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§1. Introdu
tion. Classi
al Ramsey theory (at least in its simplest form) is 
on-
erned with problems of the following kind: given a set X and a 
olouring of theset [X ℄n of unordered n-tuples from X , Þnd a subset Y ⊆ X su
h that all elementsof [Y ℄n get the same 
olour. Subsets with this property are 
alled mono
hromati
or homogeneous, and a typi
al positive result in Ramsey theory has the form thatwhen X is large enough and the number of 
olours is small enough we 
an expe
tto Þnd reasonably large mono
hromati
 sets.Poly
hromati
 Ramsey theory is 
on
erned with a ÒdualÓ problem, in whi
h weare given a 
olouring of [X ℄n and are looking for subsets Y ⊆ X su
h that any twodistin
t elements of [Y ℄n get di»erent 
olours. Subsets with this property are 
alledpoly
hromati
 or rainbow. Naturally if we are looking for rainbow subsets then ourtask be
omes easier when there are many 
olours. In parti
ular given an integer kwe say that a 
olouring is k-bounded when ea
h 
olour is used for at most k manyn-tuples.At this point it will be 
onvenient to introdu
e a 
ompa
t notation for statingresults in poly
hromati
Ramsey theory. We re
all that in 
lassi
alRamsey theorywewrite � → (�)nk to mean Òevery 
olouring of [�℄n in k 
olours has a mono
hromati
set of order type �Ó. We will write � →poly (�)nk−bd to mean Òevery k-bounded
olouring of [�℄n has a poly
hromati
 set of order type �Ó. We note that when � isinÞnite and k is Þnite a k-bounded 
olouring will use exa
tly � 
olours, so we mayas well assume that � is the set of 
olours used.Poly
hromati
 Ramsey theory in the Þnite 
ase has been extensively studied byÞnite 
ombinatorists [3, 7, 11, 12℄, sometimes under the name ÒRainbow RamseytheoryÓ or ÒSub-Ramsey theoryÓ. In parti
ular the quantity sr(Kn; k), whi
h in ournotation is the least m su
h that m →poly (n)2k−bd, has been investigated; it growsmu
h more slowly than the 
orresponding 
lassi
al Ramsey number, for example itis known [3℄ that sr(Kn; k) ≤ 14n(n− 1)(n− 2)(k− 1) + 3.In this paper we investigate poly
hromati
 versions of some 
lassi
 results ininÞnite Ramsey theory. Interestingly we will also often Þnd that, as in the Þnite 
ase,poly
hromati
 Ramsey numbers growmore slowly than their 
lassi
al 
ounterparts.Re
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• The poly
hromati
 Ramsey theory of the inÞnite was Þrst investigated byGalvin [10℄. In Se
tion 2 we sket
h a 
ouple of results whi
h motivated our workin the area.We des
ribe some ma
hinery (dual 
olourings) for translating positive resultsin mono
hromati
 Ramsey theory into positive results in poly
hromati
 Ramseytheory. We use dual 
olourings to show that if � → (ë)nk then � →poly (ë)nk−bd. Inparti
ular the 
lassi
al inÞnite Ramsey theorem implies that ù →poly (ù)nk−bd forall n and k. We then show that assuming the ContinuumHypothesis (CH) we havethe negative relation ù1 6→poly (ù1)22−bd.
• It is natural to ask whether CH was ne
essary to showù1 6→poly (ù1)22−bd. Were
all that Todorÿ
evi«
 [19℄ showed in ZFC that ù1 6→ [ù1℄2ù1 , whi
h gives a verystrong 
ounterexample to ù1 → (ù1)22.The poly
hromati
 situation is quite di»erent. Todorÿ
evi«
 [17℄ proved a resultwhi
h implies that, assuming the Proper For
ing Axiom (PFA), we have the positiverelation ù1 →poly (ù1)22−bd. In Se
tion 3 we will give an alternative proof ofthis impli
ation from PFA; Todorÿ
evi«
Õs methods give the 
onsisten
y of ù1 →poly(ù1)22−bd relative to the 
onsisten
y of ZFC, it is not 
lear that the methods ofSe
tion 3 will do this. See the dis
ussion at the end of Se
tion 3.
• Sin
e PFA implies thatù1 →poly (ù1)22−bd, it is natural to askwhetherMartinÕsAxiom (MA) su¼
es for this partition relation. In Se
tion 4 we show that thisrelation is in fa
t independent of MA. The proof builds on ideas of Abraham andTodorÿ
evi«
 [2℄, and shows that we may for
e the existen
e of a 2-bounded 
olouringof [ù1℄2 whi
h has no un
ountable poly
hromati
 set in any 


 for
ing extension.
• After hearing the results of Se
tion 4, Sy Friedman asked for a 
on
reteexample of a 2-bounded 
olouring of [ù1℄2 whi
h has no un
ountable poly
hromati
set, but whi
h a
quires one in some 


 for
ing extension. In Se
tion 5 we 
onstru
tsu
h a 
olouring from the assumption that CH holds and there is a Souslin tree.
• The argument of Se
tion 3 a
tually shows that under PFA every 2-bounded
olouring of pairs from ù1 has a stationary poly
hromati
 set. So a 2-bounded
olouring of pairs from ù2 has many poly
hromati
 sets of order type ù1 whi
h arestationary in their supremum. In Se
tion 6 we show that under MM a 2-bounded
olouring of pairs from ù2 has a poly
hromati
 set of order typeù1 whi
h is 
lub inits supremum.
• In Se
tion 7 we show that PFA does not su¼
e for the result of Se
tion 6.We do this by isolating a 
onsequen
e of square whi
h is strong enough to builda 2-bounded 
olouring of pairs from ù2 with no poly
hromati
 
losed 
opy of ù1,yet weak enough to be 
onsistent with PFA.
• Finally in Se
tion 8 we prove some positive partition results from GCH as-sumptions, whi
h are stronger than the easy results obtained from the Erdýos-Radotheorem by the dual 
olouring argument. The results give a fairly 
lear pi
ture ofwhi
h poly
hromati
 partition relations hold assuming GCH, at least at su

essorsof regular 
ardinals.Notation: our notation is standard. One point is worthy of 
omment, namely thatwhen f is a 
olouring of pairs of ordinals from some set X and �; â ∈ X with� < â we will typi
ally write Òf(�; â)Ó instead of the more 
orre
t Òf({�; â})Ó.



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 3Whenever we use this 
onvention it is safe to assume that the Þrst argument of f isless than the se
ond argument.Dire
tions for further resear
h:1. It follows from the results in Se
tion 8 that under CH we have the relationù2 →poly (�)2ù−bd for every � < ù2. In a proje
ted sequel to this paper we showthat a wide range of possibilities is 
onsistent with not-CH; in parti
ular ea
h of therelations ù2 →poly (ù1 +1)2ù−bd andù2 6→poly (ù1)22−bd is 
onsistent with 2ù = ù2.2. Jindri
h Zapletal and Otmar Spinas pointed out that poly
hromati
 Ramseytheory and 
lassi
al Ramsey theory both fall under the umbrella of Ò
anoni
alRamsey theoryÓ, in whi
h we are given an arbitrary 
olouring of [X ℄n and look fora large Y ⊆ X so that the 
olouring is ÒsimpleÓ on [Y ℄n. One way to look at theresults of this paper is to see them as fragments of a 
anoni
al Ramsey theory for[ù1℄2 and [ù2℄2; su
h a theory will 
learly be fraught with independen
e results. Ona related note it may be interesting to explore 
onne
tions with Òstru
tural RamseytheoryÓ.3. It is natural to ask for a poly
hromati
 analogue of theGalvin-Prikry theorem.OtmarSpinaspointedout that su
ha result follows easily froma
anoni
al 
olouringresult of Pr¬omel and Voigt [13℄. To be pre
ise if we are given a 2-bounded Borel
olouring of [ù℄ù then there is an inÞnite P ⊆ ù su
h that the 
olouring is 1-1 on[P℄ù .4. Many natural questions remain open, we give a sampling:(a) Constru
t in ZFC a 
ounterexample to ù2 →poly (ù2)22−bd.(b) What 
an we say about 
olourings of [ù1℄3? See the remarks after Theorem 1.(
) Suppose that every 2-bounded 
olouring of [ù2℄2 has an un
ountable poly-
hromati
 set. Must every 2-bounded 
olouring of [ù1℄2 have an un
ountablepoly
hromati
 set?(d) Under what 
ir
umstan
es 
an Ò


 indestru
tibly badÓ 
olourings of the sort
onstru
ted in Se
tion 4 exist? Are they 
ompatible with CH? Do they exist inL?(e) For whi
h ina

essible � does � →poly (�)22−bd hold? In parti
ular does thispartition relation 
hara
terise the weakly 
ompa
t ina

essible 
ardinals?(f) The GCH results of Se
tion 8 only work at su

essors of regular 
ardinals.What happens at su

essors of singular 
ardinals?A
knowledgments: We would like to thank Mirna Dÿzamonja, Matt Foreman, SyFriedman, Peter Lumsdaine, Lajos Soukup, Otmar Spinas, Stevo Todorÿ
evi«
, andJindra Zapletal for their helpful 
omments and suggestions.
§2. Results of Galvin. In this se
tion we sket
h the proofs of some basi
 resultsdue to Galvin [10℄.2.1. Dual 
olourings.DeÞnition 1. LetX be a set and let f be a k-bounded 
olouring of [X ℄n. We Þxa linear ordering ≺ of [X ℄n and deÞne the dual 
olouring f∗ : [X ℄n → k as follows:if f(a) = 
 then enumerate the n-tuples with 
olour 
 in ≺-in
reasing order asa0 ≺ a1 ≺ : : : aj , and deÞne f∗(a) = i where a = ai .



4 URI ABRAHAM, JAMES CUMMINGS, AND CLIFFORD SMYTHIt is easy to see that if X is mono
hromati
 for f∗ then it is poly
hromati
 for f.It follows immediately that� → (ë)nk =⇒� →poly (ë)nk−bd:So every theorem in 
lassi
al Ramsey theorem implies a 
orresponding theoremin poly
hromati
 Ramsey theory. In parti
ular we re
all that Baumgartner andHaj-nal [4℄ showed thatù1 → (�)22 for every 
ountable ordinal�. It follows immediatelythat ù1 →poly (�)22−bd for every 
ountable �.The following result shows that in general we 
an not improve on this; theproof follows a standard paradigm for building ÒwildÓ 
olourings using 
ardinalarithmeti
 assumptions.2.2. A CH example.Theorem 1. Let CH hold. Then there is a 2-bounded 
olouring of [ù1℄2 su
h thatfor all un
ountable X ⊆ ù1 there are un
ountably many 
olours whi
h appear twi
eon pairs in [X ℄2. In parti
ular ù1 6→poly (ù1)22−bd under CH.Proof. UsingCHenumerate [ù1℄ù as 〈A� : � < ù1〉. Nowwebuild the 
olouringindu
tively, at step ã assigning 
olours to pairs {â; ã} for â < ã . We assume thatthe 
olouring of [ã℄2 whi
h we have built when we rea
h stage ã is 2-bounded.We enumerate the sets A� where A� ⊆ ã and � < ã as 〈Bj : j < ù〉. We also
hoose 
olours 〈
k : k < ù〉 whi
h were not yet used. Now we 
hoose the Þrst twopoints in B0 and 
olour the pairs they form with ã using 
olour 
0, take the Þrst twopoints not yet 
oloured in B1 and 
olour the pairs they form with ã using 
1 and soon. If at the end there are points � < ã su
h that {�; ã} was not yet 
oloured thenenumerate these pairs and 
olour them indu
tively giving ea
h one a 
olour not yetused.To see that this works let X be unbounded in ù1, and let Y = A� be the initialsegment ofX 
onsisting of the Þrstù points. Let ã ∈ X with ã > �; sup(Y ). Thenby 
onstru
tion there exist two points ñ and ó in Y su
h that the pairs {ñ; ã} and
{ó; ã} are given the same 
olour. ⊣Remark 1. Matt Foreman pointed out that the theorem of Baumgartner andHajnal [4℄ used above is spe
iÞ
 to 
olourings of pairs: if we Þx inje
tionsfã : ã ,→ ùfor ea
h 
ountable ã and then 
olour {�; â; ã}< red or blue a

ording to whetherfã(�) < fã(â) or fã(�) > fã(â), then there is no red-homogeneous set of typeù+2 and no blue-homogeneous set of typeù+1. It is un
lear what is the situationregarding the relation ù1 →poly (�)32−bd for � ≤ ù1.Remark 2. Mirna Dÿzamonja pointed out that the use of CH in the argumentabove is an overkill, and that mu
h weaker guessing prin
iples 
onsistent with large
ontinuum will do. For example the sti
k prin
iple asserts that there is X ⊆ [ù1℄ùsu
h that |X | = ù1 and for every Y ∈ [ù1℄ù1 there is A ∈ X ∩ [Y ℄ù ; this is exa
tlythe 
onsequen
e of CH used in the proof of Theorem 1.Remark 3. Theorem 1 has an easy generalisation to higher 
ardinals, whi
h weleave to the reader. See Se
tion 8 of this paper for some positive results from GCHassumptions whi
h do not follow trivially from the Erdýos-Rado theorem.
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§3. A positive result for ù1 from PFA. In this se
tion we will give an alternativeproof of a result by Todorÿ
evi«
 [17℄ whi
h implies that ù1 →poly (ù1)22−bd underPFA. The result is more general than this in several ways, to state it we introdu
ethe following deÞnition:DeÞnition 2. Let � be a 
ardinal. A 
olouring of [X ℄n is (< �)-bounded if andonly if ea
h 
olour is used for fewer than � many n-tuples.Of 
ourse our previous notion of k-boundedness is just the spe
ial 
ase with� = k + 1.Theorem 2 (Todorÿ
evi«
 [17℄). (PFA) If f is a (< ù)-bounded 
olouring of [ù1℄2then ù1 is the union of ù many poly
hromati
 sets.The proof will o

upy most of this se
tion. We will allow ourselves severaldigressions.3.1. Normal 
olourings. We introdu
e a spe
ial property of 
olourings (normal-ity), and show that we 
an sometimes de
ompose a 
olouring into a small numberof normal 
olourings.DeÞnition 3. Let X be a set of ordinals. A 
olouring f of [X ℄2 is normal if andonly if for all pairs a = {�; â}< and b = {ã; ä}<, if f(a) = f(b) then â = ä.Lemma 1. Let ë be an inÞnite 
ardinal and let � = ë+. If f is a (< �)-bounded
olouring of [�℄2 then there exist setsXj for j < ë su
h that � = ⋃j Xj andf ↾ [Xj ℄2is normal.We prove Lemma 1 using elementary substru
tures. This is an overkill for thetask at hand, but introdu
es ideas whi
h will be 
ru
ial at several points later in thepaper.Proof. Let è be a large regular 
ardinal, let <è be a well-ordering of Hè and letA = (Hè ; <è). Build an in
reasing 
ontinuous 
hain 〈Ni : i < �〉 su
h that
• �; ë; f ∈ N0.
• Ni ≺ A with |Ni | = ë and Ni ∩ � ∈ �.Let äi = Ni ∩ � so that {äi} is 
lub in �. Let a = {�; â}< and let i be su
h thatäi ≤ â < äi+1.Let X be the set of pairs b with f(b) = f(a), then X is deÞnable in A from fand a so easily X ∈ Ni+1. Sin
e f is (< �)-bounded, |X | < � and so ì =def |X | ∈Ni+1 ∩ �, hen
e ì ⊆ Ni+1 sin
e Ni+1 ∩ � ∈ �.Let g be the <è-least bije
tion between ì and X , then g ∈ Ni+1 so X = g[ì℄ ⊆Ni+1. That is to say every pair b with f(b) = f(a) lies in [äi+1℄2.We may now easily de
ompose � as ⋃j<ëXj where |Xj ∩ [äi ; äi+1)| ≤ 1 for alli; j. It follows immediately from the dis
ussion above that f ↾ [Xj ℄2 is normal. ⊣3.2. Proper for
ing. We give a brief review of ShelahÕs theory of proper for
ing,referring the reader to the survey by Abraham [1℄ and ShelahÕs monograph [15℄ forthe details.DeÞnition 4. Let P be a for
ing poset and let è be a regular 
ardinal so large thatP(P) ∈ Hè . Let N ≺ Hè be 
ountable with P ∈ N . Then q ∈ P is (N;P)-generi
 ifand only if for every dense subset D ⊆ P with D ∈ N , D ∩N is predense below q.
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an be motivated as follows: if ð : N ≃ øN is the Mostowski 
ollapseisomorphism from N to a transitive set øN , then p is an (N;P)-generi
 
ondition ifand only if it for
es that ð[GP ∩ N ℄ is an øN -generi
 Þlter on ð(P). We note that ingeneral ð[GP ∩N ℄ will not lie in V .DeÞnition 5. Let P be a for
ing poset and let è be a regular 
ardinal so large thatP(P) ∈ Hè . Let N ≺ Hè be 
ountable with P ∈ N . Then q ∈ P is (N;P)-stronglygeneri
 if and only if for every dense subset D ⊆ P with D ∈ N , there is r ∈ D ∩Nwith q ≤ r.A strongly generi
 
ondition is one whi
h not only for
es that ð[GP ∩ N ℄ isøN -generi
, but a
tually determines ð[GP ∩ N ℄. Strongly generi
 
onditions o

urnaturally in the study of for
ing posets whi
h add no new reals.We will Þnd several uses for the following standard fa
ts about elementary sub-stru
tures and generi
 
onditions:Lemma 2. Let N ≺ Hè be 
ountable and let ä = N ∩ ù1.Then1. If C ∈ N is a 
lub subset of ù1, then ä ∈ C .2. If S ∈ N is a subset of ù1 and ä ∈ S, then S is stationary.3. Let P be a for
ing poset with P(P) ∈ Hè and suppose that P ∈ N . Then(a) For any P-generi
 G , Hè [G ℄ = HV [G℄è and N [G ℄ =def { ú�G : ú� ∈ N} ≺Hè [G ℄.(b) p ∈ P is P-generi
 if and only if it satisÞes either of the following equivalent
onditions:(i) p 
 N [ úG ℄ ∩On = N ∩On.(ii) p 
 N [ úG ℄ ∩ V = N ∩ V .(
) If p ∈ P is P-generi
 and úC ∈ N is a P-name for a 
lub subset of ù1 thenp 
 ä ∈ úC .DeÞnition 6. Let X be un
ountable.1. A set C of 
ountable subsets of X is 
lub if and only if every 
ountable subsetof X is 
ontained in an element of C , and C is 
losed under unions of 
hainsof length ù.2. A set S of 
ountable subsets of X is stationary if and only if S meets every
lub set C .The following fa
ts are standard:1. Let S be a set of 
ountable subsets of the un
ountable set X .(a) S is stationary if and only if for every F : <ùX → X there is an nonemptyset A ∈ S with F [<ùA℄ ⊆ A.(b) S is stationary if and only if for every 
ountable Þrst order languageL andevery L-stru
tureX with underlying set X , there is A ∈ S with A ≺ X .(
) (FodorÕs lemma) If S is stationary and F : S → X is regressive in thesense that F (A) ∈ A for all A ∈ S, then there is T ⊆ S stationary withF ↾ T 
onstant.2. If Y and Z are un
ountable sets with Y ⊆ Z then(a) If S is a stationary set of 
ountable subsets ofY , then the set of 
ountableB ⊆ Z with B ∩ Y ∈ S is a stationary set of 
ountable subsets of Z.
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ountable subsets of Z, then {B ∩ Y : B ∈ T}is a stationary set of 
ountable subsets of Y .DeÞnition 7. Let P be a for
ing poset. Then P is proper if and only if forevery un
ountable set X and every stationary set S of 
ountable subsets of X , thestationarity of S is preserved by P.Properness 
an be 
hara
terised in terms of generi
 
onditions: P is proper ifand only if for some (equivalently all large) è su
h that P(P) ∈ Hè , there is a 
lubset of 
ountable N ≺ Hè su
h that for all p ∈ P ∩ N there is q ≤ p where q is(N;P)-generi
.All 


 and all 
ountably 
losed for
ing posets are proper. The standardposets foradding new reals (Sa
ks, Laver,Mathias,Miller et 
etera) are all proper. Propernessis preserved by 
ountable support iterations.The Proper For
ing Axiom (PFA) is the assertion that for every proper P andevery family F of dense subsets of P with |F | = ù1, there is a Þlter F on P su
hthat F ∩D 6= ∅ for all D ∈ F .3.3. Amalgamating Þnite poly
hromati
 sets. Let f be a normal and (< ù)-bounded 
olouring of [ù1℄2. We 
onsider the problem of amalgamating Þnitepoly
hromati
 sets, that is Þnding 
onditions under whi
h the union of two su
h setsis poly
hromati
. This sort of Òamalgamation problemÓ is ubiquitous in for
ing,and almost always arises when we are trying to prove that a for
ing poset is proper:after all the very deÞnitionof generi
 
onditiondemands thatwe should amalgamateextensions of the generi
 
ondition pwith 
ertain 
onditions lying in the elementarysubstru
ture N .If X is a Þnite subset of ù1 we deÞneF (X ) =def {� : ∃ã ∃b ∈ [X ℄2 f(�; ã) = f(b)}Sin
e f is normal, F (X ) is the set of � su
h that there exist â; ã ∈ X with �; â < ãand f(�; ã) = f(â; ã). Clearly F (X ) ⊆ max(X ), and sin
e f is (< ù)-boundedwe see that F (X ) is Þnite.WhenX andY are Þnite sets of ordinals we will abuse notation slightly bywritingÒX < YÓ as a shorthand for Òmax(X ) < min(Y )Ó. Similarly when æ is an ordinal,ÒX < æÓ and Òæ < XÓ have the obvious meanings.Lemma 3. Let X < � < Y where X ∪ {�} and X ∪ Y are both poly
hromati
 forf. If � =∈ F (X ∪ Y ) then X ∪ {�} ∪ Y is poly
hromati
 for f.Proof. Sin
e f is normal, the only problem that 
an o

ur is that there may existä; å; æ ∈ X ∪ {�} ∪ Y with ä < å < æ and f(ä; æ) = f(å; æ).Sin
e X ∪ {�} is poly
hromati
, it must be that æ ∈ Y . Sin
e X ∪Y is poly
hro-mati
, either ä or å equals �. But both of these possibilities are ruled out by theassumption that � =∈ F (X ∪Y ). ⊣Now we generalise this lemma somewhat. Say that a Þnite partial fun
tion fromù1 to ù is good for f if and only if for all n the set {i ∈ dom(p) : p(i) = n} ispoly
hromati
 for f. Good partial fun
tions will eventually be building blo
ks ina for
ing poset for de
omposing ù1 into ù many poly
hromati
 sets.The following lemma follows immediately from Lemma 3.Lemma 4. Let p; q; r be Þnite partial fun
tions from ù1 to ù su
h that



8 URI ABRAHAM, JAMES CUMMINGS, AND CLIFFORD SMYTH1. dom(p) < dom(q) < dom(r).2. q is 1-1.3. p ∪ q and p ∪ r are both good for f.4. dom(q) is disjoint from F (dom(p) ∪ dom(r)).Then p ∪ q ∪ r is good for f.3.4. Elementary substru
tures. We need some standard fa
ts about elementarysubstru
turesM ≺ Hè whereM is 
ountable and è > ù1 is regular.Firstly if x ∈ M is 
ountable then x ⊆ M . In parti
ular M ∩ ù1 is an initialsegment of ù1, soM ∩ ù1 = ä for some ä ∈ ù1.Se
ondly suppose that ë ∈ M is a regular 
ardinal. Then Hë ∈ M , and so also aset of Skolem fun
tions forHë is inM . It follows thatM ∩Hë ≺ Hë. In parti
ularif ë is deÞnable in Hè then ë ∈ M for all 
ountableM ≺ Hè , and soM ∩Hë ≺ Hëfor all su
hM .Thirdly letM;N ≺ Hè be 
ountablewithM ∈ N . Then aswe sawaboveM ⊆ N ,so in parti
ularM ≺ N . AlsoM andù1 are both inN soM ∩ù1 ∈ N , in parti
ularM ∩ù1 < N ∩ù1.In the following se
tion we will deÞne a for
ing poset in whi
h ea
h 
onditionis partially 
omposed of 
ountable elementary substru
tures of Hù2 . The idea isthat these models will a
t as Òside 
onditionsÓ whi
h will avoid some obsta
le toproperness; the idea of using models as side 
onditions in proper for
ing is due toTodorÿ
evi«
 [18℄.As motivation for the use of 
ountable elementary substru
tures ofHù2 , we provea lemma about the kind of amalgamation problem dis
ussed in the last se
tion.DeÞnition 8. A sequen
e ~p = 〈p� : � < ù1〉 of Þnite partial fun
tions from ù1to ù is in
reasing if and only if � < â =⇒ dom(p�) < dom(pâ) for all �; â .We note that by an easy indu
tion, if ~p is in
reasing then � ≤ min dom(p�).Also easily every su
h sequen
e ~p is a member ofHù2 . We re
all thatf is a normal(< ù)-bounded 
olouring of [ù1℄2 and that for Þnite X ⊆ ù1, F (X ) is the set of �with f(�; ã) = f(â; ã) for some â; ã ∈ X . The following te
hni
al lemma will beused to show that the main for
ing for Theorem 2 is proper.Lemma 5. Let M ≺ Hù2 be 
ountable with f ∈ M , and let ä = M ∩ ù1. Let pand q be Þnite partial fun
tions from ù1 to ù su
h that1. dom(p) ⊆ ä, dom(q) ⊆ ù1 \ ä (so in parti
ular dom(p) < dom(q)).2. p ∪ q is good for f.3. q is 1-1.Let ~r be an in
reasing ù1-sequen
e of partial fun
tions from ù1 to ù su
h that1. ~r ∈ M .2. For all i < ù1, p ∪ ri is good for f.Then there exists S ∈ M a stationary subset of ù1 su
h that for all large enoughi ∈ S, p ∪ q ∪ ri is good for f.Proof. Consider the fun
tion g on limit ordinals � < ù1 given byg : � 7→ max{maxdom(p);max(� ∩ F (dom(p) ∪ dom(r�)))}



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 9The fun
tion g is in M be
ause f; F;~r ∈ M . By FodorÕs lemma and elementaritythere exist S ∈ M stationary and ç ∈ ä su
h that g is 
onstant on S with value ç.We note that dom(p) ⊆ ç.If i ∈ S and dom(q) < i then we see that1. dom(p) < dom(q) < dom(ri ).2. ç < dom(q) < i .3. F (dom(p) ∪ dom(ri )) ∩ i ⊆ ç.So dom(q) is disjoint from F (dom(p)∪ dom(ri )), and sin
e also q is 1-1 we mayapply Lemma 4 to 
on
lude that p ∪ q ∪ ri is good for f. ⊣3.5. The for
ing poset Pf . Re
all that f is a normal (< ù)-bounded 
olouringof [ù1℄2, and that a Þnite partial fun
tion q from ù1 to ù is good for f if and onlyif {i : q(i) = n} is poly
hromati
 for ea
h n. We deÞne a for
ing poset Pf whosegoal is to add a de
omposition ofù1 intoù poly
hromati
 sets. The 
onditions arepairs (p;M ) where1. p is a Þnite partial fun
tion p from ù1 to ù, and p is good for f.2. M is a nonempty Þnite set {M0; : : : Mn−1} whereMi ≺ Hù2 ,Mi is 
ountableandMi ∈ Mi+1 for i + 1 < n.3. For all� < â < ù1, ifp(�) = p(â) then there exists i su
h that� < Mi∩ù1 ≤â .The ordering is by extension, formally (p;M ) ≤ (q;N ) if and only if p ⊇ q andM ⊇ N .We re
ord a 
ouple of remarks about the poset Pf :1. Every 
ondition is an element ofHù2 .2. If s = (p;M ) is a 
ondition withM = {M0; : : : Mn−1} and we deÞnes ↾ Mi = (p ↾ Mi ;M ∩Mi )then s ↾ Mi is a 
ondition and s ↾ Mi ∈ Mi and s ≤ s ↾ Mi .If ã < ù1 thenwe say that the 
ondition (p;M ) is below ã if andonly if dom(p) < ãandM ∩ ù1 < ã for allM ∈M . If (p;M ) ∈ N for some 
ountable N ≺ Hù2 withN ∩ù1 = ã then easily (p;M ) is below ã . The 
onverse is however false in general,if (p;M ) is below N ∩ù1 then p ∈ N but the models inM may not lie in N .The following lemma shows that by for
ing with Pf we add a total fun
tion fromù1 to ù.Lemma 6. For every � < ù1, the set of 
onditions (p;M ) with � ∈ dom(p) isdense.Proof. Suppose that (p;M ) is a 
ondition and that � =∈ dom(p). Choose n ∈ ùwith n =∈ rge(p) and extend p to q with dom(q) = dom(p) ∪ {�}, q(�) = n. Then(q;M ) is as required. ⊣It is also helpful to know that densely many 
onditions have a model in theÒM -partÓ whi
h 
ontains the whole of the Òp-partÓ.Lemma 7. If (p;M ) is a 
ondition and N ≺ Hù2 is 
ountable with (p;M ) ∈ N ,then (p;M ∪ {N}) is a 
ondition extending (p;M ).The next two lemmas are the motivation for 
lause 3 in the deÞnition of the
onditions.Lemma 8. Let (p;M ) be a 
ondition and äj =Mj ∩ ù1 forMj ∈M . Then



10 URI ABRAHAM, JAMES CUMMINGS, AND CLIFFORD SMYTH1. p ↾ ä0 is 1-1.2. p ↾ [äi ; äi+1) is 1-1 for all i .3. IfMn is the largest model inM then p ↾ ù1 \ än is 1-1.Proof. We only prove the se
ond 
laim, the others are similar. Suppose that äi ≤� < â < äi+1. Then there is no j su
h that � < äj ≤ â , so that p(�) 6= p(â). ⊣Lemma 9. Let (p;M ) be a 
ondition where M = {M0; : : :Mn−1} say. Let äj =Mj ∩ ù1 for ea
h j, and let q = p ↾ Mk for some k < n. If ~r ∈ Mk is an in
reasingù1-sequen
e of Þnite partial fun
tions ri su
h that q ∪ ri is good for every i < ù1, thenthere is a stationary set S ∈ Mn−1 su
h that p ∪ ri is good for all i ∈ S.Proof. Apply Lemma 5 repeatedly with p ↾ äj , p ↾ [äj ; äj+1), and Mj playingthe roles of p; q;M for j = k; k + 1; : : : n − 1 ⊣3.6. Properness of Pf . Now we are ready to argue that Pf is proper. Let è be alarge regular 
ardinal, and let s = (p;M ) ∈ N ≺ Hè where N is 
ountable. LetM = N ∩Hù2 and note thatM ≺ Hù2 ,M ∩ Pf = N ∩ Pf , and s ∈ M . We deÞnet = (p;M ∪ {M}), observe that t ≤ s and argue that t is (N;Pf)-generi
. Thegeneri
ity of the 
ondition t will follow from the following slightly more generalresult.Lemma 10. Let N ≺ Hè be 
ountable and let t = (p;M ) be a 
ondition su
h thatN ∩Hù2 ∈M . Then t is (N;Pf)-generi
.Proof. Let D ∈ N be dense, so that we need to produ
e a 
ondition in D ∩ N
ompatible with t. We may as well assume that t ∈ D, otherwise extend it to a
ondition in D and apply the argument below to the extension.LetM = N ∩Hù2 and ä = M ∩ ù1 = N ∩ ù1. We noti
e that P ∩M = P ∩ Nand D ∩ M = D ∩ N . As above we deÞne t ↾ M = (p ↾ ä;M ∩ M ), so thatt ↾ M ∈ M and t ≤ t ↾ M . Let q = p ↾ (ù1 \ ä). It will su¼
e to produ
eøt = ( øp; øM ) ≤ t ↾ M su
h that øt ∈ D ∩M and øp ∪ q is good. For if we have su
h aøt then easily ( øp ∪ q; øM ∪M ) is a 
ondition, so that t is 
ompatible with øt whi
h liesin D ∩N .So we suppose for a 
ontradi
tion that no su
h 
ondition øt exists. We deÞne Bto be the set of pairs (�; r) su
h that1. r is a Þnite partial fun
tion from ù1 to ù with |r| = |q|.2. dom(p ↾ ä) < � ≤ dom(r).3. p ↾ ä ∪ r is good.4. There is no 
ondition (p∗;M ∗) su
h that(a) (p∗;M ∗) ≤ t ↾ M .(b) (p∗;M ∗) is below �.(
) p∗ ∪ r is good.(d) (p∗;M ∗) ∈ D.We 
laim that (ä; q) ∈ B . Suppose not: then we may Þnd an extension (p∗;M ∗)of t ↾ M whi
h is below ä, lies in D and is su
h that p∗ ∪ r is good. As we pointedout above, p∗ ∈ M butM ∗ may lie outsideM . However ifM ∗ = {M∗0 ; : : :M∗k−1}then {M∗i ∩ ù1 : i < k} is in M , and using elementarity we may Þnd a 
ondition(p∗;M ∗∗) ∈ M whi
h lies in D with M ∗∗ = {M∗∗0 ; : : : M∗∗k−1} and M∗i ∩ ù1 =M∗∗i ∩ ù1 for i < k. But this is impossible by our assumption that no øt as aboveexists.



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 11Now B ∈ N be
ause B is deÞned from parameters in N . Sin
e B ∈ Hù2 , in fa
tB ∈ M . It follows that sin
e (ä; q) ∈ B the set {� : ∃r (�; r) ∈ B} is unboundedin ù1, else it 
ould be bounded by an ordinal in M . So we may 
onstru
t in M asequen
e of elements (äi ; ri ) ∈ B su
h that äi < dom(ri ) < äi+1.Appealing to Lemma 9 we get an un
ountable subsequen
e of this sequen
e
onsisting of pairs for whi
h p ∪ ri is good. If we now 
hoose su
h a pair withp < äi then t ≤ t ↾ M , t is below äi , p∪ ri is good and t ∈ D; this is a 
ontradi
tionbe
ause (äi ; ri ) ∈ B and the last 
lause in the deÞnition of B rules this out! ⊣Now that we have showed that Pf is proper, a routine appli
ation of the PFAshows that for any (< ù)-bounded 
olouring of pairs from ù1, ù1 is the union ofù poly
hromati
 sets. This establishes Theorem 2.In parti
ular this shows that under PFA, ù1 →poly (ù1)22−bd. A
tually we getsomething a bit stronger, namely that there is a stationary poly
hromati
 set.Remark 4. As we mentioned in the introdu
tion, Todorÿ
evi«
 proved [17℄ thatthe 
on
lusion of Theorem 2 is 
onsistent relative to the 
onsisten
y of ZFC, andalso that it follows from PFA. The for
ing argument of that paper is rather di»erentfrom that of this se
tion: it involves a mixed (Þnite/
ountable) support iterationof Cohen for
ing and JensenÕs Òfast 
lub for
ingÓ, followed by a Þnite support 


iteration to add the poly
hromati
 sets. The argument from PFA involves showingthat after adding a fast 
lub, the poset whose 
onditions are Þnite poly
hromati
sets separated by points of the fast 
lub has the 


.Remark 5. Todorÿ
evi«
 [17℄ points out that his methods give the following ZFCresult: for every 
ountable ordinal �, every 2-bounded 
olouring of pairs from [ù1℄2has a 
losed poly
hromati
 set of order type �. This also follows from our results:we 
an add a stationary poly
hromati
 set and then shoot a 
lub through that setwithout 
ollapsing ù1, then borrow an argument from [4℄ and observe that the treeof attempts to build a 
losed poly
hromati
 set of type � must have a bran
h in V .Yet another proof would be to apply GalvinÕs dual 
olouring idea as des
ribed inSe
tion 2 to S
hipperus Òtopologi
al Baumgartner-Hajnal theoremÓ [14℄.
§4. MA does not su¼
e for Theorem 2. Sin
e the relation ù1 →poly (ù1)22−bdholds under PFA but fails under CH, it is natural to ask about its status underMartinÕs Axiom (MA). It turns out to be independent of MA, in fa
t we 
an get the
onsisten
y of a Ò


-indestru
tible bad partitionÓ.Theorem 3. It is 
onsistent that there is a 2-bounded normal 
olouring of pairsfrom ù1 whi
h has no un
ountable poly
hromati
 set in any 


 for
ing extension.In parti
ular sin
e we 
an for
e MA by a 


 for
ing extension over the modelof Theorem 3, MA does not imply that ù1 →poly (ù1)22−bd. This proof uses similarte
hniques to those in a paper by Abraham and Todorÿ
evi«
 [2℄ about indestru
tibleproperties in topology.4.1. The poset Q. We des
ribe the poset Q whi
h we will ultimately use to addthe Òbad 
olouringÓ. We Þx for ea
h â < ù1 a set Wâ ⊆ ù1, su
h that |Wâ | = ùand the setsWâ are pairwise disjoint.Conditions in Q are Þnite partial fun
tions q su
h that1. dom(q) = [F ℄2 for some Þnite F ⊆ ù1.



12 URI ABRAHAM, JAMES CUMMINGS, AND CLIFFORD SMYTH2. q(�; â) ∈ Wâ .3. q is 2-bounded.The ordering is extension. Abusing notation a bit we refer to the Þnite set F as thedomain of q and write F = dom(q).The demand that q(�; â) ∈ Wâ makes the normality of the generi
 
olouringautomati
.Lemma 11. For every � < ù1 the set of q with � ∈ dom(q) is dense.Proof. Let F = dom(q). Enumerate the pairs in [F ∪ {�}℄2 \ [F ℄2 as (�i ; âi )for i < N and then 
olour them, making sure to give (�i ; âi ) a new 
olour fromWâi . ⊣The 
hain 
ondition argument is also routine but we do it 
arefully to stress apoint about amalgamation of 
onditions whi
h will be 
ru
ial later.Lemma 12. The poset Q has the ù1-Knaster property, in parti
ular it is 


.Proof. Let 〈qi : i < ù1〉 be an ù1-sequen
e of 
onditions. By a standardappli
ation of the ±-system lemma we may assume that the sets Fi =def dom(qi)form a Òhead-tail-tail ±-systemÓ. That is to say there are Þnite subsets r and si (fori < ù1) of ù1 su
h that r < s0 < s1 : : : and Fi = r ∪ si .Sin
e W =def ∪â∈rWâ is 
ountable and qi : [r℄2 → W for all i , we may furtherassume that there is a Þxed p su
h that qi ↾ [r℄2 = p for all i . Now let i < j < ù1and 
onsider qi and qj . We see that [Fi ℄2 ∩ [Fj ℄2 = [r℄2 so that qi ∪ qj is a fun
tion.What is more qi ∪ qj is 2-bounded, be
ause pairs with top points in si assume
olours in ∪â∈SiWâ while pairs with top points in sj assume 
olours in the disjointset ∪â∈SjWâ .Now [Fi ∪Fj ℄2 = [Fi ℄2 ∪ [Fj ℄2 ∪ si × sj , so to produ
e a 
ommon extension of qiand qj we need to assign 
olours to pairs in si × sj . This is possible be
ause thereare inÞnitely many unused 
olours inWâ for ea
h â ∈ sj ; in parti
ular (and this isthe point we wished to stress) we have great freedom in the 
hoi
e of the 
olouringon si × sj . ⊣Lemma 13. The generi
 
olouring 
 of [ù1℄2 added by Q is normal, 2-bounded andhas no un
ountable poly
hromati
 set.Proof. The veriÞ
ation that the 
olouring is normal and 2-bounded is easy sowe 
on
entrate on the last 
laim. Let úA name an un
ountable set. As usual we may
hoose qi and �i for i < ù1 su
h that1. �i in
reases with i .2. qi 
 �i ∈ úA.3. �i ∈ dom(qi ).4. The sets dom(qi) form a head-tail-tail ±-system with root r, and qi ↾ [r℄2 isindependent of i .Now we 
hoose i < j < k so that �i ; �j ; �k =∈ r and then (as in the proof ofLemma 12) we may easily Þnd q ≤ qi ; qj ; qk for
ing that (�i ; �k) gets the same
olour as (�j ; �k). ⊣4.2. Motivation for the main 
onstru
tion. We digress to dis
uss some 
onsidera-tions whi
h motivate the 
ombinatori
s of the main 
onstru
tion. This digression ispurely for motivation, the impatient reader 
an skip everything ex
ept DeÞnition 9.



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 13Re
all that our ultimate goal is to produ
e a normal 2-bounded 
 : [ù1℄2 → ù1whi
h has no un
ountable poly
hromati
 set in any 


 for
ing extension. We aresear
hing for a property whi
h will guarantee this and is 
onsistent. Clearly ifwe are to have any 
han
e of su

ess then 
 must start o» as a partition with noun
ountable poly
hromati
 set. Let us see whether this property is preserved by 


for
ing.So let us be given a normal 2-bounded 
 : [ù1℄2 → ù1 a 


 poset R, and a
R-name úA for an un
ountable subset of ù1. Assume that 
 hasPorperty 1: 
 has no un
ountable poly
hromati
 set, that is to say for everyun
ountable B ⊆ ù1 there exist ordinals � < â < ã in B with 
(�; ã) = 
(â; ã).As usual we may produ
e ri and �i for i < ù1 so that the �i are in
reasing with iand ri 
 �i ∈ úA. Let B = {�i : i < ù1}. Then1. By our assumption on 
 there are many triples i < j < k with 
(�i ; �k) =
(�j ; �k).2. It follows from the 


 (see Lemma 15 below) that there are many triplesi < j < k su
h that there is some r ≤ ri ; rj ; rk .Unfortunately there is no reason to believe that there is any overlap between thesetwo 
lasses of triples. So a natural thing to try might be to try and make the Þrstset of triples larger by 
onsideringPorperty 2: For every un
ountable B ⊆ ù1 there exists an un
ountable setB ′ ⊆ B su
h that for every triple � < â < ã from B ′ we have 
(�; ã) = 
(â; ã).This property is preserved by 


 for
ing but unfortunately it is in
ompatible withthe 2-boundedness of 
. We modify property 2 as follows.DeÞnition 9. An in
reasing sequen
e of pairs of ordinals is a sequen
e 〈yi : i < i∗〉where ea
h yi is an (unordered) pair of ordinals and i < j =⇒ maxyi < min yj .Given pairs of 
ountable ordinals a = {�; â} and b = {ã; ä} with � < â < ã < äwe say that G(a; b) holds (for 
) if and only if 
(�; æ) = 
(â; æ) for some æ ∈ b.Now 
onsiderPorperty 3: for every in
reasing sequen
e of pairs of 
ountable ordinals 〈yi :i < ù1〉, there is an un
ountable B ⊆ ù1 su
h that for every pair i < j from B wehave G(yi ; yj).Property 3 is preserved by 


 for
ing, it implies that 
 has no un
ountablepoly
hromati
 set, and it is not obviously in
onsistent with 2-boundedness. Betterstill, it is true inV Q that for any given sequen
ey = 〈yi : i < ù1〉 there is a 


 for
ing
Ry whi
h adds a witness to Property 3; the for
ing is easy to des
ribe, 
onditions arejust Þnite sets a ⊆ {yi : i < ù1} su
h that for any i < j, yi ; yj ∈ a=⇒G(yi ; yj).To see that Ry is 


 in V Q we verify that Q ∗ úRy is 


 in V . So let (qi ; úai ) fori < ù be 
onditions in Q ∗ úRy . As usual we may assume (extending qi and thinningout as ne
essary) that1. qi determines the value of úai , say qi 
 úai = ai .2. ai ⊆ dom(qi ).3. The sets dom(qi) form a head-tail-tail ±-system with root r, and qi ↾ [r℄2 is
onstant.



14 URI ABRAHAM, JAMES CUMMINGS, AND CLIFFORD SMYTHIt is now easy to see that if i < j then as in the proof of Lemma 12 we may Þndq ≤ qi ; qj su
h that q 
 ai ∪ aj ∈ úRy . Unfortunately when we try to iteratethis for
ing we run into trouble with 


; analysing a two-step iteration Ry ∗ úRzin the same way, we may have di¼
ulties amalgamating 
onditions (qi ; ai ; bi ) and(qj ; aj ; bj). The amalgamation problem 
an be 
ured if ea
h pair zi ∈ z is Òwidelyspa
edÓ in a sense to be made pre
ise in the next se
tion. So property 3 is not quitewhat we want, we need to allow Òspa
ing outÓ of the pairs. It is tempting to tryPorperty 4: for every un
ountable A ⊆ ù1 there is an in
reasing sequen
e ofpairs 〈yi ∈ [A℄2 : i < ù1〉 su
h that G(yi ; yj) for all i < j < ù1.However property 4 is not obviously preserved by 


 for
ing. The property(∗) whi
h we will use, and whi
h is deÞned in DeÞnition 10, is a strengthening ofproperty 4 whi
h is easily seen to be preserved by 


 for
ing. To add a witness toan instan
e of (∗) we 
an for
e with Ry for a well-
hosen y, but need to see thatea
h instan
e of Ry whi
h we for
e with is 


.To see that the various instan
es of Ry whi
h we are for
ing with are 


 we willmaintain an indu
tive hypothesis Òthere exists a 
lub C with P(C )Ó where P(C ) isdeÞned in Se
tion 4.5. P(C ) implies the following statement Q(C ): Òif the pairsin y are ea
h separated by a point of C then any sequen
e of disjoint 
onditionsin Ry 
ontains two 
ompatible 
onditionsÓ. Unfortunately the statement Q(C ) isnot strong enough to propagate forwards by indu
tion through the stages of ouriteration: the statement P(C ) is a sort of Òn-dimensionalÓ version of Q(C ) whi
h
an be indu
tively propagated.4.3. The property (∗).DeÞnition 10. Let 
 : [ù1℄2 → ù1. 
 has property (∗) if and only if for every
lub C ⊆ ù1, every unbounded set A ⊆ ù1 and every f : A × ù1 → A su
h thatf(æ; ç) ≥ ç for all æ; ç there is a sequen
e 〈xi : i < ù1〉 su
h that1. xi = (�i ; âi ; ãi ) where �i < âi ≤ ãi with �i ; ãi ∈ A and âi ∈ C .2. ãi = f(�i ; âi )3. If i < j < ù1 then ãi < �j and G({�i ; ãi}; {�j ; ãj}) holds.Lemma 14. If 
 has (∗) then 
 has no un
ountable poly
hromati
 set.Proof. Suppose for a 
ontradi
tion that A is an un
ountable poly
hromati
 setand deÞne f(�; â) = min(A \ â). Let C = ù1 and Þnd xi as in (∗). Thenfor any i < j we get that �i < ãi < �j < ãj where all four ordinals are inA and 
(�i ; æ) = 
(ãi ; æ) for some æ ∈ {�j ; ãj}. So A is not poly
hromati
,
ontradi
tion! ⊣We now show that property (∗) is 


 indestru
tible. This uses two easy and wellknown observations about 


 for
ing.Lemma 15. Let P be 


 and let 〈pi : i < ù1〉 be any sequen
e of 
onditions in P.Then some 
ondition pi for
es that {i : pi ∈ G} is un
ountable.Proof. Suppose not, and 
hoose for every i a 
ondition qi ≤ pi and an ordinalâi su
h that qi 
 {j : pj ∈ G} ⊆ âi . Then qi 
 pj =∈ G for all j ≥ âi , that is to saythat qi ⊥ pj for j ≥ âi . If we now deÞne a 
lub set E = {j : ∀i < j âi < j} theneasily {qi : i ∈ E} is an anti
hain, 
ontradi
ting the 


 of P. ⊣
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 and let úE be a name for a 
lub subset of ù1. Then there isa 
lub set D su
h that 
 ÿD ⊆ úE.Proof. Let úf name the map � 7→ min( úE \�) and let A� = {â : ∃p p 
 úf(�) =â}. Then by 


 A� is 
ountable. If we let D = {â : ∀� < â A� ⊆ â} then everyelement of D is for
ed to be a limit point of úE, and hen
e a member of úE. ⊣We use the pre
eding lemma to show that we only need 
onsider 
lub sets in V inthe next lemma.Lemma 17. If (∗) holds then it remains true in any 


 for
ing extension.Proof. Let (∗) hold in V and let P be 


. Let p for
e that úC is a 
lub subset ofù1, úA is an unbounded subset of ù1, and úf : úA× ù1 → úA is su
h that úf(æ; ç) ≥ çfor all æ; ç. Fix D ⊆ ù1 a 
lub set su
h that p 
 ÿD ⊆ úC .In V let A = {� : ∃q ≤ p q 
 � ∈ úA}, and 
hoose for ea
h æ ∈ A and ç ∈ ù1 a
ondition p(æ; ç) ≤ pwhi
h for
es that æ ∈ úA and determines the value of úf(æ; ç) assome ordinal f(æ; ç). Note that p(æ; ç) for
es that f(æ; ç) ∈ úA so that f(æ; ç) ∈ Aand so f : A× ù1 → A.Now we appeal to (∗) in V to Þnd a suitable sequen
e of triples xi = (�i ; âi ; ãi )with âi ∈ D. If pi = p(�i ; âi ) then pi for
es that �i ; ãi ∈ úA and úf(�i ; âi ) = ãi . ByLemma 15 there is pj whi
h for
es that {i : pi ∈ G} is unbounded. Then pj ≤ pand pj for
es that 〈(�i ; âi ; ãi ) : pi ∈ G〉 is a suitable witness to the truth of (∗)in V P. ⊣4.4. A 
ombinatorial lemma. At the heart of the proof is a 
ombinatorial lemmafrom a paper of Abraham and Todorÿ
evi«
 [2℄. For the readerÕs 
onvenien
e wereprodu
e the proof here.DeÞnition 11. Let Y = 〈{�i ; âi} : i < i∗〉 be an in
reasing sequen
e of pairs ofordinals.1. An ordinal ã is a 
losure point of Y if and only if ∀i < i∗ (�i < ã =⇒âi < ã).C (Y ) is the 
lass of 
losure points of Y .2. The sequen
e Y is separated by A if and only if for every i < i∗ there is ç ∈ Awith �i < ç < âi , and for every i < i + 1 < i∗ there is ç ∈ A with âi < ç < �i+1.DeÞnition 12. 1. A matrix of pairs is a Þnite sequen
e (Y1; : : : Yn) su
h thatea
h Yi is a Þnite in
reasing sequen
e of pairs of 
ountable ordinals, and for ea
hi with 1 < i ≤ n the sequen
e Yi is separated by ⋂j<i C (Yj). We say that n is thelength of the matrix, and we refer to the Þnite sequen
e Yj as the j th 
olumn of thematrix.2. Amatrix of pairsM = (Y1; : : : Yn) is separated byA if and only if the sequen
eY1 is separated by A.3. IfM = (Y1; : : : Yn) is a matrix of pairs then we say a pair of ordinals appearsin M if it is an entry in some Yj , and an ordinal appears in M if it is a member ofsome pair appearing inM .4. If M and N are matri
es of pairs then M < N if every ordinal appearing inM is less than every ordinal appearing in N . Similarly M < â if every ordinalappearing inM is less than â , and â < M if â is less than every ordinal appearinginM .
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t about matri
es of pairs is the following lemma, whi
h appears asLemma 5.3 in [2℄.Lemma 18. Let M be a matrix of pairs. Then M has a 1-1 
hoi
e fun
tion, thatis to say there is a 1-1 fun
tion whi
h maps ea
h pair u appearing inM to a memberof u.Proof. We will establish the stronger 
laim that for every matrix of pairs M =(Y1; : : : Yn) and every ordinal ñ, there is a 1-1 
hoi
e fun
tion for M whi
h doesnot take the value ñ. The proof is by indu
tion on n, and for Þxed n by indu
tionon |Yn|.There is no problem for n = 1. Suppose that n > 1 and that |Yn| > 0, and 
hoosea pair u = {ã; ä} appearing in Yn. Sin
eM is a matrix of pairs there is ç su
h thatã < ç < ä and ç ∈ C (Yi) for all i < n.The key point is that for every pair {�; â} appearing in (Y1; : : : Yn−1), either� < â < ç or ç ≤ �. We now deÞne new matri
es by (informally) Òdropping thepair {ã; ä} from 
olumn n and using ç to split the earlier 
olumnsÓ.Formally we deÞne matri
es of pairs M low = (Y low1 ; : : : Y lown ) and M high =(Y high1 ; : : : Y highn ) as follows:1. For 1 ≤ i < n, the pairs appearing in Y lowi are the pairs {�; â} appearing inYi with � < â < ç.2. The pairs appearing in Y lown are the pairs {�; â} appearing in Yn with â < ã .3. For 1 ≤ i < n, the pairs appearing in Y highi are the pairs {�; â} appearing inYi with ç ≤ � < â .4. The pairs appearing in Y highn are the pairs {�; â} appearing in Yn with � > ä.Note that the indu
tion hypothesis applies to bothM low andM high sin
e we madesure to drop a pair from the last 
olumnYn of the matrixM . Note also that all pairsappearing inM low 
onsist of ordinals whi
h are less than ç, and all pairs appearinginM high 
onsist of ordinals whi
h are greater than or equal to ç.Now suppose that the ordinal ñ whi
h we wish to avoid has ñ < ç. By theindu
tion hypothesis we may Þnd a 1-1 
hoi
e fun
tion forM low avoiding the valueñ and a 1-1 
hoi
e fun
tion for M high avoiding the value ä. By the remarks inthe last paragraph the ranges of these fun
tions are disjoint, and also the union ofthese fun
tions avoids both the values ñ and ä. To Þnish we 
hoose from {ã; ä} theelement ä. Similarly if ñ ≥ ç we take the union of a 1-1 
hoi
e fun
tion for M lowavoiding the value ã and a 1-1 
hoi
e fun
tion forM high avoiding the value ñ, and
hoose ã from {ã; ä}. ⊣4.5. The propertyP(C ). We are almost ready to des
ribe the main 
onstru
tion.We will start with V a model of GCH and for
e with Q. Working over V Q, we willdo a 
ertain 


 Þnite support iteration Pù2 of lengthù2 (whose details will be givenin the next se
tion) to produ
e a model in whi
h 
 has (∗), where 
 : [ù1℄2 → ù1is the generi
 
olouring added by Q. A key te
hni
al point will be that ea
h stagei < ù2, there is a 
lub setCi ⊆ ù1 su
h that a 
ertain statement P(Ci ) holds in V Pi .DeÞnition 13. Let C ⊆ ù1 be 
lub and let 
 : [ù1℄2 → ù1.1. LetM = (Y1; : : : Yn) andN = (Z1; : : : Zn) be matri
es of pairs with the samelength n. Then G(M;N ) holds if and only if M < N and for all i with 1 ≤ i ≤ n,all pairs u appearing in Yi and all pairs v appearing in Zi , G(u; v) holds.
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e of matri
es of pairs 〈Mi : i < i∗〉 is an in
reasing sequen
e ofmatri
es separated by C if and only if(a) Ea
hMi is separated by C .(b) For i < j there is â ∈ C su
h thatMi < â < Mj .3. P(C ) holds (for C ) if and only if for every 〈Mi : i < ù1〉 an in
reasingsequen
e of matri
es separated by C , there exist i < j su
h that G(Mi ;Mj).We will indu
tively 
onstru
t a sequen
e of 
lubs Ci so that P(Ci ) holds after isteps of the iteration over V Q. The following lemma says we may take C0 = ù1.Lemma 19. P(ù1) holds in V Q.Proof. Let 〈 úMi : i < ù1〉 be a Q-name for an in
reasing sequen
e of matri
es ofpairs. As usual we may 
hoose 
onditions qi and matri
es of pairs Mi for i < ù1su
h that1. qi 
 úMi =Mi .2. 〈Mi : i < ù1〉 is an in
reasing sequen
e of matri
es of pairs, and all the Mihave the same length n. LetMi = (Y 1i ; : : : Y ni ).3. All ordinals appearing inMi are in dom(qi).4. The sets dom(qi) form a head-tail-tail ±-system with root r, and qi ↾ [r℄2 is
onstant.5. sup(r) <Mi .Choose i; j with i < j and use Lemma 18 to Þnd a 1-1 
hoi
e fun
tion F for thepairs inMj . Enumerate the pairs inMj as vk for k < N , where vk appears in Y dkj ,that is 
olumn dk of the matrixMj . Now for ea
h k in turnwe run through the pairsu appearing in 
olumn Y dkj in in
reasing order; if u = {æ; ç} then we will assignthe pairs {æ; F (vk)} and {ç; F (vk)} a legal 
olour not used before. At the end weextend qi ∪ qj to for
e these 
olour assignments and we have produ
ed q ≤ qi ∪ qjsu
h that q 
 G(Mi ;Mj). ⊣The argument that at every stage of the iteration there is a 
lub set C ⊆ ù1 withP(C ) is modelled on the proof that 


 is preserved in a Þnite support iteration.We will leave the su

essor step to the next se
tion. For the limit step we need a
hara
terisation of how P(C ) 
omes to hold in a 


 generi
 extension.Lemma 20. Let P be 


, let p ∈ P, let C ⊆ ù1 be 
lub and 
 : [ù1℄2 → ù1. Thenthe following are equivalent.1. p 
P P(C ).2. For every sequen
e 〈(pi ;Mi ) : i < ù1〉 where pi ≤ p and 〈Mi : i < ù1〉 is anin
reasing sequen
e of matri
es of pairs separated byC , there exist i < j su
h that piis 
ompatible with pj and G(Mi ;Mj).Proof. Suppose that p 
P P(C ). By Lemma 15 we may for
e below some piand get a generi
 Þlter G ∋ p su
h that pi ∈ G for unboundedly many i < ù1.Now 〈Mi : pi ∈ G〉 is (relabelling) an in
reasing ù1-sequen
e of matri
es of pairswhi
h is separated by C , and sin
e P(C ) holds in V [G ℄ we may Þnd pi ; pj ∈ Gwith G(Mi ;Mj). Of 
ourse pi and pj are 
ompatible sin
e they lie in the Þlter G ,and the statement G(Mi ;Mj) is absolute between V and V [G ℄.Now suppose that 2 holds and q ≤ p. Fix 〈 úMi : i < ù〉 aP-name for an in
reasingù1-sequen
e of matri
es of pairs whi
h is separated by C . Choose qi ≤ q andMi
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h that qi 
 úMi =Mi , thinning out if ne
essarywemay assume that 〈Mi : i < ù1〉is an in
reasing sequen
e of matri
es of pairs separated by C . Appealing to 2 thereare i < j so that qi ; qj are 
ompatible and G(Mi ;Mj), so that if r ≤ qi ; qj thenr 
 G( úMi ; úMj). We are done by the usual density argument. ⊣Lemma 21. Let ä < ù2 be a limit ordinal, and let 〈Ci : i < ä〉 be a sequen
e of 
lubsubsets of ù1.If Pä is a 


 Þnite support iteration of limit length ä < ù2, su
h that for every i < äthe statement P(Ci ) holds in V Pi , then there is Cä ⊆ ù1 
lub su
h that P(Cä) holdsin V Pä .Proof. There are two 
ases.
f(ä) = ù. Choose 〈än : n < ù〉 
oÞnal in ä and set Cä = ⋂n Cän .We verify the 
ondition from Lemma 20. Let 〈(pi ;Mi ) : i < ù1〉 where pi ∈ Päand 〈Mi : i < ù1〉 is an in
reasing sequen
e of matri
es of pairs separated by Cä .Sin
e the iteration is done with Þnite support, for every i < ù1 there is n < ù su
hthat supp(pi ) ⊆ än. Thinning out if ne
essary we may assume that there is a Þxedn su
h that supp(pi ) ⊆ än for all i .By the 
hoi
e ofCä , we haveCä ⊆ Cän . So we have a sequen
e 〈(pi ;Mi ) : i < ù1〉where (morally speaking) pi ∈ Pän and 〈Mi : i < ù1〉 is an in
reasing sequen
e ofmatri
es of pairs separated by Cän .Sin
e P(Cn) holds in V Pän , another appeal to Lemma 20 shows that there arei < j so that pi ; pj are 
ompatible and G(Mi ;Mj). We are done.
f(ä) = ù1. Choose 〈äj : j < ù1〉 
oÞnal in ä and letCä be the diagonal interse
tionof the Cäj ; by 
onstru
tion for ea
h j we have that Cä \ Cäj is bounded.Again we verify the 
ondition from Lemma 20. Let 〈(pi ;Mi ) : i < ù1〉 wherepi ∈ Pä and 〈Mi : i < ù1〉 is an in
reasing sequen
e of matri
es of pairs separatedbyCä . Appealing to the ±-system lemma we may assume, thinning out if ne
essary,that the Þnite sets supp(pi ) form a ±-system with some root r. We Þx i∗ su
hthat r ⊆ äi∗ ; note that if i < j then pi ; pj are 
ompatible in Pä if and only if therestri
tions pi ↾ äi∗ ; pj ↾ äi∗ are 
ompatible in Pä∗ .The sequen
e 〈Mi : i < ù1〉 is separated by Cä and Cä \ Cäi∗ is bounded. Sothrowing away an initial segment if ne
essary, we may assume that 〈Mi : i < ù1〉 isseparated by Cäi∗ . Re
alling that P(Cäi∗ ) holds in V Pä∗ and applying Lemma 20 tothe sequen
e 〈(pi ↾ äi∗ ;Mi ) : i < ù1〉 we obtain i < j su
h that pi ↾ äi∗ ; pj ↾ äi∗are 
ompatible andG(Mi ;Mj). By the remarks in the last paragraph pi and pj are
ompatible so we are done. ⊣4.6. Putting it all together. Re
all that the plan of the proof is as follows: startwith GCH in V , for
e with Q to add a 
olouring 
, and then build a 


 iteration
Pù2 to for
e that 
 has (∗), 
onstru
ting along the way a sequen
e of 
lubs Ci sothat P(Ci ) holds in V Q∗ úPi .The next lemma is the Þnal pie
e in the puzzle; it shows that we 
an go one stepin the 
onstru
tion, that is assuming P(D) we may for
e an instan
e of (∗) in a 


fashion so that in the extension P(E) holds for some E.Lemma 22. Let 
 : [ù1℄2 → ù1 and let property P(D) hold for some 
lub setD ⊆ ù1. Let f;A;C be as in the hypotheses of (∗), that is1. A is an unbounded subset of ù1.



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 192. f : A× ù1 → A and f(æ; ç) ≥ ç for all æ; ç.3. C is a 
lub subset of ù1.Then there are a 


 poset R and a 
lub set E ⊆ ù1 su
h that in the extension by R1. The 
on
lusion of (∗) holds; that is there is a sequen
e 〈xi : i < ù1〉 su
h that(a) xi = (�i ; âi ; ãi ) where �i < âi ≤ ãi with �i ; ãi ∈ A and âi ∈ C .(b) ãi = f(�i ; âi )(
) If i < j < ù1 then ãi < �j and G({�i ; ãi}; {�j ; ãj}) holds.2. P(E) holds.Proof. We start by Þxing a sequen
e 〈yi : i < ù1〉 su
h that1. yi = (�i ; âi ; ãi ) where �i < âi ≤ ãi with �i ; ãi ∈ A and âi ∈ C ∩D.2. ãi = f(�i ; âi )3. If i < j < ù1 then there is ç ∈ C ∩D su
h that ãi < �j .Let z = 〈zi : i < ù1〉 where zi = (�i ; ãi ), and note that z is an in
reasingsequen
e of pairs separated byD. To produ
e a witness for (∗) we need to produ
ea subsequen
e su
h thatG holds for ea
h pair from the subsequen
e; this is pre
iselywhat R will do.We deÞne R to be the set of Þnite sets a ⊆ {zi : i < ù1} su
h that for all i < j,zi ; zj ∈ a =⇒G(zi ; zj). The ordering is by in
lusion.Claim 1. R is 


.Proof of Claim 1. Let 〈ai : i < ù1〉 be 
onditions inR. As usual wemay assumethat the sets ⋃ ai form a head-tail-tail ±-system with some root r. A

ordingly wewrite ai = r ∪ bi where ea
h bi may be regarded as a Þnite in
reasing sequen
e ofpairs.Now the sequen
e 〈bi : i < ù1〉 may be regarded as an in
reasing sequen
e ofmatri
es of pairs (ea
h of length 1) andwhat is more it is separated byD. Appealingto the property P(D) in the n = 1 
ase we get i < j so thatG(bi ; bj), from whi
h itfollows easily that ai ∪ aj is a 
ondition. ⊣Claim 2. If E = C (z) ∩D then E is a 
lub subset of ù1 and P(E) holds in V R.Proof of Claim 2. It is routine to 
he
k thatE is 
lub. To show thatP(E) holdsin V R, on
e more we appeal to Lemma 20. Let 〈(ri ;Mi ) : i < ù1〉 be su
h thatri ∈ R and 〈Mi : i < ù1〉 is an in
reasing sequen
e of matri
es of pairs separatedby E.By a±-systemargument as in the proof thatR is 


wemayassume that ri = r∪si ,where 〈si : i < ù1〉 is an in
reasing sequen
e of matri
es of pairs ea
h of length 1.Then easily if we deÞne matri
es Ni so that Ni;1 = si and Ni;j+1 = Mi;j for 1 ≤j ≤ lh(Mi ), the sequen
e 〈Ni : i < ù1〉 is an in
reasing sequen
e ofmatri
es of pairsseparated by D. Appealing to P(D) in V we get i < j su
h that G(Ni ; Nj), whi
hamounts to saying thatG(si ; sj) (so that ri ; rj are 
ompatible) and G(Mi ;Mj). ByLemma 20 we showed that P(E) holds in V R. ⊣The proof of Theorem 3 is now 
ompletely routine. We for
e with Q and thenbuild a 


 iteration Pù2 to for
e (∗), along with a sequen
e in V of 
lubs Ci su
hthat P(Ci ) holds in V Q∗ úPi . At ea
h stage i we will use Lemma 22 to handle someinstan
e of (∗) 
orresponding tofi ; Ai ; Ci ; the Lemma only guarantees that there isCi+1 ∈ V Pi whi
h works but we may appeal to Lemma 16 to make a suitable 
hoi
e



20 URI ABRAHAM, JAMES CUMMINGS, AND CLIFFORD SMYTHof Ci+1 in V . The same book-keeping arguments that are used in the 
onsisten
yproof for MartinÕs Axiom show that in ù2 steps we 
an handle all possible f;A;Cso that (∗) holds inV Q∗ úPù2 . Working over this model we 
an now for
e MA (or anyother statement whi
h 
an be for
ed by 


 for
ing) while preserving (∗).After we proved the results of this se
tion we learned of some related work [16℄by Soukup, also using similar methods to those of [2℄. Soukup builds a very generalframework for making 
ombinatorial properties of a 
ertain kind indestru
tible un-der 


 for
ing; his intended appli
ations are topologi
al, but a proof of Theorem 3
an easily be read o» from his results.More spe
iÞ
ally given a set K , we 
onsider a graph G with vertex set ù1 × K ;the graph is said to be m-solid if and only if for every ù1-sequen
e of Þnite par-tial fun
tions from ù1 to K where the domains are pairwise disjoint sets of sizem, there exist members s and t of the sequen
e su
h that s × t is 
ontainedin the edge set of G . G is strongly solid if and only if G is m-solid for all m.Soukup shows that if 2ù1 = ù2, |K | ≤ ù2 and G is strongly solid, then for ea
hm there is a 


 poset of size ù2 whi
h makes the m-solidity of G be
ome 


-indestru
tible.Soukup uses this result to get 
ertain topologi
al statements 
onsistent withMA.Among these statements are Òthere is an un
ountable Þrst 
ountable spa
e in whi
hevery open set is 
ountable or 
o-
ountableÓ, Òthere is an S-groupÓ, and Òthere isan L-groupÓ. In rough outline the general idea is to 
onstru
t a subspa
e X of2ù1 and an asso
iated strongly solid graph GX su
h that the desired property of X
orresponds to the m-solidity of GX for some m.
§5. A 


 destru
tible partition. In the light of the results from the pre
edingse
tion it is natural to ask for a 
on
rete example of a 2-bounded normal 
olouringof [ù1℄2 whi
h has no un
ountable poly
hromati
 set inV , but a
quires one in some


 generi
 extension. It is routine to see that a poset with the Knaster property
annot add an un
ountable poly
hromati
 set for a 
olouring with no su
h set, sothe obvious for
ing poset to try is an (inverted) Souslin tree. This turns out to work.Theorem 4. Let T be a Souslin tree and let CH hold. Then there is a 
olouringf : [T ℄2 → ù1 su
h that1. f is 2-bounded and has no un
ountable poly
hromati
 set.2. For every L ⊆ T , if L is linearly ordered by <T then L is poly
hromati
.In parti
ular an un
ountable poly
hromati
 set is added by the 


 for
ing PT =(T;≥T ), whi
h adds an un
ountable bran
h in T .Proof. Fix a Souslin tree T , where without loss of generality we may assumethat the underlying set of the tree is ù1. We adopt the 
onventions thatT� = {t ∈ T : ht(t) < �};and Lev� = {t ∈ T : ht(t) = �}:We may assume without loss of generality that T is normal. That is to say1. T has a unique element on level zero.2. Every element has at least two immediate su

essors.



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 213. Every point on every limit level is determined uniquely by its set of prede
es-sors.4. For all �; â with � < â < ù1 and all s ∈ Lev� there is t ∈ Levâ with s <T t.The following property of some subsets of T will be helpful in the 
onstru
tion: saythat X ⊆ T is far from linear if and only if X is not the union of a linearly orderedset and a Þnite set.Fix an enumeration of the 
ountable subsets of ù1 as Xi for i < ù1. Fix ade
omposition ofù1 into pairwise disjoint 
ountably inÞnite setsAi for i < ù1. Fixalso, for ea
h â < ù1, a de
omposition ofA2â+1 as the union of inÞnite disjoint setsA02â+1 and A12â+1. We will build a fun
tion f : [T ℄2 → ù1 su
h that1. For all distin
t s; t ∈ T if � = ht(s) = ht(t) then f({s; t}) ∈ A2� . Ifht(s) < ht(t) then f({s; t}) ∈ A2t+1.12. For every � < ù1, f ↾ [Lev�℄2 is 1-1.3. For all s; t; u ∈ T , if s <T t <T u then f({s; u}) 6= f({t; u}).4. f is 2-bounded.We will 
onstru
t f level by level. More expli
itly, given f ↾ [T�℄2 we willdes
ribe how to extend it to f ↾ [T�+1℄2. Note that pairs in [T�+1℄2 \ [T� ℄2 areof two kinds, either they are drawn from [Lev�℄2 or they of the form {s; t} whereht(s) < ht(t) = �.Suppose that we are given f ↾ [T� ℄2. We deÞne f ↾ [Lev� ℄2 to be any 1-1 mapfrom [Lev� ℄2 to A2� .To 
olour the pairs {s; t} where ht(s) < ht(t) = �, we pro
eed as follows. WeÞrst enumerate the set of those Xi with i < � su
h that1. Xi ⊆ T� ,2. Xi is far from linear,3. Xi is poly
hromati
 for f ↾ [T� ℄2,as 〈Yj : j < ù〉. We 
hoose indu
tively �j ; âj ∈ Yj for j < ù su
h that1. �j and âj are not 
omparable in T .2. �j ; âj =∈ ⋃j′<j{�j′ ; âj′}This is possible be
ause ea
h Yj is far from linear.Now for ea
h element t of Lev� we pro
eed as follows. We set f({�j ; t}) =f({âj ; t}) = 
tj where the 
tj are pairwise distin
t elements of A02t+1. We thenenumerate the set T� \
⋃j<ù{�j ; âj} as ãk for k < ù, and set f({ãk ; t}) = d tkwhere the d tk are pairwise distin
t elements of A12t+1. For use a bit later we notethat if s; t are distin
t elements of T� , u ∈ Lev� and f({s; u}) = f({t; u}), then

{s; t} = {�j ; âj} for some j.We should 
he
k that the various properties of f are preserved. Clauses 1 and 2are immediate be
ause we 
hose 
olours from the appropriate sets, and made surethat f was 1-1 on the set of pairs from the new level Lev� .We 
laim that we have preserved 
lause 3. We know that f ↾ [T�℄2 satisÞes
lause 3 so suppose for a 
ontradi
tion that s <T t <T u with ht(u) = � andf({s; u}) = f({t; u}). As we pointed out above, this implies that there is some1Remember that t is itself a 
ountable ordinal.



22 URI ABRAHAM, JAMES CUMMINGS, AND CLIFFORD SMYTHj with {s; t} = {�j ; âj}. This is impossible be
ause �j ; âj were 
hosen to bein
omparable.For 
lause 4 we analyse how two pairs from T�+1 may 
ome to have the same
olour. Suppose thatf({s; u}) = f({t; v}) = 
 for s; t; u; v ∈ T�+1, where {s; u} 6=
{t; v}. Suppose that 
 ∈ Ai . If i is even then all of s; t; u; v must be on the samelevel, but that is impossible by 
lause 2. So i is odd, say i = 2j + 1. By 
lause 1 wesee that without loss of generality ht(s) < ht(u) and u = j, and ht(t) < ht(v) andv = j. Summarising the analysis: if f({s; u}) = f({t; v}) for s; t; u; v ∈ T�+1 thenu = v and ht(s); ht(t) < ht(u).We 
laim thatwe have preserved 
lause 4. Suppose for a 
ontradi
tion that {s; v},
{t; w} and {u; x} are three pairs in [T�+1℄2 su
h that f({s; v}) = f({t; w}) =f({u; x}). Then by the analysis from the last paragraph v = w = x, and also wehave ht(s); ht(t); ht(u) < ht(v). What is more f ↾ [T� ℄2 satisÞes 
lause 4, so thatne
essarily ht(x) = �. But then as in the dis
ussion of 3 all three of s; t; u must beamong {�j ; âj} for some j, whi
h is impossible. This 
on
ludes the proof that we
an 
onstru
t f.By 
onstru
tion f is 2-bounded, and by 
lauses 1 and 3 any linearly orderedset is poly
hromati
.. So to Þnish we need only show that there is no un
ountablepoly
hromati
 set. Suppose for a 
ontradi
tion that X is su
h a set. Then Xis far from linear sin
e T is a Souslin tree, and in parti
ular has no un
ountablebran
hes; it is easy to see that there exists � < ù1 su
h that X ∩ T� is far fromlinear. We Þx i su
h that X ∩ T� = Xi . Now we Þnd u ∈ X su
h that u ∈ Levâfor â > �; i . The 
onstru
tion of f guarantees that there are distin
t s; t ∈ Xi withf({s; u}) = f({t; u}), a 
ontradi
tion as X is poly
hromati
. ⊣

§6. A result from MartinÕs maximum. In this se
tion we 
onsider 2-bounded
olourings of [ù2℄2. Our main result will use the powerful for
ing axiom MartinÕsMaximum (MM) [9℄. We say that a for
ing poset P is stationary preserving if andonly if P for
es that every stationary subset of ù1 remains stationary.MartinÕs Maximum (MM) is the assertion that for every stationary preserving Pand every family F of dense subsets of P with |F | = ù1, there is a Þlter F on Psu
h that F ∩D 6= ∅ for all D ∈ F .Theorem 5. AssumingMM, every normal 2-bounded 
olouring of [ù2℄2 has a 
losedpoly
hromati
 set of order type ù1.The main point is to show that if 
 is su
h a 
olouring then we 
an add a 
losedpoly
hromati
 set of order type ù1 with a stationary preserving for
ing poset.6.1. The poset Q(d;E). We begin by des
ribing a poset whi
h aims, given a2-bounded normal d : [ù1℄2 → ù1, to add a 
losed unbounded poly
hromati
subset of ù1. This poset will in general 
ollapse ù1, it will be used as a 
omponentof our Þnal 
onstru
tion. In some sense our poset Q(d;E) is a des
endant ofBaumgartnerÕs poset [5℄ for adding a 
lub subset with Þnite 
onditions but it alsohas something in 
ommon with the poset Pf from Se
tion 3.Let E be a Þxed 
lub set of 
ountable elementary substru
tures of Hù2 ; forte
hni
al reasons we will deÞne our poset so that only models from E may appearas side 
onditions. The 
onditions in Q(d;E) have the form p = (Mp ;Bp) where



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 231. Mp is a Þnite set {M0; : : :Mn−1} of elements of E, su
h thatM0 ∈ M1 : : : ∈Mn−1. We will denote by Xp the set {Mi ∩ ù1 : i < n}.2. d ∈ M0.3. Bp is a set of half-open intervals {(�0; â0℄; : : : (�m−1; âm−1℄} where �0 < â0 <�1 < : : : �m−1 < âm−1 < ù1.4. The set Xp is poly
hromati
 for d .5. The set Xp is disjoint from ⋃Bp.Conditions are ordered as follows: p ≤ q if and only ifMq ⊆ Mp andBq ⊆ Bp.The motivation is that p for
es the elements of Xp into the generi
 
lub set andblo
ks out the elements of ⋃Bp. A

ordingly if G is Q(d;E)-generi
 we deÞneCG = ⋃p∈G Xp. Clearly CG is poly
hromati
, but we should verify that it is 
losedand unbounded in ù1; sin
e Q(d;E) may 
ollapse ù1 it is un
lear at this point whatwill be the order type of CG .The following lemma will show that CG is unbounded.Lemma 23. Let p ∈ Q(d;E) and let ã < ù1. Then there exists q ≤ p withã < max(Xq).Proof. Let æ = maxXp and letM ∈Mp be the model withM ∩ù1 = æ . Noti
ethat Xp ∩ æ ∈ M . LetS = {ç ∈ ù1 : (Xp ∩ æ) ∪ {ç} is poly
hromati
 }Then sin
e d ∈ M we see that S ∈ M , and so sin
e æ =M ∩ ù1 ∈ S we have byLemma 2 that S is stationary.Now we re
all to the readerÕs attention the fun
tion F from Se
tion 3, and inparti
ular Lemma 3 on adding points to poly
hromati
 sets. By elementarity wemay Þnd T ∈ M stationary with T ⊆ S and ñ ∈ M su
h that for all ç ∈ T ,F ((Xp ∩ æ) ∪ {ç}) ⊆ ñ. Now of 
ourse ñ ∈ M ∩ ù1 = æ , so for all ç ∈ T withç > æ we 
an appeal to Lemma 3 to see that Xp ∪ {ç} is poly
hromati
.Finally we 
an build a 
ontinuous in
reasing 
hain 〈Nj : j < ù1〉 with Nj ∈ E,p ∈ N0 and Nj ∈ Nj+1 for all j. The set {Nj ∩ ù1 : j < ù1} is 
lub so we 
an Þndj so that ç =def Nj ∩ ù1 ∈ T , ç > ã , and ç is above the maximum point of the lastinterval in Bp . It is now easy to see that q =def (Mp ∪ {Nj};Bp) is as required. ⊣The following lemma will show that CG is 
losed.Lemma 24. Let p ∈ Q(d;E), and let ã < ù1 be a limit ordinal su
h that p 
 ã =∈úCG . Then there is q ≤ p su
h that q 
 sup( úCG ∩ ã) < ã .Proof. Sin
e p 
 ã =∈ úCG , surely ã =∈ Xp. If ã ∈
⋃Bp we are done, so weassume this is not the 
ase. Sin
e ã is limit we see that Xp ∩ ã and ⋃Bp ∩ ã areboth bounded in ã , say by ä. Now it is easy to see that q =def (Mp;Bp ∪ {(ä; ã℄})is as required. ⊣It will not in general be the 
ase that Q(d;E) is proper. To see this suppose thatN ≺ Hè for some large regular è, p ∈ Q(d;E) ∩ N and Xp ∪ {N ∩ ù1} is notpoly
hromati
. Then if we 
ould Þnd an N -generi
 q ≤ p, by Lemma 2 q wouldfor
e that N ∩ ù1 is in CG ; but also q would for
e Xp ⊆ CG , a 
ontradi
tion sin
eCG is poly
hromati
.This dis
ussion gives us the 
lue about how to Þnd generi
 
onditions in Q(d;E).Before we get down to the details we introdu
e some 
onvenient notation similar tothat we used for Pf in Se
tion 3.
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ondition in Q(d;E) andM ∈M then we deÞnep ↾ M = (M ∩M;B ∩M )Routinely we see that p ↾ M is a 
ondition, p ↾ M ∈ M and p ≤ p ↾ M .2. Given a 
ountable ordinal ã , say that a 
ondition p is below ã if and only ifXp ⊆ ã and ⋃Bp ⊆ ã . It is true that p ↾ M is belowM ∩ ù1, but false in generalthat every 
ondition belowM ∩ ù1 is inM .Now we 
an argue that under some 
ir
umstan
es generi
 
onditions do exist in
Q(d;E). The proof is similar in some respe
ts to that of Lemma 10.Lemma 25. Let è be a large regular 
ardinal. Let N ≺ Hè be 
ountable with
Q(d;E) ∈ N . If p ∈ Q(d;E) is su
h thatN ∩Hù2 ∈Mp then p is N -generi
.Proof. LetM = N ∩Hù2 . Sin
e Q(d;E) ⊆ Hù2 , N ∩ Q(d;E) =M ∩ Q(d;E).Given a dense set D ∈ N we need to show that D ∩ N is predense below p. Sin
eM ∈ Mq for any q ≤ p, we may as well assume that p ∈ D.Let ä = M ∩ ù1 and let q = p ↾ M . We 
laim that it will su¼
e to produ
e rsu
h that1. r is below ä.2. r ≤ q.3. r ∈ D.4. Xr ∪ Xp is poly
hromati
.For although su
h an r may not be in M the Þnite set Xr will be in M , and so byelementarity of N we will be able to Þnd r∗ ∈ M with r∗ ≤ q, r∗ ∈ D, Xr∗ = Xr .Then easily (Mr∗ ∪ Mp;Br∗ ∪ Bp) is a 
ondition extending both r∗ and p. Wesuppose for a 
ontradi
tion that there is no r with the four properties listed above.Now let Xp \ M = {�0; : : : �t−1} where �i is in
reasing with i . Of 
ourse�0 = M ∩ ù1 = ä. We deÞne a set S ∈ M of ordinals Òlike äÓ. Spe
iÞ
ally we letS be the set of those â su
h that1. q is below â .2. There exist â1; : : : ât−1 su
h that(a) â < â1 < : : : ât−1 < ù1(b) Xq ∪ {â; â1; : : : ât−1} is poly
hromati
.(
) There is no r su
h that(i) r is below â .(ii) r ≤ q.(iii) r ∈ D.(iv) Xr ∪ {â; â1; : : : ât−1} is poly
hromati
.S ∈ M be
ause S is deÞned from parameters in N and lies inHù2 , and sin
e ä ∈ S(using âi = �i for 0 < i < t as witnesses) we see that S is stationary.Now we enumerate the models inMp \M asM0; : : : Mt−1 whereMi ∩ ù1 = �i ,so in parti
ularM0 =M . Now we pro
eed exa
tly as in the proof of Lemma 23 to
hoose stationary sets S0; : : : St−1 su
h that Si ∈ Mi , S0 ⊆ S, Si+1 ⊆ Si and forevery large enough â ∈ Si there exist â1; : : : ât−1 su
h that1. â < â1 < : : : ât−1 < ù1.2. Xq ∪ {�0; : : : �i} ∪ {â; â1; : : : ât−1} is poly
hromati
.3. There is no r su
h that(a) r is below â .
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) r ∈ D.(d) Xr ∪ {â1; : : : ât−1} is poly
hromati
.At the end of the 
onstru
tion 
hoose â ∈ St−1 with p below â and suitable âias above. This is a 
ontradi
tion be
auseXq ∪ {�0; : : : �t−1} ∪ {â; â1; : : : ât−1} = Xp ∪ {â; â1; : : : ât−1}and is poly
hromati
, also p is below â , p ≤ q, p ∈ D. ⊣6.2. The poset P. We deÞne a poset P to add an in
reasing, 
ontinuous and
oÞnal map from ù1 to ù2, preserving ù1. The poset P is just a variation on thestandard 
ountably 
losed Levy 
ollapse Coll(ù1; ù2). We will assume that P isdeÞned in a universe V where 2ù = ù2.Conditions in P are fun
tions f su
h that1. dom(f) is a su

essor ordinal less than ù1.2. rge(f) is a subset of ù2 ∩ 
of(ù).3. f is in
reasing and 
ontinuous.The ordering is extension. It is easy to see that P is 
ountably 
losed and |P| = ù2.It follows that ùV1 is preserved, ùV2 is an ordinal of 
ardinality and 
oÞnality ù1 inV [G ℄, and ùV3 = ùV [G℄2 .To avoid 
onfusion in the dis
ussion that follows we let � = ùV3 . We note thateasily HV [G℄� = H�[G ℄, be
ause every bounded subset of � in V [G ℄ has a 
anoni
alname in H� . We need some analysis of the 
ountable elementary submodels ofH�[G ℄ in V [G ℄.We start by noti
ing that if F ∈ V is a Skolem fun
tion2 for H�, then in V [G ℄,the set of 
ountable Y ⊆ H�[G ℄ with Y ∩H� 
losed under F is 
lub. So in V [G ℄the set of 
ountable N ≺ H�[G ℄ su
h thatN ∩HV� ≺ HV� forms a 
lub set E.Now let N ∈ E and let M = N ∩ H�, so that M ≺ H�. Sin
e P is 
ountably
losed,M ∈ V . What is more every element of N is 
oded by a bounded subset of� inN , and every su
h set has a 
anoni
al name inN ∩H� (that is inM ), so in fa
tN =M [G ℄.It is proÞtable to dis
uss this in terms of for
ing and generi
 
onditions. Let pfor
e that úN ∈ úE . Then arguing as above we 
an Þnd q ≤ p su
h that q 
 úN ∩H� =M . Automati
ally we have that q 
 úN =M [ úG ℄, in parti
ular q 
 M [ úG ℄∩V =Mand so q is (M;P)-generi
.Note: We are not proving that M [G ℄ ∩ V = M for all M and G . If we ÞxM and apply the analysis of the last paragraph to the name M [ úG ℄ all we get isM [G ℄ ∩ V = M∗ and M [G ℄ = M∗[G ℄ for some M∗ ⊇ M , and G need only
ontain an (M∗;P)-generi
 
ondition.The following lemma will be useful in the main 
onstru
tion.Lemma 26. Let M ≺ H� be 
ountable, let ä = M ∩ ù1 and let f ∈ P be (M;P)-generi
. Then ä + 1 ⊆ dom(f) and f(ä) = sup(M ∩ ù2). Also f for
es thatsup(M [G ℄ ∩ ù2) = f(ä).Proof. Let � < ä. Then in parti
ular � ∈ dom(f), sin
e otherwise we 
anextend f to for
e a bad value at � + 1. It is then 
lear that f(�) ∈ M ∩ù2.2That is to say, if X ⊆ H� is 
losed under F then X ≺ H� .
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onsider a name for the least � < ù1 su
h that thegeneri
 fun
tion maps � to a point greater than â . This name is in M so f mustfor
e that the least su
h � is inM , whi
h implies there is � < ä su
h thatf(�) > â .So f ↾ ä maps ä 
oÞnally into M ∩ ù2, and sin
e f must be 
ontinuous withdomain a su

essor ordinal we see that ä ∈ dom(f) and f(ä) = sup(M ∩ù2). These
ond 
laim is immediate be
ause f for
es thatM [G ℄ ∩ V =M ∩ V . ⊣6.3. Preserving stationary sets. We re
all that our goal is to use MM to showthat every normal 2-bounded 
olouring 
 of [ù2℄2 has a 
losed poly
hromati
 set oforder type ù1. We will assume that all elementary substru
tures of Hù3 dis
ussedin the proof 
ontain 
.We will argue that a 
ertain two-step iteration is stationary preserving. The Þrststep is to for
e with the poset P from Se
tion 6.2. This poset is 
ountably 
losedand adds a 
ontinuous in
reasing 
oÞnal map g : ùV1 → ùV2 . We use g to deÞnea 
olouring d ∈ V [g℄ by the formula d (�; â) = 
(g(�); g(â)) so that easily d isa normal 2-bounded 
olouring of [ù1℄2 The se
ond step of the iteration is to for
eover V [g℄ with Q(d;E) as deÞned in Se
tion 6.1, where E is 
hosen in V [g℄ to bethe 
lub set of 
ountable N ≺ H�[g℄ su
h thatN ∩HV� ≺ HV� .It is important to note that ùV [g℄2 = ùV3 so that Q is deÞned using 
ountableelementary substru
tures ofHù3 [G ℄. To minimise 
onfusion we 
arry over from thelast se
tion the 
onvention that � = ùV3 .Lemma 27. P ∗ úQ(d;E) is stationary preserving.Proof. Let us say that a 
ondition (f; úN ; úB) in P ∗ úQ(d;E) is ni
e if and only if1. f de
ides the value of úB .2. There is a Þnite set {M0; : : : Mn−1} of 
ountable elementary substru
tures ofH� su
h that(a) M0 ∩ù1 <M1 ∩ ù1 < : : :Mn−1 ∩ ù1.(b) f 
 úN = {Mi [ úG ℄ : i < n}.(
) f is (Mi ;P)-generi
 for all i < n.Note that by the dis
ussion from the last se
tion the set of ni
e 
onditions is dense,so we may assume that all 
onditions are ni
e.Now let S ⊆ ù1 be stationary and let úC be aP∗ úQ(d;E)-name for a 
lub subset ofù1. Letp = (f; {Mi [G ℄ : i < n};B) be a ni
e 
ondition. Let äi =Mi∩ù1 for i < n,and re
all from the last se
tion that än−1+1 ⊆ dom(f) andf(äi ) = sup(Mi ∩ù2).Let çi = f(äi ), X = {äi : i < n}, Y = {çi : i < n}.By the deÞnition of d and Q(d;E), we see that Y is poly
hromati
 for 
. Alsowe see that X ∩ än−1 ∈ Mn−1 and so easily f for
es that Y ∩ çn−1 ∈ Mn−1[g℄, sothat in fa
t Y ∩ çn−1 ∈ Mn−1. Let T be the set of ordinals ç ∈ ù2 ∩ 
of(ù) su
hthat (Y ∩ än−1) ∪ {ç} is poly
hromati
 for 
, then T ∈ Mn−1 and än−1 ∈ T so (byan easy variation on the argument of Lemma 2) T is stationary in ù2.Fix a large regular 
ardinal è. We may Þnd (using a standard result from theMartinÕs maximum paper [9℄) a 
ountable N ≺ Hè su
h that 
; úC; S;P ∈ N ,� =def N ∩ ù1 ∈ S, and ç =def sup(N ∩ ù2) ∈ T . Let M = N ∩ H� , so thatM ≺ H�, and note that f ∈ M andMi ∈ M for all i < n.Enumerating the dense subsets of P whi
h lie in N in order type ù, and buildinga de
reasing 
hain of elements of P ∩M to meet them all, we may readily build
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h that f is (N;P)-generi
. By the dis
ussion from the last se
tion, wesee that � + 1 ⊆ dom(f∗) and f∗(�) = ç.It is now routine to 
he
k that q = (f∗; {Mi [ úG ℄ : i < n} ∪ {M [ úG ℄};B) is a ni
e
ondition. What is more f∗ is (N;P)-generi
 and f∗ 
 N [ úG ℄∩H�[G ℄ = úM [G ℄, soby Lemma 25 f∗ for
es that ({Mi [ úG ℄ : i < n} ∪ {M [ úG ℄};B) is (N [ úG ℄; úQ(d;E))-generi
. It follows that q is P ∗ úQ(d;E)-generi
, and so q 
 â ∈ úC . ⊣On
e we know that P ∗ úQ(d;E) is stationary preserving, a routine appli
ationof MM 
on
ludes the proof of Theorem 5. We note that a
tually the same proofwould work for (< ù)-bounded 
olourings.
§7. PFA does not su¼
e for Theorem 5. We showed in Se
tion 6 that under MM,every 2-bounded 
olouring of [ù2℄2 has a 
losed poly
hromati
 set of order typeù1. It follows immediately from Theorem 2 that under PFA every su
h 
olouringhas a poly
hromati
 set of order type ù1 whi
h is stationary in its supremum. Soit is natural to ask whether PFA would have su¼
ed to show that every 2-bounded
olouring of [ù2℄2 has a 
losed poly
hromati
 set of order type ù1. We will showthat this is not the 
ase.We 
onsider the following 
ombinatorial prin
iple:Prin
ipleW : there exists a fun
tion g su
h that1. The domain of g is ù2 ∩ 
of(ù).2. For all ã ∈ ù2 ∩ 
of(ù), g(ã) is a pair of ordinals (�; â) su
h that � < â < ã .3. For every ä ∈ ù2 ∩ 
of(ù1) and every pair (�; â) su
h that � < â < ä, the set

{ã ∈ ä ∩ 
of(ù) : g(ã) = (�; â)} is stationary in ä.The motivation for introdu
ing prin
iple W is of 
ourse to use it to build wild
olourings.Lemma 28. If prin
iple W holds then there is a 2-bounded 
olouring of [ù2℄2 withno poly
hromati
 set whi
h is a 
losed 
opy of ù1.Proof. We build the 
olouring by indu
tion in su
h a way that if g(ã) = (�; â)then the pairs {�; ã} and {â; ã} get the same 
olour. If 
 is a 
losed set of ordertypeù1 and �; â are the Þrst two points of 
 then by property 3 above there is ã ∈ 
with g(ã) = (�; â). By 
onstru
tion 
 is not poly
hromati
. ⊣A few remarks are in order about the prin
ipleW .1. It would surely be equivalent to assert the existen
e of a regressive fun
tion GdeÞned on ù2 ∩ 
of(ù), su
h that G assumes every value less than ä stationarilyoften in every ä ∈ ù2 ∩ 
of(ù). Prin
iple W is formulated as it is for use in theproof of Lemma 28.2. The prin
ipleW evolved in the followingway. We Þrst 
onstru
ted a 
olouringas in Lemma 28 assuming �ù1 , whi
h is in
onsistent with PFA (for example from
�ù1 we may build a spe
ial ù2-tree, while PFA implies there are no ù2-Aronszajntrees). We then began to look for a 
onsequen
e of �ù1 strong enough to give the
on
lusion of Lemma 28, yet weak enough to be 
onsistent with PFA.3. If g is a witness to prin
iple W then a
tually for every � < â < ù2 the set
{ã ∈ ù2 ∩ 
of(ù) : g(ã) = (�; â)} is stationary in ù2. To see this let C be 
lub in
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of(ù1), and use property 3 to see that g(ã) = (�; â) for someã ∈ C ∩ ä.4. Prin
ipleW is 
onsistently false, for example it fails under MM. This followsfrom Lemma 28 and Theorem 5, but we may also give a dire
t proof. A well-known
onsequen
e ofMM is that every stationary subset ofù2∩
of(ù) 
ontains a 
losed
opy of ù1, but this 
ontradi
ts property 3.We des
ribe a for
ing poset P to add g witnessing prin
iple W . We add g byfor
ing with initial segments. Expli
itly 
onditions are fun
tions p su
h that1. The domain of p is a proper initial segment of ù2 ∩ 
of(ù).2. Conditions 2 and 3 are satisÞed for all ã ∈ dom(p) and all ä ≤ sup(dom(p))with 
f(ä) = ù1.The ordering is extension. We will ultimately prove if PFA holds in V , the PFA stillholds after for
ing with P.It is 
lear that P is 
ountably 
losed. To show that P adds no ù1-sequen
es ofordinals we use the idea of strategi
 
losure. For more about strategi
 
losure werefer the reader to ForemanÕs paper about games on Boolean algebras [8℄.A for
ing poset P is said to be ç-strategi
ally 
losed for some ordinal ç if andonly if player II has a winning strategy in the following game of perfe
t information.Players I and II 
ollaborate to build a (non-stri
tly) de
reasing 
hain in P with Iplaying at odd stages and II at nonzero even stages (in
luding all limit stages). Play
ontinues for at most ç steps, the Þrst player who does not move at their turn loses,and II wins if and only if play 
ontinues for ç steps.We will show that P is (ù1 +1)-strategi
ally 
losed, and impli
it in the proof willbe the argument that any 
ondition 
an be extended to any pres
ribed length. Inparti
ular for
ing with P adds no subsets ofù1, so that stationary subsets of ù1 arepreserved, as is the 
ardinal ù2. It follows that the generi
 fun
tion added by P is awitness to prin
ipleW .We Þx in V a de
omposition of ù1 as the disjoint union of a family of stationarysets {Ti : i < ù1}. Let pi be the move at stage i of the strategi
 
losure game andlet dom(pi ) = ëi ∩ 
of(ù). As play pro
eeds II builds an enumeration of all thepairs (�; â) with � < â < supi<ù1 ëi as {(�j ; âj) : j < ù1}. For every limit ordinalã ≤ ù1 she forms pã as follows:1. ëã = ì+ 1 where ì = supi<ã ëi .2. pã ↾ ì = ⋃i<ã pi .3. pã(ì) = (�j ; âj) for the unique j < ù1 with ã ∈ Tj , IF (�j ; âj) has alreadybeen deÞned (so that in parti
ular �j < âj < ì).Clearly this is a winning strategy.We now argue that prin
iple W is 
onsistent with PFA. The argument is similarto the proof by Beaudoin [6℄ that PFA is 
onsistent with the existen
e of a non-reße
ting stationary set in ù2, and also owes something to the 
oding argumentsfrom the MartinÕs Maximum paper [9℄.The obvious strategy for proving that PFA is 
onsistent with W would be tostart with a model of PFA, for
e with P as above and then try to argue that PFA ispreserved as follows. Given úQ a P-name for a proper poset and úDi for i < ù1 whi
hare P-names for dense subsets of úQ, apply the PFA in V to the proper poset P ∗ úQand the dense sets Ei = {(p; úq) : p 
 úq ∈ úDi} to get a Þlter F on P ∗ úQ whi
h meets



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 29the Ei . Then take a lower bound øp for {p : ∃ úq (p; úq) ∈ F }, so that øp for
es that
{ úqG : ∃p (p; úq) ∈ F } generates a suitable Þlter.There is an equally obvious problem with this strategy, namely that no su
h lowerbound øp may exist. The idea of the proof, whi
h we owe to Beaudoin [6℄, is todeÞne an auxiliary for
ing R so that P ∗ úQ ∗ úR is proper, and that when we applyPFA to get a Þlter on P ∗ úQ ∗ úR the ÒR-part of F Ó will let us Þnd a lower bound forthe 
onditions in the ÒP-part of F Ó.We will Þx in V a regressive fun
tion r on ù1 su
h that {� : r(�) = â} isstationary for all â < ù1. Let úQ ∈ V P be a name for a proper for
ing poset and letúDi for i < ù1 be P-names for dense open sets in úQ. We des
ribe an auxiliary for
ing
R in V P∗ úQ. R is a two step iteration R0 ∗ úR1. R0 is a version of the standard L«evy
ollapse Coll(ù1; ùV2 ), expli
itly 
onditions are fun
tions p with dom(p) ∈ ù1 andrge(p) ⊆ [ùV2 ℄2, ordered by extension.We stress thatùV2 is the se
ond un
ountable 
ardinal as deÞned in V , whi
h maybe 
ollapsed when we for
e with Q. There is no need to write ùV1 sin
e the iterationof proper for
ing posets is again proper and hen
e for
ing with P ∗ úQ preserves ù1.Conditions in R1 are sets d su
h that1. d is 
ountable.2. d is a 
losed and bounded subset of ù2, in parti
ular d has a largest element.3. Every element of d has 
oÞnality ù.4. For all � ∈ d , g(�) = P(j) where g is the witness to prin
iple W added by P,P is the surje
tion from ù1 to [ùV2 ℄2 added by R0, and j = r(ot(d ∩ �)).The ordering on R1 is end-extension. We note that sin
e P ∗ úQ ∗ úR0 is proper, anordinal has 
oÞnality ù in the extension by this poset if and only if it has 
oÞnalityù in V .Intuitively R1 is intended to add a 
lub set in ùV2 of order type ù1 su
h that forevery pair (�; â) ∈ [ùV2 ℄2 there are stationarily many points in that 
lub set whi
hare mapped by g to the pair (�; â).We need to know that there are su¼
iently many 
onditions in R1. A

ordinglywe prove that for every d ∈ R1, ç < ù1 and æ < ùV2 , if ot(r) ≤ ç < ù1 then there ise ≤ d su
h that max(e) > æ and ot(e) = ç + 1. We do this by indu
tion on ç forall d and æ . Suppose we have established it for all ç′ < ç. We assume that ç is limit,the su

essor 
ase is similar and easier.We will work in the extension by P ∗ úQ ∗ úR0. Let j = r(ç), and P(j) = (�; â).Find a 
ountable elementary substru
tureM of some largeHè su
h thatd; ç; æ ∈ Mand ã = sup(M ∩ ùV2 ) is su
h that g(ã) = (�; â) (this is possible be
ause we arein a proper extension of V and g assumes ea
h value on a stationary set in ùV2 ).Now build (using the indu
tion hypothesis) a de
reasing sequen
e of 
onditions dnsu
h that their union d∗ has order type ç and supremum ã , and observe that by
onstru
tion e = d∗ ∪ {ã} is a 
ondition with order type ç + 1.Lemma 29. P ∗ úQ ∗ úR is proper.Proof. We work in V . Let N ≺ Hè be a 
ountable elementary substru
ture
ontaining everything relevant and let (p; úq; úr0; úr1) be a 
ondition in N . Let ä =N ∩ù1 and let ã = sup(N ∩ù2).Let j = r(ä) so that j < ä and in parti
ular j ∈ N . Extending (p; úq; úr0; úr1)to a stronger 
ondition in N we may assume without loss of generality that (p; úq)
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es that j ∈ dom(úr0) and determines that úr0(j) = (�; â) for some � and â inN ∩ ù2 (so in parti
ular � < â < ã). Sin
e P is 
ountably 
losed we may extendp to a 
ondition p∗ su
h that p∗ is strongly (N;P)-generi
, the domain of p∗ is(ã + 1) ∩ 
of(ù) and p∗(ã) = (�; â).We then 
hoose ( úq∗; úr∗0 ) a name for an (N [ úGP℄;Q∗ úR0)-generi
 
ondition extending( úq; úr0), so that easily (p∗; úq∗; úr∗0 ) is an (N;P ∗ úQ ∗ úR0)-generi
 
ondition extending(p; úq; úr0). We for
e below this 
ondition to get a generi
 Þlter G ∗H ∗ I , where weknow thatN [G ∗H ∗ I ℄ ∩ON = N ∩ON by the generi
ity of the 
ondition.We now build a de
reasing sequen
e of lengthù inN [G ∗H ∗I ℄∩R1 whi
h meetsea
h dense set inN [G∗H ∗I ℄. Let r∗1 be the union of this sequen
e, where it is routineto 
he
k that sup(r∗1 ) = ã and ot(r∗1 ) = ä. We 
laim that r∗1 ∪ {ã} is a 
ondition in
R1. To see this we merely observe that r(ä) = j and P(j) = (�; â) = g(ã). ⊣Lemma 30. PFA holds in V P.Proof. We apply the PFA to P∗ úQ∗ úR to get a suitably generi
 Þlter F . Taking theunion of the ÒP-partsÓ of the 
onditions in F we get a 
ertain fun
tion øp. Arrangingthat F meets suitable dense sets we 
an use the union of the ÒR-partsÓ to produ
ea witness that øp is a 
ondition, and this is all we need. ⊣The upshot of this dis
ussion is that we have proved the following theorem. Herethe 
onsisten
y is relative to that of PFA. PFA is known to be 
onsistent relative tothe existen
e of a super
ompa
t 
ardinal.Theorem 6. It is 
onsistent that PFA holds and there is a 2-bounded 
olouring of[ù2℄2 su
h that there is no 
losed poly
hromati
 set of order type ù1.

§8. A positive result from GCH. We saw in Se
tion 2 that under CH there is a2-bounded 
olouring of pairs from ù1 with no un
ountable poly
hromati
 set. Asimilar argument easily gives that if �<� = � for some un
ountable 
ardinal �, thenthere is a 2-bounded 
olouring of [�℄2 with no poly
hromati
 set of size �. We nowprove a positive result about (< �)-bounded 
olourings of [�+℄2 from the sameassumption that �<� = �.Theorem 7. Let � be an inÞnite 
ardinal and assume that �<� = �. Then for every(< �)-bounded 
olouring of [�+℄2 and every ordinal ç < �+ there is a poly
hromati
set of order type ç.Proof. Fix f a (< �)-bounded 
olouring of [�+℄2. We maymay assume withoutloss of generality thatf is normal. Fix also ç < �+, where without loss of generalitywe may assume that ç ≥ �.We will generalise an idea used earlier in the paper. If X ⊆ �+ we deÞneF (X ) =def {� : ∃ã ∃b ∈ [X ℄2 f(�; ã) = f(b)}Sin
e f is normal, F (X ) is the set of � su
h that there exist â; ã ∈ X with �; â < ãand f(�; ã) = f(â; ã). Clearly F (X ) ⊆ max(X ). Sin
e � is regular we see that if
|X | < �, then |F (X )| < �.The proof of Lemma 3 goes through in this setting. so for all X;Y ⊆ �+ and� < �+, if X < � < Y , X ∪Y and X ∪ {�} are poly
hromati
 and � =∈ F (X ∪Y ),then X ∪ {�} ∪Y is poly
hromati
.Now we will build a poly
hromati
 set of order type ç; a
tually for te
hni
alreasons we will end up building the set with type ç + 1. We start by Þxing a
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ontinuous in
reasing 
hain 〈Mi : i ≤ ç〉 su
h thatMi ≺ Hè , |Mi | = �,Mi ∩ �+ ∈ �+,Mi ∩ �+ < Mi+1 ∩ �+ for i < ç, <�Mi ⊆ Mifor i su

essor.Let âi = Mi ∩ �+ for i ≤ ç, we note that i 7→ âi is stri
tly in
reasing and
ontinuous and also that 
f(âi) = � for i su

essor. Fix � > âç, and Þx also abije
tion g : � ≃ ç. we will 
onstru
t by indu
tion ordinals �j for j < � su
h that1. âg(j) ≤ �j < âg(j)+1.2. {�k : k < j} ∪ {�} is poly
hromati
.Suppose that we have 
hosen �k for k < j. Let X = {�k : k < j; g(k) < g(j)}and Y = {�k : k < j; g(k) > g(j)} ∪ {�}. Note that by 
onstru
tion X ⊆ âg(j)and Y ⊆ �+ \ âg(j)+1.By the 
hoi
e of theMi we see thatX ∈ Mg(j)+1. Sin
e� > âg(j)+1 andX ∪{�} ispoly
hromati
, the usual elementarity argument shows that the set of ø� withX∪{ ø�}poly
hromati
 is unbounded in âg(j)+1. On the other hand |F (X ∪ Y )| < � and
f(âg(j)+1) = �, so that F (X ∪ Y ) is bounded in âg(j)+1.So we may 
hoose �j su
h that1. âg(j) ≤ �j < âg(j)+1, in parti
ular X < �j < Y .2. X ∪ {�j} is poly
hromati
3. �j =∈ F (X ∪ Y ).Now we 
on
lude thatX ∪ {�j}∪Y is poly
hromati
, so that the 
onstru
tion 
an
ontinue. ⊣In parti
ular under GCH the situation is now rather 
lear for �+ with � regularand un
ountable: we have seen that if �<� = � then �+ →poly (�)2<�−bd for all� < �+, while if 2� = �+ then �+ 6→poly (�+)22−bd.REFERENCES[1℄ U. Abraham, Proper for
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