the right-hand side of (3.10) accounts
for new customers entering service. Her& (t) represents the cumulative amount of
mass that has entered service in the uid system, and is multiplied byf (0) because,
by de nition, any customer entering service has age 0 at the time of entry.

To close the section, we state a simple property, which we will sometimesefer
to as the \non-anticipative" property, of solutions to the uid limit that wil | be
used in Section 6. For this, we require the following notation: for anyt 2 [0;1 ),

EV2E@+) E) KY2K@+) K@) XUE2X@e+) W=,
Lemma 3.4. Suppose(X; 7) is a solution to the uid equations for a given initial
condition (E; X (0); o) 2 Sg, and K is the associated process that satis es (3.8).
Then for any t 2 [0;1 ), (X'": 1)) is a solution to the uid equations associated
with the initial condition (Em;f(t);j) 2So, and K is the corresponding process
that satis es (3.8), with — replaced byt

The proof of the lemma involves straightforward algebraic manipulations of the
uid equations, and is thus omitted.

3.2. Summary of Main Results. Our rst result concerns uniqueness of solu-
tions to the uid equations, which is established at the end of Section 4.1.

Theorem 3.5. Given any (E; X(0); 7o) 2 So, there exists at most one solution
(X; 7) to the associated uid equations (3.4){(3.7). Also, if ~— satis es (3.4) then
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(X; ™) is a solution to the uid equations (3.5){(3.8) if and only if (X; ™) satis es
(3.6) and, for every f 2 Cy(R+),

$3.11) 7 7

F@) = fery = CET Y aae ft 9@ G s) dK ()
[O;M) [0;t]

0M) 1 G(x)

where K is given by (3.8). Moreover, if E is absolutely continuous with derivative
a.e. equal to , then K is also absolutely continuous and its derivative™ satis es
fora.e.t2[0;1),

o< ) ifX(@{) <1
(3.12) ()= (t)*hh; i if X()=1
' h, =i if X(t) > L
Furthermore, if both —9 and E are absolutely continuous, ther is absolutely con-
tinuous for everyt 2 [0;1 ).

Remark 3.6. Note that if E is absolutely continuous with respect to the Lebesgue
measure onR. ; then so ish; ~i, and the solutions to the uid equation are con-
tinuous (in the time parameter), as the word uid suggests.

It is also possible to consider the case when the residual service times of the
customers already in the system is distributed according to another distributionG.
Indeed, our proofs show that in this case the relations (3.11) and (3.12) contine
to hold, with G in the rst integral on the right-hand side of (3.11) replaced by G.

Our next main result shows that, under a mild additional condition on the hazard
rate function h stated as Assumption 2 below, a solution to the uid equations exists
and is the functional law of large numbers limit of the N -server system, adN ! 1

Assumption 2. There existsmg <M such thath is either bounded or lowersemi-
continuous on (mg; M).

Theorem 3.7. Suppose the initial conditions (E; X (0); ) 2 So satisfy Assump-

tion 1. Then the sequencef (X "):~(N))g is relatively compact. If, in addition,
Assumption 2 holds, then a unique solutior(X; ~) to the uid equations associated

with (E: X (0); o) exists and (X ");~()) converges weakly adl ' 1, to (X: ):
The proof of Theorem 3.7 is given at the end of Section 5.4. The key steps in the
proof involve showing tightness of the sequencé(X " ;—(N))g, which is carried
out in Section 5.3, characterizing the limit points of the sequence as solutionsat

the uid equations, which is done in Section 5.4, and invoking the uniqueness of
solutions to the uid equations stated above in Theorem 3.5.

Remark 3.8. Dene ~ to be the measure on [OM ) that is absolutely continuous
with respect to Lebesgue measure, and has density 1 G(x): for any Borel set
A [O;M),

A
(3.13) “(A)= (1 G(x)dx:
A
It is easy to verify that, when E is absolutely continuous with derivative () almost
everywhere bounded below by 1X(0)= ¢ 1 and = — , the pair (X; 7) de ned
by

X(t)=c+ E(t) t = t2[0;1);
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satisfy equations (3.6), (3.11) and (3.12) with (Here, recall thatid denotes the iden-
tity function id(t) = t; t 2 R..) In particular, when E = id, (cT;~ ) constitutes
an invariant solution for the uid equations; that is, if X (0) = cand =5 = — then
X(t)=cand =" forallt O

In the time homogeneous setting (i.e., with constant uid arrival rate) it is
therefore natural to ask whether the component™ of the unique solution to the
uid equations (when it exists) converges to — in the large-time limit. This is
the subject of our last result. Also, recall that a family of nite, non-negative
measuresf (gi2r, IS said to converge weakly, as ! 1 , monotonically up to
a nite, non-negative measure if and only if for every non-negative, bounded,
continuous function f , the sequence of real number#f; i increases,as!1 ,to
H; .

Theorem 3.9. Suppose Assumption 2 is satis ed. Giver( id; X (0); o) 2 So with
~ 2 [0;1], let (X; 7) be the unique solution to the associated uid equations. The
the following two properties are satis ed.
(1) If X(0)=0 then,ast!1 , X(t)= hl; ;i converges monotonically up to
~ and —; converges weakly monotonically up to ~ .
(2) If the service distribution has a second moment, then givenrgy initial con-
dition (id;X (0);0) 2 Sp, ast!1 , =, converges weakly to~ , i.e., for

everyf 2 Gy[0;1 ), 7

(3.14) limh;, i=H, " i= f(x)(1 G(x))dx:
t [0:1)
The proof of Theorem 3.9 is presented in Section 6. For the case< 1, property
1 of Theorem 3.9 was stated as Theorem 7.3 of [25] without proof.

Remark 3.10. Our main theorems hold for the majority of distributions that arise
in practice, including the exponential, lognormal, phase type, uniform, Weibull and
Pareto distributions. It does not, however, cover the deterministic distribution.

3.3. Fluid Limits of Other Functionals. In the last section, we identi ed the
uid limit of the scaled number of customers in system. In fact, the uid limit
contains a lot more information. For instance, as a direct consequence of the con-
tinuous mapping theorem, Theorem 3.7 also identi es the limit, asN !'1 |, of the

scaled queue length proces®'’ = QN)=N, which is the normalised number of
customers waiting in queue (and not in service) at any time: we have

—(N) —(N —(N [ — —_
Q"2 M+ E™ K") Q2Q0+E K
Below, we identify the uid limits of other functionals of interest.

3.3.1. Waiting Time. The waiting time functional is of particular interest in the
context of call centers, where service targets are often specied in terms of the
proportion of calls that experience a wait of less than some given level (seeorf
example, [2]).

Recall the de nitions of inv[f] and f ! given in (1.1) and (1.2), respectively.
Assuming the system starts empty, the waiting time w(N)(j) of the jth customer
in the Nth system is the time elapsed between arrival into the system and entry
into service. This functional can be written explicitly as

(3.15) w2 i K™MG) i ENG); 2 N:
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Also, consider the related process de ned on [ ) by wN)(t) = wN)(EMN) (1))
and note that for t 2 [0;1 ),

wM @) =i KM IE™ 1) i EMIE™ 1))
Lastly, let W be the process given by
(3.16) wt)= K EWR) t t2[01):

We will say a function f 2 D[0; 1 ) is uniformly strictly increasing if it is absolutely
continuous and there exists > 0 such that f qt) forall t 2 [0;1 ). Note that
for any such functionf 1(f (t)) = t andf ? is continuous on [Q1 ). We have the
following uid limit result for the waiting times in the system.

Theorem 3.11.  Suppose the conditions of Theorem 3.7 hold an& is uniformly
strictly increasing. If, in addition, K is continuous and uniformly strictly increasing
thenw(™) ) wasN !1

Proof. By Assumption 1 and Theorem 3.7, it follows that g™ ) E andK"W )

K: Using the Skorokhod Representation Theorem, we can assume that the conver-
gence in both cases is almost sure. When combined with the fact thaE and K
are uniformly strictly increasing, Lemma 4.10 of [21] shows that invf (N)] 1 f 1
(almost surely, uniformly on compact sets) forf = E and K. Now, x T < 1
and ! 2 such that these limits hold and also x some " > 0. Moreover, let
No = Ngo(!' ) < 1 be such that forall N  Npg,

h i
sup inv[f Mis) £ (s) "
s2[0;E™) (1))

for f = E; K. Then we have

sup iK™ IE™ 1) K HE@)i

t2[0;T]
sup jinv[K™ )](E‘”’a» K HE™ (1)
t2[0;T]
+sup jK FEM @) K E))]
t2[0;T]
+osup jKCEM ) K HE®):
t2[0;T]

The continuity of K * and the fact that a.s., E™1 EuocasN!l |, together,
ensure that a.s.jK l(E(N)) K 1(E)j! Ou.o.c.asN !1 . Sowe have

lim sup jInV[K ](E(N)(t)) K 'Eq) ™
N t200:T]

Sending" ! 0, we infer that inv[K(N)] EMr k't E uniformly on [0;T]. An

analogous argument shows that invE(N)] EM id, where recall thatid :t 7! t
is the identity mapping on [0;1 ). When combined with the de nition of W, the
theorem follows.



FLUID LIMITS OF MANY-SERVER QUEUES 15

3.3.2. Workload Process. The workload (or un nished work) process V(N) is de-
ned to be the amount of work in the N th system (including the work of customers
waiting in queue and the residual service of customers in service):

KR X M) h 15"+ EM) (1)
vN) (1) = vi  aM() + VE
) ] J]TaJ(N)(t)<vig j-
j=h1; Mi+ P= KN+

Let the scaled workload process7(N) be de ned in the usual fashion. We brie y
outline below how the results and techniques of this paper may be used to charac-

terize the limit V of the sequence of scaled workload processE?(N)g. A rigorous
proof is beyond the scope of this paper.

Let (N) be the measure-valued process (analogous tdN)) that represents the
residual service times (rather than the ages) of customers in service in thé&lth
system: fort 2 [0;1 ),

K@)
(N) = X

t Vj aJ(N)(t)]]TaI(N)(t)<ng
j=h1; Miv

and let ") denote the corresponding scaled quantity. Fluid equations can be
derived for the limit ~ of the sequencd ~(N)g in a manner similar to those derived
for ~ in this paper and, under mild assumptions, we believe it can be shown that,
asN 11, =(N))y — where for everyf 2 C;[O;M) and t 2 [0;1 ),

_ 2t g B}
(38.17) H; =i = om) o 17(3()()f(r)dr 1 (dx):

A completely rigorous proof of this result is beyond the scope of this paper. How
ever, below we provide a plausible argument to justify the above claim. Giverthe
age x of any customer that was already in service at time 0, the probability that
the residual service time of the customer at timet is greater than u is given by
(1 G(x+t+u)=(1 G(x)). Thus the density of the residual service time distri-
bution at time t for a customer that had agex attime Ois g(x + t+ )=(1 G(x)).
Likewise, the density of the residual service distribution at time t for a customer
that entered the system at time O0<s <t isg(t s+ ). Moreover, given the ages
of all customers in service, the residual service times of customers in serviceear
independent. Therefore, by a strong law of large nhumbers reasoning, one expects
that the limiting residual service measure~ can be written in terms of the limit-
ing initial age measure— and limiting cumulative entry-into-service processK as
follows: for f 2 C;[0; M),

z oz,
i = I+ e ydr —o(dx)
@) 2, 1 G(x)

+ gt s+ nf(r)ydr dK(s):
0t] o

The desired result is then obtained by using the representation (4.3) to rewrite the
right-hand side above as an integral with respect to—.
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From the de nition of t(N), the workload process admits the alternative repre-

sentation
z EM @+ x 0 h 1; ¢
vN)(t) = x (N (dx) + vj:
[o:M) j =K (N (t)+1

Due to (2.5), (2.6) and (2.10), it follows that the number of terms in the second sum
equals K (N)(t) NJ*. When combined with the fact that the service times fv; g
are i.i.d. with mean 1 and the convergence of (N) to ~ it is natural to conjecture
(under suitable assumptions that justify the substitution of linear test functions f)

the convergenceV(N) ) VasN!1 |, where
z 1

rg(x +r)

om) o 1 G(x)

It is worthwhile to note that, when —o equals the invariant measure™ de ned in
(3.13),then /v = = forallt2 [0;1 ) and V(t) < 1 if and only if G has a nite
second moment.

(3.18) V(t) = dr —(dx)+(X() 1)*:

4. Uniqueness of Solutions to the Fluid Equation

In this section we show that there is at most one solution to the uid equation
for any given initial condition. In fact, we will establish two stronger pr operties
of the uid equation, both of which imply uniqueness. The rst is continuity of
the mapping that takes (E; X (0); o) 2 So to a corresponding solution X; ™) of
the uid equation, which is established in Section 4.1. The second is a maximality
property that is established in Section 4.2. The proofs of both continuity and
maximality rely on identifying the solution to a certain integral equati on, which is
carried out in Section 4.3. Existence of solutions to the uid equation will follow
from results established in Section 5 (see, in particular, Theorem 5.15).

4.1. Continuity of the Fluid Equation Map. We begin by analyzing the inte-
gral equation (4.2) below, which is the uid equation (3.5), but with K replaced
by an arbitrary, bounded variation adhg function Z 2 BV[0;1 ) and with —¢ re-
placed by an arbitrary Radon measure o 2 M [0; M ). Speci cally, in Theorem 4.1
we provide an explicit formula for the solution ~ to the integral equation in terms
of 7o and Z. Roughly speaking, when—g = —9 and Z is any @dhg, non-decreasing
process this formula characterizes the evolution of the uid age process that would
result when the cumulative uid arrivals into service is Z. On substituting Z = K,
this yields a relation that must be satis ed by any pair of processes™ and K that
satisfy the uid equations for the initial condition —. This relation, along with the
non-idling condition, is then used to establish continuity of the uid solution map
in Theorem 4.6.

Recall that M 2 (0;1 ]is the right-end of the support of the hazard rate function
h, and that h is always locally Lebsegue integrable on [M ).

Theorem 4.1. Supposef 7sgs o 2 Dy j0:m)[0;1 ) has the property that for every
m2[0;M)and T 2 [0;1 ), there existsC(m;T) < 1 such that

(4.2) ' H(;s)h(),sids Cm;T)K k;
0



FLUID LIMITS OF MANY-SERVER QUEUES 17

for every ' 2 C([O;M) Ry) with supp( ) [O;m] [0;T]. Then, given any
“02M [0O;M) and Z 2BV[0;1 ), fs0s o Satis es the integral equation
z t
H(t), i = H(;0);0i+ Hy(;s)+ "' s(;8);, sids
(4.2) Z, 0 z
th()' (;s); sids+ ' (0;8) dZ(s)
0 [o;t]
for every'Z 2CEY(o;M)  R:) azndt 2 [0;1), if and only if f=sgs o Satis es

1 G(x+1t)_

(4.3) f(x) t(dx) = f(x+1t) o(dx)
)

CRY M) - 1 G(x)

+ f(t s Gt s))dz(s)
[0;t]
for everyf 2 C;(R:+) andt 2 [0;1 ). Moreover, if /o2 M ¢[0; M) then (4.3) holds
for every f 2 Cy(R+).

Remark 4.2. We shall refer to the integral equation (4.2) as theage equation
(corresponding to 7 and Z). Note that (4.1) is implied by condition (3.4) of
the uid equations and, as remarked earlier, the age equation is simply the uid
equation (3.5), with =5 and Z in place of 7o and K , respectively. Furthermore, note
that the equation (4.3) only depends on the values off in [0;M) since f (u)(1
G(u)) = 0 for all u M, and (4.3) completely characterizes the deterministic
measure-valued process.

Remark 4.3. The last integral in (4.3) is, as usual, to be interpreted as a Riemann-
Stieltjes integral. A straightforward integration-by-parts shows that for every
f 2 CHR. )Zand t 2 [0;1 ), this integral also admits the alternative representation

f(t s)1 G(t s))dZ(s)
[0:it] Z

(4.4) = f(0)Z(t) + fqt s)(1I G(t s))Z(s)ds
7 .

[0:t]
f(t s)gt s)Z(s)ds:
[0:t]
The proof of Theorem 4.1 involves PDE techniques and is relegated to Section
4.3. As a simple corollary of Theorem 4.1, we have the following result.

Corollary 4.4.  Let (X;7) be a solution to the uid equations associated with
(E; X(0);70) 2 Sg. Then the function K de ned by (3.8) satis es the renewal
equation

G(x+1) G(x)_

K@) = H;=i h 1;i+ o(dx)

(4.5) z, om)y 1 GX)
+ g(t s)K(s)ds
0

for everyt 2 [0;1 ), %nd admits the representation

K@) = (hL; ¢ i h 1;70i) dU(s)

[05t] |
z z G(x+t s) G(x) ~(dx)  dU(s):

0]  [O:M) 1 G(x)

(4.6)
+
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where dU is the renewal measure associated with the distributiort.

Proof. We rst claim that if ( X; 7) solve the uid equations, then K de ned by (3.8)
must necessarily be non-decreasing (as one would expect from the interpretation of
K as the limiting fraction of cumulative entries into service). In order to justify
the claim, x 0 s t. If X(t) > 1 then the non-idling condition (3.7) implies

that hl; i =1 which, when substituted into (3.8), shows that
z t Z t
K@) K(s)=1 h1;i+ H;—,idu hh; —yidu O:
S S

On the other hand, if X (t) 1 then the non-idling condition (3.7) shows that
h; =i = X(t) and hl; i X (s). Hence (3.8), together with (3.6) and the fact
that E is non-decreasing, shows that

K(t) K(s)= h;=i  X(t) h1;7i+X(s)+ E(t) E(s) O

which proves the claim.

In addition, by assumption, K and ~ satisfy (3.4) and (3.5), and so Theorem
4.1 applies, with o = —p and Z = K. Substituting f = 12 C}(R+), o= o and
Z = K in (4.3), we obtain the relation

z yA
(1 G(t s)dK(s) = h;=i M*o(dX)
[0;t] [0;M) 1Z G(x)
= ;=i h 1,70 + M7o(d><)3

[O:M) 1 G(x)

On the other hand, equation (4.4) with Z = K and f = 1 shows that
Z Z,
1 G(t s)dK(s)= K(t) g(t s)K(s)ds:
[0;t] 0
Equating the right-hand sides of the last two displays, we obtain (4.5). Fhnally,
sinceK is bounded on nite intervals and the sum of the rst two terms on the
right-hand side of (4.5) is uniformly bounded by two, the representation (4.9 is
a direct result of the renewal theorem (see, e.g., Theorem 2.4(ii) of Section V in

[1]).

As an immediate consequence of Theorem 4.1 and Corollary 4.4, we obtain the
following simple bound. Given a Radon measure 2 M [O;M), let | jtv represent
the total variation of  on [O;M).

Lemma 4.5. For i =1;2, suppose 5 2 M [0;M) and Z' 2 BV,[0;1 ) are given,
and suppose (3.4) and (4.2) are satis ed with™, 7o and Z replaced by™, 7, and
Z', respectively. Then for everyT < 1 andf 2 CL(R.:),

4.7) h; —2i h f; L

+ kfkyi Toirv (2 kfky + kf %)k Zkg;

where Z =22 Zland —= @ O

Proof. By Theorem 4.1 and Remark 4.3, fori = 1;2, relations (4.3) and (4.4) are

satis ed with —, 7 and Z replaced by ~, =, and Z', respectively. Together, these
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relations imply that for f 2 C}(R.)andt2 [0;1 ),
Z

. T 1 G(x+t) _

W, =2i h f, 7} = [Wt)f(x+t)176(x) o(dx) + f(0) Z(t)
+ f9 s Gt s) Z(s)ds
20,

f(t s)git s) Z(s)ds:
0

Since 1 G(u) =0 for u M, this implies that for f 2 C}(R.) and for every

t2[0;T], .

Hf; jzi h f; jli jE(x+t)ji Toj(dx)+(jf (0)j + kf ki py + Kf %AM)k Zk;
oM 1)

from which (4.7) follows.

We now state the main result of this section. Below, H denotesH@® H®
forH = K; D;E; X and .

Theorem 4.6. (Continuity of Solution Map) For i =1;2, let (X' ;=) be a

solution to the uid equations associated with(Ei X (0);*8)) 2 Sy and letK' and

D' be de ned as in (3.8) and (3.9), respectively, with~ replaced by~'. If 3 = =3

then for everyT < 1,

# " #
(4.8) sup K(t) _ sup D(t) j X(@©)j+ sup E(t) _0
t2[0;T] t2[0;T] t2[0;T]
and hence
(4.9) K,_ D, j X(©Oj+ E :
Moreover, for every T < 1 andf 2 C}(R.),
(4.10) M2 h f; 5 . QKkfk +kf%) X0+ E
Proof. Fix T<1 anddene" O by "
(4.11) "z X(0)+ sup E(t) _O

t2[0;T]
For > 0O, let )
zinfft 0: K(t) "+ g
We shall prove by contradictionthat  >T a.s., from which the continuity property
will follow. If =1 foral > O, then supyp.1y K(t) ", and the result
follows. Therefore, we can assume without loss of generality that there exist > 0
such that < 1 and, for simplicity of notation, denote simply by . The

right-continuity of K andK’ imply that
(4.12) K() "+ :

We now show that > T . Indeed, suppose 2 [0;T] and consider the following
two cases. |
Case 1. X () < 1. In this case, the non-idling condition (3.7) implies that

X') h1;7ti=0 X2() h1:3:
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Together with relations (3.8), (3.6), (4.11) and the fact that —¢ 0, this implies
that

K()= E()+ X(©0) h1l; i  X()+h,; —i =
which contradicts (4.12).
Case 2. 71( ) 1. In this case, due to the non-idling condition (3.7), we have
hi; =i =1 h 1;72i. Along with Corollary 4.4 and the fact that —o = 0, this
implies that

Z
— . . G(x+ ) GKX) _
= hi; h 1; d
<O z P el M) 1 G(x) o(d)
+ g s) K(s)ds
0 Z
= h; ~i+ g( s) K(s)ds
Z 0

g s) K(s)ds:
0

We now assert that the right-hand side isstrictly less than" + , which contradicts
(4.12). To see why the assertion holds, note that ifg(s) = 0 for a.e. s 2 [0; ], then
the right-hand side of the last inequality equals zero, which is trivially strictly less
than " + . On the other hand, if g(s) > 0 for a set of positive Lebesgue measure
in [0; ], then the fact tEat K(s) <" + forall s2[0; ) shows once again that

K() . g s) K(s)ds<("+ )G() ("+ )

Thus, in both cases 1 and 2, we arrive at a contradiction, and hence it must be
that >T , which meansthat K(t) "+ foreveryt2 [0;T]. Sending #0, we
conclude that K(t) " fort 2 [0;T], as desired. In turn, using the relations (3.8),
(3.9) and Corollary 4.4, along with the fact that —, 0 and g is non-negative,
we obtain for everyt 2 [0; T],

D(t)= K() h1, —i= tg(t s) K(s)ds "G(t) ™
0

This completes the proof of (4.8), and relation (4.9) follows by symmety. Lastly,
since fori =1;2, 7 and K satisfy the uid equations (by assumption), inequality
(4.10) is a direct consequence of Lemma 4.5 and inequality (4.9).

Proof of Theorem 3.5.  Let (X ;1) and (X ;~2) be two solutions to the uid
equations corresponding to E; X (0); o) 2 So. Fix r 2 [0;M) and choose a se-
quence of functionsf, 2 C}(R+), n 2 N, such that f, " 1o,y pointwise asn !'1
Then for everyt 2 [0;1 ) and n 2 N, i ,;1i = Hf,; 2 due to (4.10) and the fact
that E' = E- and X' = X~ Sendingn!1  and invoking the monotone conver-
gence theorem, we conclude that[0;r) = —2[0;r). Sincer and t are arbitrary, it
follows that ~* = —2 and hence, by (3.6), thatX - = X °. This shows that there is at
most one solution to the uid equations. The second assertion follows immedigly
from Theorem 4.1 and Remark 4.2.

Now, supposeE is absolutely continuous with derivative . Then (3.6) imme-
diately shows that X is also absolutely continuous. In turn, using (3.7), (3.8) and
the factthat j[1 a]* [1 b*j j a b, itis easy to see thatK is also absolutely
continuous. Fix t such that both  and the derivative — of K are well-de ned.
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If X(t) < 1, then the non-idling condition (3.7) and the continuity of X show
that hl;—si = X (s) for all s in a neighbourhood oft. When combined with (3.6)
and (3.8), this shows that —(t) = (t). On the other hand, if X (t) > 1, then
(3.7) and the continuity of X show that hl;—si = 1 for s in a neighbourhood of
t. When substituted into (3.8) this shows that —(t) = hh; i. Lastly, since X and
hl; i are absolutely continuous, dX (t)=dt = dhl; i=dt = O for a.e. t on which
X (t) = hl; i =1 (see, for example, Theorem A.6.3 of [5]). Together with (3.6)
and (3.8), this implies that for a.e. t 2 [0;1 ) such that X (t) = 1 (and (t) is
well-de ned), we have —(t) = (t) = th; i = (t) ~hh; i, which proves (3.12).
Finally, since K is absolutely continuous, if 7o is also absolutely continuous then
the representation (3.11) immediately guarantees that™ is absolutely continuous
for everys2 [0;1 ).

4.2. A Maximality Property of the Fluid Solution. In this section we es-
tablish a result of independent interest. This result is not used in the rest of the
paper, and can thus be safely skipped without loss of continuity. Speci cally, ve
show that the non-idling property (3.7) implies a certain maximality property for
solutions to the uid equations. In particular, this result provides an alternati ve
proof of uniqueness of solutions to the uid limit that is di erent from the one using
continuity of the solution map given in the last section.

Let (E; X (0); o) 2 So. Suppose that (X; ~) solve the corresponding uid equa-
tions (3.4){(3.7), and let K and D be the associated processes, as de ned in
(3.8) and (3.9), respectively. Also, let (X ;= ) be any process taking values in
R. M 1[0; M) that satisfy the uid equations, (3.4){(3.6), and the relation

(4.13) h; =i X (t) fort2][0;1):

Here, X and — , respectively, represent the total number of (uid) customers in
system and the distribution of ages of (uid) customers in service under any given
feasible assignment of customers to servers that does not necessarily satistyet
non-idling condition (3.7). Let K and D , respectively, be the corresponding
processes representing the cumulative entry into service and cumulative departures
from the system, as de ned by the right-hand sides of (3.8) and (3.9), respectivgl
but with ~ replaced by~ . Then we have the following intuitive result that shows
that the non-idling condition (3.7) ensures that the cumulative entry into service
and cumulative departures from the system are maximized.

Lemma 4.7. Foreveryt2[0;1),K(t) K (t)andD(t) D (t).
Proof. We shall argue by contradiction to prove the lemma. Fix" > 0 and let
T=infft:K (t) K(t)+ "g

SupposeT < 1 . Then we consider the following two mutually exhaustive cases.
Case 1. X(T) < 1. In this case, (3.7) implies that X (T) = hl; i which, along
with (3.6) and (3.8), shows that

K(T)= X(0) h1; i+ E(T):

On the other hand, (3.6), (3.8) and (4.13), when combined, show that for every
t2[0;1),

K ()= h;—i X )+ X(©0) h1;=i+E() X(0) hi1;i+E(t):
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The last two equations imply that K (T) K (T), which contradicts the de nition
of T.

Case 2. X(T) 1. In this case, (3.7) shows thathl; —ti = 1. Since the pairs
(7 K) and (T ;K ) both satisfy the uid equation (3.5), Corollary 4.4 and (3.8)
show that

Zq

G(x+T) G(x) —o(dx) + oT  s)K(s)ds:
0

[0:M) 1 G(x)
If G(T) > 0, then by the de nition of T,

Z Z-
o(T s)K(s)ds> o(T s)(K (s) ")ds:
0

(4.14) D(T)=

Together with (4.14) and the corresponding equation forD and the fact that
o = g this shows that

D(T)>D (T) "G(T) D (M) ™
On the other hand, if G(T) = 0 then (4.14) shows that
D(T)=D (T)>D (T) ™

Combining the last two inequalities with (3.8) and the case assumption, we obdin

K(T) K (T) hi; i h 1,—4i+ D(T) D (T)
1 h1,4i+D(T) D (T)

> ",

which again contradicts the de nition of T.

Thus we have shown thatT = 1 or, equivalently, that K(t) K (t) " for
everyt 2 [0;1 ) and " > 0. Sending" ! 0, we conclude thatK (t) K (t) for
t 2 [0;1 ). Together with (3.6), Corollary 4.4 and the fact that —; = o, this implies
that for every t 2 [0;1 ), we have

Z
D() D (t)= tg(t s) K(s) K (s) ds O
0

which concludes the proof of the lemma.

Remark 4.8. A similar maximality property (in terms of a stochastic, rather than
pathwise, ordering) is satis ed by the \pre-limit" processes describing G/GI/N
gueues (see, for example, [1, Theorem 1.2 of Chapter XIl]). It is also worthwhd
to note the connection between Lemma 4.7 and a minimality property associated
with the one-dimensional re ection map that is used to characterize single-server
gueues. In the latter case, the so-called complementarity condition plays the rolefo
the non-idling condition here, and ensures minimality of the associated constraining
term (see, for instance, [11]).
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4.3. Analysis of the Age Equation (4.2). The goal of this section is to establish
Theorem 4.1. In fact, we establish the somewhat more general result of identifigg

solutions to the so-called abstract age equation (see De nition 4.9 and Cortdry

4.17 below). The abstract age equation and a related integral equation, whit we

refer to as the simpli ed age equation, are rst introduced in Section 4.3.1. The
simpli ed age equation is shown to have a unique and explicit solution in Section
4.3.2. Using a simple correspondence between solutions of the abstract age eqoati
and those of the simpli ed age equation, an explicit representation for the unique
solution to the abstract age equation is then obtained in Section 4.3.3. Theseesults
are then combined in Section 4.3.4 to establish Theorem 4.1.

Throughout the analysis, the characterization of Radon measures described in
Section 1.2.2 is repeatedly used, often without explicit mention. For conciseness, the
following notations are also used. LetM™ be the space of nite Radon measures on
R? whose support lies in [JM) R, and let Cbe the space of continuous functions
on R? with compact supportin [0;M) R, . Also, let C-! be the subset of functions
' in Cfor which the directional derivative '  + ' 5 exists and is continuous. The
integral with respect to an%/ I;adon measure on R? is denoted by

()= '(xs) (dxds); ' 2C(RY):
R2
As in the rest of the paper, given a measure on [0;M ), and a -integrable func-
tion f on [0;1 ), the integral of f with respect to over [O;M) is denoted by

H; i. Lebesgue measure oR? is denoted by and, for my;m;, 2 [0;1 ), the
corresponding rectangle is represented by

(4.15) Rmim, [ mumy] [ ma;mol:

Given a Radon measure on R? and a function f 2 C! (R?), recall that the

convolution f? is the absolutely continuous measure whose density lies i@} (R?)

and is given explicitly by

dif? )
d

Z7Z
(y;u) = f(y xu s) (dx;ds):
RZ

De nitions and standard properties of convolutions can be found in Section 2.5.9
of [24].

(4.16)

4.3.1. The Abstract and Simpli ed Age Equations. We rst introduce the abstract
age equation.

De nition 4.9. (Abstract Age Equation) Given 2 M and’ 2 L% [0;M),
f 10t 02Dmpom)[0;1) is said to solve the abstract age equation for and "~ if
and only if the measure” , de ned by
Z 1
)= h() (:s); sids; ' 2C
0

is a well-de ned measure that belongs tdv, and for every' 2 C41,
z 1

(4.17) . Hx(;8)+ " s(:9); sids= (C)(")+ ()
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In order to analyze the abstract age equation, we will nd it convenient to rst
study a related, but somewhat simpler, integral equation, which we refer to as the
simpli ed age equation.

De nition 4.10. (Simpli ed Age Equation) Given~2 M, f (gt 02Dwmom)[0:1)
is said to solve the simgli ed age equation for~ if and only if for every '~2 C'1,
1

(4.18) H~(:8)+ ~s(:8); sids=~(-):
0

Remark 4.11. It follows immediately from the de nitions that any f (g o 2
Dwm o:m)[0; 1 ) satis es the abstract age equation for 2 M" and * 2 L L. [0;M) if
and only if f (g o satis es the simpli ed age equation for ~= .

Recall the hazard rate functionh 2 L t .[0; M), the Radon measure o on [0;M)
and the function Z that has nite variation on every bounded interval, which were
introduced in Section 4.1. Given (n1;m2) 2 [O;M) [0;1 ), letj ojtv.m, denote the
total variation of the Radon measure o on [0;m4] and let Var(Z;[0; m;]) denote
the total variation of the function Z on the interval [0;my]. We now introduce
some de nitions that will help elucidate the connection between the abstract and
simplifed age equations introduced above, and the age equation (4.2) assotgd

with h, ¢ and Z. Czonsider the measure Z: ( 0;2Z) on R? de ned by

(4.19) ()2 " (x:0) o(dx) + ' (0:5)dZ(s); ' 2 C(RY):
[O:M) [0:1)
Clearly, for all * 2 C;(R?) such that supp(' ) R m,m,, (') satises
(4.20) i ()1 k"ky ( oirvim, + Var (Z;[0;mz])) :
Moreover, (' )=0 forall ' such that supp( )\ [O;M) R, = ;. Therefore, is

a Radon measure orR? that has support in [0;M) [0;1 ) and, hence, lies inMr .
Now, suppose thatf 71g; 0 2 Dy [o.m)[0; 1 ) satis es the condition (4.1), and let

h~ be the measure orR? dezned by
1

(4.21) ()= th() (;s);isids; ' 2 Ce(R?):

0
Then (4.1) shows that h™ is a Radon measure and it is clear from (4.21) thath™
has support in [ M) R.. Therefore,h—2 M. Also,dene = ( o;Z) by
(4.22) = he

Clearly,  also lies inM. We now derive some alternative characterizations of
solutions to the age equation associated with o, Z and h.

Lemma 4.12. Supposef 710 o0 2Dwm [o:m)[0; 1 ) satis es (4.1). Then, for o;Z;
and  as above, the following statements are equivalent:

(1) ftg o satis es the age equation (4.2) for ¢ and Z;

(2) ftgt o satis es the abstract age equation (4.17) for and h;

(3) g o satis es the simpli ed age equation (4.18) for

Proof. Fix f7tgt o 2 Dm[o;m)[0;1 ) that satis es (4.1), and let h™ 2 M be the
Radon measure de ned above in (4.21). We rst show that (1) implies (2). Suppose
f7 g o satis es the age equation (4.2) forall' 2 Ct*andt 2 [0;1 ). Then, because
" has compact supportin [QM) R, for all su ciently large t, the left-hand side
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of (4.2) equals zero . Therefore, on sending! 1 in (4.2), a little rearrangement

shows that
Z, Z,
Hx(i9)+ " s(is)sids = th()' (;8);7sids+ 1 (;0); o
0 OZ
(4.23) + ' (0;s)dZ(s)
[0;1)
= h()+ ()

which shows thatf 7 g; o satis es the abstract age equation for and h.

The equivalence of properties (2) and (3) is an immediate consequence of the
de nitions (also see Remark 4.11). Therefore, to complete the proof, it su ces
to show that (3) implies (1). Suppose that f7ig: o satis es the simplied age
equation for . Then, in particular, (4.23) holds for every ' 2 CHl. A standard
molli cation argument will now be used to show that then f—g; ¢ satis es the age
equation for g and Z. Fix t 2 [0;1 ) that is a continuity point of f—g o, and
let fc,g = fc g be a uniformly bounded sequence of functions if€* (R) such that
the negative of their derivatives, ¢, are probability density functions on R and,
asn!l ,cy(s)! Ipy(s) and the sequence of probability measures A(s)ds
convergg{lweakly to the Dirac measure concentrated at. (For instance, consider
Ch(s)= . n (n(u t)du,s2[0;1) where (x)= kexp(I=((x 1)* 1))Lj.z(x)
and k is the appropriate normalization constant that makes a probability density.)
Given ' 2 CH, dene ~,(x;s) = ' (x;S)cq(s) for all (x;s) 2 R?, and note that
'~y 2 CH1 Replacing' by '~, in (4.23) then yields, for everyn 2 N,

z 1 1
A (SH (;s);sids Ca(SH «(;9)+ ' s(;9);si ds
Z 0 Z
=, c(s)th()' (;s); sids+ ¢ (O)H (50); oi + [Ol)cn(S)' (0;s) dZ(s):

0

Now, take limits as n ! 1  in the above equation. Since supp() [0; M)
[0;T] for someT < 1 , the right-continuity of f—g: o impliess 7! h' (;s); si IS
uniformly bounded. The weak convergence c(s)ds ™ | and the fact that t is a
continuity point for s 7! h' (;s); ~si then shows that the rst term above converges
to H (;t);¢i. The limit of the remaining terms can be obtained using the fact that
¢h ! Iy and the dominated convergence theorem (whose application is justi ed
by the inequality (4.1) and the uniform boundedness of the sequence of functions
Ch;Nn 2 N) to yield
Z
H(5t); Hx(;s)+ " s(:s); sids
Z, © Z
= th()' (;s); sids+ H (;0); oi + ' (0;s) dZ(s):
0 [05t]
This shows that f 7;g; o satis es the age equation (4.2) associated with o and Z,
and so property (1) follows.

Since  depends onf ;g o, Lemma 4.12 only shows that solutionsf 7y g; o to
the age equation satisfy the simplied age equation in an implicit sense. Never
theless, this property is used in the proof of Theorem 4.1 in Section 4.3.4 in order
to justify the application of the estimate obtained in Proposition 4.15 below, and
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therefore of the more explicit correspondence result obtained in Proposition 44,
to f7o o.

4.3.2. Solution to the Simpli ed Age Equation. In Lemma 4.13 below, it is shown
that the solution to the simpli ed age equation is unique and can be represented in
terms of the following maps. Fort 0, consider the map ! that takes f 2 C¢(R)
to the measurable function } de ned by

(4.24) Ls)= F(x+t 9)loy(s);  (xs)2 R
Observe that for anyt> 0 andf 2 C.(R),

(4.25) i, kfk

and

(4.26) suppf) [ m;m] ) supp( f) [ m tm] [O;t]:

Also, let the map : G(R?) 7! C(R?) that maps ' to -, be de ned by
.2
(4.27) C(x;8) = "(X+ s+ r)dr (x;s) 2 R?%:

0

It is easily veri ed that for any ' 2 C.(R?) with supp(' ) R m,:m,,
q__—
(428) k k;, 2 mi+mik k, and supp(-) (1 ;mi] (1 ;mgf

Lemma 4.13. The simplied age equation associated with~ 2 M™ has a unique
solution f gt 02Dy jo;m)[0;1 ) that is given explicitly by

(4.29) M, di=~(1); f2C[oM);t O

Moreover, for every' 2 C,

1
(4.30) h(it), ddt=~():

0
Proof. Let f (g o be as de ned in (4.29). Then, to show thatf ;g o belongs to
Dwm o:m)[0;1 ), it clearly su ces to show that for every t 0 andf 2 C;[0;M),
~( )1 ~( t)as"! 0. However, the latter limit holds due to the pointwise
convergence }+" ! ! and the dominated convergence theorem, whose application
is justied by the properties in (4.25) and (4.26). Next, to show that f (g o
satis es the simplifed age equation (4.18), we rst claim that (4.29) implies (4.30).
Given' 2 C, note that

z 1 z 1 YA 1
F(;t)dt (x;8) = . "(x+t s )y () dt = . "(x+rs+r)dr= . (x;8):

Therefore, rstreplacing f in (4.29) by ' ( ;t), then integrating both sides of (4.29)
overt 2 [0;1 ), and using Fubini's theorem, we see that
Z
1 1 1
H(;t); (idt= ~ o dt = ~ toadt =~( ),

0 t 0 (1) 0 (st)
which proves the claim. Then, for'~2 Cb1, replacing' in (4.30) by '~ + ~5 and
observing that - .~ = '~ (this uses the fact that '~ has compact support), it
follows that f g; ¢ satis es the simpli ed age equation.
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It only remains to establish uniqueness. Letf g o, i =1;2, be two solutions
to the simplifed age equation for ~ and dene = } 2,t 0. Then g isthe
zero measure and for every 2 CHt,

z 1
(4.32) H~(;8)+ ~s(;S); sids=0:
0
Fix ' 2 C5' anddene '~= .. Then supp(9\ ([O;M) [0;1)) is compact by
(4.28), '~ liesin Ctt and '~ + ~s = ( ), +( - ), = ' . When substituted into
(4.31) this shows that
z 1

H(;s) sids=0; ' 2Cb:

0
Standard approximation arguments can now be used to show that is identically
zero. Specically, letf "gnon be a sequence of molli egg, i.e., non-negative func-
tions in G (R), with " having support in [0; 1=n] and r "(x)dx =1 and such
that,asn!1 , the family of measures "dx converge vaguely to the delta distri-
bution . For any t > 0 that is a continuity point of f sgs o and f 2 CL[O;M),
rst replace ' in the last display by ' ,(x;s) = f(x) "(t s) then take limits as
n!l and use the right continuity of the function s 7! hf; i att and the vague
convergence of " to ¢ in order to conclude that H; i = 0. Since G[0;M) is a
determining class for Radon measures on [0), it follows that each . is identi-
cally zero for everyt that is a continuity point of f (g o. The right continuity of
f (g o then implies that . is identically zero for everyt 0, and so uniqueness
follows.

Replacing ~in Lemma 4.13 by the measure de ned in (4.19) yields the following
result.

Corollary 4.14. The unique solutionf ;g: o to the simpli ed age equation asso-
ciated with = ( ¢;Z) satis es .
(4.32) H, (=H(+1); o + f(t s)ydz(s):

[0:it]

We now establish a property of solutions to simpli ed age equations that will
be used in the proof of the correspondence property in Section 4.3.3. Given any
f t0t 02Dwmom)[0;1), consider the measure de ned by

'z, zZ !
(4.33) )= “(x)" (x;s) t(dx) ds; " 2C
0 [O:M )

When " is continuous,' 2 Cimplies " 2 C, and hence™ is a well-de ned Radon
measure that lies inM". However, when” 2L L _[0;M), * need not always be well-
de ned for arbitrary f (gt 02D [o:m)[0;1 ). In Proposition 4.15 below, we show
thatif f (g o satis es the simpli ed age equation, then " is a well-de ned Radon
measure for any” that is locally integrable on [0; M ). A real-valued function C on
[O;M) [0;1) is said to be coordinate-wise increasing if for everyx;t) 2 [0; M),

C(;t) and C(x; ) are increasing functions on [)M ) and [0; 1 ), respectively.

Proposition 4.15.  Supposef (g: o solves the simplied age equation for some
~2 M. Then there exists a coordinate-wise increasing functiorC on [O;M) [0;1 )



28 HAYA KASPI AND KAVITA RAMANAN

such that given any™ 2 Lt [0;1 ), for every m; 2 [O;M);m, 2 (0;1) and ' 2
G(0:M) R.) with supp() R mym.,
z, z ! Z .
(4.34) ((X)" (x;8) t(dx) ds JOQjdx E(ma;m2)jj jja
0 [O;M) 0
Consequently, the de nition in (4.33) yields a well-de ned Radon measure” that
belongs toM".

Proof. We rst establish (4.34) for continuous *. Fix ~ and f g o as in the
statement of the proposition, and letL : [0;M) R: 7! Ry be the component-wise
non-decreasing function such that
(435) j~(")j L(mump)j'jji; 8 2C(R?) with supp(') R m,m,:
Such a function L exists since ~is, by assumption, a Radon measure (see Section
1.2.2). Let be the measure orR? de ned by
Z, Z

(4.36) (‘)= " (x;8) s(dx) ds; '2cC

0 [o;M)
Sincef (g o lies in Dy o.m)[0;1 ), (4.36) shows that belongs to M. (Note
that we will always write for the Radon measure onR? and f g o for the
measure-valued function in order to keep these two quantities distinct.) The basic
idea behind the proof (for continuous ™) is to construct a sequence ";n 2 N; of
Radon measures orR? such that for eachn 2 N, " is absolutely continuous with
respect to Lebesgue measure and satis es the following two properties: (i) fozvery
m; 2 [O;M);m, 2 (0;1 ), for all n su ciently large such that m; +1=n<M , and

ally <myq,

Zmzdn 1 1
4.37 —(y; L + 2 mo+ =
(4.37) . d (y;u)du my+ —imz+

and (ii) for continuous “,asn!1
(4.38) ")t ()= ) 20

Given such a sequence, for any 2 C, with supp(* ) R m;m,»
mi mz dan
)= —(x;u)' (x;u)du “(x) dx; n2N:
0 o d
Together with the estimate in (4.37), this shows that for all n 2 N su ciently large
such that m; +1=n<M ,
m1 1 1
)i “(x)dx K kg L omp+ —mp+ —
0 n n
Taking limits as n ! 1  and using (4.38), we obtain (4.34) with C(my;m;) =
L(ma+;my+) for * 2 Csuch that supp( ) R m,m,. This implies that (4.34)
holds for all' 2 Cwhen " is continuous.

We now construct an approximating sequence ";n 2 N, that satis es the prop-
erties (4.37) and (4.38) mentioned above. Lef "g,.n be a sequence of molli ers,
where for eachn 2 N, " is a non-negative function in G (R?) with support in
R1=n:1=n that has integral 1 and, asn!1 , converges vaguely to the delta distri-
bution (g.q), dened by (g.g(' ) = ' (0;0). Foreachn 2 N, dene " to be the
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convolution " ? . In other words (see the discussion of convolutions at the begin-
ning of Section 4.3), " is absolutely continuous with respect to Lebesgue measure
on R?, with density d "=d in G (R?) that has the explicit form
40 zz
(4.39) g v = "(y x;u s) (dx;ds)
R2
z, Z

= "y x;u s) s(dx) ds:
0 oM )

Then, for any m, 2 (0;1 ), by Fubini's theorem we see that
!

Zm, gn zZ, Z
(4.40) ——(y;u)du= n(x;8) s(dx) ds;
0 d 0 [0;M)
where, fory 2 R, we de ne
. m2
Y(x;8) = "ty x;u s)du; (x;8) 2 [O;M) [0;1):

0
Clearly, } is continuous and, for anym; 2 [O;M) and y 2 [0;m1], supp( })
Rm,+1=nm,+1=n. Therefore for all su ciently large n (such that my +1=n<M),
we have ¥ 2 C. Sincef g o solves the simplifed age equation for ~relation
(4.30) of Lemma 4.13 can be invoked to rewrite the right-hand side of (40), thus
yielding

Z mz n
(4.41) T(Y: udu=~
0
From the de nition of  in (4.27) and the expression for ¥ given above, we have
Z 1 ma
y(x;8) = "y x nru s r)du dr
0 0

Since supp("™) R 1-n.1=n and " is non-negative with integral over R? equal to 1,

it follows that r 1 and

supp  y \ R R my+l=nm ,+1=n-
Due to (4.35) and the fact that supp(~) R2, this then implies that

1 1
(442) y L mq + ﬁ’m2+ ﬁ
When combined with (4.41), this yields (4.37).

Next, we show that (4.38) holds for continuous™. For every '~2 C, multiplying
both sides of (4.39) by' €y; u), then integrating over (y;u) 2 R? and using Fubini's
theorem, we see that

zZ, Z
(4.43) "(-) = (n?9)(xs) s(dx) ds= (n?-);
0 [o;M)
where "(x;s) = "( x; s)for(x;s)2R? Now, x my2[O;M)andm,< 1. If
supp(~ R m;:m, then, since supp(") R 1=n:.1-n, it follows that supp( " ?'~)
Rm,+1=nm,+1=n. Therefore, for all n suciently large so that m; +1=n < M,



30 HAYA KASPI AND KAVITA RAMANAN

n?'~2 C Sincef g ¢ satis es the simplied age equation, (4.43) along with
the relation (4.30) of Lemma 4.13 show that for alln such that m; +1=n<M ,

(4.44) ") =~( nom); ~2 Cwith supp(~) R m;m,:

Now, sendingn ! 1 in (4.44), using the fact that, for all su ciently large n,
n» are uniformly bounded and have common compact support in [(M) R,
n?2'~1 '~and, hence, ny- ! . pointwise, by the dominated convergence
theorem we conclude that

()= ()l (9= ()

where the last equality holds due to Lemma 4.13 becausé :g: o satis es the
simplifed age equation for ~ Inturn, ' 2 Cimplies ™ 2 Cbecause is continuous.
Therefore, we can replacé by ™ in the last display to conclude that (4.38) holds.
Thus, we have constructed a sequencé "g,»n of Radon measures orR? that
satis es (4.37) and (4.38). Therefore, by the argument given in the rst paragraph
of the proof, it follows that (4.34) holds for continuous *. Let = be the Radon
measure for which™ (' ) equals the left-hand side of (4.34). Then, the estimate
(4.34) implies that the product mapping * 7! ° from C[O;M) L {L.[0;M) to
M (R?) is continuous. SinceL}_[0;M) and M (R?) are Fechet spaces andC[0; M )

loc

is dense inL{_[0;M) (with respect to convergence in the topology ofL%_[0;M))
there exists a unique (uniformly) continuous extension of the mapping” 7! = to

LE.[0;M) and (4.34) automatically holds for this extension.

4.3.3. Solution to the Abstract Age Equation. In Proposition 4.16 below, we estab-
lish an explicit one-to-one correspondence between solutioris;g; ¢ to the abstract
age equation for some 2 M and solutionsf (g o to the simpli ed age equation

for a related ~2 M. In order to state this correspondence, given 2 L [0;M),
we de ne
(4.45) “(x;t) = exp(r-(x;1))
for (x;t) 2 R?, where
Z X
g “(wydu ifO t x<M;
4.46 1) = ok
(4.46) r(x’)‘§ (Wdu if0 X X< M;
0
: 0 otherwise.
Notethat = .landr and - are continuous, locally bounded functions on
(1 ;M) R. Hence, for everyt 2 [0;1 ) and measure 2 M, the measure -
denedby - (")= ( ') and, likewise, the measure - lie in M. Also, if °
is continuous, then ( -)x +( +)s exists and is continuous and satis es
(4.47) (x+( )s=
Proposition 4.16. Fix ~ 2L, [0;M) andf (g 02Dy pm)[0;1 ), and suppose

that the measure™ de ned by
z 1
(4.48) C))= h() (;s); sids; '2G
0
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lies in M. Then f (g o solves the abstract age equation for and 2 M if and
only if f (g o de ned by

(4.49) o2 () (G
satis es the simplifed age equation for~ = . , where (- )(") = ( ") for
'2C

Proof. Let *~ 2 L [0;M) and f (gt o0 2 Dy om)[0;1 ), be such that © 2 M.
Moreover, assume thatf ;g o solves the abstract age equation for and 2 M.
Since - is continuous, the functionf g o de nedin (4.49) liesin Dy jo.m)[0; 1 ).
Choose a sequence of continuous functions ;n 2 N, de ned on [0; M) such that,

asn!l , , convergesto in L} .[0;M). From (4.47) it follows that

(450) ( \n)x+( \n)S: ‘n \n:
Given'-2 Ct1 let' = . '~ Then' clearly lies in Cand, since' ~2 C!1, (4.50)
holds and ", is continuous, it follows that '  + ' 5 exists and is continuous, and

hegce‘ 2 CH1. Therefore, substitutinzq ' into the abstract age equation, we obtain
1 1

ha() . (59)~(;9); sids h - (58) (x(;9) + ~s(;9)); sids
0 z9
= RO GG (-
Rewriting the ri%ht-hand side using (4.49), this yields
1

h  (s)(~x(;9)+ *~s(;9); sids
0 Zl
(4.51) = hCa() () -, (59)~(:8); sids+~(~ - ):

Asn!l , - - ! 1uniformly on compact sets. This shows that,am!1 |, the

n

left-hand side of the last eguation converges to
1

h(~(;8)+ ~s(;9)); sids;
and, due to the dominated convergence theorem,
nI!ilrn ~(~ - )=~

Furthermore, due to the assumption that © 2 M, Lemma 4.12 shows thatf (g o
satis es the simpli ed age equation for© + 2 M. Proposition 4.15 can then be
applied to conclude that for (m1;m3,) 2 [O;M) [0;1 ), there exist C(my;my) < 1
such that for every '~with supp(~) R m,;m,,
z 1
O n()) -, (59)~(59); sids
Z
k'~ - kg E(mg;my) (X)) Ta(x)j dx
[0;M)

Due to the convergence of , to ~ in L. [0;M) and the fact that k'~ - k;, !
k~ -k, < 1, the right-hand side (and therefore the left-hand side) vanishes as
n!l . Taking limits as n! 1 in (4.51), the last four assertions show that
f (0 o satis es the simpli ed age equation for ~.
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The converse is established in an exactly analogous fashion, and so we provide
only a rough sketch of the proof. Supposé g o satis es the simplifed age equa-
tion for ~. Then, given' 2 CY1, substitute ~= - ' 2 C:!into the simpli ed age
equation, use the PDE (4.47) and the relation (4.49) along with the estima&e from
Proposition 4.15 to conclude that, on sendingn !'1 , f {g: o solves the abstract

age equation for™ and

Combining Lemma 4.13 with Proposition 4.16, we then obtain the followng
characterization of solutions to the abstract age equation.

Corollary 4.17. Givenf g o such that” de ned by (4.48) lies in M, f (g o
satis es the abstract age equation for some 2 M if and only if for every t 2 [0;1 ),

(4.52) My = H() (1) o= NRTSIE

4.3.4. Proof of Theorem 4.1. To begin with, note that by substituting ~ = h into
the de nition (4.45) of -, elementary calculations show that

3 1 G g

t x<M;

. 1 G(x 1t ’

(4.53) n(xt) = 3 1 G if0 x t<1;
0 otherwise.

In particular, this implies
(4.54) o= L Hx0)=1; Xt 2[0;M) Rs:

Now, assume thatf —sgs ¢ satis es the condition (4.1). Then Lemma 4.12 shows
that f—s0s o satis es the age equation (4.2) for o and Z if and only if f—sgs o

satis es the abstract age equation for de ned in (4.19). In turn, by Corollary 4.17
the latter statement holds if and only if

(4.55) H: =i = h §() I t 0;f 2C[0;M):

However, forx 2 [0; M),

1 G(x+t).

ht() n(y G0)= ROGON (x+1) n(x+1t)=f(x+1) 1 G

and for all s2 [0;1 ),

htyn(n (0:9) h(O;9)f (t s) n(t  s;t)Mp.(S)

f(t s)1 Gt s)py(s):

Substituting this back into (4.55) and using the de nition (4.19) of , it follows
that (4.55) coincides with the representation (4.3) for —; This completes the proof
of Theorem 4.1.

5. Functional Law of Large Numbers Limit

The main objective of this section is to show that, under suitable assumptions,
the sequence (Y(N );*(N ))g converges to a process that solves the uid equations.
In particular, this establishes existence of solutions to the uid equations. Firg, in
Section 5.1 we provide a useful description of the evolution of the stateY(N ) (N
of the N -server model. Then, in Section 5.2, we introduce a family of martingales
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that are used in Section 5.3 to establish tightness of the sequendd (N); X (N))g.
Finally, in Section 5.4, we provide the proof of Theorem 3.7.

5.1. A Characterization of the Pre-limit Processes. The dynamics of the
N -server model was described in Section 2.1 and certain auxiliary processes were
introduced in Section 2.2. In this section, we provide a more succinct and convenient
description of the state dynamics, which takes a form similar to that of the uid
equations.

Fix N 2 N and, throughout the section, supposeR(EN) and initial conditions
XM @©) 2 R, and M) 2M ([0;M) are given, and let E™), X N) and (V)
be the associated state processes, as described in Section 2.1. Recall that by the
de nition (2.7) of the age process, a customerj completes service (and therefore
departs the system) at time s if and only if, at time s, the left derivative of the
age processal-(N) is positive and the right derivative is zero. For any measurable
function ' on [0;M) R, consider the sequence of processé@-(N)g taking values
in R, given by

KR

. X
(5.1) QM) = ", o

o (aN) raye a1
a™(s )>0;&a")(s+)=0 (ai (s):s);
s2[0itlj=h 1; (Mi+

at &

where K(N) and a‘-(N) are de ned by the relations (2.6) and (2.7). It follows im-

mediately from (5.1) and the right-continuity of the ltration fF t(N)g that Q-(N) is

fF t(N)g—adapted. Also, from the relations (2.6){(2.8), it is easy to see thatQ(lN) is
equal to the cumulative departure processD(N) de ned in (2.5) and that for every
N 2 N, bounded, measurableé andt 2 [0;1 ),

2 QM) k 'k, h; Mi+ KM@y k'k, XM+ EM(t)

Dividing (5.2) by N, taking rst expectations and then the supremum over N, by
Remark 3.1, we also have

|
.3)  supE QM) k' k, sup EX )1+ EEM @) <1
N N

We now state the main result of this section. Recall that forr;s 2 [0;1 ), M) repre-
sents MN)(s) and H( + rs); NVi is used as a short form for

oy O rs) 8 (dx).

Theorem 5.1. The processegE(N); X (N): (N)) satisfy a.s. the following coupled
set of equations: for' 2 CF*([O;M) R.)andt2[0;1),

D E D E Z:D E
G4 G = Gon s GG Y ds
ZO
QM)+ (O;uydk M) (u);
[0:it]
(5.5) xM@ = xMoO+E®O Qo
(5.6) N e O

where K (V) satis es (2.6) and Q™ is the process de ned in (5.1).
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The rest of this section is devoted to the proof of this theorem. Fix! 2 (we
will later restrict ourselves to ! in a set of probability 1 to which Lemmas 5.2 and
5.3 apply). We start with the simple observation that forany ' 2 CY1([O;M) R.),
due to the right-continuity of (N) we have for anyt 2 [0;1 ),

D E D E
CGr W Loy Y
tc
.7 - lim X k+l ok
nil n T 5E 'n &
k=0

In order to compute the increments on the right-hand side of the last equation, we
observe that for' 2 CY1([0;M) R.),n2 Nandk=0;:::;bntc, we can write

k+1 iy oLk
il n H k;l 1n il rl%

k+1 k N

5.8 = oo, W

(5.8) - o o
: kKo m) . K oy

+ . -

1n il k;l !n il :-(T

Xte _k+1 k (N)
‘o " n 'n -
(5.9) Xk k1w
iet 1n 1 n ’ rl%
, _bntc+1 bntc (N)
1 n ’ n 1 bmnc+1

In order to simplify the last two terms on the right-hand side of (5.8), we rst
observe that for' 2 CY1([0;M) R.), 2 (0;M)ands2[0;1 ), we can write

(5.10) H(:s); Mi=i,+1,

1 s+

where

Y4 Z

1, = tgs) Mdx)  and 1,2 L xs) N (dx):
M) [0;)

We begin by rewriting 11 in terms of quantities that are known at time s. For
X , customers in service with age equal tax at time s+ are precisely those
customers that were already in service at times with age equal to x 0 and
that, in addition, did not depart the system in the interval [ s;s+ ]. Since the age
of a customer already in service increases linearly with rate 1 (see (2.7)), ing the
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representation for (N) given in (2.8), we have

KM (s+ )
] N N
1 = (aj( )(S"' ); s) 1L a" (st )vig
j:hl; (()N)i+l
KR (s)
_ v a(N) :
_ @)+ 1)L o v g
j:hl; [()N)i+l
KW (s)
i X e e+ )
_ @ () + 1)L ey g
ji=h1 Min
KR (s)
s AN - '
(@™ (s)+ S0 (v a5y g
j: h 1; éN)i+1

(Here, and in what follows below, we always assume, without loss of geneity that
= (!)is su ciently small so that the range of the rst argument of ' falls within

[0; M), ensuring that all quantities are well-de ned.) Substituting the de nition of
(N)

s ' into the last expressionDthis can be revlvzritten as
(5.11) lp= (+;s); NV Ns; ),
where for' 2 CEY([0;M) R:),s2[0;1)and > O, we dene
KR
512) oV )= I C ORI HTRSRNTT.
ji=h1 Mia

We now expazndl 2 as follows:

2= (09 G+ ((xs) " (0:8) & ()
[0;) [0;)

ForanyO0 r s<1,letKMN)(r;s]=KMN)(s) KN(r) denote the number

of customers that entered service in the period if s] and let D(N)(r; s] denote the

number of customers that both entered service and departed the system in the

period (r;s]. Note that D(N)(r;s] admits the explicit representation

KR (s)
(5.13) D™ (r;s]= * B gy o
' ’ " (s)=vi g’
j=KMN)(r)+1

Also, note that S;')[O; ) is the number of customers in service that have age less

than attime s+ . These customers must therefore have entered service in the
interval (s;s+ ] and not yet departed by time s+ . Therefore, we can write

N Ay — ) N) (e .
Mo, )= kKM(s;s+ ] DM(s;s+ T

Combining the last three expressions, we obtain

1, = "(0;9KM(s;s+ ] ' (0:9DM(s;s+ ]

(5.14) Z

+ ¢ (xs) ' (0s) M(dx):
[0; ]
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Substituting equations (5.11) and (5.14) into (5.10), with s= k=nand =1=n,
we obtain for' 2 CY1([O;M) R.),

ko ok
'n TS 'n &
. 1k , k (N) k 1
= + == TR 2.2
n'n 'n % a4 n'n
+' 05 K(N) Ek+1 1 05 D(N) Ek+1
z N n"n 'n n" n
k k
+ o) 0 n) O (dw:
CEONL ntos
Summing the last expression ovek =0;:::;bntc, we obtain
tc
X ko .ok
I 'n &
k=0 %tc * +
1 ¢ o+ Lk gk 1
(515) = H n nl n : (LN) Q-(N)’n(t)
k=0 " n n
tc
k k k+1 .
+ O;H K (N - RN (1)
k=0

where, for conciseness, we set, for 2 Ct1([0;M) R.),N2Nandt2[0;1),

kc
(5.16) QM= oM (k; ); >0
k=0
and, forn 2 N,
tc
RNy 2 .ok pm Kokl
(5.17) k=0 n nn
' %tcz K K N
Coxs o ()

Summing (5.8) overk =0;1;:::;bntc, and substituting (5.9) and (5.15), we obtain

tC
X .o kvl Ny

ok w
k:O ) n L] k:il 1n 1] Ln<7
1
- + ﬁ;o ' (;0): éN)
, _th+l , _bntc . (N)
(5.18) * — ' Th et
tC
+% o S S N ()
o1 n'n "n S
Xt e K K k+1 -
£o kW RS QMR RN :

k=0
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Since' 2 CY([0;M) R:)and (N)[O;M) N, by the bounded convergence
theorem, it follows that (for the xed !)

. 1
fmot+ 00 (G0 g = 0
(5.19) '
. , bntc+ 1 , bntc (N)
lim e P 1 bmest = 0
n'l n n —n

and thus the rst two terms on the right-hand side of (5.18) vanishasn!1 . Next,
multiplying and dividing the third and fourth terms on the right-hand side of (5. 18)
by 1=n, and taking limitsas n!1 , we obtain the corresponding Riemann-Stieltjes
integrals:

(5.20) . .
R 4Lk k1 Z:D E

amey B M= GG V) ds;
T k=1 n n 0

and

Xk Kk kel
(5.21) lim 0= kN 22— o ' (0;8) dK (N)(s);
n'l n n n 0:t]

k=0
where we have used the fact that the proces& (N) has right-continuous paths in the
latter limit. The next two results identify the limits, as n!1 , of the remaining
terms Q™)™ and RN on the right-hand side of (5.18).

Lemma5.2. Almost surely, for everyN 2 N,t2 [0;1 ) and' 2 CY1([0;M) R:),
Q™) (t) converges toQ™)(t) as ! O.

Proof. Fix N 2 N, t 2 [0;1) and ' 2 C}(O;M) R.), andletL < 1 be
such that sups;jo.jy2omy ' x(¥iS) + " t(y:9)j L. Forany > 0, andj =

h 1; (()N)i+1;:::;0,dene (j)=0andfor j =1;2;:::; dene
()=inffk2N:aM(k +")>0 8> 0g

Observethat (j) representsthe smallest point onthe -lattice fk;k =0;1;:::;hbt= cg
that is greater than or equal to the time at which the jth customer enters service.
(The introduction of " in the de nition was necessary to ensure that (j) = k if

the jth customer enters service precisely ak , and thus has age O at that time.)
Then for any > 0, a simple interchange of summation shows that

bpc KMP(k)

) .
@ (k )+ 5k Lyt yar; a™ i g

N);

Q™
k=0 j=h1; Min
KM= c) bpc

= ' (aj(N)(k )+ 5k )]lfafN)(k v a™k g g
j=h1; Wi k= ()

However, Whenaj(N)(k ) <Vj aj(N)(k )+ , we have
sup @Mk )+ k) T (vrs) L
s2[k; (k+1) ]

and we also know that there exists a (unique)s 2 (k ; (k+1) ]such that %a-(N ) (s )>

0 and a‘-(N)(s) = v; (i.e., s is the unique time at which the customer departs the
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system). Hence, we can write
N): K ))thz ¢) X
QMY (1) = " (vj;s)nn
j=h 1; éN)i+1 s2[0;(bt= c+1) ]

°+ 0():

N N
%aj( )(s )>O;aj( )(s)= v;

Sending ! 0, sinceK (N) is mdhg, we see that Q-(N); (t) converges to the quantity

KOt )
(g™ ()91 o= QM():
i ! %aj(N)(s )>O;aj(N)(s): vj ’
j=h1; M+ s2[0it]

The last equality follows by replacing K V) (t ) by K (N)(t), which is justi ed (even
though we need not havek V) (t ) = K(N)(t)) because everyy; is a.s. strictly
positive (since G(0+) = 0), and so if customer j enters service precisely at timet,
=0 for every s 2 [0;1].

then ]].faj(N)(S): vig
Lemma 5.3. Almost surely, for every T 2 [0;1 ) and every' 2 CEY([0;M) R.),
(5.22) lim sup RN (t)=0:

not200T)

Proof. We will establish the lemma by showing that a.s. for any' 2 CL([0;M)
R:),asn!1 | both terms on the right-hand side of (5.17) converge uniformly
to zero. Fix T <1 andt 2 [0;T]. Then for any n 2 N, from the representation

(5.13) for D) it immediately follows that

Xt Ny ko k+1 St ¢ K(N%k%l) K (V) (ot )
D n n :n‘va g~ ]]_fvj 1g

k=0 k=0 sz(N)(ﬁ,)ﬂ j=1

ETS

Taking rst the supremum over t 2 [0; T] and then the expectation of both sides,
and using the fact that K(N) X (N)(©) + EN) (which can be deduced from
the relations (2.5), (2.6) and the fact that (2.10) implies h1; V)i X (N)) and the
indepengence of the the inter-arrival gnd service distributions, we obtain the bound

th(N) k. k+1l g 1

E4 sup G - EIX M)+ ENN(T +1)]:

t2[0;T] =g n

Next, taking the limit, as n!1 , observe that the right-hand side tends to zero
becauseE[X (N)(0) + EN)(T +1)] < 1, G is right-continuous and G(0+) = 0,
while on the left-hand side, the expectation can be interchanged with the limit by
an application of the dominated convergence theorem becauge™ )(k:n; (k+1)=n]
is non-negative for allk 2 N, and is bounded above byK (N)(T) + 1, which has
nite expectation. Thus

2 3 2 3
tc tc
. k k+1 . k k+1
0= lim E4 sup D™ Z.2"= 5-FE4|m sup pMN = 5.
n'l s2[0;T] k=0 n n n'l s2[0:T ] ko n n
Since each term of the formD™) %; ";1 is non-negative, this implies that the

limit within the expectation on the right-hand side is almost surely zero. Therefore,
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almost surely,

. k k k+1
lim sup 0~ DM ;
nil s2[0;T] k=0 n n n
SC
: k k+1
k 'k, lim sup p™ =, =0
ML s200:T] g n.n

The monotonicity in T of the left-hand side allows us to conclude that there exists
a set ; of full P-measure on which this convergence holds simultaneously for all
T.

We now turn to the second term on the right-hand side of (5.17). Letm( ) =
SUPGt ):(y:s)2[0M ) Rs i(xt) (vis)j ) (X:t) " (y;s)j be the modulus of continuity of
' . Since' 2 CEY([0;M) R:),"' is uniformly continuous and so lim; om( ) =0.
Now, foranyt 2 [0;T]and n 2 N,

Batcz %tc

C 0K Wy m L M ot
1 o n no n
k=0 [0:%) " k=0 "

S| x

Now, any customer that has age in [01=n) at time (k+1) =n entered service strictly
after k=n and would have age greater than or equal to £n at any time k%n,
k+1 <k©%2 N, if it were still in service at that time. Hence for any xed n 2 N,
the unit mass corresponding to any given customer is counted in at most one term
of the form () [0; 1=n), k 2 N. This implies the elementary bound

(k+1) =n
l;@tc 1

sup Moo xMNME+ EN(T+1):
2[0T] g ° n

Now let , be the set of full P-measure on which the propertyX (V) (0)+ EMN)(t) <
1 for everyt 2 [0;1) is satised. Then on ,, the right-hand side of the last
expression, which is independent of, is a.s. nite. Therefore, a.s.,

g(ncz
lim sup '
M 20T ey [02)

S| x

Coo

S| x

X; w (dx)

1
(N) (N) i - =0:
XW(O)y+ EVY(T +1) nI!llm m - 0:
Thus we have shown that on the set 1\ , of full P-measure, (5.22) holds for
everyT <1 and' 2CY([O;M) R.).

We are now in a position to complete the proof of Theorem 5.1.

Proof of Theorem 5.1. Fix N 2 Nandt 2 [0;1 ), choose a set™of P-measure 1
such that the assertions of Lemmas 5.2 and 5.3 hold for every 2 CE1([0;M) R.),
and x ! 2 7 Combining (5.18) with (5.19), (5.20), (5.21) and Lemmas 5.2 and
5.3, it follows that the right-hand side of (5.7) equals
Z, z
Hu(is)+ " s(is); Mids QM)+ ' (0;5) dK (N (s):
0 [0;t]
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Equating this with the left-hand side of (5.7), we obtain (5.4). The remaining
relations (5.5) and (5.6) follow immediately from (2.5), (2.10) and the observation

that Q™) = D) (see the comment below (5.1)).

5.2. A Useful Family of Martingales. An inspection of the integral equation

(5.4) suggests that identi cation of the limit of the sequencef (Y(N ) :~(N))g of scaled
state processes is likely to require a characterization of the limit of a sdad version

o™ of Qv(N). In order to achieve this task, we rst identify the compensator of

Q

Q-(N) (in Corollary 5.5) and then identify the limit of the quadratic variati on of the
associated scaled martingalévl. .(N), obtained as a compensated sum of jumps (see

Lemma 5.9).

We begin by introducing some notation. Recall thath is the hazard rate function
denedin (2.3). Forany ' 2 Gy([0;M) R.), consider the sequences of processes
fAMN)N 2 Ng de ned by

Z, Z !
(5.23) AN (t) = " (x;s)h(x) (N(dx) ds
0 [o;:M)
for everyt 2 [0;1 ). We now derive an alternative representation for the process
A™) which shows, in particular, that A™) is well de ned and takes values inR

for everyt 2 [0;1). For j 2 N, recall that ) = inv[K ™)](j) is the time that

the jth customer entered service. Then, interchanging the order of integration
and summation and using the linear increase of the age process, we can write for

t21[0;1),
(5.24) 0 1
Z, K%(s)
(N) _ (N) ' (N) (a)-
AN (1) = 0% h a™(s) * a™(s);s nTaj(N)(S)WJgX ds
j=h 1 Miv
o Ee (N)
= h N O)+ s 8 0)+ s;s nnafN)(o)ﬂwj
ji=h1; Min
|<32>(t)Zt
+ hs ™M g J-(N);s - oy, °ds:
s< j +Vj

) (N) )
j=1 i
Sincev; <M a.s. andh is locally integrable on [Q M ), this shows that AN is well-
de ned. Moreover, using the inequality h1; i+ KMty XM ©)+ EMN(t),
we have for everyN 2 Nand' 2 C.([O;M) R:)withsupp(') [0;m] R, for
m 2 [0;M),
Z m
(5.25) JAM®)] k 'k, XM @)+ EM(t) h(x) dx ; t2[0;1);
0

which is nite due to the local integrability of h.
Now, let Jt(N) be the (random) set of jump points of the departure procesD (N)
up to time t:

.n 0
M =2 s200t]:DMN(s) 8 DN)(s )
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andsetJ™) = 3N = [ (3™ Recallthat Q") = D). We start by identifying
the (predictable) compensator ofD(N) (see Section 3b of [12] for the de nition).

Lemma 5.4. For every N 2 N, the processA(lN) is the fF t(N)g-compensator of
the departure procesD (). In other words, A(lN) is an increasing, fF t(N)g-adapted
process, with E[A(lN)(t)] < 1 foreveryt2 [0;1), such that for every non-negative
fF t(N )g-predictagle proceng ,

X Z4
E4 HS = E  HdAM(9)

0
(5.26) s29() "z, 7 I #

= E Hs h(x) N(dx) ds :
0 [o;M)
Proof. Fix N 2 N, label the servers from 1:::;N and assume without loss of
generality that, for j = h 1; ((,N)i +1;::1;0, the j th customer in service at time O
is being served at thek; th station, where k; = j + hi,; (()N)i.

In order to prove the lemma, we shall nd it convenient to introduce the following
(N):k (N):k

notation. For k =1;:::;N andn 2 N, let y (respectively, n ') be the time
at which the nth customer to be served at stationk starts (respectively, completes)
service, where forj = h 1; ((,N)i +1;:::;0, we set (1N);k" equal to aJ-(N)(O). We

also let D(N)K(t) represent the total number of customers that have departed from
the kth station in the interval [0 ;t]. Then clearly D(N)*(0) =0 and

X
DN) = D(N)k.
k=1
For conciseness, for the rest of this proof we shall omit the explicit dependence of
all quantities on N .

R
DX(t) = Dk t~ kK Dk ta kK t2[0;1):
n=1
De ne .
DK(t) = DX t~ kK DKt~ k. t2[0;1):
Observe that DX is a point process with just one point representing then-th de-
parture from station k. We claim (and justify below) that the F;-compensator of
DX is given by the procsessAﬁ that is de ned, for t 2 [0;1 ), by

0 ift20;k 0
%zt [0; k_0]

- hu X du ift2(k 0o k
A:(](t): 50 n (n_ n

%zk_
_ hu K du ift2(k1);
k_0

It is straightforward to verify that ¥ and X are both fF g-stopping times (this
can be done by rewriting the eventsf ¥ tgandf ¥ tg as events involving
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reader). As a result, it follows that AX is fF ;g-adapted. Moreover, by de nition
AK is continuous, and henceF g-predictable. Thus in order to establish the claim
that it is the fF ;g-compensator forD¥, by Theorem 3.17 on page 32 of [12], it
su ces to show that for every fF (g-stopping %ime T,

1 1

. Tom(9dDES) =B Tgry(9) 9AY(S)

We will prove the result for the case when X > 0 (i.e., whenn 2 orn =1

follows from the same argument, but with G replaced by the conditional distribution
(N) - (N) ;
[G() G(a "(O)]=1 G(y (O))]IL[‘?I]_(N)(O);1 X which has hazard rateh]]Tali(N)(O);l )
Fix n;k such that ¥ > 0. Due to the monotone convergence theorem, it is clear
that it in fact su ces to show that the above equality holds for any bounded fF ;g-
stopping time T. Now, note that, because neitherDX nor AK increase outside
(ko X, thg last equation is equivalent to thezrelation
1 1
E . Moty ( 1 y(s)dDR(s) = E . Tioiryy ( x: x1(S) dAR(S) :

However, the term on the left-hand side can b2e rewritten as
E . Biorp ( k:1)(8)dDR(s) = lim E4_ B et e & bigo

2m
i=0

SinceT, £ and K are all fF (g-stopping times, conditioning on Fj-om , it follows

h |
e R e B
h h i
=EE Ly e g™ s g

S M g T 6 5 ¢

j+1 k j k
E | G n G g
Lty dosm g™ 1 G L K

2m n

Note that the second equality above uses the independence of the service require-
ment of a given customer from the cumulative arrival process and the service re-
quirements of all other customers. Combining the last two displays and invoking
the monotone convergence theorem to justify the interchange of expectation and
summation over j, we conclude that

Z,
E 0T (k:1)(S) de(S)
. I NG n 3
X G it k G 4 k
= i 4 » » Zm__n 27 n g
nle E . Lt & et k> shrg 1 G 217 K
j= m

To complete the proof, ifonly remains to show that the right-hand side of the
last equation is equal to E[ 01 Tyo:7)(S) AK(ds)]. For this, rst note that the term
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within the expgctation on the right-hand side of the last equation can be rewriten
in the form E[ 01 To.1)(S)AK,, (ds)] where, form 2 N, AK. ()= Ak, (' ;) is the
random measure de ned for eachh 2 by

G lLm K1) G A& k()

b
Amn (1109)= (@90 40y g

j=0 2m
where  is, as usual, the Dirac mass atx. Next, observe that if ,'§ +2 M u
j2 MthenG(u K) G(j2 ™ K)andthereforel G(u X) 1 G(j2 ™ X)
and similarly, if X j2 ™ wuthenl Gu K) 1 G@G{2™ K¥):Itfollows
that

Z « K

" g(u n) k .
— " d At [0 1
'n<+2j1,r1 G(U rk]) u m,n[1 )
Z «, 1
I I N
k 1 G(U ,Iﬁ)
= In1l G 'n<+i K

Since X K represents a service time, it is distributed according toG. Hence
G( K k) is uniformly distributed in (0 ;1). SinceG is continuous, for every!
there exists a su ciently large mo = mg(! ) such that for m  mg, G( k(1)
Kl)+1=2")< 1,sothat In 1 G K(I)+ %~ K() < 1. Combining
the last four statements, we conclude that for each! , Akm;n (' ;[0;1)) is nite for
all m  mg and, moreover, that asm ! 1 , the measureAK (! ;) converges

vaguely to the measure that has density

gu k(1))

1 G(u k()
which is precisely the measureAX (! ; ). The latter measure does not charge points,
and in particular does not chargeu = T(! ). So we conclude that for every! ,

Z, Z, Zg Ko
im Tore) (AR (509 = Tory (AR ids) h(u) du;

¢ k1y<u k() = h(u k(g K(y<u  K(1)gs

m!l

where B is an upper bound on the stopping time T (note that if M < 1 we
may restrict our attention to bounded stopping times whose bound B satis es
B < X+ M). Therefore, the last term is nite due to the local integrability
of the hazard rate function on [0 M ). The limit above, along with the bounded

convergence theorem, then implies the desired convergence:
2

3
| Gt kK G4 &
iy E‘LOH” L N
Z,
=E lim Tjo;7) (u) A, (U)
Z,
= E Tljo7y(u) dAK (u)
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This establishes (5.26). In particular, this shows that for everyt 2 [0;1 ), E[A(lN)(t)] =
EDMN)(t)] E[EMN)(t)+ X (N)(0)] and so the lemma follows from Remark 3.1.

SinceDN) = Q(lN) and the ages of customers are continuous and hence pre-
dictable processes, the following (seemingly stronger) result can be immediately
deduced from the proof of the last lemma.

Corollary 5.5. ForeveryN 2 Nand' 2Cy([O;M) R.), the processA-(N) is the
Ft(N)—compensator of the processQ(N). In particular, the process MM de ned by

(5.27) MM = Q) AN

is a local F\"'-martingale.

As usual, let GFN), AN and MM, respectively, denote the scaled processes

Q™ =N, AM=N and M) =N. The following lemma will be used in Section 5.3

to establish tightness of these processes. H

i
Lemma5.6. ForeveryT < 1 and' 2C,([0;M) R,), limsupy E jé.(N)(T)j <
i

1 andlimsupy E K.(N)(T) <1 . Also, fort2[0;1)andN 2 N,
h )

[
(5.28) lim E p™Mi+ ) D™ =o:
Moreover, for every > O and interval Z =[m+ ;M ) with m 2 [O;M ),
[
—(N —(N . .
(5.29) EQy (t+ ) QnoF™M  u()Mmm)

where U( ) is the renewal function associated with the service distrilstion G.
Proof. Forevery T < 1 and' 2 Cy([O;M) R:), E[jK.(N)(T)j] E[Kj(.Nj)(T)] =
E[Gj(.Nj)(T)], where the last equality is justi ed by Corollary 5.5. Therefore the rst
assertion of the lemma follows from (5.3). For notational concisenesshtoughout
the rest of this proof we will usef (t;t + ]to denotef (t+ ) f(t) for any function
f,t2[0;1)and > 0. Since I is only a function of x, we can write

KR (t+ )
1z \Y - ]]T%ai“\”(s )>0;afN)(s): vig—?t b !
i=h1; éN ) i+1 s2(tt+ ]

which is simply the number of departures from the Nth system during the time
interval (t;t + ] by customers whose ages at the time of departure (which equals
their service times) lie in the setZ.

We shall bound the departures during the time interval (t;t+ ]inthe N th system
by the departures in another system that is easier to analyze. Consider a modi ed
system in which at time t, there are an in nite number of arrivals (or, equivalently,
customers in queue) so that aftert, at each station, every time a customer nishes
service, a new customer joins. LeD;( jx) denote the number of departures from a
single station in this modi ed system during the period (t;t+ ], given that at time t
there exists a customer with agex in that station (note that, as the notation re ects,
this quantity is independent of t and the choice of station). In fact, the quantity
D1( jx) is simply the number of renewals in the interval [0, ] of a delayed renewal
process with initial distribution that has density go(y) = g(y + x)=(1 G(x)), and
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inter-renewal distribution G. Thus, as is well-known (see, for example, Theorem
2.4(iii) of [1]), E[D1( jx)] is bounded above byU( ), where U() is the renewal
function of a pure (zero-delayed) renewal process that has inter-renewal distribution
G (and a renewal at 0).

Let D(t;t + s] be the departure process from the modi ed system during the
interval (t;t + s]. At time t, each customer present in the original system is also
present in the modi ed system and has the same age in both systems. On the other
hand, if there are idle servers in the original system at timet, i.e., if N h 1; t(N)i >

0, then the modi ed system hasN h 1; t(N)i servers that have customers with age

zero at time t. Thus §N) = t(N)+( N h1; t(N)i) o represents the age distribution

of customers in the modi ed system at time t. Thus §N)[0; M) = N and a simple
monotonicity argument shows that

h

i h
Eb™Ma+ ) MM

i
E D(tt+ JFM
V4 h '

|
E Da( jx) M(dx)
[O;M)

u():

(5.30) =

Z‘|—\Z‘|—\

Now, U( ) is nite for any nite and non-decreasing (see, e.g., Theorem 2.4(i) of
[1]). SinceE[D1( jx)] converges monotonically down to zero as ! 0, the bounded
convergence theorem shows that for everil 2 N,

z h i

. . 1 (N) _ .
I|!m0 [O;M)E D1( jx) N (dx) =0:

Taking expectations of both sides of (5.30) and then sending ! 0, the last display
and another application of the bounded convergence theorem then shows that for
every N 2 N, (5.28) holds.

To establish (5.29), x > Oandm 2 (O;M ). Then any customer whose
service time is greater than or equal tom + and who departed the system during
the time interval (t;t + ] must have been in the system at timet with age greater
than or equal to m > 0. Thus the total number of such departures is bounded
above by the number of departures in the modi ed system from stations that had
a customer present at timet with age greater than or equal tom. By the same
reasoning provided above, this implies that

hf(N) ; (N)I z h ; i (N) (N)
E Qu,. ., G+ )iF, oy B D100 7@ U0 mim);
m;

which completes the proof of the lemma.
We now derive another estimate, which can be viewed as a \pre-limit" ana-

logue of the estimate (4.34) that was obtained for solutions of the age eqian in
Proposition 4.15.

R
Proposition 5.7.  Given" 2L [0;M)and’ 2 Gy([0;M) R:), ,h() ( ;s);*(SN)i ds
is well-de ned for every N 2 N. Moreover, if either supp(’) [0;m] or supp( )
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[O;m] R4 forsomem<M , then forevery0 r t< 1,
Zt
h(;9)();{Vids
(5.31) ' Z (u+rt r)Am

k' k, XM+ E™M) sup i*(x)j dx:
u2[0;m] u

R
Proof. The fact that éh‘( ) (;9); Mids equals the right-hand side of (5.24),
but with h replaced by, shows that is well-de ned. To obtain the estimate (5.31),
manipulating (5.24) with h replaced by ", we obtain for everyN 2 N and 0<r <
t< 1,
z t
() () {Mids
r )@ Z N
k' k
7N1 M)+ s ° ds

al™) (0)+ s<v ;" m

ji=h 1 M+
KS’z)(r)Zt
K" Ky . (N)
(5.32) +T o r S i ]]_”S ™) mo ds
KQ)(t) Z,
K k, . (N)+
+ o ) (s ;)i L3 m’
j=KMN)(r)+1 j
N —(N) V4 (u+t r)*m
k 'k, h;=MVi+KT(t)  sup i"(x)j dx;
u2[0;m] u
where the last inequality uses the fact that (") 2 [rt] for j = K®MN)(r) +

i
1, ;KMN)(t). The estimate (5.31) then follows from the above display, (2.5),
(2.6), the non-negativity of Y(N) and the fact that *&N) is a sub-probability mea-
sure for everys.

In the next lemma, these estimates are used to obtain some convergence results,
which will in turn be used to prove tightness of the pre-limit sequence in Section
5.3. The assumptions (5.33) and (5.34) of the lemma below are shown to [fow
from Assumption 1(3) in Lemma 5.12.

Lemma 5.8. Suppose that the limit

h i
(5.33) lim supE " (m;M) =0
m"M N2N
holds and, ifM < 1 , then
" #
. 1 G(m) —(N)
5.34 lim supE _— dx) =0
( ) m"M Nzﬂ om) 1 G(x) o ()

is also satis ed. Then the following three properties hold.
(1) Fort2[0;1 ),
zZ, Z oA

h(x) "M (dx) ds =0:

lim supE
m"M N 0 [m:M )
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(2) Forevery' 2GCy([O;M) Ry)andT 2[0;1),

iim limsupE ~ sup AMa+ )y A =o

N t2[0;T]

and fort 2 [0;1 );
h i
IilmolimsupE Q™+ )y ™ =o:
: N

(3) Given m < M and any sequence of subsetd, [0; m] such that the
Lebesgue measure of the sét,, goes to zero amn ! 1 , we have for every
T2[01),

" #

(5.35) lim imsupE sup Ay (t) =0:
n'l N t2[0;T] "

Proof. As in the last two proofs, in this proof too we will use f (t;t + ] to denote
f(t+ ) f(t)forany function f,t2[0;1)and > 0. We shall divide the proof
of the rst property into two cases.

Case 1. M = 1. We start by proving a preliminary result, (5.36) below. For
m; ;s2[0;1),let fn .s2Cy(R+) be such that

]1[2m++ s;1) fm; S jl[m++ s1)-
Then by Corollary 5.5 and (5.29), we have for everyN 2 N,

h i h i
E AL (ss+] FM = EQL (sis+] FMM

|
=N) . ;

E Q:u.[m++ S;l)(S’S+] JFS(N)

UO) Mm+si1)

Taking expectations of both sides, we see that
hi(N) i h i
(5.36) E A, .(sis+] U() E Mm+s;1) :

We now show how the rst property (in the case M = 1 ) follows from the above
estimate. Fixt 2 [0;1 ), choosem >t and letm =(m t)=2. Then we have

‘7.z " ‘7.z I #

E h(x) " M@dx) ds = E h(x) "N (dx) ds
0 [m;1) 0 2m+t1)

h i
~(N)

E Af mt 0 (t)
h

i
UME §Vm;1) ;

where the last inequality is justi ed by the estimate (5.36), with m; and sreplaced
by m;t and 0, respectively. Taking the supremum of both sides oveN, and then
sendingm!1 (in which casem! 1 ), the relation (5.33) ensures that property
(1) holds for the caseM =1 .

Case 2. M < 1 : In this case, form < M , by Corollary 5.5 and the fact that
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Nmm )(aJ-(N)( )) is left-continuous and hence predictable, we have

n |
Z, z b oy 0 N
E h(X)igN)(dX) dS =E Aj]-(m;M )(t) =E Qn(m:M )(t)
0 (M) 3
K1)
_ 1% X (N)
B WEQ r La™(s )>0a)(s)= vjojl(m;M) g (s) g‘
s2[0tlj=h 1; (Vi+p 3
h i
i 1 P
E~{(mM) + ZE4 L0y mglov 2(mm )g®
N i=h 1 M)+ ! ’
n 1= ,#
1 E(r_‘))(t)
*NE O Trv2mmg
j=1
Conditioning on FéN) and using the fact that a‘-(N)(O);j = h (()N);li;:::;o, and

hence (()N), are measurable with respect toFéN), we see that the second term on

the right-hand side can be rewritten as
2 3

X0
7Eg ]]TafN)(O) mg:n-fvjz(m;M )gg
i= 1 Miv 3

1 X h . i
= NEQ ]]Taj(N)(O) ng ]]-vaz(m;M )gJaj(N)(o) g

oi=h1 Min 3
Slgg * g, 1 Gm
N 0 e o)
z' e #
1 G(m)_(n)

=E (dx) ;

om) 1 G(X) 0

while the independence of the arrival process and the service requirements of the
customers implies that the third term can be simpli ed to

2 3
1 E%)(t) —(N)
WE4 iy, 2imm )g® = (1 G(M)E[E " (D)]:
j=1

Combining the last three displays, we conclude that
"7 . Z I#
E h(x) "M(dx) ds

0 (m;M ) " #

E*(N)m-lvliﬂzZ L GM )iy +1 cm)eEE™ ():
o (m;M) [O;m]WO() ( (m)) E[ 1

Taking the supremum of both sides oveN and then sendingm! M, (5.33), (5.34)
and Assumption 1(1) ensures that property 1 is satis ed.
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We now turn to the proof of property 2. Fix * 2 Cy([O;M) Ry)andT 2 [0;1).

Foranym<M andt2 [0;T], we Qave . "
E sup K.(N)(t;t + ] E sup K.(%:m](t;t + ]
(537) t2[0;T] t2[05T] #
+E  sup K'(Nnim.m (Gt+ ]
t2[0;T] '

However, applying (5.31) with * = hlly.ng, and r and t replaced byt and t + ,
respectively, next taking the supremum overt 2 [0; T], then the expectation and
lastly the limsup over N, we obtair;#
—(N) z (u+ )*m

limsupE sup A. IL[o‘m](t;t + ] k'ky C(T+ ) sup h(x) dx;

N1 t2[0;T] ' u2[0;m] u
whereC(T + )= E[X(0)+ E(T+ )] < 1 by properties 1 and 2 of Assumption
1. Sinceh is locally integrable, the right-hand side goes to zero as ! 0 and so we

have " #
lim limsupE  sup K.(Nﬂ)o_ (tt+ ] =0:
VNI t2[0;T] om]
Hence, taking rst the limsup, as N ! 1 , of (5.37), then sending ! 0, and

nally the limit as m " M, the rst term on the right-hand side vanishes due to
the last display, while the second term goes to zero by property 1. This proves the
rst relation of property 2. The second relation of property 2 follows tri vially from
the rst on account of Corollary 5.5.

Once again considering (5.31), this time with' = 1, 'y = hlly, andr = 0,
taking the supremum overt 2 [0; T], then expectations and then limsupasN !'1
we obtain for everyn 2 N,

" # .
limsupE sup Kﬂ)ﬂ (t) C(T) h(x) dx;
N 11 t2[0;T] Hn\ [0;m]

with C(T) = limsup E[Y(N)(O) + E(T)] < 1, where the niteness is a conse-
guence of properties 1 and 2 of Assumption 1. Sending ! 1 , the local inte-
grability of h and the fact that the Lebesgue measure o, converges to zero as
n!1l show that the right-hand side above tends to zero, which proves the last
property of the lemma.

The local martingale M ™) has a well-de ned predictable quadratic variation

processHW.(N)i becauseﬁ.(N)(O) =0 and M) has bounded jumps (see, e.g.,
statement (4.1) of Section | of [12]). We now show that the sequence of predictable
guadratic variation processesﬂW.(N)i, N 2 N, (of the scaled sequence of martingales
W.(N )) converges to zero aN !'1
Lemma 5.9. Forevery' 2Cy([0O;M) R:)andt2[0;1),

i
(5.38) Jim E M) =o:

Consequently,ﬁ-(N) ) OasN!1
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Proof. SinceM") is a compensated sum of jumps with a continuous compensator
AM MM does not have any predictable jump times, i.e., M-(N)(T) = 0 for
every predictable time T (see, e.g., Corollary 1.19 of Section Il and De nition
2.25 of Section | in [12]). Therefore, by Proposition 2.29 of Section Iln [12], the
predictable quadratic variation of the martingale is given by
zZ, Z
hv (N (t) = " 2(x;s)h(x) (NM(dx) ds:
0 [0;M)

This means that the scaled procesﬂ,(N) has predictable quadratic variation
" L #
zZ, Z :

MM 1 ' 2(x:s)h(x) ~(N)(dx) ds ;
M)

1
. = — ,(N)' =
M. Ti(t) NZH\/I i(t) N
which implies that for any t 2 [0;1 ),

v L2
K K2

™ Mi() AN (0):

SinceE[K(lN )(t)] = E[ﬁ(N ) ()] by Lemma 5.4, the rst assertion of Lemma 5.6 shows

that supy sy E[K(IN)(t)] < 1. Thus, taking rst expectations and then limits as
N 'l in the last display, we obtain the rst assertion of the lemma. In order to

show that W.(N) ) OasN !1 , we note that by Doob's Lemma, for any > 0
! _
e i ()]

P sup V.(N)(s) > 5 ;

s2[0;T]
which converges to 0 asN ! 1 by the rst assertion. Since this is true for all
> 0, this completes the proof of the lemma.

5.3. Proof of Relative Compactness. We now establish the relative compact-

ness of the sequence of scaled state processﬁéi(m;*(“)); N 2 Ng, as well as
of several of the auxiliary processes. For this, it will be convenient to use Kur'

criteria for relative compactness of processeiY (N) g with sample paths in Dg[0; 1 ).

Kurtz' criteria.

K1. For every rational t 0,
(5.39) Jim supP(GY M) (1)j >R)=0;
! N

K2. For eacht> 0, there exists > 0 such that
(5.40) lim supE YN+ )y YNy =o0:
: N

The su ciency of these conditions for relative compactness follows from Theorem
3.8.6 of [6] (condition K1 corresponds to condition (a) of Theorem 3.7.2 in [pand
condition K2 follows from condition (b) of Theorem 3.8.6 and Remark 3.8.7 in[6]).

Lemma 5.10. Suppose Assumption 1 holds. Then the sequencéé.(N)g, fﬂ.(N)g

andM ™) for* 2Cy([0;M) R.), the sequencesX " g and th1;~™)ig, and the
sequenceghf; *(N)ig, for f 2 CL[0;M), are all relatively compact in Dg[0; 1 ).
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Proof. Since we are working on Polish spaces, by Prohorov's Theorem the notions
of relative compactness and of tightness are equivalent. FiXxT < 1 and' 2

G(0;M) R.). The fact that fﬁ.(N)g and f@(N)g satisfy condition K1 is easily
deduced from the bounds sup EUG.(N)(T)j] < 1 and sup, E[jK.(N)(T)j] <1 that
were proved in Lemma 5.6. In addition, from Lemma 5.8(2) it follows that for every

' 2GCy([0;M) R), the sequences‘ﬁ( )g and fé( )g satisfy criterion K2 (with

= 1), and thus are relatively compact. Finally, K1 and K2 for fﬂ.(N)g follow
from K1 and K2 for fK.(N)g and fé.(N)g
By Assumption 1 and the result just proved above the sequencefsE(N)g and

fY(N)(O)g and fﬁ(N)g are tight and therefore relatively compact. Therefore, by
Theorem 3.7.2 of [6], they satisfy (5.39). The elementary bound

=M XM ) (N)(O)+E(N)(t), t2[0,1);

then shows that the sequence$7 g and fh1; (Nig also satisfy condition K1.
To prove the relative compactness of these sequences, we will use a slightly di eren
set of criteria, namely K1 above and condition (b) of Theorem 3.7.2 of [6], whib
is expressed in terms of the modulus of continuitywY(f; ; T ) of a function f (see
(3.6.2) of [6] for a precise de nition of w%. Forevery0 s t< 1, from (5.5)it
is clear that

o xVe  EVm EMe 0™ 0N

and the complementarity condition (5.6) shows that
h iv h +
i —MNi b1, 1 XM 1 XM xMy xMs)

From this it is easy to see that for everyN 2 N, > OandT < 1,
wo(hL;—MNi; ;T ((N),,T) wEM: Ty _wd™; T

The relative compactness of X " g and fh1;~(Vig is then a direct consequence of

the above estimate, the relative compactness of g™ )g and fﬁ(N)g and Theorem
3.7.2 of [6].
Now, let f 2 CL[0;M). We shall prove the relative compactness of the se-

guencefhf; *(N)ig. First substituting ' = f (as usual, interpreting f as a func-
tion on [0;M) R that depends only on the rst variable and noting that then
the continuous di erentiability of f in the rst variable trivially guarantees that
f 2 CY([0;M) R.)) in the equation (5.4) satis ed by the prelimit, and then
dividing the equation by N, we obtain for any t 2 [0;1 ),
D E D E Z,
Ny = e Migs M+ FOR™ ()
20,
= 0'*(N)i ds o (t)
0 [
+£(0) Q(N)(t)+ ;—Mi b1V

where the last equality uses the relation (2.6). Thus to show thatfhf; ")ig is
relatively compact, it su ces to show that fhf; *(N)lg and the sequences associated
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with each of the three terms on the right-hand side of the last display are reléively
compact. The relative compactness of the last two terms is a direct result of the

relative compactness ofde)g, fé(lN)g and fh1;~(N)ig proved above, and the

relative compactness of the sequencfhl;j()N)ig which holds due to Assumption
1(3). In addition, since ~(N) is a sub-probability measure for everyN 2 N, the rst
term is uniformly bounded by kf 0k1 t and, moreover,

t+u

He—Ni ds k f%, u:

t
This veri es Kurtz' criteria K1 and K2 (with = 1), for the sequence associated
with the rst term and thus establishes its relative compactness.

We now show that several sequences of measure-valued processes associated with
the many-server model are relatively compact. Given a complete separable metric
spaceS, the spaceM g (S), equipped with the topology of weak convergence, is
also a complete separable metric space. Thus we can apply Jakubowski's criteria
(see, e.g., Theorem 4.6 of [13]) for tightness, summarised below, to est#ii relative
compactness oDy . (s)[0;1 ), with S=[0;M)and S=[0;M) R..

Jakubowski's Criteria. A sequenced (N)gof Dy ¢ (5)[0; 1 )-valued random elements
de ned on ( ;F;P)is tight if and only if the following two conditions are satis ed.
J1. For eachT > 0 and > O there exists a compact seKy. M ((S) such
that
lim inf P MoKy forallt2[0;T] > 1

This is referred to as thecompact containment condition.

J2. There exists a family F of real continuous functions F on M g (S) that
separates points inM ¢ (S) and is closed under addition such thatf ~N)g
is F-weakly tight, i.e., for every F 2 F, the sequencd F ( éN));s 21[0;1)q,
N 2 N, is tight in Dr[0;1 ).

Remark 5.11. Consider the family of real-valued functionsF on M {(S) given by
F=fF:9f 2Cl[O;M)suchthat F( )= H; i 8 2M y(S)u:

Every function in F is clearly continuous with respect to the weak topology on
M 1(S) and the classF is trivially closed with respect to addition. Moreover, F
clearly separates points inM 1(S).

We start by establishing the relative compactness of the sequence of measure-
valued processes —(N)g.

Lemma 5.12. Suppose Assumption 1 holds. Then the sequenteN)g is relatively
compact. Moreover, the limits (5.33) and (5.34) hold.

Proof. By Lemma 5.10 and Remark 5.11f ~(N) g satis es Jakubowski's criterion J2.
Therefore, it su ces to show that f~(N) g satis es Jakubowski's criterion J1. De ne
~N) 21 h1;7=Nj) o+ ~(N) where , is the Dirac mass at zero. Then ') is a
probability measure on [Q M) for every s 2 [0;1 ) and, since 1h 1; N2 [0;1], to
prove the lemma it clearly su ces to show that ~(N) satis es Jakubowski's criterion
J1. We split the proof of the latter into two cases, depending on the value oM .

Case 1. M = 1 . By Assumption 1(3) and the complementarity condition (5.6),
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there exists a set™of measure 1 such that forall ! 2 7 *((JN)(! ) converges weakly,
asN 'l , to a sub-probability measure 7o(! ), which in turn implies that 1
*(()N)(! ) converges to 1 h 1;7o(! )i. Fix ! 2 T Then by Prohorov's theorem (see

Section 3.2 of [6]), the sequencé~((,N)(! ); N 2 Ng must be tight. Hence, for every
"> 0, the positive random variabler (!;" ) de ned by

r(;") ::sup inffa: ~éN)(! )Ma;l)<"g
N

is nite. Note that we then have
M@y ey 1)<t forall N 2 N:

Sincer(!; 1=n) < 1 for every! 2 ~and n 2 N, there exists a sequence(n) that
convergestoinnityas n!1 ,andis suchthatP(! :r(!; 1=n)>r(n)) 2 ". If
we dene A, = f! :r(!; 1=n) >r (n)g, then by the Borel-Cantelli lemma, almost
surely A, occurs only nitely often. Furthermore, P([ n n,An) 2 No*l forevery
No 2 N. Now x T < 1, and note that since the age process of each customer in
service increases linearly, for everym 2 N andt 2 [0; T],

1

CAVOEmi) S A e ]

LMy + T;1) %
Thus, given > 0, now de ne

K.t = 2M 1(Re): (r(n)+ T;1) %foralln>No() ;

where we choosdNo( ) = d In =In2eso that 2 No*! < . Then observe that
nf sup (C9 inf sup (r(n)+ T;1)=0:
C R.:C compact 2k n>N o( ) 2K 1
Therefore, another application of Prohorov's theorem shows thak 1 is a relatively
compact subset ofM ;(R- ) (equipped with the Prohorov metric). Let K .+ be its
closure in the Prohorov metric. Then for everyN 2 N,

P M 2K.; foreveryt2[0;T]
1
P ~M(rn);1) ﬁforeveryn>No() 1 2 Nt g

which proves the compact containment condition whenM = 1 .
In addition, this also shows that (5.33) holds. Indeed, if > 0andN;( )2 N
satises N1( )  Ng( ) _ [1= ], then the last display implies that for every m

r(N.( ), .
. N
l\lngP ~((, )[m;l) m 1
which in turn shows that for every for every m  r(Ny( )),
1
-+
Na( )
The result then follows by letting rst m!1 andthen ! O.
Case 2. M < 1 . We start by establishing (5.33) and (5.34) using an argument
similar to that used in Case 1 to prove (5.33). The almost sure weak corergence

I
supE *E)N)[m; 1)
N2N
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of *BN) to o in M 1][0; M) implies that the sequencefr(n)g considered in Case 1
can be taken strictly smaller than M and converging toM. De ning Ni( ) as in
Case 1, we see that fom  r(Nqy( )),

h ) i 1
SUpE —§ '[m;M ——+
Nzﬁ o'l ) N1( )
and the result follows as above by sending rstm ! M and then ! 0. The

limit (5.34) follows from the weak convergence of*f)N) to 7o and the fact that
(1 G(L)=(1 G(x))is bounded (by 1) and continuous on [QL).

It only remains to show that the compact containment condition is satis ed
whenM < 1 . For this, we need to show that for every" > 0, > 0 we can nd
m(") <M so that

inf P ~Mom]>1 " forevery t2[0;T] > 1

However, for anym <M , we have

P ~M(m;M)>" forsome t2[0;T] P 651“(‘m);M (T+M)>"

E[QY,,, (T+ M)

~(N)
E[Al(m:M )

(T+ M)]

where the last equality follows from Corollary 5.5. Using now Lemma 53(1) (which
is justi ed since we have already established (5.33) and (5.34)), one can ndn(")
close enough toM to make the supremum overN of the right-hand side above
smaller than , thus yielding the desired result.

Forall N 2 Nandt 2 [0;1), from (5.2), (5.25) and the fact that Q;"(t)

and K(lN)(t) are a.s. nite, it immediately follows that a.s., the linear functionals
G(N)(t) 7 GSN)(t) and K(N)(t) 7 K.(N)(t) on G([0;M) R.)are nite non-
negative Radon measures on [M ) R, (see Section 1.2.2 for a characterization of
Radon measures as linear functionals). In other words, for every 2 C,([O;M) Ry)

the integral of * with respect to the Radon measureG(N)(t) (respectively, K(N)(t))
equalsQ™) (t) (respectively, A" (t)). Thus Q™ (t):t 2 [0:1 )gand fA™N (1)t 2
[0;1 )g can be viewed adM ¢ ([0;M) R, )-valued @dhg processes. We now show

that the sequences of measure-valued processé§(N)gN >N and fK(N)gN oN are
relatively compact.

Lemma 5.13. Suppose Assumption 1 is satis ed. Then the sequencésj(N)gN 2N
and fK(N)gNZN are relatively compact inDy . qo;m) r,)[0;1).

Proof. Due to Remark 5.11 and the fact that fort 0, the integrals of ' with
respect to Q(N)(t) and K(N)(t), respectively, are given byQ(N)(t) and K(N)(t),

Lemma 5.10 simplies thath(N)g and fK(N)g satisfy Jakubowski's criterion J2.
Thus it su ces to verify Jakubowski's J1 criterion for these sequences. FixT < 1 .
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For > 0, dene

. h i
(5.41) B()= EsupE AN (T ;
N

which is nite by the rst assertion of Lemma 5.6, and let fm(n; )gnon  [0O; M)
be a sequence such tham(n; )! M asn!1 and

hi(N) i

(5.42) SUPE A, 0, (T) n2 N:

n2n+1 ;

Such a sequence exists by Lemma 5.8(1). Also, de ne
K= 2M((O0;M) Ry):h; i B()and (m(n; );M) R.) %Snz N

Since sup,¢x (O;M) Ry) B()and

inf sup (C® inf sup ((m(n; );M) R.)=0;
C [OM) Ry: 2K n 2k
C compact

K is a compact subset oM ¢ ([0;M) R.). Moreover, for > 0andN 2 N, the

monotonicity of K.(N)(t) in t for non-negative ' , Markov's inequality, (5.41) and
(5.42) we have

P K(N)(t) 62 K for somet 2 [0; T]

X
~(N) ~(N) 1
P AL (T) B() + P Arpiw yw)(T) o
h N i n2N
EAYM X h i
Ssup—————+ nsupk A
Np B() N nz,e Lm(n; ym )

which proves the compact containment condition forf A )g. Due to Corollary 5.5,

an exactly analogous argument shows that G(N )g also satis es this condition, thus

completing the proof of the lemma.

We are now ready to state the main relative compactness result. Let
Y=R, (Dr0;1))2 M £[OM) D w,om) (Dweom) r))?
equipped with the product metric and let
543 YN 2 (XM EM XM =m0 g™ ANy N2

Then Y is clearly a Polish space and so, combining Assumption 1 with Lemmas
5.10, 5.12 and 5.13, we arrive at the main result of this section.

Theorem 5.14. Suppose Assumption 1 is satis ed . Then the sequencfe?(N)g is
relatively compact in the Polish spacey.
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5.4. Characterization of Subsequential Limits. The main result of this section
is the following theorem.

Theorem 5.15. Suppose Assumptions 1 and 2 are satis ed. Then the limi{X; ™)
of any subsequence oT(Y(N);*(N ))gn 2w Solves the uid equations.

The rest of the section is devoted to the proof of this theorem. Let E; X (0); o)

be the Sp-valued random variable that satis es Assumption 1, and lety ™ ), N 2 N,
be the sequence of processes de ned in (5.43). Then, by Assumption 1, Theorem

5.14 and the fact that M) = 6(’\') AN ) 0 by Lemma 5.9, there exist

X 2 DR, [0,1 ), — 2 Dnm p[O;M)[O;l ) and A 2 Dy £ (O;M) R+)[0;1 ) such that
y™ converges weakly (along a suitable subsequence) to

Y = (XO0)EX:TAA)2Y:

Denoting this subsequence again bij(N )g and invoking the Skorokhod Represen-

tation Theorem, with a slight abuse of notation, we can assume thatv™ 1 Y p
a.s.
We now identify some properties of the limit that will be used to prove Theorem

5.15. First, note that we immediately have h1; )i 1 h 1;7i almost surely and

p™ = 7(1N) I Aq, whereé(lN) and A; are de ned in (5.1) and (5.23) with ' = 1:

When combined with (2.5) and (2.6), this implies that

(5.44) X=X0)+E Q,=X(0)+E Ay
and that K converges a.s. tK , where

(5.45) K@) = h:—i h i +A;; t2[0;1):

Moreover, from (2.10) it follows that the non-idling condition (3.7) holds. Com-
paring (5.44) and (5.45) with (3.6) and (3.8), it is clear that in order t o prove that
(X; ™) satis es the uid equations, it is necessary to show thatQ, = A; = D, where
D is de ned in terms of ~ via (3.9). If h is continuous and uniformly bounded on
[0; M) (as is the case, for example, whert is a lognormal distribution), then this
is a simple consequence of the (almost sure) weak convergence ®t) to — and
the de nition of A(lN) given in (5.23). However, as we show below, some additional
work is required to justify this convergence for generah (that satis es Assumption
2). We start, in Lemma 5.16, with a bound (see (5.46)) on certain integals with
respect to~. This bound is then used in Proposition 5.17 to show that, under mild
additional conditions on h, A; equalsD: Next, Lemma 5.18 establishes su cient
conditions under which — is absolutely continuous with respect to Lebesgue mea-
sure on [QM), for every s. All these results are then combined to complete the
proof of Theorem 5.15 at the end of the section.

Lemma 5.16. For m 2 [0;M) and every” 2 Li_[0;M) with support in [0; m],
there existsC(m;T) < 1 such that
Z, z

(5.46) h; sids LC(m;T) iT(X)j dx:
0 o;M)
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Proof. In order to establish the lemma, it su ces to show that for every m 2 [O; M),
T2 (@;1)and' 2CY(O;M) Ry) with supp(') [0;m] [O;T], there exists
C(m;T) < 1 such that

Zq

(5.47) Hx(;s)+"s(;9);sids k 'k, C(m;T):
0

Then the measure ~on R?, de ned by

zZZz - Z,y

' (x;8) ~(dx; ds) = Hx(:s)+ 's(;8);si; " 2CHY([O;M) R:);
0
RZ

is a Radon measure orR? with support in [0;M) R, and, moreover,f~sgs o
satis es the simpli ed age equation for ~. Therefore, (5.46) follows from Proposition
4.15. To show (5.47), x m;T and' as above. Then, for any" > 0, substituting
t=T+"in(5.4),theterm H (;T + ");*(TNJ..i equals zero and so, rearranging the
remaining terms we obtain, for everyN 2 N,
Z e z
Ha(i9)+ ' s(59); Mids = H (0 MVi+ ' (0;u)dK
0 [0;T +"]
+W.(N)(T + ")+ K.(N)(T +"):

Sending” ! 0 and using the right-continuity of the processes, the fact thatk ™)
is non-decreasing and the bound (5.25) omK.(N)(T)j, this implies that
Zy
(5.48) Ho(:9)+ ' o(;8);Mids k 'k, CN(mT)+ M (T);
0

where
Z

. m
c™MmT) = ;- Mi+ KMm+ XM+ V(1) h(x) dx:
0

Due to (2.5), (2.6) and the limits E'"’ 1 E and X™"’(0)! X(0)asN !'1 it
follows that
. Z m
limsupC™)(m;T) C(m;T)=2(1+ X(0)+ E(T)) 1_ h(x) dx
N1 0

Therefore, taking limitsasN ! 1 on both sides of (5.48), recalling thaRtV.(N )(T) !
0 (see Lemma 5.9) and observing that the left-hand side converges jo OT H(;9)+
" s(;S); ~si dgj due to the bounded convergence theorem, the fact that «( ;s) +
"s(;8) 2C(0;M) R.)and N — for a.e. s 2 [0; T], we obtain (5.47).

Proposition 5.17.  If h satis es Assumption 2, then for every' 2 Cy([O;M) R.),
z t
(5.49) A ()= hH (;s)h(); si ds; t2[0;1):
0

In particular, A. is absolutely continuous andA; = D.
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Proof. We will show (5.49) only for the case when' = 1 since the proof for' 2
G(0;M) R,) is exactly analogous. Note that for anym 2 [0; M), we have the
elementary bound

(5.50) sup A7) D(t) R (m)+ R (m)+ Ry(m);
t12[0;T]
where, settinghy, = hllg.ny, we de ne
Lz, Z !
R{M(m) = )= (dx)  ds;
0 (m;M ) | |
zZ. Z S 4 !
RV = he ()~ (d hm (X)s(dX)  ds;
2 (M) m(X)7s"’ (dx) m(X)7s(dx)  ds;
0 ;M) [0:M)
zZ. Z !

R3(m) ) h(x)"s(dx) ds:

0 (m;M
We now analyze each of the above terms. First, by Lemma 5.8(1), it fobws that
i
(5.51) lim supE R{™(m) =o:
m!' M N

Next, note that hy, is with compact support and integrable on [Q M), and hence
there exists a sequencéhmk gkan C ([0;M ) that,ask !'1 , converges inL[0; M)
to hy,. For every k;m 2 N, we have the bound

Z: Z -
R (m) ihn () hage (0] 71 (dx) ds
0 [O;M )
zZ: Z ! z !
(5.52) + hmc (x) 78 (dx) hmi (x)7s(dx) ~ ds
0 [O;M) [O;M)
Z, Z !
+ jhm (X)  hmg (x)j “s(dx)  ds:
0 [0;M)
Applying Proposition 5.7, with ~ = jhy, bhnkj, " = 1, r=0andt =T, and
taking, rst expectations and then the supremum ov#gr N, we see that

Z,: Z Zwu

supE ihmk (X))  hm(X)] “™(dx) ds  C(T)  jhmx(X) hm(x)j dx
0 M) 0

where C(T) = 1+supy E[Y(N)(O) + E(N)(T)] is nite due to properties 1 and 2 of

Assumption 1. Taking limits as k ! 1 and using the L*-convergence ofhy to
h,, we then obtain

"7 .z I#
(5.53) lim supE jhm(X)  hmk ¥)j "N (dx) ds =0:
kil N 0 [M)
Likewise, an application of Lemma 5.16 with™ = jhy hmj yields
Z T Z . #
lim E jhm (X)  hmy (X)j 7s(dx)  ds
kil o [OM) !
(5.54) Zw I

kIilm C(m;T) jhm(X) hmk (X)jdx =0
! 0
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Moreover, by the weak convergenc@éN) ™ —asN 1 forae.s2[0;T], the
fact that hn is bounded and continuous and the Bounded Convergence Theorem,
we see that

5.55 ;
(5.55) zZ, Z ! z boo#

limsup E hmx (x)~N) (dx) hmk (X)7s(dx) ds =0:
N1 0 [0;M ) oM )

Taking rst the expectation on both sides of (5.52), next the limsup over N, then
limits as k! 1  of the right-hand side, and using (5.53){(5.55), we obtain

(5.56) limsupE[RY(m)] = 0:
N1

We now consider the third term, using Assumption 2. If h is bounded (say by
B) on (mg; M), then by the Bounded Convergence Theorem,
lim E[Rz(m)] im B “s(m;M)ds= B lim —s(m;M)ds=0:
m! M m! M 0 o MM

On the other hand, supposeh is lower semicontinuous on (ng; M ). Then for any
m  mo, hllimy ) is lower semicontinuous on [OM ) since the non-negativity of h
implies h(m) =0  limy, m h(x). Together with Theorem A.3.12 of [5] and the

fact that P a.s., ") 1 —sasN !'1 fora.e.s2[0;T], this implies that for any

suchsandm mg,
Z Z

Tmm ) (N (X) “s(dx)  lim inf L ) ()D(x) ) (dlx):
M) NI o)

Integrating both sides overs 2 [0; T] and taking expectations, an application of
Fatou's lemma yields

E[Rs(m)]  liminf ERMN) (m)):

Taking limits as m " M and invoking (5.51) we conclude that in this case as well,
we have

(5.57) limsupE[R3(m)]=0:
m! M

Finally, taking expectations and then the the limsup, asN !'1 , of both sides

of (5.50), and applying Fatou's lemma and the fact that K(lN) I AasN!1 ,

we obtain for everym 2 [O; M),
" # " #

E sup jAi(t) D) limsupE sup jAL(t) D(1)]
t2[0;T] N 11 t2[0;T] )

|
limsupE RM) (m)+ R (m) + E[R3(m)]:
N1

Sendingm ! M on the right-hand side and invoking (5.51), (5.56) and (5.57), we
see that the right-hand side converges to zero. Thus we have S{-&Ro;T]J'Kl(t)

D(t)j = 0 a.s. SinceT is arbitrary, this proves the rst assertion of the proposition.
The second assertion is an immediate consequence of the rst.

Lemma 5.18. If 5 and E are absolutely continuous, then— is also absolutely
continuous for everys 2 [0;1 ).
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Proof. For simplicity, we will assume that M = 1 for the rest of the proof. The
caseM < 1 is analogous and is left to the reader. Sinc& is absolutely continuous
by assumption andA is absolutely continuous by Proposition 5.17, (5.44) allows us
to deduce that X is absolutely continuous. The non-idling condition (3.7) and (3.8)
then show that hi; i and K are also absolutely continuous. FixT < 1 , and let C-
denote theyset of collections of nite disjoint intervals (a;;b) [0;T]i=1;:::;n,
such that i”:1 (b &) . Given >0, choose' > 0 small enmj#gh so that

X
sup  [o([falazhDl_ sup  K(s his a)] <3
f(aibi)g2C- s2[0;T] =1
where we recall thatK (s;t] = K(t) K(s), and whent < 0, K(s;t] is de ned to
be zero. Now, consider a particular collectiorf (a;;h)g 2 C-. Fix s2 [0; T]. De ne
J;=fi2f1;:::;ng:a s OgandletJ, =f1;:::;ngnJ;. Then we have

X X X
“M(a;h) = R CT ) ER A C'H )
i=1 ii.]l i2J3;
—(N) /. . —(N) /A .
0 (al S,h S)+ S aj (Ovh al)
i2J, i2J,
—(N) X —(N)
o (@& sh s+ K" (s b;s a)
i2Jy i2J,

Taking limits as N !'1  and using the fact that kMK, Assumption 1(3) and
the Portmanteau theorem, we see that

“s([ 1 (a5h) liminf = ([ 1L (a5 b))

X
= liminf ~MN(a;h)
i=1

X X
limsup *f)N)(ai s;h s)+ Iim?(N)(s bh;s a)
N o, N i23, N
“o([i2a,[a s;h s+  K(s b;s a):

i2J2
Taking the supremum over all collections of intervals in C-, we conclude that for
every > 0, there exists" > 0 such that

X
sup “s(@ih)
f(aihi)g2C- -4
which shows that —5 is absolutely continuous.
Combining the above results, we now have a proof of the main result of this
section.

Proof of Theorem 5.15. Let ~be the set of full P-measure on which the properties

stated in Assumptions 1 and 2 hold, andV(N)(! ! Y()forall ! 2 T Fix
I 2 ~(and suppress it from the notation), and then choose t 2 [0;1 ) such that

atthat ', ™ » — aMo * Aw, o™ M Aw, EM @) 1 E() and
Y(N)(t) I X(t)asN !'1l . Note that this occurs for t outside a countable set
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(that possibly depends on!). Moreover, since?(N)(t) can be written in terms

of EMt);X™ (1), ht:=™i and the initial conditions due to (2.5), (2.6) and,
likewise, K (t) can be expressed in terms of theE (t); X (t), hl; i and limits of the

initial conditions using equations (3.6) and (3.8), it follows from the limits at t

assumed above and Assumption 1 thaI?(N)(t) 1K (t).
Now, x ' 2 CLY(0;M) R:). By Proposition 5.17, asN ! 1 , we have
t

(5.58) o™ A ()= H(:s)h(;s); sids:
0

In particular, this implies S(N)(t) = 6(1N)(t) I D(t) and D(t) < 1 for every
t 2 [0;1 ), which shows that condition (3.4) of the uid equations is satis ed. Also,
when combined with (5.44), (5.45) and the fact that the non-idling condition is
satis ed (see the discussion immediately after the statement of Theorem 5.15)his
implies that the uid equations (3.6){(3.8) are also satis ed.

It only remains to show that — and K satisfy (3.5) for ' . First, dividing (5.4)
by N, we obtain .

t
H,=Mi = HGoy=Mi+s H(Ge)+ ' s(;s); Mids

AV Eudk™ ):
[O:t]
Since, by the choice oft andt, ~§*) ¥ =, =) ¥ — for a.e.s 2 [0;t], M) 1Y —
and' (;t)and’ x(;s)+ ' s(;s);s2 [0;t], are bounded and continuous, aiN !'1
the Bounded Convergence Theorem implies

H(;0); $Vith » (oo Gt~ NMith ()

and Z . Z .
Hx(59)+ ' s(59); Mids! R (;s)+ ' s(;s); sl dst
0 0

On the other hand, sinceK " )(s) I K (s) for all continuity points s of K, the asso-
ciated sequence of Stieltjes measurei converges vaguely to the corresponding
Stieltjes measuredK , asN 11 . SinceK(N)(t) I K(t)and' (0; ) 2 C:(R:), this
implies that, as N ! 1 2

lim COwydk ™My = (0;u)dK (u):

Mo [0:t]
Combining the last four displays with (5.58), it follows that the uid equat ion (3.5)
is satis ed for all but countably many t. By right-continuity (with respect to t)
of each of the terms in (3.5), we conclude that (3.5) is satis ed for allt 2 [0;1 ).
This completes the proof of the desired result that a.s., X; 7) satis es the uid
equations.

We now obtain Theorem 3.7 as an immediate corollary.
Proof of Theorem 3.7. The rst statement of Theorem 3.7 is a direct consequence

of Theorem 5.14. The remainder of the theorem follows from Theorem 5.15, the
unigueness of solutions to the uid equations established in Theorem 3.5 and the
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usual standard argument by contradiction that shows that the original sequence
converges to the solution of the uid limit whenever the latter is unique.

6. Convergence of the Fluid Limit to Equilibrium

Throughout this section we assume thath satis es Assumption 2 and that the
initial condition ( E; X (0); ) 2 So is such that E is absolutely continuous with
derivative denoted by (), i.e.,

Z t

E(t)=  (s)ds; t2[0;1):
0

By Theorems 3.5 and 3.7, there exists a unique solutionX(; ) to the associated uid
equations, which is characterized by the equations (3.6), (3.11) and (3.12)The goal
of this section is to prove Theorem 3.9, which describes the large-time behaviowf
(X; 7). First, in Proposition 6.1, the case when the system starts empty is aalyzed
and, in addition, a certain comparison result is established between such systems
and systems with more general initial conditions that have the same (uid) arrival
rate (). The proof of Theorem 3.9 is provided at the end of the section, building
on two preliminary results obtained in Lemmas 6.2 and 6.3.

Recall from (3.13) that — is the probability measure with density 1 G, and
also recall the de nition of monotonic weak convergence stated before Theorem 3.9.

Proposition 6.1.  Let (X; ~) be the unique solution to the uid equations associated
with the initial condition (E;0;0) 2 S,. If
z t
(6.1) 1=inf t>0: (1 G(t ) (s)ds=1
0

then we have the following properties.
(1) Fort 2 [0; 1),
z t
h; i = X (t) = (1 G(t ) (s)ds
0

and, ast! 4, for every function f 2 G,(R+ ),
1 —
HF; ! f(t s)1 Gt s) (s)ds:
0

(2) Suppose () is a constant equal to 2 [0;1]. Then, ast!1 , X(t) =

hL; =i ! ~ monotonically and —; converges weakly monotonically up to
(3) SupposgX ;™) is the unique solution to the uid equations associated with

any other initial condition (E; X (0); ) that has the same uid cumulative

arrival process. Then

(6.2) Wi h 1;7i forall t 2 [0; 1):

Moreover, if () is a constant equal to 2 [0; 1], then

z
(6.3) h; =i t(1 G(r)) dr forall t 2 [0; 1):
0
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Proof. Let (X; ™) be the unique solution to the uid equations associated with the
initial conditions ( E; 0;0), and de ne

Zinfft> 0:hl; i =1g;

with the usual convention that inf ; = 1 . Then > 0 by the right-continuity
oft 71 hl; i and fort 2 (0; ), hi; i < 1. The non-idling property (3.7) then
implies that X (t) = hl; i < 1 fort 2 [0; ). Combining relations (3.6) and (3.8),
this in turn implies that K (t) = E(t) for t 2 [0; ). Since, by (3.11), ~ satis es
the age equation associated withy 0 and K, we have for anyf 2 C,(R.) and
t2[0; ),
z Z,
H; —i = f(t s)1 G(t s)dE(s)= f(t s)1 G(t s) (s)ds:
[0;t] 0
Substituting f = 1, the left-hand side above is equal toX (t) = hl; i, from which
it is easy to see that = ; since the integrand on the right-hand side is continuous
in t. This proves property 1.
Next, consider the time-homogeneous setting where () equals a constant 2
[0;1]. The case =0 is trivial and when ~ 2 (0; 1], we can rewrite
z t
1=inf t>0: (1 G(X)dx=1=
0

This shows that ; = 1 when either < 1,or =1and M = 1, and so, by
property 1, it follows that — W= monotonically ast ! 1 . Thus property 2 is
proved in this case. Now, suppose =1 and M < 1 . Then analogous reasoning
shows that ;=M< 1,X(1)=21and —, =~ . When combined with the non-
anticipative property stated in Lemma 3.4 and the fact that (1;~ ) is an invariant
solution for the uid equations with initial conditions ( id;1;~ ) (see Remark 3.8),
this shows that (X (t); ) =(1;~ ) forall t 1 and once again property 2 follows.

We now turn to the last property. We rst show that for every t 2 (0; 1);
X (t) X(t): To this end we combine (3.6), (3.8) and the fact thathl; —,i X (t)
due to (3.7) to obtain

K (t)=hL;—i h 1;5i+ X (0)+ E(t) X (1) X (0) h1; i+ E(t):
When combined with (3.6), (3.8) and (4.5), this implies

Gty 6 o

X = XO+EQ  CE TN et 9K (9ds
_ _ G(x+1t) G(x)_
X (OZ)+ E(t) on) 1 6k o(dx)
tg(t s)(X (0) h 1; i + E(s))ds
0

Z
X (0)+ E(t) h1; i tE(s)g(t s)ds X (0) h1,i G(t):
0

SinceG(t) landX (0) h 1;7,i, we have in fact
z t
(6.4) X (1) E(t) E(s)g(t s)ds:
0
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However, due to (3.12) and the fact that property 1 impliesX (s) < 1 fors 2 [0; 1),
we know that E(s) = K (s) forall s 2 [0; 1). Together with the relations (3.6), (3.8),
(4.5) and the fact that X (0) =0 and —g = 0, this shows that the right-hand side of
(6.4) equalsX (t). This shows the inequality (6.2) holds because iiX (t) 1 then
hl;— i =1 h 1;7i, whereas ifX (t) < 1thenhl;—i= X (t) X(t)= hi;i.
Finally, note that when () 2 [0;1], by property 1 we see that fort 2 [0; 1),
hl; —¢i equals the right-hand side of (6.3). Thus (6.3) follows immediately from
(6.2).

The result of Theorem 3.9(1) now follows from Proposition 6.1(2). Wenow turn
to the proof of Theorem 3.9(2), which involves a comparison of the measure-l@ed
function f —sg, which is the solution of the age equation corresponding t6 and K,
with another \reference" measure-valued functionf sg that solves the age equation
associated with an initial condition of the form ¢ = 1 for someT < 1 , and the
function Z de ned in (6.5) below. Although we do not explicitly use this below,
the reference functionf ¢g has the property that its total mass remains constant
for all times or, equivalently, viewing Z as the cumulative entry into service in
a reference uid server system, that the cumulative entry equals the cumulative
departures in that system at all times. This makes the long-time behavior of the
reference functionf ¢g easier to analyze. First, in Lemma 6.2, it is shown that
when hl; i = 1, ¢ converges weakly to— ass! 1 . Then, in Lemma 6.3,
an estimate is obtained which is used in the proof of Theorem 3.9(2) to show tha
the di erence between the original function f —sg and the reference functionf <g
vanishes ass! 1

Recall that U is the renewal function associated with the service distribution
that has cumulative distribution function G, and let u denote its density, which
exists sinceG has a density (see Proposition 2.7 of Section V in [1]).

Lemma6.2. Given o2M 4[0;M), supposeZ 21,[0;1 ) andf (g2Dwn . [0;1)
are de ned as follows:

z  Z !
: G(x+t s) G(X)
6.5 Z(t) = dx) du(s); t2]0;1);
©5 z0= gy o0 U t2[01)
and, for f 2 C,[O;M) andt 2 [0;1 ),
z 1 G(x+1t) z
(6.6) H; i = f(x+t)———— o(dx)+ f(t s)( G(t s))dZ(s):
[0:M ) 1 G(x) [0:t]
Then for every f 2 Gy,[O; M),
(6.7) tIlilm H; i = hl; oihf; —i:
Proof. It is easy to see thatZ is absolutely continuous with density
zZ, Z !
dz t gx+t s)
6.8 — () = = o(dx) u(s)ds; ae.t2[01):
©8) FO= gy o) U [0:1)
Indeed, de ne
Y (t) = M o(dx); t21[0;1):

om) 1 G(x)
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and observe that the Lebesgue-Stielties measurdZ on [0;1 ) is the convolution
of the renewal measureU with the Lebesgue-Stielties measuredY. Moreover, by
Fubini's theorem, for t 2 [0;1 ),

A

Y(t)=

Z, :
o(dx) ds;

Z t
g(x + s) g(x + s)
————ds dx) = REASAMC
om) o 1 G(X) o(d) o pm)l G(X)

which shows that dY jg absolutely continuous with respect to Lebesgue measure
and has densityy( ) = M) g(x+ )=(1 G(x)) o(dx). SincedU is also absolutely
continuous with density u, it follows that (see, for example, Problem 5 of Chapter
7 of [23]) dZ is also absolutely continuous with respect to Lebesgue measure, with
density dZ=dt at t equal to the convolution of the functionsy with u on [0;t], for
almost everyt 2 [0;1 ). This proves (6.8).

Next, let ~ be the backward recurrence time process associated with a renewal
process that has interrenewal distribution G and, for x 2 [0; M), let Py be the law
of ~ conditioned on ~0) = x, I_ehEX denote the corresponding expectation and for

any 2M 4[O;M),letE []= M) Ex[] (dx). We now show that

(6.9) M, = ELf(~)]; 2GR t2[01):

Indeed, it is well-known (see Proposition 1.5 and Example 2.1 of Chapter V in1])
that f ~sg is a strong Markov process and that, forf 2 C,(R.: ), Eol[f (~t)] satis es
the renewal equation
z t
Eolf (=)1=(1 G()f () +  Eolf (~ §)IdG(s); t2[0;1);
0

and hence (see Theorem 2.4 of Chapter V in [1]) admits the representation
z t
Eolf (~)] = 1 Gt s)f(t su(s)ds=(@1 G)Ff2u(t); t2][01):
0

Here, for any two functionsf, andf,, f, ?f, denotes the convolution off ; andf, on
[0;t]. By standard renewal theory (see (3.1) on page 116 of [1]), ifs is the forward
recurrence time ats 0, then P( o >uj~ = Xx) = (1 G(x+ u)=(1 G(x)):
Moreover, +~ = ~o + t on the eventf  >1tg and, conditioned on ¢ 2 (s;s+ ds),
~ under Py, has the same distribution as ¥ s under Py. Therefore, forx 2 [0; M)
andf 2 Cy(R+),

Z
1 G(x+1) ! gx+s) .
(6.10) Ex[f (~1)] 17(3()()]( (x+t)+ . Eolf (~t s)]m ds;
and therefore
N _ 1 G(x+1t)
E o[f( t)] - M) lZG(X)f (X + t) O(dX)
‘  q9(x+s)
i + o) o Eolf (~t s)]m ds o(dx)
1 G(x+1t)
omy 1 GO f(x+ 1) o(dx) |
Z Z :
. IX*S) @ (@ G)f2u)(t s)ds:

o pm)l G(X)
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However, using (6.8), it is clear that the last term above equals
y?2(@ G)f?u)=Q OS)f?y?uy®m=0 OG)f? %(t);

which is equal to the last term in (6.6), and therefore (6.9) holds.

On the other hand, by the Renewal Theorem (see (4.5) of Theorem 4.3 of Chap-
ter V in [1]), for every x 2 [O;M), limyy  Ex[f (~)] = H; i and therefore
limys K (i =limys E J[f (~)] = hl; oihf; = i, which is (6.7).

Lemma 6.3. If the service distribution has a nite second moment, then gven any
"> 0, there existsT- 2 (0;1 ) such that

z Z,
(6.11) (2 G(r))dr U(ds " forall T T

[0;t] T+t s

Rroof. Since the service distribution has a nite second moment, it follows that
M) r(1 G(r)) <1 and so there existsT- < 1 (which we can always choose to
be larger than M if M < 1 ) such that

z 1 n
(6.12) rd G(r)dr =; T T
T 2
Now, forany T < 1 , we have
z Z,
(3 G(r))dr U(ds)
[0;t] ZTIt sZ |
= Uu@ds) (1 G(r))dr
ZTT+t [(T+t r);t] Zl
= (1 G(r)(uU() UT+t r)dr+ U(t) 1 G(r))dr
T+t

We shall estimate the two terms on the last line above separately. Sinc& has a
nite secogd moment, by Lorden's inequality (see Proposition V.6.2 of [1])and the
fact that xdG(x), which is the mean time between renewals, equals 1, it follows
that U(t) t is non negative and bounded by a constant, that we shall denote by
B. Using this, along with the inequality U(t) U(t r) U(r)forany0 r t,
the rst term can be bounded as follows: forT B,
Z 14y
Q G(r)(U@) U(T+t r)dr
z t
= (1 Gr+T)U) Ut r)dr

20,

Q1 G(r+T)HU(r)dr
20,

1 G(r+T)(r+ B)dr
20,

@ G(r+T)(r+T)dr
20,

r(t G(r))dr
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As for the second term, we have folT B,
z 1 Z 1 z 1
u(t) a1 G(r))dr (t+ B) @ G(r)dr (t+T) @ G(r))dr
T+t T+t Z [+t
r(L G(r))dr
VAR
r(1 G(r))dr

The last three displays, when combined with (6.12), show that the result holds wih
T = max(B; T+).

Proof of Theorem 3.9. The rst statement of Theorem 3.9 follows from Proposition
6.1(2). For the second statement of the theorem, consider an arbitrary initial
condition of the form (id; X (0); ) 2 So, let (X; ™) be the unique solution to the
associated uid equations (which exists by Theorem 3.7) and letK and D be the
related processes de ned in (3.8) and (3.9), respectively. Sincé = id is absolutely
continuous, by Theorem 3.5K is also absolutely continuous, with derivative — that
satis es (3.12). Moreover, by Proposition 6.1(3) and the fact that h1; i 1 for
allt2]0;1 ), showsthathl;—i! last!1l . We now consider the following two
mutually exhaustive cases.

Case 1. There existsT%2 (0;1 ) such that hl; i < 1 forallt TC

In this case,X (t) < 1forallt TO Therefore, by (3.12) it follows that —(t) = =1
forallt TO As aresult, by Lemma 3.4 and (3.11), for anyr 0, we have
z 1 G(x+r) Z
M mroi=  fer e Do+ f 1 :
. I om) x+n— Go) T (dx) , (r s)@ G(r ¢9)ds

Since f is uniformly bounded on [0;1 ) and for every x 2 (0;1), (1 G(x +
rN)=1 G(x))! Oasr!1 , bythe Bounded Convergence Theorem, the rst
term converggs to zeroag ' 1 . On the other hand, the second term trivially
converges to 5 f(x)(1 G(x))dx = H; ~iasr!1 . Since limy H; i =
limry infty P, 1040, this completes the proof of the theorem in this case.

Case 2. Given any T°< 1, there exists T > T 9such that hl; i = 1.

Fix " > 0. By Lemma 6.3, there existsT- < 1 such that the estimate (6.11)
holds for all T  T-. ChooseT  T- such that hl;~ti = 1 (which exists by the
case assumption). Let ¢ = —1t and let Z be de ned as in Lemma 6.2. By the
representation (4.6) for K given in Corollary 4.4 and the non-anticipative property
of Lemma 3.4, it then follows that

Z
KMy = (hl; 71+t si h 1;77i) U(ds)
(6.13) ot 5 7 !
G(x+t s) G(X)_ -
’ oit]  [OM) 1 G(x) T(dx) U(ds);

where recall?m( )= K(T+ ). On the other hand, the comparison property (6.2)
in Proposition 6.1(3) shows that for every 0 s t,
1

0 hl,7i h1 7+ si=1 h1l 714 sl (2 G(r)) dr:
T+t s
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As a result, comparing the expression forZ given in (6.5) with that for K™ in
(6.13), and using the last inequality and the estimate (6.11), we obtain ér every

t21[0;1), .

6.14) 0 K@) z@) = (hL;~7i h 1;77.¢ i) U(ds)
[0;t]
2z,
(3 G(r)) dr U(ds) "

[0;t] T+t s

Now, Lemma 3.4 and equation (3.11) show that forf 2 Cy(R+), H; ~1+¢i is equal
to the right-hand side of the solution (4.3) to the age equation, but with =5 and Z

replaced byt and K[T], respectively, while (6.6) shows thathf; i equals the right-
hand side of (4.3), but with 7 replaced by 1 and Z as de ned above. Therefore,
by Lemma 4.5 and (6.14), we have for every 2 Cy[0;1 ),

sup jhf; Tr.dd h f 4 G sup K () Z(D] G
t2[0;1) t2[0;1)
whereCs =2 kfk, + kf%, < 1 . As animmediate consequence, we have
limsupjhf; i h f; ij C¢™
til
When combined with (6.7) of Lemma 6.2, this yields
limsupjhf; =i h f; = ij limsupjhf; i h f; ij
til til
+limsup jhf; i h f; 7 ij Ce ™
til

Since" > 0 is arbitrary, this proves that — I
the proof of the theorem.

in Case 2 as well. This completes
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