
DIAMOND AND ANTICHAINSJAMES CUMMINGS AND ERNEST SCHIMMERLINGAbstrat. It is obvious that } implies the existene of an an-tihain of stationary sets of ardinality 2�1 , whih is the largestpossible ardinality. We show that the obvious antihain is notmaximal and �nd a less obvious extension of it by �2 more sta-tionary sets.
Let A = hA� j � < !1i be a }-sequene. For X � !1, letSX = f� < !1 j X \ � = A�g:Then eah SX is stationary. Moreover, if X 6= Y , then SX \ SY isbounded in !1. Thus hSX j X � !1i is an antihain of stationary setsof ardinality 2�1. Part of what we will show is that hSX j X � !1i isnot a maximal antihain.First we reord some easy observations. In the Boolean ompletionof P(!1)=NS, SX is the Boolean value of the senteneIf jG : V �! M is the generi ultrapower embedding(where the wellfounded part of M is is identi�ed with itsMostowski ollapse), thenjG(A)!V1 = X:Moreover, the Boolean value of the sentenejG(A)!V1 2 Vis preisely the join of the antihain hSX j X � !1i.If X is a set of ountable ordinals, then we write a(X) for the setof aumulation points of X, that is f� < !1 j sup(X \ �) = �g.De�nition 1. Let T = f� < !1 j SA� \ a(A�) = f�gg.In other words, T is the olletion of � < !1 suh that � = sup(A�)but there are no aumulation points � < � of A� suh that A� =A� \ �.1991 Mathematis Subjet Classi�ation. 03E.The researh of the authors is partially supported by the NSF.The seond author was partially supported by IHES during his June 5-25, 2002,visit. He thanks Stevo Todorevi and Boban Velikovi for onversations duringthe visit on the main question answered in this report.1



2 JAMES CUMMINGS AND ERNEST SCHIMMERLINGLemma 2. T is stationary and jT \ SX j � 1 for all X � !1. Inpartiular, hSX j X � !1i is not a maximal antihain in NS.Proof. Consider an arbitrary lub C � !1. Then a(C) is a lubsubset of C and SC \ a(C) is stationary. Let � be the least elementof SC \ a(C). Then � is the unique element of T \ SC \ a(C). Inpartiular, � 2 T \ C. This shows that T is stationary.Now let X � !1 and � < � be elements of SX . Then A� = A� \ �.It is enough to show that if � 2 T , then � 62 T . Assume � 2 T .Beause � 2 � \ SA� and � 2 T , we may onlude that � 62 a(A�).So � 62 a(A�). Hene � 62 T . �Let us reord the easy observation that T is the Boolean value of thesentenejG(A)!V1 is unbounded in !V1 but if � < !V1 is an au-mulation point of jG(A)!V1 , then A� 6= jG(A)!V1 \ �.We have shown that our }-sequene is also a }(T ) sequene whereT  = !1�T . Many useful examples are obtained by the standard trikof rede�ning A� for � 2 T . For example, if � 2 T , then let A0� bean unbounded subset of � of order type !, while if � 2 T , then keepA0� = A�. Observe that T foresjG(A0)!V1 is unbounded in !V1 and has order type !.Note that in this example, if T 0 is omputed from A0 the same way thatT was omputed from A, then T � T 0.Our next goal is to de�ne sets TÆ;� so thathTÆ;� j Æ < !2 & � < !1i_hSX j X � !1iis an antihain of stationary sets. For !1 � Æ < !2, let eÆ map !1 ontoÆ with eÆ(0) = 0. This hoie will remain �xed for the rest of our note.De�nition 3. By reursion on Æ < !2, de�ne �ÆX for X � !1 asfollows. Let �0X = a(X):If Æ =  + 1, then let�ÆX = f� < !1 j ot(� \ SX \ �X) = �g:If Æ is a ountable limit ordinal, then let�ÆX = \<Æ�X:If Æ is an unountable limit ordinal, then let�ÆX = 5�<!1�eÆ(�)X:



DIAMOND AND ANTICHAINS 3We remark that there is an alternative approah in whih the ount-able limit stages in the de�nition of �ÆX are handled using diagonalintersetions instead of intersetions. There is very little di�erenebetween the two approahes, and so we simply piked one randomlyhere.Lemma 4. Let Æ < !2.(1) For all X � !1 and � < !1,� \ �ÆX = � \ �Æ(� \X):If, in addition, � 2 a(X) and A� = X \ �, then� 2 �ÆX () � 2 �ÆA�:(2) For all unbounded X � !1, �ÆX is lub in !1.(3) For all " suh that Æ � " < !2, there exists � < !1 suh that(�"X)� � � �ÆXwhenever X � !1.(4) If C is a lub subset of !1, then�ÆC � C:The proof of Lemma 4 is standard. Let us write �Æ;" for the least � asin Part 3 of Lemma 4. Our requirement that eÆ(0) = 0 was to ensurethat �0;Æ = 0.De�nition 5. For Æ < !2 and � < !1, letTÆ;� = �� < !1 j � 2 �ÆA� & ot �� \ SA� \ �ÆA�� = �	 :In other words, TÆ;� is the set of � < !1 suh that SA� \ �ÆA� hasorder type �+ 1 and greatest element �. Note that T0;0 = T .Theorem 6. hTÆ;� j Æ < !2 & � < !1i_hSX j X � !1i is an antihainof stationary sets. Moreover, if P and Q are distint elements of thisantihain, then P \Q is bounded in !1.Theorem 6 follows immediately from Lemmas 7 { 12 below.Lemma 7. For Æ < !2 and � < !1, TÆ;� is stationary in !1.Proof. Let C be an arbitrary lub subset of !1. Then �ÆC is a lubsubset of C and SC \ �ÆC is stationary. Let � be the �-th element inthe inreasing enumeration of SC \ �ÆC. Then � is the unique elementof TÆ;� \ SC \ �ÆC. In partiular, � 2 TÆ;� \ C. �Lemma 8. Let Æ < !2 and � < � < !1. ThenTÆ;� \ TÆ;� = ;:



4 JAMES CUMMINGS AND ERNEST SCHIMMERLINGProof. Otherwise, there would be an ordinal � suh that � is both the�-th and the �-th element of SA� \ �ÆA�. This is absurd. �Lemma 9. Let Æ < !2 and � < !1. ThenjTÆ;� \ SX j � 1whenever X � !1.Proof. Let � < � be elements of SX . Then A� = A� \ �. For on-tradition, suppose that both � and � are elements of TÆ;�. Then, forsome � < �, � is the �-th element of � \ SA� \ �ÆA�. By Part 1 ofLemma 4 and the fat that A� = A� \ �, we have that that � 2 TÆ;�.This ontradits Lemma 8. �Lemma 10. Let Æ < " < !2 and �; � < !1. Suppose that " is a limitordinal. If " is ountable, thenTÆ;� \ T";� � (Æ + 1) [ f�g:If, on the other hand, " is unountable and e"(�) = Æ + 1, thenTÆ;� \ T";� � � [ f�g:Proof. First suppose that " is unountable. Let� 2 TÆ;� \ T";�suh that � > �. Beause � 2 T";�,� 2 �Æ+1A�:So ot(� \ SA� \ �ÆA�) = �:Beause � 2 TÆ;�, ot(� \ SA� \ �ÆA�) = �:Thus � = �.The proof when " is ountable is essentially the same, so we omitit. �Lemma 11. Let  < !2 and �; � < !1. ThenT;� \ T+1;� � f�g:Proof. Let � 2 T;� \ T+1;�. Then � is both the �-th and the �-thelement of SA� \ �A�. So � = �. �Lemma 12. Suppose that Æ < " and �; � < !1. Then TÆ;� \ T"+1;� isbounded in !1.



DIAMOND AND ANTICHAINS 5Proof. Assume for ontradition that TÆ;� \ T"+1;� is unbounded in !1.Consider an arbitrary � 2 TÆ;� \ T"+1;�. Then � is the �-th element ofSA� \ �ÆA�and the �-th element of SA� \ �"+1A�:So � is the �-th element of SA� \ �"A�by the de�nition of �"+1A�.Reall that by Part 3 of Lemma 4, there is an ordinal � = �Æ;" suhthat for all � > �, �"A� � � � �ÆA�:Let us assume that � is large enough that � > � and �+ � = �. Then� is the �-th element of (SA� \ �"A�)� �:Hene � is the �-th element ofSA� \ �ÆA�:Therefore � = �. �That ompletes the proof of Theorem 6. We lose with some remarksand a onjeture.It is natural to onsider the sets TÆ;� as being ordered lexiograph-ially aording to the index (Æ; �). The reader may wonder why wehave been listing sets of the form SX after all those of the form TÆ;�.The reason is as follows. LetX be unbounded in !1. Reall that foringbelow SX produes a generi ultrapower in whihX = jG(A)!V1 :Observe that !1 is the !1-st element of �ÆX for all Æ < !2. Thus, inthe obvious sense, !1 2 �!2jG(A)!V1 ;whih goes beyond what happens if we fore below any of the sets TÆ;�.We onjeture that the join of the antihainhTÆ;� j Æ < !2 & � < !1iis the Boolean value of the sentenej(A)!V1 62 V and j(A)!V1 is unbounded in !V1 ,



6 JAMES CUMMINGS AND ERNEST SCHIMMERLINGperhaps under one of the familiar hypotheses on the anonial fun-tions.It is easy to see that hTÆ;� j Æ < !2 & � < !1i_hSX j X � !1i isnot neessarily a maximal antihain. The example we have in mindinvolves rede�ning A on T again as follows. Let A00� be a subset of !that odes a wellorder of type � whenever � 2 T , while if � 2 T , thenlet A00� = A�. Then T foresj(A00)!V1 62 V and j(A00)!V1 � !.Let R� = f� < !1 j sup(A�) = �g for � < !1. It is obvious thathR� j � < !1i is an antihain the join of whih is the the Boolean valueof j(A)!V1 is bounded in !V1 .Thus our onjeture above says exatly thathTÆ;� j Æ < !2 & � < !1i_hSX j X � !1 & sup(X) = !1i_hR� j � < !1iis a maximal antihain. Even if the onjeture turns out to be true, westill would not know how to desribe the Boolean value ofj(A)!V1 62 V and j(A)!V1 is bounded in !V1 .as the join of a spei� antihain.E-mail address : jumming�andrew.mu.eduE-mail address : eshimme�andrew.mu.eduDepartment of Mathematial Sienes, Carnegie Mellon Univer-sity, Pittsburgh, PA 15213-3890, USA


