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SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY

URI ABRAHAM., JAMES CUMMINGS. AND CLIFFORD SMYTH

§1. Introduction. Classical Ramsey theory (at least in its simplest form) is con-
cerned with problems of the following kind: given a set X and a colouring of the
set [X]" of unordered n-tuples from X, find a subset ¥ C X such that all elements
of [Y]" get the same colour. Subsets with this property are called monochromatic
or homogeneous, and a typical positive result in Ramsey theory has the form that
when X is large enough and the number of colours is small enough we can expect
to find reasonably large monochromatic sets.

Polychromatic Ramsey theory is concerned with a “dual” problem, in which we
are given a colouring of [ X']” and are looking for subsets ¥ C X such that any two
distinct elements of [ Y]" get different colours. Subsets with this property are called
polychromatic or rainbow. Naturally if we are looking for rainbow subsets then our
task becomes easier when there are many colours. In particular given an integer k
we say that a colouring is k-bounded when each colour is used for at most k many
n-tuples.

At this point it will be convenient to introduce a compact notation for stating
results in polychromatic Ramsey theory. We recall that in classical Ramsey theory we
write k — ()] to mean “every colouring of [«]" in k colours has a monochromatic
set of order type a”. We will write k —PV ()} _,4 to mean “every k-bounded
colouring of [«]" has a polychromatic set of order type «”. We note that when & is
infinite and k is finite a k-bounded colouring will use exactly « colours, so we may
as well assume that & is the set of colours used.

Polychromatic Ramsey theory in the finite case has been extensively studied by
finite combinatorists [3, 7, 11, 12], sometimes under the name “Rainbow Ramsey
theory” or “Sub-Ramsey theory”. In particular the quantity sr(X,, k), which in our
notation is the least m such that m —P°Y (n)7_,4 has been investigated: it grows
much more slowly than the corresponding classical Ramsey number, for example it
is known [3] that sr(Ky. k) < tn(n—1)(n—2)(k — 1) + 3.

In this paper we investigate polychromatic versions of some classic results in
infinite Ramsey theory. Interestingly we will also often find that, as in the finite case,
polychromatic Ramsey numbers grow more slowly than their classical counterparts.
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e The polychromatic Ramsey theory of the infinite was first investigated by
Galvin [10]. In Section 2 we sketch a couple of results which motivated our work
in the area.

We describe some machinery (dual colourings) for translating positive results
in monochromatic Ramsey theory into positive results in polychromatic Ramsey
theory. We use dual colourings to show that if & — (1)} then k —P°¥ (1)¢_, .. In
particular the classical infinite Ramsey theorem implies that «» —P°Y ()} 4 for
all n and k. We then show that assuming the Continuum Hypothesis (CH) we have
the negative relation w; A"V (w)3_ 4.

e Itis natural to ask whether CH was necessary to show w; 4PV (@, )3 pa- We
recall that Todorcevic [19] showed in ZFC that w; /4 [an](z,,l, which gives a very
strong counterexample to w; — ()3

The polychromatic situation is quite different. Todorcevi¢ [17] proved a result
which implies that, assuming the Proper Forcing Axiom (PFA), we have the positive
relation w; —POW (w1)3 g In Section 3 we will give an alternative proof of
this implication from PFA; Todorcevi¢’s methods give the consistency of w; —P°Y
(wl)gfbd relative to the consistency of ZFC, it is not clear that the methods of
Section 3 will do this. See the discussion at the end of Section 3.

e Since PFA implies that co; —P° (), )3_pg- it is natural to ask whether Martin’s
Axiom (MA) suffices for this partition relation. In Section 4 we show that this
relation is in fact independent of MA. The proof builds on ideas of Abraham and
Todorcevic [2], and shows that we may force the existence of a 2-bounded colouring
of [w]> which has no uncountable polychromatic set in any ccc forcing extension.

e After hearing the results of Section 4, Sy Friedman asked for a concrete
example of a 2-bounded colouring of [e;]> which has no uncountable polychromatic
set, but which acquires one in some ccc forcing extension. In Section 5 we construct
such a colouring from the assumption that CH holds and there is a Souslin tree.

e The argument of Section 3 actually shows that under PFA every 2-bounded
colouring of pairs from w; has a stationary polychromatic set. So a 2-bounded
colouring of pairs from w, has many polychromatic sets of order type w; which are
stationary in their supremum. In Section 6 we show that under MM a 2-bounded
colouring of pairs from w; has a polychromatic set of order type w; which is club in
its supremum.

e In Section 7 we show that PFA does not suffice for the result of Section 6.
We do this by isolating a consequence of square which is strong enough to build
a 2-bounded colouring of pairs from w; with no polychromatic closed copy of w,
yet weak enough to be consistent with PFA.

e Finally in Section 8 we prove some positive partition results from GCH as-
sumptions, which are stronger than the easy results obtained from the Erdés-Rado
theorem by the dual colouring argument. The results give a fairly clear picture of
which polychromatic partition relations hold assuming GCH, at least at successors
of regular cardinals.

Notation: our notation is standard. One point is worthy of comment, namely that
when f is a colouring of pairs of ordinals from some set X and «. f € X with
a < B we will typically write “f (a. )" instead of the more correct “f ({a. })”.
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Whenever we use this convention it is safe to assume that the first argument of f is
less than the second argument.
Directions for further research:

1. Tt follows from the results in Section 8 that under CH we have the relation
wy —Poly (a)g)_bd for every a < w,. In a projected sequel to this paper we show
that a wide range of possibilities is consistent with not-CH: in particular each of the
relations wy —P°Y (w; +1)2_, yand wy AP (w1)3 4 is consistent with 2% = w,.

2. Jindrich Zapletal and Otmar Spinas pointed out that polychromatic Ramsey
theory and classical Ramsey theory both fall under the umbrella of “canonical
Ramsey theory”, in which we are given an arbitrary colouring of [X']" and look for
alarge Y C X so that the colouring is “simple” on [Y]". One way to look at the
results of this paper is to see them as fragments of a canonical Ramsey theory for
[w1]? and [w;]?: such a theory will clearly be fraught with independence results. On
a related note it may be interesting to explore connections with “structural Ramsey
theory”.

3. Ttisnatural to ask for a polychromatic analogue of the Galvin-Prikry theorem.
Otmar Spinas pointed out that such a result follows easily from a canonical colouring
result of Promel and Voigt [13]. To be precise if we are given a 2-bounded Borel
colouring of [@w]® then there is an infinite P C w such that the colouring is 1-1 on
[P]”.

4. Many natural questions remain open, we give a sampling:

(a) Construct in ZFC a counterexample to wy —P% (@7)3_, ;.

(b) What can we say about colourings of [@;]?>? See the remarks after Theorem 1.

(c) Suppose that every 2-bounded colouring of [w»]* has an uncountable poly-
chromatic set. Must every 2-bounded colouring of []> have an uncountable
polychromatic set?

(d) Under what circumstances can “ccc indestructibly bad” colourings of the sort
constructed in Section 4 exist? Are they compatible with CH? Do they exist in
L?

(e) For which inaccessible & does & —P°¥ (k)3_,, hold? In particular does this
partition relation characterise the weakly compact inaccessible cardinals?

(f) The GCH results of Section 8 only work at successors of regular cardinals.
What happens at successors of singular cardinals?

Acknowledgments: We would like to thank Mirna DZzamonja, Matt Foreman, Sy
Friedman, Peter Lumsdaine, Lajos Soukup, Otmar Spinas, Stevo Todorcevi¢, and
Jindra Zapletal for their helpful comments and suggestions.

§2. Results of Galvin. In this section we sketch the proofs of some basic results
due to Galvin [10].

2.1. Dual colourings.

DerinITION 1. Let X be a set and let f* be a k-bounded colouring of [ X]". We fix
a linear ordering < of [X']" and define the dual colouring f* : [X]" — k as follows:
if f(a) = c then enumerate the n-tuples with colour ¢ in <-increasing order as
ap < aj < ...a;, and define f*(a) = i where a = a;.
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It is easy to see that if X is monochromatic for f* then it is polychromatic for 1.
It follows immediately that

k— () =k =Y (1)} _q-

So every theorem in classical Ramsey theorem implies a corresponding theorem
in polychromatic Ramsey theory. In particular we recall that Baumgartner and Haj-
nal [4] showed that w; — ()3 for every countable ordinal av. It follows immediately
that w; —PY ()3 _, , for every countable a.

The following result shows that in general we can not improve on this; the
proof follows a standard paradigm for building “wild” colourings using cardinal
arithmetic assumptions.

2.2. A CH example.

THEOREM 1. Let CH hold. Then there is a 2-bounded colouring of w1 such that
for all uncountable X C w; there are uncountably many colours which appear twice
on pairs in [X1>. In particular co; /P (an)%_bd under CH.

Proor. Using CH enumerate [w;]” as (4, : @ < w;). Now we build the colouring
inductively, at step y assigning colours to pairs {f.y} for § < y. We assume that
the colouring of [y]? which we have built when we reach stage y is 2-bounded.

We enumerate the sets 4, where 4, C y and @ < y as (B; : j < w). We also
choose colours (¢x : k < w) which were not yet used. Now we choose the first two
points in By and colour the pairs they form with y using colour ¢, take the first two
points not yet coloured in B; and colour the pairs they form with y using ¢; and so
on. If at the end there are points a < y such that {«, y } was not yet coloured then
enumerate these pairs and colour them inductively giving each one a colour not yet
used.

To see that this works let X be unbounded in w;. and let Y = A4, be the initial
segment of X consisting of the first w points. Let y € X with y > o, sup(Y). Then
by construction there exist two points p and ¢ in Y such that the pairs {p,y} and
{o.y} are given the same colour. =

REMARK 1. Matt Foreman pointed out that the theorem of Baumgartner and
Hajnal [4] used above is specific to colourings of pairs: if we fix injections f, : y — w
for each countable y and then colour {a, 8.y} < red or blue according to whether
[yla) < f,(B) or f,(a) > f,(B). then there is no red-homogeneous set of type
w + 2 and no blue-homogeneous set of type w + 1. It is unclear what is the situation
regarding the relation w; —PY ()3, fora < o).

REMARK 2. Mirna Dzamonja pointed out that the use of CH in the argument
above is an overkill, and that much weaker guessing principles consistent with large
continuum will do. For example the stick principle asserts that there is 2 C [w;]”
such that | 2’| = w; and for every Y € [w;]™ thereis A € 2 N[Y]?; this is exactly
the consequence of CH used in the proof of Theorem 1.

REMARK 3. Theorem 1 has an easy generalisation to higher cardinals, which we
leave to the reader. See Section 8 of this paper for some positive results from GCH
assumptions which do not follow trivially from the Erdds-Rado theorem.
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§3. A positive result for ; from PFA. In this section we will give an alternative
proof of a result by Todorcevi¢ [17] which implies that =; —P°Y (w;)3_,; under
PFA. The result is more general than this in several ways, to state it we introduce
the following definition:

DEFINITION 2. Let x be a cardinal. A colouring of [X]" is (< &)-bounded if and
only if each colour is used for fewer than x many n-tuples.

Of course our previous notion of k-boundedness is just the special case with
k=k+1.

TrreoREM 2 (Todoréevic [17]). (PFA) If f is a (< )-bounded colouring of [1]>
then w, is the union of w many polychromatic sets.

The proof will occupy most of this section. We will allow ourselves several
digressions.

3.1. Normal colourings. We introduce a special property of colourings (normal-
ity). and show that we can sometimes decompose a colouring into a small number
of normal colourings.

DErFINITION 3. Let X be a set of ordinals. A colouring f of [X]? is normal if and
only if for all pairs @ = {a, f}< and b = {y.0}.if f(a) = f(b) then f =4.

LeMMA 1. Let A be an infinite cardinal and let & = J*. If f is a (< k)-bounded
colouring of [k)? then there exist sets X for j < 2 such that k = U,,' X;and f | [X;]?
is normal.

We prove Lemma 1 using elementary substructures. This is an overkill for the
task at hand, but introduces ideas which will be crucial at several points later in the
paper.

Proor. Let 6 be a large regular cardinal, let <, be a well-ordering of Hy and let
& = (Hy,<p). Build an increasing continuous chain (N; : i < ) such that

. f{,j,.f € Ny.

o N; %MWlth|Nl| =Jland N, Nk € k.

Letd; = N; Nk so that {5;} isclub in k. Let a = {a, f}< and let i be such that
0i < B<diq.

Let X be the set of pairs b with f(b) = f(a), then X is definable in & from f
and a so easily X € N;,;. Since f is (< )-bounded, |X| < k and so u =4/ | X| €
N;;1 Nk, hence u C N;, since N, Nk € k.

Let g be the <y-least bijection between ¢ and X, then g € N;;; so X = g[u] C
Niy1. That is to say every pair b with f(b) = f(a) lies in [6,,1]°.

We may now easily decompose & as |J;; X; where |X; N [5;,6;41)] < 1 for all
i, j. Tt follows immediately from the discussion above that /| [X;]* is normal.

3.2. Proper forcing. We give a brief review of Shelah’s theory of proper forcing,
referring the reader to the survey by Abraham [1] and Shelah’s monograph [15] for
the details.

DEerFNITION 4. Let P be a forcing poset and let § be a regular cardinal so large that
P(P) € Hy. Let N < Hy be countable with P € N. Then g € P is (N, P)-generic if
and only if for every dense subset D C P with D € N, D N N is predense below g.
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This can be motivated as follows: if z : N ~ N is the Mostowski collapse
isomorphism from N to a transitive set N, then p is an (N, P)-generic condition if
and only if it forces that z[Gp N N is an N -generic filter on z(IP). We note that in
general 7[Gp N N] will not liein V.

DerINITION 5. Let IP be a forcing poset and let 0 be a regular cardinal so large that
P(P) € Hy. Let N < Hy be countable with P € N. Then g € P is (N, P)-strongly
generic if and only if for every dense subset D C Pwith D € N, thereisr € DN N
with g <r.

A strongly generic condition is one which not only forces that z[Gp N N] is
N-generic, but actually determines z[Gp N N]. Strongly generic conditions occur
naturally in the study of forcing posets which add no new reals.

We will find several uses for the following standard facts about elementary sub-
structures and generic conditions:

LEMMA 2. Let N < Hy be countable and let 6 = N N w;.
Then

1. If C € N is a club subset of w,, thend € C.
2. If S € N is asubset of w) ando € S, then S is stationary.
3. Let P be a forcing poset with P(P) € Hy and suppose that P € N. Then
(a) For any P-generic G, Hy[G] = HHV[G] and N[G] =qer {7 : 7 € N} =
Hy[G].
(b) p € P isP-generic if and only if it satisfies either of the following equivalent
conditions:
(i) pIF N[G]N On = NN On.
(ii) pIF N[GINV =NNV.
(c) IfpeP is P-generic and C € N is a P-name for a club subset of w; then
plEoeC.

DEFINITION 6. Let X be uncountable.

1. A set C of countable subsets of X is c/ub if and only if every countable subset
of X is contained in an element of C, and C is closed under unions of chains
of length w.

2. A set S of countable subsets of X is stationary if and only if S meets every
club set C.

The following facts are standard:

1. Let S be a set of countable subsets of the uncountable set X .
(a) S isstationaryif and only if for every F : <” X — X there is an nonempty
set A € S with F[<” 4] C A.
(b) S isstationary if and only if for every countable first order language L and
every L-structure 2 with underlying set X, thereis 4 € S with 4 < 2.
(¢) (Fodor’s lemma) If S is stationary and F : S — X is regressive in the
sense that F(A4) € A for all 4 € S, then thereis T C S stationary with
F | T constant.
2. If Y and Z are uncountable sets with ¥ C Z then
(a) If S isa stationary set of countable subsets of Y, then the set of countable
B C Zwith BNY € S is a stationary set of countable subsets of Z.
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(b) If T is a stationary set of countable subsets of Z, then {BNY : B € T}
is a stationary set of countable subsets of Y.

DeriniTION 7. Let P be a forcing poset. Then P is proper if and only if for
every uncountable set X and every stationary set S of countable subsets of X, the
stationarity of S is preserved by IP.

Properness can be characterised in terms of generic conditions: P is proper if
and only if for some (equivalently all large) # such that P(IP) € Hy, there is a club
set of countable N < Hy such that for all p € PN N there is ¢ < p where ¢ is
(N, P)-generic.

All cec and all countably closed forcing posets are proper. The standard posets for
adding new reals (Sacks, Laver, Mathias, Miller et cetera) are all proper. Properness
is preserved by countable support iterations.

The Proper Forcing Axiom (PFA) is the assertion that for every proper P and
every family & of dense subsets of P’ with |¥ | = w;, there is a filter F on P such
that FND #(forallD € 7.

3.3. Amalgamating finite polychromatic sets. Let / be a normal and (< w)-
bounded colouring of [w;]>. We consider the problem of amalgamating finite
polychromatic sets, that is finding conditions under which the union of two such sets
is polychromatic. This sort of “amalgamation problem” is ubiquitous in forcing,
and almost always arises when we are trying to prove that a forcing poset is proper:
after all the very definition of generic condition demands that we should amalgamate
extensions of the generic condition p with certain conditions lying in the elementary
substructure N.

If X is a finite subset of w; we define
F(X) =ger {o: 3y Ib € [X] [(a.p) = f(b)}

Since f is normal, F(X) is the set of o such that there exist 8,y € X witha, <y
and f(a.y) = f(B.y). Clearly F(X) C max(X), and since f is (< w)-bounded
we see that F (X)) is finite.

When X and Y are finite sets of ordinals we will abuse notation slightly by writing
“X < Y as a shorthand for “max(X) < min(Y)”. Similarly when ¢ is an ordinal,
“X < {”and “{ < X have the obvious meanings.

LEMMA 3. Let X < a < Y where X U {a} and X U'Y are both polychromatic for
[ . Ifa¢ F(XUY)then X U{a}UY is polychromatic for f .

Proor. Since f is normal, the only problem that can occur is that there may exist
de.{ e XU{ajuYwithd<e<{and f(5.0) = f(&).

Since X U {a} is polychromatic, it must be that { € Y. Since X U Y is polychro-
matic, either § or ¢ equals «. But both of these possibilities are ruled out by the
assumption thata ¢ F(X U Y). —|

Now we generalise this lemma somewhat. Say that a finite partial function from
w; to w is good for f if and only if for all n the set {i € dom(p) : p(i) = n} is
polychromatic for f. Good partial functions will eventually be building blocks in
a forcing poset for decomposing w; into & many polychromatic sets.

The following lemma follows immediately from Lemma 3.

LemMmA 4. Let p. q.r be finite partial functions from w to w such that
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1. dom(p) < dom(g) < dom(r).

2. gisl-l.

3. pUgq and p Ur are both good for f.

4. dom(q) is disjoint from F (dom(p) U dom(r)).

Then p U q Ur is good for f .

3.4. Elementary substructures. We need some standard facts about elementary
substructures M < Hy where M is countable and € > w is regular.

Firstly if x € M is countable then x C M. In particular M N w; is an initial
segment of w;, so M Nw; = J for somed € w;.

Secondly suppose that 1 € M is a regular cardinal. Then H; € M, and so also a
set of Skolem functions for H; isin M. It follows that M N H;, < H,. In particular
if / is definable in Hy then A € M for all countable M < Hy,andso M N H; < H,
for all such M.

Thirdly let M, N < Hj be countable with M € N. Then as we saw above M C N,
so in particular M < N. Also M and w; are bothin N so M Nw; € N, in particular
M Nw <N Naw.

In the following section we will define a forcing poset in which each condition
is partially composed of countable elementary substructures of H,,. The idea is
that these models will act as “side conditions” which will avoid some obstacle to
properness; the idea of using models as side conditions in proper forcing is due to
Todorcevic [18].

As motivation for the use of countable elementary substructures of H,,,, we prove
a lemma about the kind of amalgamation problem discussed in the last section.

DErFINITION 8. A sequence p = (p, : a < w;) of finite partial functions from w,
to w is increasing if and only if & < f = dom(p,) < dom(py) for all c. f.

We note that by an easy induction, if 7 is increasing then o < min dom(p,).
Also easily every such sequence p'is a member of H,,,. We recall that /" is a normal
(< w)-bounded colouring of [w;]* and that for finite X C w;. F(X) is the set of
with f(a,y) = f(B.y) for some B,y € X. The following technical lemma will be
used to show that the main forcing for Theorem 2 is proper.

LemMmaA 5. Let M < H,, be countable with f € M, andletéd = M Nw,. Let p
and q be finite partial functions from w; to w such that

1. dom(p) C 8. dom(g) C w; \  (so in particular dom(p) < dom(g)).

2. pUgqis goodfor f .
3. qis1-1.

Let 7" be an increasing w;-sequence of partial functions from w, to w such that

1. 7e M.
2. Foralli < wy, pUr;is good for f.

Then there exists S € M a stationary subset of w, such that for all large enough
ieS, pUqUr;isgoodfor f.

Proor. Consider the function g on limit ordinals a < w) given by

g : a — max{max dom(p). max(a N F(dom(p) Udom(r,)))}
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The function g is in M because f, F,7 € M. By Fodor’s lemma and elementarity
there exist S € M stationary and # € J such that g is constant on S with value 7.
We note that dom(p) C 7.

If i € S and dom(g) < i then we see that

1. dom(p) < dom(g) < dom(r;).

2. y < dom(q) < i.

3. F(dom(p)Uudom(r;))Ni C 7.

So dom(q) is disjoint from F (dom(p) U dom(r;)). and since also g is 1-1 we may
apply Lemma 4 to conclude that p U ¢ U r; is good for f. -

3.5. The forcing poset P,. Recall that / is a normal (< w)-bounded colouring
of [w]%. and that a finite partial function ¢ from w; to w is good for f if and only
if {i : q(i) = n} is polychromatic for each n. We define a forcing poset P, whose
goal is to add a decomposition of w| into w polychromatic sets. The conditions are
pairs (p. # ) where

1. pis a finite partial function p from w, to w, and p is good for f".

2.  is a nonempty finite set { My, ... M, _;} where M; < H,,, M; is countable

and M; € M, fori +1 < n.
3. Foralla < B < wy, if p(a) = p(B) then there exists i such thata < M;Nw; <
B.

The ordering is by extension, formally (p, #) < (¢..#") if and only if p D ¢ and
M DN

We record a couple of remarks about the poset P

1. Every condition is an element of H,,,.

2. If s = (p. #) is a condition with .# = {M,. ... M,_,} and we define

then s | M; isaconditionands | M; € M;ands < s | M;.

If y < ) then we say that the condition (p, /) is below y if and only if dom(p) < 7
and M Nw; < yforall M € #. If (p, #) € N for some countable N < H,,, with
N Nw; =y then easily (p, .#) is below y. The converse is however false in general,
if (p, #) is below N N then p € N but the models in .# may not lie in N.

The following lemma shows that by forcing with P, we add a total function from
w) to w.

LEMMA 6. For every a < ;. the set of conditions (p. #) with o € dom(p) is
dense.

ProoF. Suppose that (p, #) is a condition and that o ¢ dom(p). Choosen € w
with n ¢ rge(p) and extend p to ¢ with dom(g) = dom(p) U {a}. g(a) = n. Then
(g, ) is as required. -

It is also helpful to know that densely many conditions have a model in the
“4 -part” which contains the whole of the “p-part”.

LemMA 7. If (p, #) is a condition and N < H,, is countable with (p, #) € N,
then (p. # U {NY}) is a condition extending (p. 4 ).

The next two lemmas are the motivation for clause 3 in the definition of the
conditions.

Lemma 8. Let (p, M) be a condition andd; = M; Nw for M; € M. Then
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1. P [5() is 1-1.

2. pl1[6i.6is1)is 1-1 foralli.

3. If M, is the largest model in # then p | w) \ J, is 1-1.

Proor. We only prove the second claim, the others are similar. Suppose thatd;
a < B < d;41. Then there is no j such that o < J; < f, so that p(a) # p(B).

LeMMA 9. Let (p,#) be a condition where #4 = {M,, ... M,_,} say. Let 6; =
M; Ny foreach j, andlet g = p | My for some k < n. If i € My is an increasing
wi-sequence of finite partial functions r; such that g Ur; is good for every i < wy, then
there is a stationary set S € M,,_\ such that p U r; is good for all i € S.

<
-

Proor. Apply Lemma 5 repeatedly with p | 6, p | [0;.9,.1), and M; playing
therolesof p.g. M for j =k, k+1,...n—1 —

3.6. Properness of P,. Now we are ready to argue that P, is proper. Let 0 be a
large regular cardinal, and let s = (p,.#) € N < Hy where N is countable. Let
M = NnNH,, andnotethat M < H,,,, MNP, = NNP;, and s € M. We define
t = (p.# U{M}), observe that 1 < s and argue that 7 is (N.IP;)-generic. The
genericity of the condition ¢ will follow from the following slightly more general
result.

LemMA 10. Let N < Hy be countable and let t = (p, #) be a condition such that
N NH,, € #. Thentis (N.Py)-generic.

Proor. Let D € N be dense, so that we need to produce a condition in D N N
compatible with z. We may as well assume that 1 € D, otherwise extend it to a
condition in D and apply the argument below to the extension.

Let M =NNH, andd = M Nw; = N Nw;. Wenotice that PN M =PNN
and DNM = DN N. As above we define t | M = (p | 6,..# N M), so that
t | MeMandt <t | M. Letgq = p | (w; \J). It will suffice to produce
f=(p.#)<t] Msuchthat7 € DN M and p U gq is good. For if we have such a
7 then easily (p U g..# U ) is a condition, so that ¢ is compatible with 7 which lies
inDNN.

So we suppose for a contradiction that no such condition 7 exists. We define B
to be the set of pairs (o, r) such that

1. r is a finite partial function from w, to w with |r| = |g|.

2. dom(p | J) < a < dom(r).

3. pldUrisgood.

4. There is no condition (p*, .#*) such that

(a) (p*.*) <t M.
(b) (p*..#*) is below a.
(c) p*Uris good.

(d) (p*.#4*) € D.

We claim that (6,¢) € B. Suppose not: then we may find an extension (p*..#*)
of ¢ | M which is below . lies in D and is such that p* U r is good. As we pointed
out above, p* € M but .#* may lie outside M. However if #* = {M{.... M} |}
then {M; Nw; : i < k} isin M, and using elementarity we may find a condition
(p*..#**) € M which lies in D with .2* = {My*.... M;*,} and M} N =
M;* Nw; for i < k. But this is impossible by our assumption that no 7 as above
exists.
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Now B € N because B is defined from parameters in N. Since B € H,,,. in fact
B € M. It follows that since (J.q) € B the set {« : Ir (a.r) € B} is unbounded
in wy, else it could be bounded by an ordinal in M. So we may construct in M a
sequence of elements (5;.r;) € B such thatd; < dom(r;) < J;,1.

Appealing to Lemma 9 we get an uncountable subsequence of this sequence
consisting of pairs for which p U r; is good. If we now choose such a pair with
p<dithent <t | M,tisbelowd;, pUr;is goodand ¢ € D: this is a contradiction
because (5;,r;) € B and the last clause in the definition of B rules this out! -

Now that we have showed that P, is proper, a routine application of the PFA
shows that for any (< w)-bounded colouring of pairs from ;. w; is the union of
w polychromatic sets. This establishes Theorem 2.

In particular this shows that under PFA, w; —PY (w)3_, ;. Actually we get
something a bit stronger, namely that there is a stationary polychromatic set.

REmMARK 4. As we mentioned in the introduction, Todorcevi¢ proved [17] that
the conclusion of Theorem 2 is consistent relative to the consistency of ZFC, and
also that it follows from PFA. The forcing argument of that paper is rather different
from that of this section: it involves a mixed (finite/countable) support iteration
of Cohen forcing and Jensen’s “fast club forcing”, followed by a finite support ccc
iteration to add the polychromatic sets. The argument from PFA involves showing
that after adding a fast club, the poset whose conditions are finite polychromatic
sets separated by points of the fast club has the ccc.

REMARK 5. Todorcevic¢ [17] points out that his methods give the following ZFC
result: for every countable ordinal . every 2-bounded colouring of pairs from [e;]?
has a closed polychromatic set of order type «. This also follows from our results:
we can add a stationary polychromatic set and then shoot a club through that set
without collapsing @, then borrow an argument from [4] and observe that the tree
of attempts to build a closed polychromatic set of type o« must have a branch in V.
Yet another proof would be to apply Galvin’s dual colouring idea as described in
Section 2 to Schipperus “topological Baumgartner-Hajnal theorem™ [14].

§4. MA does not suffice for Theorem 2. Since the relation w; —PY (w)}_,,
holds under PFA but fails under CH. it is natural to ask about its status under
Martin’s Axiom (MA). It turns out to be independent of MA, in fact we can get the
consistency of a “ccc-indestructible bad partition”.

THEOREM 3. It is consistent that there is a 2-bounded normal colouring of pairs
rom w) which has no uncountable polychromatic set in any ccc forcing extension.
poly y g

In particular since we can force MA by a ccc forcing extension over the model
of Theorem 3, MA does not imply that c; —P°Y (e, )3_4g- This proof uses similar
techniques to those in a paper by Abraham and Todorcevi¢ [2] about indestructible
properties in topology.

4.1. The poset Q. We describe the poset Q which we will ultimately use to add
the “bad colouring”. We fix for each f < w; a set Wy C wy. such that || = w
and the sets W} are pairwise disjoint.

Conditions in Q are finite partial functions ¢ such that

1. dom(g) = [F]? for some finite F C w.
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2. qla. B) € Wy
3. g is 2-bounded.

The ordering is extension. Abusing notation a bit we refer to the finite set F as the
domain of g and write F = dom(q).

The demand that g(c. f) € Wy makes the normality of the generic colouring
automatic.

LemMA 11. For every a < w the set of g with o € dom(q) is dense.

Proor. Let F = dom(g). Enumerate the pairs in [F U {a}]* \ [F]* as (a;. B:)
for i < N and then colour them, making sure to give (;. f;) a new colour from
Wp,. !

The chain condition argument is also routine but we do it carefully to stress a
point about amalgamation of conditions which will be crucial later.

LeMMA 12. The poset Q has the w\-Knaster property, in particular it is ccc.

Proor. Let (g; : i < w;) be an w;-sequence of conditions. By a standard
application of the A-system lemma we may assume that the sets F; =g, dom(q;)
form a “head-tail-tail A-system”. That is to say there are finite subsets r and s; (for
i< w)ofw;suchthatr < sp < s1... and F; = r U s;.

Since W =ger Upe, Wp is countable and g; : [r]> — W for all i, we may further
assume that there is a fixed p such that ¢, | [r]*> = p foralli. Nowleti < j < w,
and consider ¢; and q;. We see that [F;]> N [F;]*> = [r]* so that ¢; U ¢, is a function.
What is more ¢; U g; is 2-bounded, because pairs with top points in s; assume
colours in Ugegs, Wy while pairs with top points in s; assume colours in the disjoint
set Upes;, Wy.

Now [F; UF;]?> = [F;]?U[F;]?Us; x s;, so to produce a common extension of g,
and g; we need to assign colours to pairs in s; x s;. This is possible because there
are infinitely many unused colours in Wj for each 8 € s;: in particular (and this is
the point we wished to stress) we have great freedom in the choice of the colouring
ons; X S;. -

LeMMA 13. The generic colouring ¢ of [w,]* added by Q is normal, 2-bounded and
has no uncountable polychromatic set.

Proor. The verification that the colouring is normal and 2-bounded is easy so
we concentrate on the last claim. Let 4 name an uncountable set. As usual we may
choose ¢; and «; for i < w; such that

1. «; increases with i.

2. qi IFa; € A

3. a; € dom(ql)

4. The sets dom(g;) form a head-tail-tail A-system with root r, and ¢; | [r]’ is
independent of i.

Now we choose i < j < k so that o, ;. ¢ r and then (as in the proof of
Lemma 12) we may easily find ¢ < ¢;.q;.q, forcing that (c;. oy ) gets the same
colour as (a;, o). 4

4.2. Motivation for the main construction. We digress to discuss some considera-

tions which motivate the combinatorics of the main construction. This digression is
purely for motivation, the impatient reader can skip everything except Definition 9.
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Recall that our ultimate goal is to produce a normal 2-bounded ¢ : [w]> — w,
which has no uncountable polychromatic set in any ccc forcing extension. We are
searching for a property which will guarantee this and is consistent. Clearly if
we are to have any chance of success then ¢ must start off as a partition with no
uncountable polychromatic set. Let us see whether this property is preserved by ccc
forcing.

So let us be given a normal 2-bounded ¢ : [w;]*> — w; a ccc poset R, and a
R-name A for an uncountable subset of w;. Assume that ¢ has

PorPERTY 1: ¢ has no uncountable polychromatic set, that is to say for every
uncountable B C w; there exist ordinals o < f < y in B with c(a,7) = c(B.7).

As usual we may produce r; and «; for i < w; so that the o; are increasing with i
andr; IFa; € A. Let B = {a; 1i < w;}. Then
1. By our assumption on ¢ there are many triples i < j < k with ¢(a;. o) =
cla s o).
2. It follows from the ccc (see Lemma 15 below) that there are many triples
i < j < k such that there is some r < r;, 7, 1.

Unfortunately there is no reason to believe that there is any overlap between these
two classes of triples. So a natural thing to try might be to try and make the first
set of triples larger by considering

PorPERTY 2: For every uncountable B C w; there exists an uncountable set
B’ C B such that for every triple o < f < y from B’ we have c(a, y) = ¢(B. 7).

This property is preserved by ccc forcing but unfortunately it is incompatible with
the 2-boundedness of ¢. We modify property 2 as follows.

DEFINITION 9. An increasing sequence of pairs of ordinalsis a sequence (y; : i < i*)
where each y; is an (unordered) pair of ordinals and i < j => max y; < min y;.

Given pairs of countable ordinals a = {a. f} and b = {y.0} witha < f<y <o
we say that G (a. b) holds (for ¢) if and only if ¢(a. {) = ¢(B.¢) for some { € b.

Now consider

PorPERTY 3: for every increasing sequence of pairs of countable ordinals (y; :
i < wi), there is an uncountable B C w; such that for every pair i < j from B we
have G(y, yj)

Property 3 is preserved by ccc forcing, it implies that ¢ has no uncountable
polychromatic set, and it is not obviously inconsistent with 2-boundedness. Better
still, itis true in V@ that for any given sequence y = (y; : i < ) thereisa ccc forcing
R, which adds a witness to Property 3: the forcing is easy to describe, conditions are
just finite sets @ C {y; : i < w;} such thatforanyi < j, y;.y; € a= G(yi.y;).

To see that R, is ccc in ¥ we verify that Q * R, is ccc in V. So let (g;. é;) for
i < w be conditions in Q * R},. As usual we may assume (extending ¢; and thinning
out as necessary) that

1. g; determines the value of a;, say ¢; IF a; = a;.

2. a; C dom(g;).

3. The sets dom(q;) form a head-tail-tail A-system with root r, and ¢; | [r]? is
constant.
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It is now easy to see that if i < j then as in the proof of Lemma 12 we may find
q < qi.qj such that g I a; Ua; € R},. Unfortunately when we try to iterate
this forcing we run into trouble with ccc; analysing a two-step iteration R, R.
in the same way. we may have difficulties amalgamating conditions (g;, a;, b;) and
(qj.a;.b;). The amalgamation problem can be cured if each pair z; € z is “widely
spaced” in a sense to be made precise in the next section. So property 3 is not quite
what we want, we need to allow “spacing out” of the pairs. It is tempting to try

PorPERTY 4: for every uncountable 4 C w; there is an increasing sequence of
pairs (y; € [A]> 1 i < w) such that G(y;, y;) foralli < j < ;.

However property 4 is not obviously preserved by ccc forcing. The property
() which we will use, and which is defined in Definition 10, is a strengthening of
property 4 which is easily seen to be preserved by ccc forcing. To add a witness to
an instance of () we can force with R, for a well-chosen y, but need to see that
each instance of R, which we force with is ccc.

To see that the various instances of R, which we are forcing with are ccc we will
maintain an inductive hypothesis “there exists a club C with P(C)” where P(C) is
defined in Section 4.5. P(C) implies the following statement Q(C): “if the pairs
in y are each separated by a point of C then any sequence of disjoint conditions
in R, contains two compatible conditions”. Unfortunately the statement Q(C) is
not strong enough to propagate forwards by induction through the stages of our
iteration: the statement P(C) is a sort of “n-dimensional” version of Q(C) which
can be inductively propagated.

4.3. The property ().

DerINITION 10. Let ¢ : [w;]> — w;. ¢ has property (%) if and only if for every

club C C w, every unbounded set 4 C w; and every f : 4 X w; — A such that
f (& n) > 5 forall £, n there is a sequence (x; : i < w;) such that

1. X, = (a,-,ﬂ,-.y,-) where o < ﬁi < Vi with Q;, )i € A and ﬂi e C.

2. yi = f(ai. )
3. Ifi < j < w; then y; < a; and G({a;.y:}. {a;.7;}) holds.

LeMMA 14. If ¢ has (%) then ¢ has no uncountable polychromatic set.

Proor. Suppose for a contradiction that 4 is an uncountable polychromatic set
and define f(a,f) = min(4 \ ). Let C = w; and find x; as in (x). Then
for any i < j we get that a; < 7, < a; < y; where all four ordinals are in
A and c(o;.¢) = c(y;.() for some { € {a;,y;}. So A is not polychromatic,
contradiction! -

We now show that property (x) is ccc indestructible. This uses two easy and well
known observations about ccc forcing.

LemMA 15. Let P be ccc and let {p; : i < w)) be any sequence of conditions in P.
Then some condition p; forces that {i : p; € G} is uncountable.

Proor. Suppose not, and choose for every i a condition ¢; < p; and an ordinal
pisuchthatg; I {j:p; € G} C ;. Theng; I+ p; ¢ G forall j > f;, thatis to say
that ¢; L p; for j > f;. If we now defineaclubset £ = {j : Vi < j fi < j} then
easily {¢; : i € E} is an antichain, contradicting the ccc of PP. —
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LeMMA 16. Let P be ccc and let E be a name for a club subset of w,. Then there is
a club set D such that\+ D C E.

PrOOF. Let f name the map o — min(E \ o) andlet 4, = {f:Ip pIF f(a) =
f}. Then by ccc A4, is countable. If we let D = {f:Va< p A, C p} then every
element of D is forced to be a limit point of E, and hence a member of E. —

We use the preceding lemma to show that we only need consider club sets in V" in
the next lemma.

LeMMA 17. If (x) holds then it remains true in any ccc forcing extension.

Proor. Let (x) hold in ¥ and let P be ccc. Let p force that C is a club subset of
wi. A is an unbounded subset of w;, and f : 4 x w, — A is such that £ ((. ) > 7
for all {,#. Fix D C w; a club set such that p IF Dcc.

InVietd={a:3g<pql-ac A} andchooseforeach{ € 4and#n € w; a
condition p(¢.7) < p which forces that { € A and determines the value of /' ({.7) as
some ordinal f(¢,#). Note that p({.#) forces that f({,) € Asothat f((.n) € 4
andso [ : 4 x w; — A.

Now we appeal to (x) in ¥ to find a suitable sequence of triples x; = (a;, Bi.y:)
with f; € D. If p; = p(ay. ;) then p; forces that a;. y; € A and f (. fi) = yi. By
Lemma 15 there is p; which forces that {i : p; € G} is unbounded. Then p; < p
and p; forces that ((ay, fi.7:) : pi € G) is a suitable witness to the truth of (x)
in V¥, =

4.4. A combinatorial lemma. At the heart of the proof is a combinatorial lemma
from a paper of Abraham and Todorcevi¢ [2]. For the reader’s convenience we
reproduce the proof here.

DeriNITION 11. Let ¥ = ({ay, f;} 1 i < i*) be an increasing sequence of pairs of
ordinals.

1. An ordinal y is a closure point of Y if and only if Vi < i* (a; < y == i < y).
C(Y) is the class of closure points of Y.

2. The sequence Y is separated by A if and only if for every i < i* thereisy € 4
with a; <# < f;. andforevery i <i +1 < i* thereisy € 4 with ; <7 < a;41.

DEFINITION 12, 1. A matrix of pairs is a finite sequence (Y71, ... Y,) such that
each Y; is a finite increasing sequence of pairs of countable ordinals, and for each
i with 1 < i < n the sequence Y; is separated by (,_; C(Y;). We say that n is the

length of the matrix, and we refer to the finite sequence Y; as the j™ column of the
matrix.

2. A matrix of pairs M = (Y7....Y,)is separated by A if and only if the sequence
Y is separated by A.

3. If M = (Y,,...Y,)is a matrix of pairs then we say a pair of ordinals appears
in M if it is an entry in some Y;, and an ordinal appears in M if it is a member of
some pair appearing in M.

4. If M and N are matrices of pairs then M < N if every ordinal appearing in
M is less than every ordinal appearing in N. Similarly M < p if every ordinal
appearing in M is less than 8, and f < M if f is less than every ordinal appearing
in M.
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The key fact about matrices of pairs is the following lemma, which appears as
Lemma 5.3 in [2].

LemmA 18. Let M be a matrix of pairs. Then M has a 1-1 choice function, that
is to say there is a 1-1 function which maps each pair u appearing in M to a member
of u.

Proor. We will establish the stronger claim that for every matrix of pairs M =
(Yy....Y,) and every ordinal p, there is a 1-1 choice function for M which does
not take the value p. The proof is by induction on #, and for fixed » by induction
on |Y,|.

There is no problem for n = 1. Suppose that#n > 1 and that | Y,,| > 0, and choose
a pair u = {y,0} appearing in Y,. Since M is a matrix of pairs there is # such that
y<np<dandy € C(Y;)foralli < n.

The key point is that for every pair {«, f} appearing in (Y;.... Y,_), either
a < B <nory < a. Wenow define new matrices by (informally) “dropping the
pair {y,0} from column » and using # to split the earlier columns”.

Formally we define matrices of pairs M'™ = (Y}¥,... YlV) and Mmhieh =
(Ylh‘gh. ... Ve as follows:

1. For 1 < i < n, the pairs appearing in Y!°¥ are the pairs {a, } appearing in

Y, witha< <.
2. The pairs appearing in ¥°¥ are the pairs {«, } appearing in ¥, with < 7.
3. For 1 < i < n. the pairs appearing in ¥"® are the pairs {a. #} appearing in
Y, withy < a < .

4. The pairs appearing in Y, are the pairs {a, B} appearing in Y, with a > 9.
Note that the induction hypothesis applies to both MY and M"™e! since we made
sure to drop a pair from the last column Y, of the matrix M. Note also that all pairs
appearing in M'*¥ consist of ordinals which are less than #, and all pairs appearing
in MMeh consist of ordinals which are greater than or equal to 7.

Now suppose that the ordinal p which we wish to avoid has p < 5. By the
induction hypothesis we may find a 1-1 choice function for M"Y avoiding the value
p and a 1-1 choice function for M"e" avoiding the value 6. By the remarks in
the last paragraph the ranges of these functions are disjoint, and also the union of
these functions avoids both the values p and 6. To finish we choose from {y.J} the
element 5. Similarly if p > 5 we take the union of a 1-1 choice function for M™%
avoiding the value y and a 1-1 choice function for M"¢" ayoiding the value p, and
choose y from {y,0}. 4

4.5. The property P(C). We are almost ready to describe the main construction.
We will start with ¥ a model of GCH and force with Q. Working over V2, we will
do a certain ccc finite support iteration P, of length w, (whose details will be given
in the next section) to produce a model in which ¢ has (x), where ¢ : [0(]*> — o,
is the generic colouring added by Q. A key technical point will be that each stage
i < w», thereis a club set C; C ), such that a certain statement P(C;) holds in V¥,

DEFRINITION 13. Let C C w; be club and let ¢ : [w]* — ;.

1. Let M = (Y;....Y,)and N = (Z....Z,) be matrices of pairs with the same
length n. Then G(M, N) holds if and only if M < N and for all i with 1 < i < n,
all pairs u appearing in Y; and all pairs v appearing in Z;, G (u, v) holds.
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2. A sequence of matrices of pairs (M; : i < i*) is an increasing sequence of
matrices separated by C if and only if
(a) Each M; is separated by C.
(b) Fori< jthereis f € C such that M; < f < M;.

3. P(C) holds (for C) if and only if for every (M; : i < w;) an increasing
sequence of matrices separated by C, there exist i < j such that G(M;. M;).

We will inductively construct a sequence of clubs C; so that P(C;) holds after i
steps of the iteration over 2. The following lemma says we may take Cy = w;.

LemMa 19. P(w;) holds in VQ.

Proor. Let (M; : i < w;) be a Q-name for an increasing sequence of matrices of
pairs. As usual we may choose conditions g; and matrices of pairs M; for i < w
such that

1. qi [ M[ = M[.

2. (M; : i < w;) is an increasing sequence of matrices of pairs, and all the M;

have the same length n. Let M; = (Y}, ... ¥/).

3. All ordinals appearing in M; are in dom(q;).

4. The sets dom(g;) form a head-tail-tail A-system with root r, and ¢; [ [r]’ is

constant.

5. sup(r) < M;.

Choose i, j with i < j and use Lemma 18 to find a 1-1 choice function F for the
pairs in M;. Enumerate the pairs in M; as v, for k < N, where v, appears in Y_/‘.l",
that is column dy, of the matrix M ;. Now for each k in turn we run through the pairs
u appearing in column Y/‘.["' in increasing order; if u = {{.#} then we will assign
the pairs {¢, F (vx)} and {n. F(v)} a legal colour not used before. At the end we

extend ¢; U ¢; to force these colour assignments and we have produced ¢ < ¢; U g;
such that ¢ I+ G(M;. M;). 4

The argument that at every stage of the iteration there is a club set C C w; with
P(C) is modelled on the proof that ccc is preserved in a finite support iteration.
We will leave the successor step to the next section. For the limit step we need a
characterisation of how P(C) comes to hold in a ccc generic extension.

Lemma 20. Let P be ccc, let p € P, let C C wy be club and ¢ : [w]* — w. Then
the following are equivalent.

1. plrp P(C).

2. For every sequence {(p;, M;) : i < w;) where p; < p and (M; : i < w) is an
increasing sequence of matrices of pairs separated by C, there exist i < j such that p;
is compatible with p; and G(M;. M;).

ProoF. Suppose that p IFp P(C). By Lemma 15 we may force below some p;
and get a generic filter G > p such that p; € G for unboundedly many i < w;.
Now (M; : p; € G) is (relabelling) an increasing w,-sequence of matrices of pairs
which is separated by C. and since P(C) holds in V[G] we may find p;,p; € G
with G(M;. M;). Of course p; and p; are compatible since they lie in the filter G,
and the statement G (M;. M) is absolute between V' and V[G].

Now suppose that 2 holdsand ¢ < p. Fix (M; : i < w) aP-name for an increasing
w;-sequence of matrices of pairs which is separated by C. Choose ¢; < ¢ and M;
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such that ¢; I+ M, = M;, thinning out if necessary we may assume that (M; : i < wy)
is an increasing sequence of matrices of pairs separated by C. Appealing to 2 there
are i < j so that g;.q; are compatible and G(M;, M;). so that if r < g;.q; then
r Ik G(M;. M;). We are done by the usual density argument. +

LemMa 21. Let 6 < ws be a limit ordinal, and let (C; : i < J) be a sequence of club
subsets of ;.

If Py is a ccc finite support iteration of limit length é < w», such that for every i < 6
the statement P(C;) holds in V'?i, then there is Cs C w; club such that P(Cs) holds
in VP,

ProoF. There are two cases.

cf () = w. Choose (3, : n < w) cofinal in § and set C5 =", C;,.

We verify the condition from Lemma 20. Let ((p;, M;) : i < w;) where p; € Ps
and (M; : i < w)) is an increasing sequence of matrices of pairs separated by Cj.
Since the iteration is done with finite support, for every i < w, there is n < w such
that supp(p;) C J,. Thinning out if necessary we may assume that there is a fixed
n such that supp(p;) C 6, for all ;.

By the choice of Cs, we have Cs C Cj,. So we have a sequence ((p;, M;) : i < ;)
where (morally speaking) p; € Ps, and (M; : i < w;) is an increasing sequence of
matrices of pairs separated by Cj, .

Since P(C,) holds in VF» another appeal to Lemma 20 shows that there are
i < j sothat p;. p; are compatible and G (M;, M;). We are done.

cf () = wy. Choose (J; : j < w;)cofinalind and let Cs be the diagonal intersection
of the G, : by construction for each j we have that Cs \ Cs, is bounded.

Again we verify the condition from Lemma 20. Let ((p;, M;) : i < w;) where
pi € Psand (M; : i < w)) is an increasing sequence of matrices of pairs separated
by Cs. Appealing to the A-system lemma we may assume, thinning out if necessary,
that the finite sets supp(p;) form a A-system with some root r. We fix i* such
that » C 6;-: note that if i < j then p;, p; are compatible in P; if and only if the
restrictions p; [ d;«, p; [ 6;» are compatible in Ps«.

The sequence (M; : i < wy) is separated by C; and C; \ Cj,. is bounded. So
throwing away an initial segment if necessary, we may assume that (M, : i < wy) is
separated by Cj .. Recalling that P(Cs,, ) holds in V"> and applying Lemma 20 to
the sequence ((p; | d;«. M;) : i < ;) we obtain i < j such that p; | d;«. p; | i
are compatible and G (M;, M ;). By the remarks in the last paragraph p; and p; are
compatible so we are done. —

4.6. Putting it all together. Recall that the plan of the proof is as follows: start
with GCH in V', force with Q to add a colouring ¢, and then build a ccc iteration
PP, to force that ¢ has (x), constructing along the way a sequence of clubs C; so
that P(C;) holds in V@i

The next lemma is the final piece in the puzzle; it shows that we can go one step
in the construction, that is assuming P (D) we may force an instance of () in a ccc
fashion so that in the extension P(E) holds for some E.

LemMa 22. Let ¢ : [1]> — w; and let property P(D) hold for some club set
D C wy. Let f, A, C be as in the hypotheses of (x), that is

1. A is an unbounded subset of w.
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2. fiAxw, — Aand [ ({.n) >n forall (7.
3. C isa club subset of w,.

Then there are a ccc poset R and a club set E C w; such that in the extension by R

1. The conclusion of (x) holds: that is there is a sequence (x; : i < w) such that
(a) x; = (ay. Bi.yi) where a; < Bi < y; witha;,y; € Aand ; € C.
(b) 7i = f(eu. i)
(¢) Ifi < j < theny; < aj and G({a;.y:}. {a;.7;}) holds.

2. P(E) holds.

Proor. We start by fixing a sequence (y; : i < w)) such that

1. yi = (Ol[.ﬂi,y[) where o < ﬂ[ < Vi with ;.Y € A and ﬁi cCnD.

2. yi = flai. pi)

3. If i < j < wy then thereis # € C N D such that y; < ;.

Let z = (z; : i < w;) where z; = (a;.7;), and note that z is an increasing
sequence of pairs separated by D. To produce a witness for (%) we need to produce
a subsequence such that G holds for each pair from the subsequence; this is precisely
what R will do.

We define R to be the set of finite sets a C {z; : i < w;} such that forall i < j,
zi.zj € a = G(z;. z;). The ordering is by inclusion.

CrLamM 1. R is cce.

Proor or CLam 1. Let (a; : i < w;) be conditions in R. As usual we may assume
that the sets | a; form a head-tail-tail A-system with some root r. Accordingly we
write a; = r U b; where each b; may be regarded as a finite increasing sequence of
pairs.

Now the sequence (b; : i < w;) may be regarded as an increasing sequence of
matrices of pairs (each of length 1) and what is more it is separated by D. Appealing
to the property P(D) in the n = 1 case we get i < j so that G (b;. b;), from which it
follows easily that a; U a; is a condition. =

Cramm 2. If E = C(z) N D then E is a club subset of w; and P(E) holds in V'R,

Proor or CLAIM 2. It is routine to check that E is club. To show that P(E) holds
in V'R, once more we appeal to Lemma 20. Let ((r;, M;) : i < ;) be such that
r; € Rand (M; : i < w) is an increasing sequence of matrices of pairs separated
by E.

By a A-system argument as in the proof that R is ccc we may assume that r; = rUs;,
where (s; : 7 < wy) is an increasing sequence of matrices of pairs each of length 1.

Then easily if we define matrices N; so that N;; = s; and N, j11 = M;; for 1 <
J < 1h(M;), the sequence (N; : i < ;) is an increasing sequence of matrices of pairs
separated by D. Appealing to P(D) in V' we get i < j such that G(N;. N;), which
amounts to saying that G(s;. s;) (so that ;. r; are compatible) and G(M;, M;). By
Lemma 20 we showed that P(E) holds in V'R, 4

The proof of Theorem 3 is now completely routine. We force with Q and then
build a ccc iteration P, to force (%), along with a sequence in V' of clubs C; such
that P(C;) holds in V@ At each stage i we will use Lemma 22 to handle some
instance of () corresponding to f;, 4;, C;: the Lemma only guarantees that there is
C;.1 € VP which works but we may appeal to Lemma 16 to make a suitable choice
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of Ciy) in V. The same book-keeping arguments that are used in the consistency
proof for Martin’s Axiom show that in w, steps we can handle all possible f, 4, C
so that (%) holds in ¥@*F« Working over this model we can now force MA (or any
other statement which can be forced by ccc forcing) while preserving ().

After we proved the results of this section we learned of some related work [16]
by Soukup, also using similar methods to those of [2]. Soukup builds a very general
framework for making combinatorial properties of a certain kind indestructible un-
der ccc forcing; his intended applications are topological, but a proof of Theorem 3
can easily be read off from his results.

More specifically given a set K, we consider a graph G with vertex set w; x K;
the graph is said to be m-solid if and only if for every w;-sequence of finite par-
tial functions from w; to K where the domains are pairwise disjoint sets of size
m, there exist members s and ¢ of the sequence such that s x ¢ is contained
in the edge set of G. G is strongly solid if and only if G is m-solid for all m.
Soukup shows that if 2! = w», |K| < w, and G is strongly solid, then for each
m there is a ccc poset of size w, which makes the m-solidity of G become ccc-
indestructible.

Soukup uses this result to get certain topological statements consistent with MA.
Among these statements are “there is an uncountable first countable space in which
every open set is countable or co-countable”, “there is an S-group”, and “there is
an L-group”. In rough outline the general idea is to construct a subspace X of
2 and an associated strongly solid graph Gy such that the desired property of X
corresponds to the m-solidity of Gy for some m.

§5. A ccc destructible partition. In the light of the results from the preceding
section it is natural to ask for a concrete example of a 2-bounded normal colouring
of [w;]? which has no uncountable polychromatic set in ¥, but acquires one in some
cce generic extension. It is routine to see that a poset with the Knaster property
cannot add an uncountable polychromatic set for a colouring with no such set, so
the obvious forcing poset to try is an (inverted) Souslin tree. This turns out to work.

THEOREM 4. Let T be a Souslin tree and let CH hold. Then there is a colouring
[ [T — w such that

1. f is 2-bounded and has no uncountable polychromatic set.
2. Forevery L C T, if L is linearly ordered by <r then L is polychromatic.

In particular an uncountable polychromatic set is added by the ccc forcing Py =
(T.>y), which adds an uncountable branch in T .

Proor. Fix a Souslin tree 7', where without loss of generality we may assume
that the underlying set of the tree is w,. We adopt the conventions that

T,={teT:ht)<a},
and
Lev, ={t € T : ht(t) = a}.
We may assume without loss of generality that 7 is normal. That is to say

1. T has a unique element on level zero.
2. Every element has at least two immediate successors.
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3. Every point on every limit level is determined uniquely by its set of predeces-
sofrs.
4. Forall o, f witha < f < wy and all s € Lev, thereis t € Levy with s <p ¢.

The following property of some subsets of 7" will be helpful in the construction: say
that X C T is far from linear if and only if X is not the union of a linearly ordered
set and a finite set.

Fix an enumeration of the countable subsets of w; as X; for i < w,. Fix a
decomposition of w; into pairwise disjoint countably infinite sets 4; for i < w;. Fix
also, for each f < wy. a decomposition of 455 as the union of infinite disjoint sets
A3, and Ay, . We will build a function f : [T]* — w; such that

1. For all distinct s, € T if o = ht(s) = ht(t) then f({s,t}) € Az. If
ht(s) < ht(¢) then f({s.t}) € Azy1.!

2. Forevery a < wi. f | [Levy]*is 1-1.

3. Forall s,c,u € T,if s <y t <y uthen f({s.u}) # f({t.u}).

4. f is 2-bounded.

We will construct f level by level. More explicitly, given f | [T,]* we will
describe how to extend it to f | [T,.1]>. Note that pairs in [T, 1]* \ [T,]* are
of two kinds, either they are drawn from [Lev,]? or they of the form {s, ¢} where
hi(s) < ht(t) = .

Suppose that we are given f | [T,]>. We define f | [Lev,]’ to be any 1-1 map
from [Lev,]* to Ay,.

To colour the pairs {s. ¢} where ht(s) < ht(t) = a, we proceed as follows. We
first enumerate the set of those X; with i < « such that

L. Xi g Tllv
2. X; is far from linear,
3. X; is polychromatic for f | [T,]%.

as (Y; : j < w). We choose inductively «;. f; € Y; for j < w such that

1. a; and §; are not comparable in 7.

2 a5 B ¢ Upci{ay. B}

This is possible because each Y; is far from linear.

Now for each element ¢ of Lewv, we proceed as follows. We set f({a;.1}) =
S({Bj.1}) = ¢} where the ¢/ are pairwise distinct elements of A5, We then
enumerate the set 7, \ U, ,{a;. B} as yx for k < . and set Sk t}) = d}
where the d are pairwise distinct elements of A3, ;. For use a bit later we note
that if s, 7 are distinct elements of 7,, u € Lev, and f({s,u}) = f({t,u}), then
{s.t} ={a;, p;} for some j.

We should check that the various properties of f* are preserved. Clauses 1 and 2
are immediate because we chose colours from the appropriate sets, and made sure
that /" was 1-1 on the set of pairs from the new level Lev,,.

We claim that we have preserved clause 3. We know that f/ | [T,]° satisfies
clause 3 so suppose for a contradiction that s <7 ¢ <7 u with ht(u) = o and
S{s.u}) = f({t.u}). As we pointed out above, this implies that there is some

IRemember that ¢ is itself a countable ordinal.
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J with {s.t} = {«;,p;}. This is impossible because «;, f; were chosen to be
incomparable.

For clause 4 we analyse how two pairs from 7, may come to have the same
colour. Suppose that f ({s,u}) = f({t,v}) = cfors,t,u,v € T,.1, where {s,u} #
{t.v}. Suppose that ¢ € 4;. If i is even then all of s. ¢, u, v must be on the same
level, but that is impossible by clause 2. So i is odd, sayi = 2 + 1. By clause 1 we
see that without loss of generality 4¢(s) < ht(u) and u = j. and ht(t) < ht(v) and
v = j. Summarising the analysis: if /({s.u}) = f({t,v}) fors.t,u.v € T, then
u=vand ht(s), ht(t) < ht(u).

We claim that we have preserved clause 4. Suppose for a contradiction that {s, v},
{t,w} and {u,x} are three pairs in [T, (]* such that f({s,v}) = f({t.w}) =
S ({u.x}). Then by the analysis from the last paragraph v = w = x, and also we
have ht(s). ht(t), ht(u) < ht(v). What is more f | [T,]* satisfies clause 4, so that
necessarily 47(x) = c. But then as in the discussion of 3 all three of s, ¢, u must be
among {a;, f; } for some j, which is impossible. This concludes the proof that we
can construct f.

By construction f is 2-bounded, and by clauses 1 and 3 any linearly ordered
set is polychromatic.. So to finish we need only show that there is no uncountable
polychromatic set. Suppose for a contradiction that X is such a set. Then X
is far from linear since 7" is a Souslin tree, and in particular has no uncountable
branches; it is easy to see that there exists o < w; such that X N 7, is far from
linear. We fix 7 such that X N 7, = X;. Now we find u € X such that u € Levy
for p > «,i. The construction of f guarantees that there are distinct s,z € X; with
S{s.u}) = f({t,u}), a contradiction as X is polychromatic. —|

§6. A result from Martin’s maximum. In this section we consider 2-bounded
colourings of [@,]>. Our main result will use the powerful forcing axiom Martin’s
Maximum (MM) [9]. We say that a forcing poset PP is stationary preserving if and
only if P forces that every stationary subset of w; remains stationary.

Martin's Maximum (MM ) is the assertion that for every stationary preserving P
and every family & of dense subsets of P with || = w,, there is a filter F on P
suchthat FND # Qforall D € .

THEOREM 5. Assuming M M. every normal 2-bounded colouring of [w:]? has a closed
polychromatic set of order type w.

The main point is to show that if ¢ is such a colouring then we can add a closed
polychromatic set of order type w; with a stationary preserving forcing poset.

6.1. The poset Q(d, E). We begin by describing a poset which aims, given a
2-bounded normal d : [w;]*> — ). to add a closed unbounded polychromatic
subset of w;. This poset will in general collapse w, it will be used as a component
of our final construction. In some sense our poset Q(d, E) is a descendant of
Baumgartner’s poset [5] for adding a club subset with finite conditions but it also
has something in common with the poset P, from Section 3.

Let £ be a fixed club set of countable elementary substructures of H,,,; for
technical reasons we will define our poset so that only models from E may appear
as side conditions. The conditions in Q(d. E) have the form p = (#,. %,) where
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1. A, is a finite set { My, ... M,_,} of elements of E. such that M, € M, ... €
M, _,. We will denote by X, the set {M; Nw; i < n}.

2.d e M,.

3. %, is a set of half-open intervals { (. fo]. .. (@m—1. Bm—1]} Where oy < fy <
ap < .oy < ﬂmfl < .

4. The set X, is polychromatic for d.

5. The set X, is disjoint from | %,.

Conditions are ordered as follows: p < ¢ if and only if #, C #, and B, C B,.
The motivation is that p forces the elements of X, into the generic club set and
blocks out the elements of |J%,. Accordingly if G is Q(d. E)-generic we define
Ce =U peG X,. Clearly Cg is polychromatic, but we should verify that it is closed
and unbounded in w;; since Q(d. E) may collapse c; it is unclear at this point what
will be the order type of Cg;.
The following lemma will show that C¢; is unbounded.

Lemma 23. Let p € Q(d,E) and let y < . Then there exists q < p with
y < max(X,).

Proor. Let{ = max X, and let M € .#, be the model with M Nw; = {. Notice
that X, N{ € M. Let

S={new : (X,N{)U{n}is polychromatic }

Then since d € M we see that S € M, and so since { = M Nw; € S we have by
Lemma 2 that S is stationary.

Now we recall to the reader’s attention the function F from Section 3, and in
particular Lemma 3 on adding points to polychromatic sets. By elementarity we
may find 7 € M stationary with 7 C S and p € M such that forally € T,
F((X,Nn{)u{n}) C p. Now of course p € M Ny = (, so forall y € T with
n > { we can appeal to Lemma 3 to see that X, U {#} is polychromatic.

Finally we can build a continuous increasing chain (N; : j < w;) with N; € E,
p € Npand N; € N, forall j. Theset {N; Nw; : j < w;} is club so we can find
jsothatn =4 N;Nw; € T.n >y, and z is above the maximum point of the last
interval in B,. It is now easy to see that ¢ =ger (4, U{N;}. %B,) is as required. -

The following lemma will show that Cg is closed.

LemMmA 24. Let p € Q(d, E), and let y < w; be a limit ordinal such that p |- y ¢
Cq. Then thereis g < p such that q I+ sup(Cg Ny) < 7.

Proor. Since p IF y ¢ Cg, surely y ¢ X,. If y € |J %, we are done, so we
assume this is not the case. Since y is limit we see that X, Ny and | J%, Ny are
both bounded in y, say by 8. Now it is easy to see that ¢ =ger (#,. B, U {(5.7]})
is as required. -

It will not in general be the case that Q(d, E) is proper. To see this suppose that
N < Hy for some large regular ., p € Q(d.E) N N and X, U {N Nw;} is not
polychromatic. Then if we could find an N-generic ¢ < p, by Lemma 2 ¢ would
force that N N is in Cq: but also ¢ would force X, C C¢;. a contradiction since
C¢ is polychromatic.

This discussion gives us the clue about how to find generic conditions in Q(d, E).
Before we get down to the details we introduce some convenient notation similar to
that we used for PP, in Section 3.
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1. If p = (#.RB) is a condition in Q(d, E) and M € . then we define
pIM=(UNMBNM)

Routinely we see that p | M is acondition, p [ M e Mand p< p [ M.

2. Given a countable ordinal y, say that a condition p is below y if and only if
X, Cyand|JZ, C y. Itis true that p | M is below M N w,, but false in general
that every condition below M N w; isin M.

Now we can argue that under some circumstances generic conditions do exist in
Q(d. E). The proof is similar in some respects to that of Lemma 10.

LEMMA 25. Let 6 be a large regular cardinal. Let N < Hy be countable with
Q(d.E) e N. If p € Q(d. E) is such that N N H,,, € M, then p is N-generic.

ProOF. Let M = N N H,,,. Since Q(d. E) C H,,,, NN Q(d.E) = M NQ(d, E).
Given a dense set D € N we need to show that D N N is predense below p. Since
M e M, for any g < p. we may as well assume that p € D.

Letd = M Nw; andlet ¢ = p | M. We claim that it will suffice to produce r
such that

1. ris below d.

2. r<gq.

3. reD.

4. X, U X, is polychromatic.

For although such an r may not be in M the finite set X, will be in M, and so by
elementarity of N we will be able to find r* € M with r* < ¢, r* € D, X,+» = X,.
Then easily (#,+ U #,, B,~ U B,) is a condition extending both r* and p. We
suppose for a contradiction that there is no r with the four properties listed above.

Now let X, \ M = {ay,...o,_1} where ; is increasing with i. Of course
ay = M Nw; =0. We define a set S € M of ordinals “like 6”. Specifically we let
S be the set of those S such that

1. g is below f.

2. There exist f31, ..., such that

(a) ﬂ<ﬂ1 < ---ﬂt—l < w)
(b) X, U{B.pBi....Ri—1} is polychromatic.
(c) There is no r such that
(i) ris below B.
(ii) r <gq.
(iii) r € D.
(iv) X, U{B.Bi....B—1} is polychromatic.
S € M because S is defined from parameters in N and lies in H,,,, and since d € S
(using Bi = o for 0 < i < t as witnesses) we see that S is stationary.

Now we enumerate the models in .#, \ M as My, ... M,_; where M; Nw; = «,
so in particular M, = M. Now we proceed exactly as in the proof of Lemma 23 to
choose stationary sets Sy,...S;_| such that S; € M;, Sy C S, S;;; C S; and for
every large enough f € S; there exist 5, ... f;_; such that

1. B< B <...Bi_1 <.

2. X, U{ag. ...} U{P. Pi.... Pi—1} is polychromatic.

3. There is no r such that

(a) ris below B.
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(b) r<q.
(c) reD.
(d) X, U{pi,...pB—1}is polychromatic.

At the end of the construction choose € S,_; with p below f and suitable S;
as above. This is a contradiction because

XqU{Ozo,...oz,,l}U{ﬂ.ﬂ]....ﬂ,,]} = X,,U{/f.ﬂ],...ﬁ[,]}
and is polychromatic, also p is below f, p < g, p € D. a

6.2. The poset P. We define a poset P to add an increasing, continuous and
cofinal map from w; to w,, preserving w;. The poset P is just a variation on the
standard countably closed Levy collapse Coll(w;. w;). We will assume that P is
defined in a universe V where 2 = w,.

Conditions in P are functions f such that

1. dom( f) is a successor ordinal less than ;.
2. rge(f) is a subset of wy N cof (w).
3. f isincreasing and continuous.

The ordering is extension. It is easy to see that P is countably closed and |P| = ws.
It follows that w|” is preserved, w, is an ordinal of cardinality and cofinality e in
V[G]. and ] = a)ZV[G].

To avoid confusion in the discussion that follows we let £ = w]. We note that
easily H = H,[G], because every bounded subset of k in V' [G] has a canonical
name in H,. We need some analysis of the countable elementary submodels of
H.[G]in V[G].

We start by noticing that if F € V is a Skolem function® for H,. then in V[G].
the set of countable Y C H.[G] with Y N H, closed under F is club. So in V[G]
the set of countable N < H,[G]such that N N H < H} formsa club set E.

Now let N € E and let M = N N H,, so that M < H,. Since P is countably
closed. M € V. What is more every element of N is coded by a bounded subset of
k in N, and every such set has a canonical name in N N H,, (thatisin M), so in fact
N = M[G].

It is profitable to discuss this in terms of forcing and generic conditions. Let p
force that N € E. Then arguing as above we can find ¢ < p such thatg - NNH, =
M . Automatically we have that ¢ I N = M[G]. in particular ¢ IF M[G]NV = M
and so g is (M, P)-generic.

Note: We are not proving that M[G] NV = M for all M and G. If we fix
M and apply the analysis of the last paragraph to the name M[G] all we get is
M[GINV = M* and M[G] = M*[G] for some M* O M, and G need only
contain an (M *, P)-generic condition.

The following lemma will be useful in the main construction.

LEMMA 26. Let M < H, be countable. let 6 = M N w, and let f € P be (M. P)-
generic. Then 6 +1 C dom(f) and f () = sup(M N w,). Also f forces that
sup(M[G] N ) = [ (9).

ProoOF. Let o < §. Then in particular & € dom(f'). since otherwise we can
extend f to force a bad value at « + 1. It is then clear that /(o) € M N w;.

2That is to say, if X C H, is closed under F then X < [j.
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Similarly let § € M N w; and consider a name for the least @ < w; such that the
generic function maps « to a point greater than . This name is in M so f must
force that the least such « is in M, which implies there is « < J such that f (a) > 8.

So f | 6 maps J cofinally into M N w», and since f must be continuous with
domain a successor ordinal we see that§ € dom( /) and f(5) = sup(M Nw;). The
second claim is immediate because f forces that M[G]NV =M N V. =

6.3. Preserving stationary sets. We recall that our goal is to use MM to show
that every normal 2-bounded colouring ¢ of [w]? has a closed polychromatic set of
order type w;. We will assume that all elementary substructures of H,,, discussed
in the proof contain c.

We will argue that a certain two-step iteration is stationary preserving. The first
step is to force with the poset P from Section 6.2. This poset is countably closed
and adds a continuous increasing cofinal map g : @/ — ). We use g to define
a colouring d € V[g] by the formula d (o, ) = c(g(a).g(B)) so that easily d is
a normal 2-bounded colouring of [w;]* The second step of the iteration is to force
over V[g] with Q(d. E) as defined in Section 6.1, where E is chosen in V'[g] to be

the club set of countable N < H,[g] suchthat NN H) < H/.
It is important to note that w, ) = w! so that Q is defined using countable
elementary substructures of H,,[G]. To minimise confusion we carry over from the

last section the convention that x = w; .
LemMaA 27. P« Q(d. E) is stationary preserving.
PrOOF. Let us say that a condition (f,.#, %) in P« Q(d, E) is nice if and only if

1. f decides the value of .
2. There is a finite set { My, ... M,,_;} of countable elementary substructures of
H,. such that
(a) MyNnwy <M Nw <...M,_1Nw.
(b) fIFW ={M][G]:i<n}.
(c) fis (M;,P)-generic for all i < n.

Note that by the discussion from the last section the set of nice conditions is dense,
so we may assume that all conditions are nice.

Now let S C w, be stationary and let C be a PxQ(d, E)-name for a club subset of
wi. Let p = (f, {M;[G] : i < n}, #) be anice condition. Letd; = M;Nw, fori < n,
and recall from the last section thatd,_; +1 C dom(f) and 1 (5;) = sup(M; Nwy).
Letiy,- :f(él),X:{él Zl.<7’l}7 Y:{ﬂ,l<l’l}

By the definition of d and Q(d. E). we see that Y is polychromatic for ¢. Also
we see that X Nd,_; € M, and so easily f forces that Y N#,_; € M,_[g]. so
that in fact Y N#,_1 € M,_;. Let T be the set of ordinals # € w, N cof(w) such
that (¥ NJ,_1) U {n} is polychromatic for c¢. then T € M,_; and5,_; € T so (by
an easy variation on the argument of Lemma 2) T is stationary in wj.

Fix a large regular cardinal 6. We may find (using a standard result from the
Martin’s maximum paper [9]) a countable N < H, such that ¢, C.S,P € N,
a =g NNw; € S, and y =go sup(N Nawy) € T. Let M = N N H,, so that
M < H,, and note that f € M and M; € M foralli < n.

Enumerating the dense subsets of [P which lie in NV in order type w, and building
a decreasing chain of elements of P N M to meet them all, we may readily build



SOME RESULTS IN POLYCHROMATIC RAMSEY THEORY 27

f* < f such that f is (N, P)-generic. By the discussion from the last section, we
see that o + 1 C dom(/*) and /*(a) = 7.

It is now routine to check that ¢ = (f*. {M;[G]: i < n} U {M[G]}, ) is a nice
condition. What is more /* is (N, P)-generic and f* IF N[G]N H.[G] = M[G]. so
by Lemma 25 f* forces that ({M;[G] : i < n} U {M[G]}.B) is (N[G],Q(d, E))-
generic. Tt follows that ¢ is P« Q(d, E)-generic, and so ¢ I+ f € C. -

Once we know that P« Q(d. E) is stationary preserving, a routine application
of MM concludes the proof of Theorem 5. We note that actually the same proof
would work for (< w)-bounded colourings.

§7. PFA does not suffice for Theorem 5. We showed in Section 6 that under MM,
every 2-bounded colouring of [w>]? has a closed polychromatic set of order type
w;. It follows immediately from Theorem 2 that under PFA every such colouring
has a polychromatic set of order type w; which is stationary in its supremum. So
it is natural to ask whether PFA would have sufficed to show that every 2-bounded
colouring of [w,]* has a closed polychromatic set of order type ;. We will show
that this is not the case.

We consider the following combinatorial principle:

Principle W: there exists a function g such that

1. The domain of g is w> N co f ().

2. Forally € wxNcof(w), g(y)is a pair of ordinals (c, B) such that o < < y.

3. Foreveryd € wyNcof (w;)and every pair (c, 8) such that o < ff < &, the set
{y edncof(w):gly) = (a, B)} is stationary in d.

The motivation for introducing principle W is of course to use it to build wild
colourings.

LemMma 28. If principle W holds then there is a 2-bounded colouring of [w1]? with
no polychromatic set which is a closed copy of w.

ProOF. We build the colouring by induction in such a way that if g(y) = (a. B)
then the pairs {a,y} and {f.y} get the same colour. If ¢ is a closed set of order
type w; and «, f§ are the first two points of ¢ then by property 3 above thereis y € ¢
with g(y) = (a, f). By construction ¢ is not polychromatic. +

A few remarks are in order about the principle .

1. It would surely be equivalent to assert the existence of a regressive function G
defined on w, N co f (w), such that G assumes every value less than J stationarily
often in every 6 € wy N cof(w). Principle W is formulated as it is for use in the
proof of Lemma 28.

2. The principle W evolved in the following way. We first constructed a colouring
as in Lemma 28 assuming [J,,,, which is inconsistent with PFA (for example from
O, we may build a special w,-tree, while PFA implies there are no w;-Aronszajn
trees). We then began to look for a consequence of [,,, strong enough to give the
conclusion of Lemma 28, yet weak enough to be consistent with PFA.

3. If g is a witness to principle W then actually for every a < f < w, the set
{y ewrnNcof(w):gly) = (c.pB)} is stationary in w,. To see this let C be club in
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wy. letd € lim(C)Ncof(w;). and use property 3 to see that g(y) = (a, B) for some
y € CNI.

4. Principle W is consistently false, for example it fails under MM. This follows
from Lemma 28 and Theorem 5, but we may also give a direct proof. A well-known
consequence of MM is that every stationary subset of s Nco f (w) contains a closed
copy of e, but this contradicts property 3.

We describe a forcing poset P to add g witnessing principle W. We add g by
forcing with initial segments. Explicitly conditions are functions p such that

1. The domain of p is a proper initial segment of w> N co f (w).
2. Conditions 2 and 3 are satisfied for all y € dom(p) and all § < sup(dom(p))
with ¢ f(5) = wy.
The ordering is extension. We will ultimately prove if PFA holds in V', the PFA still
holds after forcing with P.

It is clear that P is countably closed. To show that P adds no w;-sequences of
ordinals we use the idea of strategic closure. For more about strategic closure we
refer the reader to Foreman’s paper about games on Boolean algebras [8].

A forcing poset P is said to be #-strategically closed for some ordinal # if and
only if player II has a winning strategy in the following game of perfect information.
Players I and II collaborate to build a (non-strictly) decreasing chain in P with 1
playing at odd stages and 1I at nonzero even stages (including all limit stages). Play
continues for at most # steps, the first player who does not move at their turn loses,
and IT wins if and only if play continues for # steps.

We will show that P is (w; + 1)-strategically closed, and implicit in the proof will
be the argument that any condition can be extended to any prescribed length. In
particular forcing with P adds no subsets of w, so that stationary subsets of w; are
preserved, as is the cardinal w,. It follows that the generic function added by P is a
witness to principle .

We fix in V' a decomposition of w; as the disjoint union of a family of stationary
sets {7; : i < w;}. Let p; be the move at stage i of the strategic closure game and
let dom(p;) = 4; Ncof (w). As play proceeds II builds an enumeration of all the
pairs (. f) with a < < sup,_,, 4 as {(a;. ;) : j < wi}. For every limit ordinal
7 < w; she forms p, as follows:

1. 4y = u+ 1 where u = sup,_, 4;.

2. py Tw=Uw, pi-

3. p,(u) = (a;. B;) for the unique j < w; with y € T, IF (a;. ;) has already

been defined (so that in particular a; < ; < p).
Clearly this is a winning strategy.

We now argue that principle W is consistent with PFA. The argument is similar
to the proof by Beaudoin [6] that PFA is consistent with the existence of a non-
reflecting stationary set in w,, and also owes something to the coding arguments
from the Martin’s Maximum paper [9].

The obvious strategy for proving that PFA is consistent with ¥ would be to
start with a model of PFA, force with P as above and then try to argue that PFA is
preserved as follows. Given Q a P-name for a proper poset and D; for i < w; which
are P-names for dense subsets of Q. apply the PFA in V' to the proper poset P % Q
and the dense sets E; = {(p.q) : p |- ¢ € D;} to geta filter F on IP x Q which meets
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the E;. Then take a lower bound p for {p : 3¢ (p.q) € F}, so that p forces that
{G% : 3p (p.q) € F} generates a suitable filter.

There is an equally obvious problem with this strategy, namely that no such lower
bound p may exist. The idea of the proof, which we owe to Beaudoin [6], is to
define an auxiliary forcing R so that P « Q = R is proper, and that when we apply
PFA to get a filter on P Q % R the “R-part of F” will let us find a lower bound for
the conditions in the “P-part of F”.

We will fix in ¥ a regressive function r on w,; such that {a : r(a) = B} is
stationary for all # < ;. Let Q € V" be a name for a proper forcing poset and let
D, for i < w; be P-names for dense open sets in Q. We describe an auxiliary forcing
Rin VP*Q R is a two step iteration Ry x R;. Ry is a version of the standard Lévy
collapse Coll (wy. w; ), explicitly conditions are functions p with dom(p) € w; and
rge(p) C [wy 1% ordered by extension.

We stress that wz’/ is the second uncountable cardinal as defined in V', which may
be collapsed when we force with Q. There is no need to write | since the iteration
of proper forcing posets is again proper and hence forcing with IP « Q preserves .

Conditions in R are sets d such that

1. d is countable.

2. d is a closed and bounded subset of w,, in particular 4 has a largest element.

3. Every element of d has cofinality w.

4. Foralla € d, g(a) = P(j) where g is the witness to principle W added by P,

P is the surjection from w; to [w)]* added by Ry, and j = r(ot(d Na)).

The ordering on R; is end-extension. We note that since P x Q = R, is proper, an
ordinal has cofinality w in the extension by this poset if and only if it has cofinality
winV,

Intuitively R, is intended to add a club set in @, of order type w; such that for
every pair (a. B) € [w) ]? there are stationarily many points in that club set which
are mapped by g to the pair (a. ).

We need to know that there are sufficiently many conditions in R;. Accordingly
we prove that forevery d € Ry, 7 < w; and { < ) . if ot(r) < 7 < w; then there is
e < d such that max(e) > { and ot(e) = 5 + 1. We do this by induction on # for
all d and {. Suppose we have established it for all #’ < 7. We assume that # is limit,
the successor case is similar and easier.

We will work in the extension by P« Q x Ry. Let j = r(y). and P(j) = (a. p).
Find a countable elementary substructure M of some large Hy such thatd,n,{ € M
and y = sup(M N w) ) is such that g(y) = (. B) (this is possible because we are
in a proper extension of ¥ and g assumes each value on a stationary set in w, ).
Now build (using the induction hypothesis) a decreasing sequence of conditions d,,
such that their union ¢* has order type # and supremum y, and observe that by
construction e = d* U {y} is a condition with order type 77 + 1.

LemMMA 29. P« Q * R is proper.

Proor. We work in V. Let N < Hy be a countable elementary substructure
containing everything relevant and let (p.q.#y,71) be a condition in N. Letd =
N N and let y = sup(N Nw»).

Let j = r(d) so that j < J and in particular j € N. Extending (p.q.7¢,71)
to a stronger condition in N we may assume without loss of generality that (p, ¢)
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forces that j € dom(sy) and determines that 7y(j) = (c, B) for some o and S in
N N w; (so in particular o < B < y). Since IP is countably closed we may extend
p to a condition p* such that p* is strongly (N, P)-generic, the domain of p* is
(y + D) Ncof(w)and p*(y) = (a. f). _ _

We then choose (¢*. 7} ) a name for an (N [Gp]. QR )-generic condition extending
(4. 7). so that easily (p*.¢*. i) is an (N,P % Q  Ry)-generic condition extending
(p.q.70). We force below this condition to get a generic filter G * H * I, where we
know that N[G * H x I]N ON = N N ON by the genericity of the condition.

We now build a decreasing sequence of length w in N[G * H x I]NIR; which meets
eachdense setin N[G«H «I]. Let r{ be the union of this sequence, where it is routine
to check that sup(r{) = y and ot(r{") = 6. We claim that r{ U {y} is a condition in
R,. To see this we merely observe that () = j and P(j) = (a. B) = g(y). 4

LemMa 30. PFA holds in VP,

Proor. We apply the PFA to P« Q=R to get a suitably generic filter F. Taking the
union of the “P-parts” of the conditions in ' we get a certain function p. Arranging
that F meets suitable dense sets we can use the union of the “R-parts” to produce
a witness that p is a condition, and this is all we need. -

The upshot of this discussion is that we have proved the following theorem. Here
the consistency is relative to that of PFA. PFA is known to be consistent relative to
the existence of a supercompact cardinal.

THEOREM 6. It is consistent that PFA holds and there is a 2-bounded colouring of
[7]? such that there is no closed polychromatic set of order type w;.

§8. A positive result from GCH. We saw in Section 2 that under CH there is a
2-bounded colouring of pairs from w; with no uncountable polychromatic set. A
similar argument easily gives that if K<* = k for some uncountable cardinal «, then
there is a 2-bounded colouring of [«]> with no polychromatic set of size k. We now
prove a positive result about (< «)-bounded colourings of [k*]> from the same
assumption that k<% = k.

THEOREM 7. Let k be an infinite cardinal and assume that k<% = k. Then for every
(< &)-bounded colouring of [x*]* and every ordinal 5y < k™ there is a polychromatic
set of order typen.

Proor. Fix f a (< k)-bounded colouring of [x*]>. We may may assume without
loss of generality that f isnormal. Fix alson < ™, where without loss of generality
we may assume thaty > k.

We will generalise an idea used earlier in the paper. If X C x* we define

F(X) =g {a: 3y 3b € [X] [(a.y) = f(B)}
Since f is normal, F(X) is the set of o such that there exist 8,y € X witha, B <y
and f(a.y) = f(B.y). Clearly F(X) C max(X). Since  is regular we see that if
|X| < &, then |F(X)| < k.

The proof of Lemma 3 goes through in this setting. so for all X, ¥ C " and
a<k"ifX<a< Y, XUY and X U{a} are polychromaticand o ¢ F(X U Y),
then X U {a} U Y is polychromatic.

Now we will build a polychromatic set of order type #: actually for technical
reasons we will end up building the set with type n + 1. We start by fixing a
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large regular 6 and building a continuous increasing chain (M; : i < ) such that
M; < Hy, M,'l =k, M; Nkt exr™, M; Nkt < M,y Nk’ fori< 7. <“M; C M;
for i successor.

Let f; = M; N k" for i < 5, we note that i — f; is strictly increasing and
continuous and also that ¢/ (f;) = & for i successor. Fix a > f,, and fix also a
bijection g : k ~ . we will construct by induction ordinals a; for j < & such that

L Boyy < @ < By

2. {ax 1 k < j} U{a} is polychromatic.

Suppose that we have chosen oy for k < j. Let X = {ay 1 k < j.g(k) < g(j)}
and Y = {ay : k < j.g(k) > g(j)} U{a}. Note that by construction X C S,
and Y - kt \ﬂg(j)Jrl'

By the choice of the M; we see that X € M, ;). Since a > B,(;),1 and X U{a}is
polychromatic, the usual elementarity argument shows that the set of @ with X U{a}
polychromatic is unbounded in f,(;y,,. On the other hand |F(X U Y)| < & and
cf (By(j)+1) = K. so that F(X U Y) is bounded in f,(;),;.

So we may choose «; such that

L. Be(j) < aj < By(j)+1. in particular X < a; < Y.
2. X U{a;} is polychromatic

Now we conclude that X U {a;} U Y is polychromatic. so that the construction can
continue. 4

In particular under GCH the situation is now rather clear for k™ with s regular
and uncountable: we have seen that if k<% = & then k™ —P% ()2, . for all

a < k', while if 2% = k* then k* APV (k)] .
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