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1 Main inequalit y between two con gurations of in-
teracting gases

Theorem 1.1 Let be open, boundal and convexsubsetof R", letF : [0;1)! R
ke di er entiablefunction on (0;1 ) with F(0) = O and x 7! x"F(x ") convexand non-
increasing, and let Pr(x) := xFYx) F(x) ke its asseiated pressue function. Let
V : R" ! R be a C?connement potential with D2V | , and let W be an even
C2-interaction potential with D2W | whee ; 2 IR, and | denotesthe identity
map. Then, for any Young function c: IR" ! IR, we havefor all protability densities



oand ; on , satisfyingsupp o and Pe( o) 2 WEL () |

Faw +

H,..(oj 1)+ > sz(zo; 1) éjb( o) b( 1)j?

nPF;2xr w

Heorvx (o)t oc (r (FYo)+V+W?2 g) dx: 1)

Furthermore, equality holdsin (1) whenever ¢ = ;= v+, Whee the latter satis es

r (F{ vic) * V+Cc+W? y,o)=0 ae. (2)
In particular, we havefor any prokability density on  with supp andPe( ) 2
Wl;l () ,
F+nPp ;W 2xr W + 2/ . . i
H0S O+ 5 WEG ved) 5ibC o) b( vso)]
z
c’(r (FY)+V+W? ) dx HFW(y )+ Ky 3)
where Ky ;¢ is suchthat
z
FYvi)+V+Cc+tW? yic= KyscWhile  yic= 1 (4)

The proof is basedon the recen advancesin the theory of masstransport as dewel-
oped by Brenier [7], Gangbo-McCann [15], [16], Ca arelli [8] and many others. For a
surwey, seeVillani [27]. Hereis a brief summary of the neededresults.

Fix a non-negative C1, strictly corvex function d : R" ! IR sud that d(0) = 0.
Given two probability measures and on IR", the minimum cost for transporting
onto is given by

z
Wq(; )= _inf dix y)d (xy); )
2( : ) RN RN
where ( ; ) is the set of Borel probability measureswith marginals and , respec-
tively. Whend(x) = jxj?, wehavethat Wq = W2, whereW, is the Wassersteirdistance.
We say that aBorelmap T : IR"! IR" pushes forwardto ,if (T (B)) = (B) for
any Borel setB IR". The map T is then said to be d-optimal if
z z
Wy(; )= dix Tx)d (x) = ir%f dix Sx)d (x); (6)
R" R"

wherethe in m um is taken over all Borel mapsS : IR" ! IR" that push forward to
For quadratic cost functions d(z) = %jzjz, Brenier [7] characterized the optimal
transport map T as the gradiert of a cornvex function. An analogousresult holds for
general cost functions d, provided cornvexity is replacedby an appropriate notion of
d-concavity. See[15, [8] for detalils.
Here is the lemma which leadsto our main inequality (1). It is essehally a com-
pendium of various obsenations by seeral authors. It descrites the ewlution of a
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generalizedenergyfunctional along optimal transport. The key idealying behind it, is
the conceptof displaementconvexity introducedby McCann [21]. For generalizedcost
functions, and whenV = 0, it was rst obtained by Otto [23] for the Tsallis entropy
functionals and by Agueh [1] in general. The caseof a nonzerocon nemert potential
V and an interaction potential W was included in [13], [9]. Here, we state the results
when the cost function is quadratic, d(x) = j x j2.

Lemma 1.2 Let IR" be open, boundal and convex,and let o and ; be prolkability
densitieson , with supp o , and Pe( o) 2 WYt () . Let T be the optimal map
that pushes 2 P,() forwardto ;2 P,() for the quadatic costd(x) = jxj2. Then

AssumeF :[0;1)! IR is dierentiableon (0;1 ), F(0)= 0andx 7! x"F(x ")
is convexand non-increasing, then the following inequality holdsfor the internal

enemy: Z
H (1) H (o) ofT 1) r (FY o)) dx (7)
AssumeV : IR" ! IR is suchthat D2V | for some 2 IR, then the potential
enemgy satis es
z
Hv( 1) Hv( o) ofT 1) rVadx+ szz( 0 1) (8)
AssumeW : IR" ! IR is even, and D?W | for some 2 IR, then the
interaction enemgy satis es
z
HY( 1) HY( o) ofT 1) r(W? g)dx 9)
+§ W3( o 1) jb( o) B 2)j* :

Proof: If T (T =r ,where isconvex) isthe optimal map that pushes o2 P,()
forward to ; 2 P4() for the quadratic costd(x) = jxj?, we have (seeMcCann [21])
that r T(x) isdiagonalizablewith positive eigervaluesfor , a.e.,andthe Monge-Ampere
equation

06 o(X)= 1(T(x))detr T(x) (10)
holds for o a.e. So, (T(x)) 6 0 for o a.e. Here,r T(x) = r 2 (x) denotesthe
derivative in the senseof Aleksandros of
(1) The following proof of the internal energyinequality (7) is taken from Agueh [1].
Set

AX) = x"F(x "):

SinceA is non-increasingby assumption,then Pg is non-negative and x 7! @ is also
non-increasing.We usethat F(0) = 0, T o= ; and (10), to have that

_7 Ry _ ZF(u(TX)
H™ (1) = Leo 1Y) i(y)dy = T O()'()dx
_ oX) )
= detr T(x) detr T(x)dx: (11)



Comparingthe geometricmean(detr T(x))*™" to the arithmetic meantrr%, we have
that .
_r o _n
detr T(x) trr T(x)
then, we usethat x 7! £ is non-decreasingto get that
! ! !
o(x) neo(X) _
detr T(x) detr T(x) F — = o(X)A O (12)
where
2 T,
Pl n .
Next, we usethat AQx) = nx" P:(x "), andthat A is corvex, to obtain that
! " ! ! L #
1 1 1
XA ———— X) A ———— +A°
PA gm0 A g GO0
F (Lo(x)) Pr ((o(X))
= X) ———= n 1)————=
o =0 " VT
= F(ox)) Pe(o(x)tr(r T(x) 1) (13)
We combine (11) - (13), to concludethat
z
H (1) H (o) Pe (o(x)) tr (r T(x) 1)dx
z
= Pr (o(x)) div(T(x) I)dx
z
oT 1) r (FY o) dx: (14)
(2) To prove (8), usethe fact that D2V | , that is,
V(b V@ rVv@ (b a+ Eja bj? (15)

forall a;b2 R", and seta= x and b= T(x) in (15), whereT; o = ; is the optimal
map in (6).

(3) The following proof of (9) is taken from Cordero-Ganglo-Houdre [13. Indeed,
following [13], we write the interaction energyas follows:

4
HYCD) = 5 WX y) 100 o(y) dxdy
Z
= 2 WT) T o) ofy) dedly
4
= 2 Wy D0 (T D) o) ofy) dxdy



% Z[VV(X y)+rwix o y) (T D) (T 1Y) ox) o(y)] dxdy
7 1T D @ D(Yi? o(x) o(y) dxdy
= H"( o)+ %Z FWx o y) (T D) (T 1Y) olx) ofy) dxdy
+ZZ (T DE) (T DI oX) oly) dxdy; (16)
wherewe usedabove that D?W 1. The last term of the subsequeninequality can

be written asi

(T D) (T DI o(x) ofy) dxdy
z z
=2 j(T DX)i? o(x)dx 2 2 (T D(X) o(x) dx i
z
=2 j(T 1)i* o(x)dx  2ib( 1) b( o)i* (17)

And sincer W is odd (becauseW is ewen), we get for the secondterm of (16)

z
[F W y) (T D) (T D] ox) o(y) dxdy
z

=2 rWx y) (T 1)(X) o(x) oly)dxdy
z

=2 ofT 1) r (W? o)dx: (18)
Combining (16) - (18), we obtain that
HY (1) HY( o) ,
ol 1) r(W? oydx+ 5 (T )(X)j? odx  jb( o) b( 1)j* :

This proves(9).
Pro of of Theorem 1.1. Adding (7), (8) and (9), onegets

T W26 1) =jb( o) b( )7 (19)
5 2L o0 1 2] 0 1))

(x Tx) of (FYo)+V+W? o) dx:

HGZY (o) HYYW( 1)+
Z

R
Since or (FY o)) = r (Pe( o)), weintegrate by part of (F{ o)) xdx, and obtain
that z o
X r(FYo+V+W? o) g=H,, ( 0):

This leadsto
; : + . ,
H' (o) HM( )+ —-W3( o 1) 5ib( ) b( ) (20)
Z
Hoo " ™"(0) of FYo+V+W? g T(x)dx:
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Now, useYoung'sinequality to get

r (FO o)) + V(X) + (W ? o)(x)) T(x) (21)
c(TX) +c(r (FY o(X) + V(X)+ (W ? )(X));
and deducethat

. . +
HY (o) HIY( )+

sz( 0 1) éjb( 0) b( 1)]2 (22)
Z Z

Hor 2 Wi+ o (r (FY o)+ V+W?2 )+ o(Tx) odx:

Finally, useagainthat T pushes ( forward to 1, to rewrite the last integral on the
right hand sideof (22) as  c¢(y) 1(y)dy to obtain (1).

Now, set o= 1:= v+ in (20). Wehavethat T = |, and equality then holdsin (20).
Therefore, equality holdsin (1) wheneer equality holdsin (21), whereT (x) = x. This
occurswhen (2) is satis ed.

(3) is straightforward whenchoosing ¢:= and ;:= y.cin (1).

2 Optimal Euclidean Sobolev inequalities

2.1 Euclidean Log-Sob olev inequalities

The following optimal Euclidean p-Log Sololev inequality was establishedby Bedner
[3] in the casewherep = 1, by Del Pino- Dolbeault [14] for 1 < p < n, and independerily
by Gertil for all p> 1.

Corollary 2.1 (GeneralEuclidean Log-Sololev inequality)

Let IR" be open boundel and convex,and let c: IR" ! IR be a Young functional
suchthat its conjugatec’ is p-homayen@us for somep > 1. Then,
z z .
ndx “m —P 2 o (23)
RN P neer 1 g—n RN
for all_prokability densities on IR", suchthat supp and 2 W' (IR"). Here,
= pmn€ Cd&(. Moreover, equality holdsin (23) if (x) = K e ‘™ for some > 0,
wheeK = g.e " dx " and q is the conjugateof p (5 + ¢ = 1).

Proof: UseF(x) = xIn(x) andV = W = 01in (3). Note that Pg(x) = x, and
then, HPF () = 1 for any 2 PL(R"). So, ((x) = % We then have for 2
P.(R")\ W1 (IR") suc that supp

z z r z

In dx c? — dx n In e Mdx ; (24)
RN RN



with equality when = .. R
Now assumethat ¢’ is p-homogeneousand set ¢ = ', ¢? ' dx. Using
c (X):=c(x)in (24), we getfor > 0 that

z z !

In dx ¢ " dx+nin n In . (25)
RN RN
for all 2 P,(IR") satisfying supp and 2 W% (). Equality holdsin (25) if
(X)= goe ““dx 'e %), Hence
z

In dx n In ¢+ inf(G());
RN >0

where z !
1 N ¢
G()=nin( )+ = c’ — =niIn( )+ —:
P Rgrn p
TheinmumofG ( ) over > Oisattainedat = & °© " Hence
z
In dx G( ) n In(y)
RFI
n p n
= —In = ° +—= n In( )
P n P, )
n P
= | _ ¢
p pe ! &
for all probability densities on IR", sud that supp , and 2 W3Hl (IRM).

Corollary 2.2 (Optimal Euclidean p-Log Sololev inequality)

z n z
jfPIn(f ) ax  —=In C,  jrfjPdx ; (26)
RN p RN
holdsfor all p 1, and for all f 2 W!P(IR") suchthat kf k, = 1, whee
( 5+1) 0
P 214+ n . i
% 2 < n+1) if p>1,

E | (27)
ﬁ&:(”+l)ﬁ if p=1;
and q is the conjugateof p (F1> + % = 1).

qix qu

For p > 1, equality holdsin (26) for f (x) = Ke
whee K = RRn e ® Dixitge T

for some > 0andx 2 IR",



Pro of: First assumethat p> 1, and setc(x) = (p _1)j xj%and :ij jP in (23), where
f,2 C (R") andkf k, = 1. We have that ¢’(x) = E, andthen, g ¢ dx=
rn J I T jPdx. Therefore,(23) readsas

Z n D Z
T IPING £ ) dx o jir fjPdx (28)

Now, it su ces to note that
z

= e (P Vixi"gy = _d : (29)
RN (p D Z+1

[N
(=]

+

H

C

To prove the casewherep = 1, it is sucient to apply the aboveto p = 1+ for
somearbitrary > 0. Note that

- 1
C, = 1+ - 5 7(§+1) "
P n e (2-+1) ’

sothat when goto O, we have

Sl

, _ 41 n A~
Il!rrE)Cp—ﬁp: §+1 = Cy:

2.2 Sobolev and Gagliardo-Niren berg inequalities

Corollary 2.3 (Gagliardo-Nirerberginequalitieg
Letl< p<nandr2 0% suchthatr 6 p. Set := }+ {, whee :+ ¢ =
Then, for any f 2 WXP(IR") we have

kfk  C(p;r)kr fk ki k! ; (30)

where is givenby
= — + 1
p r

p = n”—pp and whete the best constant C(p;r) > 0 can be obtaineal by saling.

; (31)

Sl

Proof: Let F(x) = *+, wherel 6 > 1 % which follows from the fact that

pér2 0 n”—pp . For this value of , the function F satis es the conditions of Theorem

1.1. Let ¢(x) = jxj9 sothat ¢ (x) = Wj xjP, and setV = W = 0. Inequality (3)
then givesfor all f 2 C! (R") sud that kf k. = 1,

!
1 +nz.f.r r’
1 anj P R

njrfjp HPF( 1)+ Cy: (32)



where ; = h satises
rhi (x) = xjxj® 2he(x) a.e; (33)

. R . .
and whereC; insuresthat h’| = 1. The constaris on the right hand side of (32) are
not easyto calculate, soone canobtain and the best constart by a standard scaling
procedure. Namely, write (32) as

|
ckefkg 1 KK
P KK 17" kK

HP*(,.) C:i =:C; (34)

for someconstart C. Then apply (34)to f (x) = f(x ) for > 0. A minimization over
givesthe required constart.

The limiting casewherer is the critical Sololevexponert r = p = n”—pp (and then
=1 %) leadsto the Sololev inequalities:

Corollary 2.4 (Sololevinequalitieg
If 1< p< n, thenfor anyf 2 WLP(IR"),

kf ko, C(p;n)kr f kp (35)
for someconstant C(p;n) > 0.

Pro of: It follows directly from (32), by using =1 % andr =p.

Note that the scalingargumert cannot be usedhereto compute the best constan
C(p;n) in (35), sincekr f ki = P "kr f ki and kf kP = P "kf kP scalethe same
way in (34). Instead, one can proceeddirectly from (32) to have that

! 1:p l ]_:p

r p(n 1)
kf k, =1 kr f k, = kr f kg
P p[HPF( 1) Ci] P np[HPF( 1) Ci] P
which shows that ! 1op
p(n 1) )
C(p;n) = ;
(i) np[HP*( 1) Ci]

where ; = hY = ﬁ—qjqu C—ll " is obtained from (33), and C; canbe found using
that ; is a probability density,

(36)

>

22 . 3p:n
c.=@1 n4  Pixjrr1r as 37)
RT NQ



3 Optimal geometric inequalities

3.1 HWBI inequalities

We now establishHWBI inequalitiesrelating the total energyof two arbitrary probabil-
ity densities,their Wassersteindistance,their barycerters and their ertropy production
functional, and we deduce extensionsof various powerful inequalities by Gross [18],
Bakry-Emery[2], Talagrand[26], Otto-Villani [24], Cordero[12]and others.

Theorem 3.1 (HWBI inequality)
Let be an open, boundeal and convexsubsetof IR". LetF :[0;1 )! IR beadieren-
tiable function on (0; 1 ) with F(0) = 0 and x 7! x"F(x ") convexand non-increasing,
and let Pe(x) := xFqx) F(x) be its asseiated pressue function. LetU : IR" ! R
be a C2-con nement potential with D2U | , and let W be an even C2-interaction
potential with D2W I where ; 2 IR. Then we havefor all prokability densities o
and ; on satisfyingsupp o and Pe( o) 2 WYl ()

+

2
The proof of Theorem 3.1 relieson the following proposition.

q -
HE;W( o 1) Wa( o 1) l2(0j v) WZ( o) 1)+ éjb( o) b( i (38)

Prop osition 3.1 Under the alove hypthesison andF, let U;W : IR" ! IR be C2-
functions with D?U | and D?W |, whee ; 2 IR, and W is even. Then for
any > 0, we havefor all prokability densities o and ; on , satisfying supp o :
and Pe( o) 2 WH ()

MY (ol 0% 50+ WA ) b0 (D Sl o )i (39)
Pro of: Use(1) with ¢(x) = ;jxj3V=U cand = 1 to obtain
HEY (o )+ 50+ DWECg 0+ bl b (40
Hc+nrpfdzxcr);lv( 0) + oc (r (FYo)+U c+W? ) dx

By elememary computations, we have

z
0C(r (FO ot U ct+W? O)) dx
z ) 12 z
== of (FYo)+U+W? o) dx+ - ojxj?dx ox I (FY o) dx
oX r Udx oX r (W? o)dx;
and

Y4 Y4 Z

. 1= .
HoTi g (0= H™ (0+  oxr (W2 odx+  oxrUdk o~ jxj?odx:
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By combining the last 2 identities, we can rewrite the right hand side of (40) as

z
Hc+anEL;szc;>\(N( 0)+ oC (r (FO 0"'U c+W? 0)) dx
z z
= — ojr (FO( 0)+ U+w?=» o)jzdx oX I (FO 0) dx nP,:( o)dX
2, z z
=3 dr (FYo)+U+W? o) jfdx+ div( oX)FY o) dx NPe( o) dx
z z z
=5 or FYo+U+W? o) “dx+n  oFY o) dx+ X r F( o) dx
z
NPe( o) dX
z , z z
=35 of (FYo+U+W? () dx+ x rF(gdx+n F odx
z
=~ or FYo+U+W?2 o “dx (41)

2
Inserting (41) into (40), we conclude(39).

Pro of of Theorem 3.1: To establishthe HWBI inequality (38), we rewrite (39) as

HEY (o 0+ ——W3( i 1) 5ib( o) b( )i
SWE G )+ 5l i ) (42)

then minimize the right hand side of (42) over > 0. The minimum is obviously
achievedat = p2lod  This yields (38).

I2( oj u)

Setting W = 0 (and then = 0) in Theorem 3.1, we obtain in particular, the
following HWI inequality rst establishedby Otto-Villani [24] in the caseof the classical
ertropy F(x) = xInx, and extendedlater on, for generalizedenropy functions F by
Carillo, McCann and Villani in [9].

Corollary 3.2 (HWI inequalities[9])

Under the hypothesison and F in Theorem 3.1, let U : R" ! IR be a C2-function

with D?U | , whee 2 IR. Then we havefor all prokability densities o and ; on
, satisfying supp o ,and Pe( o) 2 WHL ()

q
HE( o 1) Wa( o 1) 1(a v) §W22( 0 1) (43)

If U+ W is uniformly corvex (i.e., + > 0) inequality (39) yields the following
extensionsof the Log-Solplev inequality:

Corollary 3.3 (Log-Solblevinequalities with interaction potentials)
In addition to the hypothesison , F, U and W in Theorem 3.1, assume + > 0.

11



Then for all prokability densities o and ; on , satisfying supp o ,and Pe( o) 2
WL () , we have

HY (Ca 2) 5ib( o) b g —ta( ol v): (44)
In particular, if b( o) = b( 1), we havethat
. _ 1 :
HE'W( ol 1) ﬁb( o u): (45)
Furthermore, if W is convex,then we havethe following inequality, establishd in [9]
: . 1 :
H™ ( of 1) 2—|2( ol u): (46)
Pro of: (44) follows easily from (39) by choosing = -1, and (46) follows from (44),

using = 0 becauseW is cornvex.

In particular, setting W = 0 in Corollary 3.3, one obtains the following generalized
Log-Sololev inequality obtained in [10], and in [13]for generalizedcost functions.

Corollary 3.4 (GeneralizedLog-Solnlev inequalities [10], [13])
Assumethat and F satisfy the assumptionsin Theorem 3.1, andthat U : R" ! R is

a C2- uniformly convexfunction with D?U | , where > 0. Then for all prokability
densities ; and ; on , satisfyingsupp o , and Pe( o) 2 WH () , wehave
. 1 .
HG( of 1) 2—|2( o u): (47)

One can also deducethe following generalization of Talagrand's inequality. We note
in particular that when W = 0, the result below is obtained previously by Blower [4],
Otto-Villani [24] and Bobkov-Ledoux [5] for the Tsallis ertropy F(x) = xInx, and by
Carillo-McCann-Villani [9] for generalizedertropy functions F .

Corollary 3.5 (GeneralizedTalagrand Inequality with interaction potertials)
In addition to the hypothesison , F, U and W in Theorem 3.1, assume + > 0.
Then for all prolability densities on , we have

WA ) 5ib() B(WiE HEY (] u): (48)

In particular, if b( ) = b( y), we havethat

v
u . .
B2HY (j u).

Wa(; ) " (49)
Furthermore, if W is convex,then the following inequality establishd in [9] holds:

Wo(; o) © LY (50)
Pro of: (48) followsfrom (39) if weuse o:= y, 1:= ,noticethat I,( yj y) = 0,and

thenlet goto 1 . (50) follows from (48), wherewe use = 0 becauseW is cornvex.

12



3.2 Gaussian inequalities

Proposition 3.1 appliedto F (x) = xInx whenW = 0, yields the following extensionof
Gross' Log-Solblev inequality establishedby Bakry and Emery in [2]. First, we state
the following HWI-t ype inequality from which we deduceOtto-Villani's HWI inequality
[24], and the Log-Solmlev inequality of Gross[18] and Bakry-Emery [2].

Corollary 3.6 Let U : R" ! IR be a C2-function with D2U | whee 2 R,
and denoteby  the normalized Gaussian % whee y = . e Ydx. Then for any
, the following holds for any nonnegative function f suchthat f y 2 W1 (IR")

and g f ydx=1:
z z

1 1
LT udk+ 5 IWZ(E s u) 5 T

uax: (51)

Pro of: First assumethat f hascompactsupport, andsetF (x) = xInx, o=f y; 1=
v and W = 0in (39). We have that

Z
. 1 r (f 2
HEG o 0+ 2 SHwed o) = "9 0% Jae (52
2 2 Rn f U
By direct computations,
r¢fuv)_rf .
i U; (53)
and
Z
HZY (Ui ) [f uln(f o)+ Uf ¢ uln y U yldx (54)
ZR" z
= (f yInfydx+In vy (o f u)dx
ZR” RN

fin(f) udx:
RFI

Combining (52) - (54), we get (51). We nish the proof using a standard approximation
argumert.

Corollary 3.7 (Otto-Villani's HWI inequality [24]

Let U : R" ! IR be a C?-uniformly convexfunctlon with Q32U | , whee > 0,
and denoteby  the normalized Gau55|an— whee ;= r.e Ydx. Then, for any
nonnegative function f suchthat f 2 wt? (IR”) and g f ydx =1,

z

L EIn(E) uax o Wo( uif U) L(f uj u) sz?(f u; u); (55)
whele

. Z jrfj?
L(f o u) = u dx:

13



Pro of: It is similar to the proof of Theorem 3.1. Rewrite (51) as
z

() pdx+ wa(f us u) 2—W22(f us u)* 31 uj o)

and showv that the minimum over > 0 of the right hand side is attained at =
2(f us u)
I(f uj o)

Now, setting f := g?> and := 1 in (55), one obtains the following extension of
Gross'[18] Log-Sololev inequality rst establishedby Bakry and Emery in [2].

Corollary 3.8 (Original Log Soholev inequality [2], [18])

Let U : R" ! IR be a C2-uniformly convexfunction with D?U | whee > 0,
and denoteby  the normalized Gaussian &, wheee U= groe Ydx. Then, for any
function g suchthat g y 2 Wt (IR") and . g? y dx = 1, we have

z z
2 o
L OIn(g) vax = jrgjt ydx: (56)

As pointed out by Rothaus in [25], the above Log-Sololev inequality implies the
Poincare's inequality.

Corollary 3.9 (Poincare's inequality)

Let U : R" ! IR be a C2-uniformly convex function with D2U | whee > 0,
and denoteby  the normalized Gaussian%, whee | = . e Ydx. Then, for any
function f suchthat f y 2 W (R") and g. f ydx = O, we have

z z
1 . .
f2godx = jrfj?ydx (57)
RFI

RN

Pro of: From (56), we have that

Z zZ . o
n(f ) uox ZiRn”ff‘ o dx; (58)
R
wheref = 1+ f for some > 0. Usingthat r.f ydx = 0, we have for small ,
Z 2 Z
Rnfln(f)udx:§Rnfzudx+o(3); (59)
and
S L 5 P 3.
- udx = anrfj vdx + of °): (60)
We combine (58) - (60) to have that
z 12
Rn1‘2de —anrszudx+o(): (61)

Welet goto Oin (61) to conclude(57).

If we apply Corollary 3.5t0 F(x) = xInx when W = 0, we obtain the following
extensionof Talagrand'sinequality establishedby Otto and Villani in [24].
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Corollary 3.10 (Original Talagrand'sinequality [26], [24)
Let U : R" ! IR be a C2-uniformly convex function with D2U | whee > 0,
and denoteby  the normalized gaussian%, whee | = z.e Ydx. Then, for any
nonngyative function f suchthat . f ydx = 1, we have

S =7

Wolf i u) 2 L fin(f) ydx: (62)

In particular, if f = % for some measurablesubsetB of IR", whered (x) =
u(x)dx and llg is the characteristic function of B, we obtain the following inequality

in the concerration of measuresn Gaussspace, rst proved by Bobkov and Getze in

[6].

Corollary 3.11 (Concertration of measureinequality [6])
Let U : R" ! R be a C2-uniformly convexfunction with D2U | whee > 0,
and denoteby the normalized Gaussianmeasure with density y = % whee | =
rn € Y dx. Then, for any -neightorhood B of a measurblesetB in IR", we have
_ a Z|n(L)
B) 1 e’ ©7 (63)

2

2 1
where In 5 -

Pro of: Usingf = fg = '(BB) in (62), we have that

Wy(fe u; u) Pgm % ;

and then, we obtain from the triangle inequality that

U o
2 1 2

t 2 In —< + t —1In

Wy(fg u;froine u) (64)

But sincejx yj forall (x;y) 2 B (IR"nB ), we have that
Wa(fg ur u) (65)

We conbine (64) and (65) to deducethat

! 0 Yy ———+12
In ; @ ’fjgm i A -
1 (R"MB) 2 (B)

which leadsto (63).
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4 Trends to equilibrium

We use Corollary 3.4 and Corollary 3.5 to recover rates of convergencefor solutions to
equation

8
2 &=dvfr (FY)+V+W?)g in (0;1) R"
(66)
(t: O): 0 in ng |Rn,

recernly shovn by Carillo, McCann and Villani in [9]. Here we considerthe casewhere
V + W is uniformly corvex and W corvex, and the casewhenonly V + W is uniformly
convex but the barycerter b( (t)) of any solution (t; x) of (66) is invariant in t. For a
badground and other casesof convergenceto equilibrium for this equation, we refer to
[9] and the referencegherein.

Corollary 4.1 (Trend to equilibrium)
LetF :[0;1)! IR bestrictly convex,dier entiableon (0;1 ) and satises F(0) = O,
limy; "% =1, andx 7! x"F(x ") is convexand non-increasing. Let V; W : IR" !

[0;1 ) be respctively C2-con nement and interaction potentials with D2V | and
D2W I, whee ; 2 IR. Assumethat the initial probability density o has nite
total enelgy. Then
(. If V+ W is uniformly convex(i.e., + > 0) andW is convex(i.e. 0), then,
for any solution of (66), suchthat H"Y ( (t)) < 1 , we have:
HY (5 v) e 2P HY (o v); (67)
and s

t 2H\F/;W( Oj V)_

Wo( (1); v) e (68)

@i). If V+ W is uniformly convex(i.e., + > 0) andif weassumethat the barycenter
b( (t)) of any solution (t; x) of (66) is invariant in t, then, for any solution of
(66) suchthat HLW ( (1)) < 1, we have:

HOY ()i v) e 207 HEY (of v); (69)

and

v
u . .
2( + it 2H" (ol V),

Wo( (1), v) e "

(70)

Pro of: Under the assumptionson F, V and W in Corollary 4.1, it is known (see[9],
and referencegherein) that the total energy H\F,;W { which is a Lyapunov functional
assaiated with (66) { hasa unique minimizer \ de ned by

vt (FY,)+V+W? )=0 ae.
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Now, let bea{ smooth { solution of (66). We have the following energydissipation
equation

SH (01 )= 10 ) (71)
Combining (71) with (46), we have that
d : ,
GV COiv) 2 M) v): (72)

We integrate (72) over [0;t] to conclude(67). (68) follows directly from (50) and (67).
To prove (69), we use(71) and (45) to have that

d
dt

We integrate (73) over [0;t] to conclude(69). As before, (70) is a consequencef (69)
and (49).

SHOY I v) 20+ RS (@) v): (73)

Below, we apply Corollary 4.1to obtain rates of corvergenceto equilibrium for some
equationsof the form (66) studied in the literature by many authors.

Examples :

If W = 0andF (x) = xInx in which case(66) is the linear Fokker-Pland equation

% = + div( r V), Corollary 4.1 givesan exponertial decg in relatil¥e ertropy

of solutions of this equationto the Gaussiandensity y = %; v = groe Vdx,

at the rate 2 whenD?V | for some > 0, and an exponertial decg in the

Wassersteindistance, at the rate

fW=0F(x)= 2 wherel6 m 1 % andV(x)= XL for some
> 0, in which case(66) is the rescaledporousmedium equation (m > 1), or fast

di usion equation (1 % m < 1), that is % = M + div(x ), Corollary 4.1

givesan exponertial decy in relative ertropy of solutions of this equationto the

(1 m)

Barerblatt Prattle prole y(x)= C+ 5 jxj? T (whereC > Qs sud

that rn (X)dx = 1) at the rate 2 , and an exponertlal decy in the Wasserstein
distanceat the rate

5 A remark able dualit y

In this section,we apply Theorem1.1whenV = W = 0, to obtain an intriguing duality
between ground state solutions of somequasilinear PDEs and stationary solutions of
Fokker-Pland type equations.
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Corollary 5.1 Let IR" be open, boundel and convex,let F : [0;1) ! IR be
di er entiable on (0;1 ) suchthat F(0) = 0 and x 7! x"F(x ") be convexand non-
increasing. Let :IR! [0;1 ) dier entiablebe chosenin sucha waythat (0) = 0
and %(F0 )% = K where p> 1, and K is chosento ke 1 for simplicity. Then, for
any Youngfunction c with p-homaen@us Legende transform ¢ , we havethe following

inequality:
z z z
supf F()+c; 2Pa() g inff c(r f) G (f);f2CJ(); (f)=1g
(74)
where Gg (x) := (1 n)F(x) + nxF {x).
Furthermore, equality holdsin (74) if there existsf (and = (f)) that satis es
(FO HYYf)r f(x)=r c(x) ae: (75)
Moreover, f solves
divir c(r f)g (G )Af)= qf) in
rc(r f) =0 on@ ; (76)
for some 2 IR, while is a stationary solution of
@ = divf r (F{ )+ cg in(0;1)
%(F%)+C) =0 on(0;1) @: (77)
Pro of: Assumethat ¢ is p-homogeneousand let Q°x) = xaF%x). Let
z
J() = [FC (y)) + cly) (y)ldy
and z z
J() = (F +nPe)( (x))dx+ ¢ (r (QY (x)dx:
Equation (1) (wherewe useV = W = 0,andthen = = 0) then becomes
J(1) JCo) (78)

for all probability densities o; ; on  sud that supp o and Pe( o) 2 WL ().
If satises

r (FY (X)) =r c(x) a.e;
then equality holdsin (78), and is an extremal of the variational problems
supfJ(); 2 Pa() g=inffJ(); 2 Pa() ;supp Pe()2WH () g

In particular, is a solution of

divf r (F{ )+ dg=0 in

r(F{)+c =0 on@: (79)
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Supposenow :IR! [0;1) dierentiable, (0)= Oandthat f 2 CJ () satises

(F° )Yf)r f(x) = r ¢(x) a.e.Then equality holdsin (78), andf and = (f) are
extremals of the following variational problems
z

inffl(f); f2C3(); (F)=1g=sugd(); 2Pa() g

where
z z

1(f)=JC (f)) = [F +nPe 1)+ c(r (@ (M):

If now is sud that | %(F0 )% = 1,thenj(Q° )%= 1and
z z
I(f) = [F + nPg )Y+ c(r f));

becausec is p-homogeneous.This proves (74). The Euler-Lagrangeequation of the
variational problem
nZ z 0
inf c(r (f)) |[F +nPg  J(f); (fy=1

readsas

divir c(r f)g (G )Af)= qf) in (80)
rc(r f) =0 on @
where 2 IR is a Lagrangemultiplier, and G(x) = (1 n)F(x) + nxF {x). This proves
(76). To prove that the maximizer of

z
supf~ (F()+c)dx; 2Pa() g

is a stationary solution of (77), we referto [19 and [22].

Now, we apply Corollary 5.1to the functions F(x) = xInx; (x) = jxjP and¢(x) =
(p 1)jx j%with >0andc(x)= 2 * " and 5+ ¢ = 1, to derive a duality between
stationary solutions of Fokker-Pland equations, and ground state solutions of some
semi-linear equations. We note here that the condition j %(F0 )j = K holds for
K = p. We obtain the following:

Corollary 5.2 Letp> 1andlet q keits conjugate(; + %R: 1). For all f 2 WEP(IRM),
suchthat kf k, = 1, any probability density suchthat . (x)jxj%x < 1, and any
> 0, we have
J () @) (81)
where z z
JO= nOd Dyt o)y
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and Z Z f
| (f) = ifPInGfjP) + LY
RI"I RI"I

Furthermore, if h 2 WP(IR") is suchthat h 0, khk, = 1, and

rh(x)=  9%jxj9 2h(x) a.e.,
then
J (hP) =1 (h):
Therefore, h (resp., = hP) is an extremum of the variational problem:

supf J (): 2WY(R"); k ky=1g=inff 1 (f):f 2 W'P(R");kf k, = 1g:

It followsthat h satis esthe Euler-Lagrangeequationcorresmpndingto the constraint
minimization problem,i.e., h is a solution of

Poof + pfif P 2InGfj) = fjfjP 2% (82)
where is a Lagrangemultiplier. On the other hand, = hP is a stationary solution of
the Fokker-Pland equation:

% = u+ div(p 9xj% ?xu): (83)

We can also apply Corollary 5.1 to recover the duality assaiated to the Gagliardo-
Nirenberg inequalities obtained recertly in [11].

|
Corollary 5.3 Letl< p<n,andr2 0;;% suchthatr 6 p. Set := {+ ¢, whee
5+ ¢ =1 Then, for f 2 W*P(IR") suchthat kf k. = 1, for any prokability density
and for all > 0, we have

J() | (f) (84)
h
hee 1 Z roet
JO) = — — _Jyit (n(y) dy;
RN q R
and !
| (f):= L
: 1 Rnl J P RnJ ™
Furthermore, if h 2 WXP(IR") is suchthath 0, khk, = 1, and
rh(x)=  %jxj% 2hs(x) a.e.,
then
J(h") =1 (h):
Therefore, h (resp., = h") is an extremum of the variational problems

supfJ (): 2WY(RM); k ky=1g=inffl (f):f 2 WY(R");kf k, = 1g:
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Pro of: Again, the proof follows from Corollary 5.1, by using nowv (x) = jxj" and

F(x) = 25, wherel 6 1 =, which follows from the fact that p& r 2 0; 2 .
Indeed, for this value of , the function F satis es the conditions of Corollary 5.1. T%e
Young function is now ¢(x) = j x j9, that is, ¢ (x) = W x P and the condition

i *(F® )% =K holdswith K =r .
Moreover, if h 0 satis es (75), which is here,

r h(x)= %jxj% 2he(x) a.e;
then h is extremal in the minimization problem de ned in Corollary 5.3.

As above, we also note that h satis es the Euler-Lagrangeequation correspnding
to the constraint minimization problem, that is, h is a solution of
!

1 - g
Poof + 70 fif f= A gfgn (85)
where is a Lagrangemultiplier. On the other hand, = h' is a stationary solution of
the ewlution equation:
% = u +div(r 9xj9 %xu): (86)
Example : In particular, when = Lp=2 =1 2<andthenr=2 = 2 isthe

critical Sololev exponert, then Corollary 5.3 yields a duality betweensolutions of (85),
which herethe Yamabe equation:

f=fjfj? 3

(where is the Lagrangemultiplier due to the constrairt kf k, = 1), and stationary
solutions of (86), which is herethe rescaledfast di usion equation:

2n 2xu
n 2

Q|®

1 .
= u! v+ div
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