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1 Main inequalit y between two con�gurations of in-
teracting gases

Theorem 1.1 Let 
 be open, bounded and convex subsetof IRn , let F : [0; 1 ) ! IR
be di�er entiable function on (0; 1 ) with F (0) = 0 and x 7! xnF (x � n ) convexand non-
increasing, and let PF (x) := xF 0(x) � F (x) be its associated pressure function. Let
V : IRn ! IR be a C2-con�nement potential with D 2V � �I , and let W be an even
C2-interaction potential with D 2W � � I where �; � 2 IR, and I denotesthe identity
map. Then, for any Young function c : IRn ! IR, we havefor all probability densities
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� 0 and � 1 on 
 , satisfying supp� 0 � 
 and PF (� 0) 2 W 1;1 (
) ,

H
F ;W

V + c
(� 0j� 1) +

� + �
2

W 2
2 (� 0; � 1) �

�
2

jb(� 0) � b(� 1)j2

� H
� nP F ;2x �r W

c+ r V �x (� 0) +
Z



� 0c� (�r (F 0(� 0) + V + W ? � 0)) dx: (1)

Furthermore, equality holdsin (1) whenever� 0 = � 1 = � V + c, where the latter satis�es

r (F 0(� V + c) + V + c + W ? � V + c) = 0 a.e. (2)

In particular, we havefor any probability density � on 
 with supp� � 
 and PF (� ) 2
W 1;1 (
) ,

H
F + nP F ; W � 2x �r W

V � x �r V
(� ) +

� + �
2

W 2
2 (�; � V + c) �

�
2

jb(� 0) � b(� V + c)j2

�
Z



�c ? (�r (F 0(� ) + V + W ? � )) dx � HPF ;W (� V + c) + K V + c; (3)

where K V + c is suchthat

F 0(� V + c) + V + c + W ? � V + c = K V + c while
Z



� V + c = 1: (4)

The proof is basedon the recent advancesin the theory of masstransport as devel-
oped by Brenier [7], Gangbo-McCann [15], [16], Ca�arelli [8] and many others. For a
survey, seeVillani [27]. Here is a brief summary of the neededresults.

Fix a non-negative C1, strictly convex function d : IRn ! IR such that d(0) = 0.
Given two probability measures� and � on IRn , the minimum cost for transporting �
onto � is given by

Wd(�; � ) := inf

 2 �( �;� )

Z

IRn � IRn
d(x � y)d
 (x; y); (5)

where �( �; � ) is the set of Borel probability measureswith marginals � and � , respec-
tively. When d(x) = j x j2, wehave that Wd = W 2

2 , whereW2 is the Wassersteindistance.
We say that a Borel map T : IRn ! IRn pushes� forward to � , if � (T � 1(B )) = � (B) for
any Borel set B � IRn . The map T is then said to be d-optimal if

Wd(�; � ) =
Z

IRn
d(x � Tx)d� (x) = inf

S

Z

IRn
d(x � Sx)d� (x); (6)

wherethe in�m um is taken over all Borel mapsS : IRn ! IRn that push � forward to � .
For quadratic cost functions d(z) = 1

2 jzj2, Brenier [7] characterized the optimal
transport map T as the gradient of a convex function. An analogousresult holds for
general cost functions d, provided convexity is replacedby an appropriate notion of
d-concavit y. See[15], [8] for details.

Here is the lemma which leadsto our main inequality (1). It is essentially a com-
pendium of various observations by several authors. It describes the evolution of a

2



generalizedenergyfunctional along optimal transport. The key idea lying behind it, is
the conceptof displacementconvexity introducedby McCann [21]. For generalizedcost
functions, and when V = 0, it was �rst obtained by Otto [23] for the Tsallis entropy
functionals and by Agueh [1] in general. The caseof a nonzerocon�nement potential
V and an interaction potential W was included in [13], [9]. Here, we state the results
when the cost function is quadratic, d(x) = j x j2.

Lemma 1.2 Let 
 � IRn be open, bounded and convex,and let � 0 and � 1 be probability
densitieson 
 , with supp� 0 � 
 , and PF (� 0) 2 W 1;1 (
) . Let T be the optimal map
that pushes� 0 2 Pa(
) forward to � 1 2 Pa(
) for the quadratic cost d(x) = j x j2. Then

� AssumeF : [0; 1 ) ! IR is di�er entiableon (0; 1 ), F (0) = 0 and x 7! xnF (x � n )
is convexand non-increasing, then the following inequality holds for the internal
energy:

HF (� 1) � HF (� 0) �
Z



� 0(T � I ) � r (F 0(� 0)) dx: (7)

� AssumeV : IRn ! IR is such that D 2V � �I for some� 2 IR, then the potential
energy satis�es

HV (� 1) � HV (� 0) �
Z



� 0(T � I ) � r Vdx +

�
2

W 2
2 (� 0; � 1): (8)

� Assume W : IRn ! IR is even, and D 2W � � I for some � 2 IR, then the
interaction energy satis�es

HW (� 1) � HW (� 0) �
Z



� 0(T � I ) � r (W ? � 0)dx (9)

+
�
2

�
W 2

2 (� 0; � 1) � jb(� 0) � b(� 1)j2
�

:

Pro of: If T (T = r  , where  is convex) is the optimal map that pushes� 0 2 Pa(
)
forward to � 1 2 Pa(
) for the quadratic cost d(x) = j x j2, we have (seeMcCann [21])
that r T(x) is diagonalizablewith positiveeigenvaluesfor � 0 a.e.,and the Monge-Amp�ere
equation

0 6= � 0(x) = � 1 (T(x)) det r T(x) (10)

holds for � 0 a.e. So, � 1 (T(x)) 6= 0 for � 0 a.e. Here, r T(x) = r 2 (x) denotesthe
derivative in the senseof Aleksandrov of  .
(1) The following proof of the internal energy inequality (7) is taken from Agueh [1].
Set

A(x) = xnF (x � n ):

SinceA is non-increasingby assumption,then PF is non-negative and x 7! F (x)
x is also

non-increasing.We usethat F (0) = 0, T# � 0 = � 1 and (10), to have that

HF (� 1) =
Z

[� 16=0]

F (� 1(y))
� 1(y)

� 1(y) dy =
Z




F (� 1(Tx))
� 1(Tx)

� 0(x) dx

=
Z



F

 
� 0(x)

det r T(x)

!

det r T(x) dx: (11)
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Comparingthe geometricmean(det r T(x))1=n to the arithmetic mean tr r T (x)
d , we have

that
1

det r T(x)
�

 
n

tr r T(x)

! n

;

then, we usethat x 7! F (x)
x is non-decreasing,to get that

F

 
� 0(x)

detr T(x)

!

det r T(x) � � nF

 
� 0(x)
� n

!

= � 0(x)A

 
�

� 0(x)1=n

!

; (12)

where

� :=
tr r T(x)

n
:

Next, we usethat A0(x) = � nxn� 1PF (x � n ), and that A is convex, to obtain that

� 0(x)A

 
�

� 0(x)1=n

!

� � 0(x)

"

A

 
1

� 0(x)1=n

!

+ A0

 
1

� 0(x)1=n

!  
� � 1

� 0(x)1=n

! #

= � 0(x)

"
F (� 0(x))

� 0(x)
� n(� � 1)

PF (� 0(x))
� 0(x)

#

= F (� 0(x)) � PF (� 0(x)) tr (r T(x) � I ): (13)

We combine (11) - (13), to concludethat

HF (� 1) � HF (� 0) � �
Z



PF (� 0(x)) tr (r T(x) � I ) dx

= �
Z



PF (� 0(x)) div (T(x) � I ) dx

�
Z



� 0 (T � I ) � r (F 0(� 0)) dx: (14)

(2) To prove (8), usethe fact that D 2V � �I , that is,

V (b) � V (a) � r V(a) � (b� a) +
�
2

j a � bj2 (15)

for all a;b 2 IRn , and set a = x and b = T(x) in (15), whereT# � 0 = � 1 is the optimal
map in (6).

(3) The following proof of (9) is taken from Cordero-Gangbo-Houdr�e [13]. Indeed,
following [13], we write the interaction energyas follows:

HW (� 1) =
1
2

Z


 � 

W(x � y)� 1(x)� 1(y) dxdy

=
1
2

Z


 � 

W(T(x) � T(y)) � 0(x)� 0(y) dxdy

=
1
2

Z


 � 

W (x � y + (T � I )(x) � (T � I )(y)) � 0(x)� 0(y) dxdy
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�
1
2

Z


 � 

[W(x � y) + r W(x � y) � ((T � I )(x) � (T � I )(y)) � 0(x)� 0(y)] dxdy

+
�
4

Z


 � 

j(T � I )(x) � (T � I )(y)j2� 0(x)� 0(y) dxdy

= HW (� 0) +
1
2

Z


 � 

r W(x � y) � ((T � I )(x) � (T � I )(y)) � 0(x)� 0(y) dxdy

+
�
4

Z


 � 

j(T � I )(x) � (T � I )(y)j2� 0(x)� 0(y) dxdy; (16)

wherewe usedabove that D 2W � � I . The last term of the subsequent inequality can
be written as:

Z


 � 

j(T � I )(x) � (T � I )(y)j2� 0(x)� 0(y) dxdy

= 2
Z



j(T � I )(x)j2� 0(x) dx � 2

�
�
�
Z

IRn
(T � I )(x)� 0(x) dx

�
�
�
2

= 2
Z



j(T � I )(x)j2� 0(x) dx � 2jb(� 1) � b(� 0)j2: (17)

And sincer W is odd (becauseW is even), we get for the secondterm of (16)
Z


 � 

[r W(x � y) � ((T � I )(x) � (T � I )(y))] � 0(x)� 0(y) dxdy

= 2
Z


 � 

r W(x � y) � (T � I )(x)� 0(x)� 0(y) dxdy

= 2
Z


 � 

� 0(T � I ) � r (W ? � 0) dx: (18)

Combining (16) - (18), we obtain that

HW (� 1) � HW (� 0)

�
Z


 � 

� 0(T � I ) � r (W ? � 0) dx +

�
2

� Z



j(T � I )(x)j2� 0dx � jb(� 0) � b(� 1)j2

�

:

This proves(9).
Pro of of Theorem 1.1: Adding (7), (8) and (9), onegets

HF;W
V (� 0) � HF;W

V (� 1) +
� + �

2
W 2

2 (� 0; � 1) �
�
2

jb(� 0) � b(� 1)j2 (19)

�
Z



(x � Tx) � � 0r (F 0(� 0) + V + W ? � 0) dx:

Since� 0r (F 0(� 0)) = r (PF (� 0)), we integrate by part
R


 � 0r (F 0(� 0)) � x dx, and obtain
that Z



x � r (F 0(� 0) + V + W ? � 0)� 0 = H

� nP F ; 2x �r W

x�r V (� 0):

This leadsto

H
F ;W

V (� 0) � HF;W
V (� 1) +

� + �
2

W 2
2 (� 0; � 1) �

�
2

jb(� 0) � b(� 1)j2 (20)

� H
� nP F ; 2x �r W

x�r V (� 0) �
Z



� 0r (F 0(� 0) + V + W ? � 0) � T(x) dx:
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Now, useYoung's inequality to get

�r (F 0(� 0(x)) + V(x) + (W ? � 0)(x)) � T(x) (21)

� c(T(x)) + c? (�r (F 0(� 0(x)) + V(x) + (W ? � 0)(x)) ) ;

and deducethat

HF;W
V (� 0) � HF;W

V (� 1) +
� + �

2
W 2

2 (� 0; � 1) �
�
2

jb(� 0) � b(� 1)j2 (22)

� H� nPF ;2x�r W
x�r V (� 0) +

Z



� 0c? (�r (F 0(� 0) + V + W ? � 0))) +

Z



c(Tx)� 0 dx:

Finally, use again that T pushes� 0 forward to � 1, to rewrite the last integral on the
right hand sideof (22) as

R

 c(y)� 1(y)dy to obtain (1).

Now, set � 0 = � 1 := � V + c in (20). We have that T = I , and equality then holds in (20).
Therefore,equality holds in (1) whenever equality holds in (21), whereT(x) = x. This
occurswhen (2) is satis�ed.
(3) is straightforward when choosing � 0 := � and � 1 := � V + c in (1).

2 Optimal Euclidean Sobolev inequalities

2.1 Euclidean Log-Sob olev inequalities

The following optimal Euclidean p-Log Sobolev inequality was establishedby Beckner
[3] in the casewherep = 1, by Del Pino- Dolbeault [14] for 1 < p < n, and independently
by Gentil for all p > 1.

Corollary 2.1 (GeneralEuclideanLog-Sobolev inequality)
Let 
 � IRn be open bounded and convex,and let c : IRn ! IR be a Young functional

suchthat its conjugatec? is p-homogeneous for somep > 1. Then,

Z

IRn
� ln � dx �

n
p

ln

 
p

nep� 1� p=n
c

Z

IRn
�c ?

 

�
r �
�

!

dx

!

; (23)

for all probability densities � on IRn , such that supp� � 
 and � 2 W 1;1 (IRn ). Here,
� c :=

R
IRn e� c dx. Moreover, equality holds in (23) if � (x) = K � e� � qc(x) for some� > 0,

where K � =
� R

IRn e� � qc(x) dx
� � 1

and q is the conjugateof p ( 1
p + 1

q = 1).

Pro of: Use F (x) = x ln(x) and V = W = 0 in (3). Note that PF (x) = x, and
then, H PF (� ) = 1 for any � 2 Pa(IRn ). So, � c(x) = e� c( x )

� c
. We then have for � 2

Pa(IRn ) \ W 1;1 (IRn ) such that supp� � 
,

Z



� ln � dx �

Z

IRn
�c ?

 

�
r �
�

!

dx � n � ln
� Z

IRn
e� c(x) dx

�

; (24)
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with equality when � = � c.
Now assumethat c? is p-homogeneousand set � c

� =
R

IRn �c ?
�
� r �

�

�
dx. Using

c� (x) := c(�x ) in (24), we get for � > 0 that

Z

IRn
� ln � dx �

Z

IRn
�c ?

 

�
r �
��

!

dx + n ln � � n � ln � c; (25)

for all � 2 Pa(IRn ) satisfying supp� � 
 and � 2 W 1;1 (
). Equality holds in (25) if

� � (x) =
� R

IRn e� � qc(x) dx
� � 1

e� � qc(x) . Hence

Z

IRn
� ln � dx � � n � ln � c + inf

�> 0
(G� (� )) ;

where

G� (� ) = n ln(� ) +
1
� p

Z

IRn
�c ?

 

�
r �
�

!

= n ln(� ) +
� c

�

� p
:

The in�m um of G� (� ) over � > 0 is attained at �� � =
�

p
n � c

�

� 1=p
. Hence

Z

IRn
� ln � dx � G� ( �� � ) � n � ln(� c)

=
n
p

ln
� p

n
� c

�

�

+
n
p

� n � ln(� c)

=
n
p

ln

 
p

nep� 1� p=n
c

� c
�

!

;

for all probability densities� on IRn , such that supp� � 
, and � 2 W 1;1 (IRn ).

Corollary 2.2 (Optimal Euclideanp-Log Sobolev inequality)
Z

IRn
j f jp ln(j f jp) dx �

n
p

ln
�

Cp

Z

IRn
j r f jp dx

�

; (26)

holdsfor all p � 1, and for all f 2 W 1;p(IRn ) suchthat k f kp = 1, where

Cp :=

8
>>>><

>>>>:

�
p
n

� �
p� 1

e

� p� 1
� � p

2

�
�( n

2 +1)
�( n

q +1)

� p
n

if p > 1;

1
n

p
�

h
�( n

2 + 1)
i 1

n if p = 1;

(27)

and q is the conjugateof p ( 1
p + 1

q = 1).

For p > 1, equality holds in (26) for f (x) = K e� � q j x � �x j q

q for some� > 0 and �x 2 IRn ,

where K =
� R

IRn e� (p� 1)j �x jq dx
� � 1=p

.
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Pro of: First assumethat p > 1, and set c(x) = (p� 1)j x jq and � = j f jp in (23), where
f 2 C1

c (IRn ) and k f kp = 1. We have that c?(x) = j x jp

pp , and then,
R

IRn �c �
�
� r �

�

�
dx =

R
IRn j r f jp dx. Therefore,(23) readsas

Z

IRn
j f jp ln(j f jp) dx �

n
p

ln

 
p

nep� 1� p=n
c

Z

IRn
j r f jp dx

!

: (28)

Now, it su�ces to note that

� c :=
Z

IRn
e� (p� 1)j x jq dx =

�
n
2 �

�
n
q + 1

�

(p � 1)
n
q �

�
n
2 + 1

� : (29)

To prove the casewherep = 1, it is su�cien t to apply the above to p� = 1 + � for
somearbitrary � > 0. Note that

Cp� =
� 1 + �

n

� � �
e

� �

� � 1+ �
2

"
�( n

2 + 1)
�( n�

1+ � + 1)

# 1+ �
n

;

so that when � go to 0, we have

lim
� ! 0

Cp� =
1

n
p

�

�

�
� n

2
+ 1

�� 1
n

= C1:

2.2 Sobolev and Gagliardo-Niren berg inequalities

Corollary 2.3 (Gagliardo-Nirenberg inequalities)
Let 1 < p < n and r 2

�
0; np

n� p

�
such that r 6= p. Set 
 := 1

r + 1
q, where 1

p + 1
q = 1.

Then, for any f 2 W 1;p(IRn ) we have

kf kr � C(p;r )kr f k�
p kf k1� �

r 
 ; (30)

where � is given by
1
r

=
�
p�

+
1 � �

r 

; (31)

p� = np
n� p and where the best constant C(p;r ) > 0 can be obtained by scaling.

Pro of: Let F (x) = x 



 � 1 , where 1 6= 
 > 1 � 1
n , which follows from the fact that

p 6= r 2
�
0; np

n� p

�
. For this valueof 
 , the function F satis�es the conditions of Theorem

1.1. Let c(x) = r 

q j x jq so that c� (x) = 1

p(r 
 )p� 1 j x jp, and set V = W = 0. Inequality (3)
then givesfor all f 2 C1

c (IRn ) such that k f kr = 1,
 

1

 � 1

+ n

! Z

IRn
j f jr 
 �

r 

p

Z

IRn
j r f jp � H PF (� 1 ) + C1 : (32)
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where� 1 = hr
1 satis�es

�r h1 (x) = xj x jq� 2h
r
p (x) a.e.; (33)

and whereC1 insuresthat
R

hr
1 = 1. The constants on the right hand side of (32) are

not easyto calculate, so one can obtain � and the best constant by a standard scaling
procedure.Namely, write (32) as

r 

p

kr f kp
p

kf kp

r

�

 
1


 � 1
+ n

!
kf kr 


r 


kf kr 


r

� H PF (� 1 ) � C1 =: C; (34)

for someconstant C. Then apply (34) to f � (x) = f (�x ) for � > 0. A minimization over
� givesthe required constant.

The limiting casewhere r is the critical Sobolev exponent r = p� = np
n� p (and then


 = 1 � 1
n ) leadsto the Sobolev inequalities:

Corollary 2.4 (Sobolev inequalities)
If 1 < p < n, then for any f 2 W 1;p(IRn ),

k f kp� � C(p;n)k r f kp (35)

for someconstant C(p;n) > 0.

Pro of: It follows directly from (32), by using 
 = 1 � 1
n and r = p� .

Note that the scalingargument cannot be usedhere to compute the best constant
C(p;n) in (35), sincek r f � kp

p = � p� nk r f kp
p and k f � kp

r = � p� nk f kp
r scalethe same

way in (34). Instead, onecan proceeddirectly from (32) to have that

k f kp� = 1 �

 
r 


p [H PF (� 1 ) � C1 ]

! 1=p

k r f kp =

 
p� (n � 1)

np [H PF (� 1 ) � C1 ]

! 1=p

k r f kp;

which shows that

C(p;n) =

 
p� (n � 1)

np [H PF (� 1 ) � C1 ]

! 1=p

; (36)

where� 1 = hp�

1 =
�

p�

nq j x jq � C1
n� 1

� � n
is obtained from (33), and C1 can be found using

that � 1 is a probability density,

C1 = (1 � n)

2

4
Z

IRn

 
p�

nq
j x jq + 1

! � n

dx

3

5

p=n

: (37)
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3 Optimal geometric inequalities

3.1 HWBI inequalities

We now establishHWBI inequalitiesrelating the total energyof two arbitrary probabil-
it y densities,their Wassersteindistance,their barycenters and their entropy production
functional, and we deduceextensionsof various powerful inequalities by Gross [18],
Bakry-Emery[2], Talagrand [26], Otto-Villani [24], Cordero[12]and others.

Theorem 3.1 (HWBI inequality)
Let 
 be an open, bounded and convexsubsetof IRn . Let F : [0; 1 ) ! IR be a di�er en-
tiable function on (0; 1 ) with F (0) = 0 and x 7! xnF (x � n ) convexand non-increasing,
and let PF (x) := xF 0(x) � F (x) be its associated pressure function. Let U : IRn ! IR
be a C2-con�nement potential with D 2U � �I , and let W be an even C2-interaction
potential with D 2W � � I where �; � 2 IR. Then we havefor all probability densities� 0

and � 1 on 
 satisfying supp� 0 � 
 and PF (� 0) 2 W 1;1 (
) ,

HF;W
U (� 0j� 1) � W2(� 0; � 1)

q
I 2(� 0j� U ) �

� + �
2

W 2
2 (� 0; � 1) +

�
2

jb(� 0) � b(� 1)j2: (38)

The proof of Theorem3.1 relieson the following proposition.

Prop osition 3.1 Under the above hypothesison 
 and F , let U;W : IRn ! IR be C2-
functions with D 2U � �I and D 2W � � I , where �; � 2 IR, and W is even. Then for
any � > 0, we havefor all probability densities� 0 and � 1 on 
 , satisfying supp� 0 � 
 ,
and PF (� 0) 2 W 1;1 (
) ,

HF;W
U (� 0j� 1) +

1
2

(� + � �
1
�

)W 2
2 (� 0; � 1) �

�
2

jb(� 0) � b(� 1)j2 �
�
2

I 2(� 0j� U ); (39)

Pro of: Use(1) with c(x) = 1
2� j x j2, V = U � c and � = � � 1

� to obtain

HF;W
U (� 0j� 1) +

1
2

(� + � �
1
�

)W 2
2 (� 0; � 1) +

�
2

jb(� 0) � b(� 1)j2 (40)

� H� nPF ;2x�r W
c+ r (U� c)�x (� 0) +

Z



� 0c� (�r (F 0(� 0) + U � c + W ? � 0)) dx:

By elementary computations, we have
Z



� 0c� (�r (F 0 � � 0 + U � c + W ? � 0)) dx

=
�
2

Z



� 0

�
�
� r (F 0(� 0) + U + W ? � 0)

�
�
�
2

dx +
1

2�

Z



� 0j x j2 dx �

Z



� 0x � r (F 0(� 0)) dx

�
Z



� 0x � r U dx �

Z



� 0x � r (W ? � 0) dx;

and

H� nPF ;2x�r W
c+ r (U� c)�x (� 0) = � HnPF (� 0) +

Z



� 0x � r (W ?� 0) dx +

Z



� 0x � r U dx �

1
2�

Z



j x j2� 0 dx:
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By combining the last 2 identities, we can rewrite the right hand sideof (40) as

H� nPF ;2x�r W
c+ r (U� c)�x (� 0) +

Z



� 0c� (�r (F 0 � � 0 + U � c + W ? � 0)) dx

=
�
2

Z



� 0j r (F 0(� 0) + U + W ? � 0) j2 dx �

Z



� 0x � r (F 0 � � 0) dx �

Z



nPF (� 0) dx

=
�
2

Z



� 0j r (F 0(� 0) + U + W ? � 0) j2dx +

Z



div (� 0x)F 0(� 0) dx �

Z



nPF (� 0) dx

=
�
2

Z



� 0

�
�
� r (F 0(� 0) + U + W ? � 0)

�
�
�
2

dx + n
Z



� 0F 0(� 0) dx +

Z



x � r F (� 0) dx

�
Z



nPF (� 0) dx

=
�
2

Z



� 0

�
�
� r (F 0(� 0) + U + W ? � 0)

�
�
�
2
dx +

Z



x � r F (� 0) dx + n

Z



F � � 0 dx

=
�
2

Z



� 0

�
�
� r (F 0(� 0) + U + W ? � 0)

�
�
�
2

dx: (41)

Inserting (41) into (40), we conclude(39).

Pro of of Theorem 3.1: To establishthe HWBI inequality (38), we rewrite (39) as

HF;W
U (� 0j� 1) +

� + �
2

W 2
2 (� 0; � 1) �

�
2

jb(� 0) � b(� 1)j2

�
1

2�
W 2

2 (� 0; � 1) +
�
2

I 2(� 0j� U ); (42)

then minimize the right hand side of (42) over � > 0. The minimum is obviously
achieved at �� = W2(� 0 ;� 1)p

I 2(� 0 j � U )
. This yields (38).

Setting W = 0 (and then � = 0) in Theorem 3.1, we obtain in particular, the
following HWI inequality �rst establishedby Otto-Villani [24] in the caseof the classical
entropy F (x) = x ln x, and extendedlater on, for generalizedentropy functions F by
Carillo, McCann and Villani in [9].

Corollary 3.2 (HWI inequalities [9])
Under the hypothesison 
 and F in Theorem 3.1, let U : IRn ! IR be a C2-function
with D 2U � �I , where � 2 IR. Then we havefor all probability densities� 0 and � 1 on

 , satisfying supp� 0 � 
 , and PF (� 0) 2 W 1;1 (
) ,

HF
U (� 0j� 1) � W2(� 0; � 1)

q
I (� 0j� U ) �

�
2

W 2
2 (� 0; � 1): (43)

If U + W is uniformly convex (i.e., � + � > 0) inequality (39) yields the following
extensionsof the Log-Sobolev inequality:

Corollary 3.3 (Log-Sobolev inequalities with interaction potentials)
In addition to the hypothesison 
 , F , U and W in Theorem 3.1, assume� + � > 0.
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Then for all probability densities� 0 and � 1 on 
 , satisfying supp� 0 � 
 , and PF (� 0) 2
W 1;1 (
) , we have

HF;W
U (� 0j� 1) �

�
2

jb(� 0) � b(� 1)j2 �
1

2(� + � )
I 2(� 0j� U ): (44)

In particular, if b(� 0) = b(� 1), we havethat

HF;W
U (� 0j� 1) �

1
2(� + � )

I 2(� 0j� U ): (45)

Furthermore, if W is convex, then we havethe following inequality, established in [9]

HF;W
U (� 0j� 1) �

1
2�

I 2(� 0j� U ): (46)

Pro of: (44) follows easily from (39) by choosing � = 1
� + � , and (46) follows from (44),

using � = 0 becauseW is convex.

In particular, setting W = 0 in Corollary 3.3, oneobtains the following generalized
Log-Sobolev inequality obtained in [10], and in [13] for generalizedcost functions.

Corollary 3.4 (GeneralizedLog-Sobolev inequalities [10], [13])
Assumethat 
 and F satisfy the assumptionsin Theorem 3.1, and that U : IRn ! IR is
a C2- uniformly convexfunction with D 2U � �I , where � > 0. Then for all probability
densities� 0 and � 1 on 
 , satisfying supp� 0 � 
 , and PF (� 0) 2 W 1;1 (
) , we have

HF
U (� 0j� 1) �

1
2�

I 2(� 0j� U ): (47)

One can also deducethe following generalizationof Talagrand's inequality. We note
in particular that when W = 0, the result below is obtained previously by Blower [4],
Otto-Villani [24] and Bobkov-Ledoux [5] for the Tsallis entropy F (x) = x ln x, and by
Carillo-McCann-Villani [9] for generalizedentropy functions F .

Corollary 3.5 (GeneralizedTalagrand Inequality with interaction potentials)
In addition to the hypothesison 
 , F , U and W in Theorem 3.1, assume� + � > 0.
Then for all probability densities� on 
 , we have

� + �
2

W 2
2 (�; � U ) �

�
2

jb(� ) � b(� U )j2 � HF;W
U (� j� U ): (48)

In particular, if b(� ) = b(� U ), we havethat

W2(�; � U ) �

vu
u
t 2HF;W

U (� j� U )
� + �

: (49)

Furthermore, if W is convex, then the following inequality established in [9] holds:

W2(�; � U ) �

vu
u
t 2HF;W

U (� j� U )
�

: (50)

Pro of: (48) follows from (39) if we use� 0 := � U , � 1 := � , notice that I 2(� U j� U ) = 0, and
then let � go to 1 . (50) follows from (48), wherewe use� = 0 becauseW is convex.
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3.2 Gaussian inequalities

Proposition 3.1 applied to F (x) = x ln x when W = 0, yields the following extensionof
Gross' Log-Sobolev inequality establishedby Bakry and Emery in [2]. First, we state
the following HWI-t ype inequality from which we deduceOtto-Villani's HWI inequality
[24], and the Log-Sobolev inequality of Gross[18] and Bakry-Emery [2].

Corollary 3.6 Let U : IRn ! IR be a C2-function with D 2U � �I where � 2 IR,
and denoteby � U the normalized Gaussian e� U

� U
, where � U =

R
IRn e� U dx. Then for any

� > 0, the following holds for any nonnegative function f such that f � U 2 W 1;1 (IRn )
and

R
IRn f � U dx = 1:

Z

IRn
f ln(f ) � Udx +

1
2

(� �
1
�

)W 2
2 (f � U ; � U ) �

�
2

Z

IRn

j r f j2

f
� Udx: (51)

Pro of: First assumethat f hascompactsupport, and setF (x) = x ln x, � 0 = f � U ; � 1 =
� U and W = 0 in (39). We have that

H F
U (f � U j� U ) +

1
2

(� �
1
�

)W 2
2 (f � U ; � U ) �

�
2

Z

IRn

�
�
�
r (f � U )

f � U
+ U

�
�
�
2
f � U dx: (52)

By direct computations,
r (f � U )

f � U
=

r f
f

� r U; (53)

and

HF;W
U (f � U j� U ) �

Z

IRn
[f � U ln(f � U ) + Uf � U � � U ln � U � U� U ] dx (54)

=
Z

IRn
(f � U ln f ) dx + ln � U

Z

IRn
(� U � f � U ) dx

=
Z

IRn
f ln(f )� U dx:

Combining (52) - (54), we get (51). We �nish the proof usinga standard approximation
argument.

Corollary 3.7 (Otto-Villani's HWI inequality [24])
Let U : IRn ! IR be a C2-uniformly convex function with D 2U � �I , where � > 0,
and denoteby � U the normalized Gaussian e� U

� U
, where � U =

R
IRn e� U dx. Then, for any

nonnegative function f suchthat f � U 2 W 1;1 (IRn ) and
R

IRn f � U dx = 1,
Z

IRn
f ln(f )� U dx � W2(� U ; f � U )

q
I (f � U j� U ) �

�
2

W 2
2 (f � U ; � U ); (55)

where

I (f � U j� U ) =
Z

IRn

j r f j2

f
� U dx:
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Pro of: It is similar to the proof of Theorem3.1. Rewrite (51) as
Z

IRn
f ln(f )� U dx +

�
2

W 2
2 (f � U ; � U ) �

�
2�

W 2
2 (f � U ; � U ) +

�
2

I (f � U j� U );

and show that the minimum over � > 0 of the right hand side is attained at �� =
W2 (f � U ;� U )p

I (f � U j � U )
.

Now, setting f := g2 and � := 1
� in (55), one obtains the following extension of

Gross' [18] Log-Sobolev inequality �rst establishedby Bakry and Emery in [2].

Corollary 3.8 (Original Log Sobolev inequality [2], [18])
Let U : IRn ! IR be a C2-uniformly convex function with D 2U � �I where � > 0,

and denoteby � U the normalized Gaussian e� U

� U
, where � U =

R
IRn e� U dx. Then, for any

function g suchthat g2� U 2 W 1;1 (IRn ) and
R

IRn g2� U dx = 1, we have
Z

IRn
g2 ln(g2) � Udx �

2
�

Z

IRn
j r g j2 � U dx: (56)

As pointed out by Rothaus in [25], the above Log-Sobolev inequality implies the
Poincar�e's inequality.

Corollary 3.9 (Poincar�e's inequality)
Let U : IRn ! IR be a C2-uniformly convex function with D 2U � �I where � > 0,
and denoteby � U the normalized Gaussian e� U

� U
, where � U =

R
IRn e� U dx. Then, for any

function f suchthat f � U 2 W 1;1 (IRn ) and
R

IRn f � U dx = 0, we have
Z

IRn
f 2� U dx �

1
�

Z

IRn
j r f j2� U dx: (57)

Pro of: From (56), we have that
Z

IRn
f � ln(f � ) � U dx �

1
2�

Z

IRn

j r f � j2

f �
� U dx; (58)

wheref � = 1 + �f for some� > 0. Using that
R

IRn f � U dx = 0, we have for small � ,
Z

Rn
f � ln(f � )� U dx =

� 2

2

Z

IRn
f 2� U dx + o(� 3); (59)

and Z

IRn

j r f � j2

f �
� U dx = � 2

Z

IRn
j r f j2� U dx + o(� 3): (60)

We combine (58) - (60) to have that
Z

IRn
f 2� U dx �

1
�

Z

IRn
j r f j2� U dx + o(� ): (61)

We let � go to 0 in (61) to conclude(57).

If we apply Corollary 3.5 to F (x) = x ln x when W = 0, we obtain the following
extensionof Talagrand's inequality establishedby Otto and Villani in [24].
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Corollary 3.10 (Original Talagrand's inequality [26], [24])
Let U : IRn ! IR be a C2-uniformly convex function with D 2U � �I where � > 0,
and denoteby � U the normalized Gaussian e� U

� U
, where � U =

R
IRn e� U dx. Then, for any

nonnegative function f suchthat
R

IRn f � U dx = 1, we have

W2(f � U ; � U ) �

s
2
�

Z

IRn
f ln(f )� U dx: (62)

In particular, if f = II B

 (B ) for some measurablesubset B of IRn , where d
 (x) =

� U (x)dx and II B is the characteristic function of B , we obtain the following inequality
in the concentration of measuresin Gaussspace,�rst proved by Bobkov and G•otze in
[6].

Corollary 3.11 (Concentration of measureinequality [6])
Let U : IRn ! IR be a C2-uniformly convex function with D 2U � �I where � > 0,

and denoteby 
 the normalized Gaussianmeasure with density � U = e� U

� U
, where � U =

R
IRn e� U dx. Then, for any � -neighborhood B � of a measurableset B in IRn , we have


 (B � ) � 1 � e
� �

2

�
� �

q
2
� ln( 1


 ( B ) )
� 2

; (63)

where � �
r

2
� ln

�
1


 (B )

�
.

Pro of: Using f = f B = II B

 (B ) in (62), we have that

W2(f B � U ; � U ) �

vu
u
t 2

�
ln

 
1


 (B)

!

;

and then, we obtain from the triangle inequality that

W2(f B � U ; f IRn nB � � U ) �

vu
u
t 2

�
ln

 
1


 (B)

!

+

vu
u
t 2

�
ln

 
1

1 � 
 (B � )

!

: (64)

But sincej x � y j � � for all (x; y) 2 B � (IRnnB � ), we have that

W2(f B � U ; � U ) � �: (65)

We combine (64) and (65) to deducethat

ln

 
1

1 � 
 (IRnnB � )

!

�
�
2

0

@� �

vu
u
t 2

�
ln

 
1


 (B)

! 1

A

2

;

which leadsto (63).
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4 Trends to equilibrium

We useCorollary 3.4 and Corollary 3.5 to recover rates of convergencefor solutions to
equation

8
><

>:

@�
@t = div f � r (F 0(� ) + V + W ? � )g in (0; 1 ) � IRn

� (t = 0) = � 0 in f 0g � IRn ;
(66)

recently shown by Carillo, McCann and Villani in [9]. Here we considerthe casewhere
V + W is uniformly convex and W convex, and the casewhen only V + W is uniformly
convex but the barycenter b(� (t)) of any solution � (t; x) of (66) is invariant in t. For a
background and other casesof convergenceto equilibrium for this equation,we refer to
[9] and the referencestherein.

Corollary 4.1 (Trend to equilibrium)
Let F : [0; 1 ) ! IR be strictly convex,di�er entiable on (0; 1 ) and satis�es F (0) = 0,
limx!1

F (x)
x = 1 , and x 7! xnF (x � n ) is convexand non-increasing. Let V; W : IRn !

[0; 1 ) be respectively C2-con�nement and interaction potentials with D 2V � �I and
D 2W � � I , where �; � 2 IR. Assumethat the initial probability density � 0 has �nite
total energy. Then

(i). If V + W is uniformly convex(i.e., � + � > 0) and W is convex(i.e. � � 0), then,
for any solution � of (66), suchthat HF;W

V (� (t)) < 1 , we have:

HF;W
V (� (t)j� V ) � e� 2�t HF;W

V (� 0j� V ); (67)

and

W2 (� (t); � V ) � e� �t

s
2HF;W

V (� 0j� V )
�

: (68)

(ii). If V + W is uniformly convex(i.e., � + � > 0) and if weassumethat the barycenter
b(� (t)) of any solution � (t; x) of (66) is invariant in t, then, for any solution � of
(66) suchthat HF;W

V (� (t)) < 1 , we have:

HF;W
V (� (t)j� V ) � e� 2(� + � )t HF;W

V (� 0j� V ); (69)

and

W2 (� (t); � V ) � e� 2(� + � )t

vu
u
t 2HF;W

V (� 0j� V )
� + �

: (70)

Pro of: Under the assumptionson F , V and W in Corollary 4.1, it is known (see[9],
and referencestherein) that the total energy HF;W

V { which is a Lyapunov functional
associated with (66) { hasa unique minimizer � V de�ned by

� V r (F 0(� V ) + V + W ? � V ) = 0 a.e.
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Now, let � be a { smooth { solution of (66). We have the following energydissipation
equation

d
dt

HF;W
V (� (t)j� V ) = � I 2 (� (t)j� V ) : (71)

Combining (71) with (46), we have that

d
dt

HF;W
V (� (t)j� V ) � � 2� HF;W

V (� (t)j� V ) : (72)

We integrate (72) over [0; t] to conclude(67). (68) follows directly from (50) and (67).
To prove (69), we use(71) and (45) to have that

d
dt

HF;W
V (� (t)j� V ) � � 2(� + � )HF;W

V (� (t)j� V ) : (73)

We integrate (73) over [0; t] to conclude(69). As before, (70) is a consequenceof (69)
and (49).

Below, we apply Corollary 4.1 to obtain ratesof convergenceto equilibrium for some
equationsof the form (66) studied in the literature by many authors.

Examples :

� If W = 0 and F (x) = x ln x in which case(66) is the linear Fokker-Planck equation
@�
@t = � � + div(� r V ), Corollary 4.1 givesan exponential decay in relative entropy
of solutions of this equation to the Gaussiandensity � V = e� V

� V
; � V =

R
IRn e� V dx,

at the rate 2� when D 2V � �I for some� > 0, and an exponential decay in the
Wassersteindistance,at the rate � .

� If W = 0, F (x) = xm

m� 1 where 1 6= m � 1 � 1
n , and V(x) = � j x j2

2 for some
� > 0, in which case(66) is the rescaledporousmedium equation (m > 1), or fast
di�usion equation (1 � 1

n � m < 1), that is @�
@t = � � m + div(�x� ), Corollary 4.1

givesan exponential decay in relative entropy of solutions of this equation to the

Barenblatt-Prattle pro�le � V (x) =
� �

C + � (1� m)
2m j x j2

� 1
m � 1

� +

(where C > 0 is such

that
R

IRn � (x) dx = 1) at the rate 2� , and an exponential decay in the Wasserstein
distanceat the rate � .

5 A remark able dualit y

In this section,we apply Theorem1.1 whenV = W = 0, to obtain an intriguing duality
between ground state solutions of somequasilinear PDEs and stationary solutions of
Fokker-Planck type equations.
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Corollary 5.1 Let 
 � IRn be open, bounded and convex, let F : [0; 1 ) ! IR be
di�er entiable on (0; 1 ) such that F (0) = 0 and x 7! xnF (x � n ) be convex and non-
increasing. Let  : IR ! [0; 1 ) di�er entiable be chosenin such a way that  (0) = 0
and j  

1
p (F 0 �  )0j = K where p > 1, and K is chosento be 1 for simplicity. Then, for

any Youngfunction c with p-homogeneousLegendre transform c� , we havethe following
inequality:

supf�
Z



F (� )+ c� ; � 2 Pa(
) g � inf f

Z



c� (�r f ) � GF �  (f ); f 2 C1

0 (
) ;
Z



 (f ) = 1g

(74)
where GF (x) := (1 � n)F (x) + nxF 0(x).
Furthermore, equality holdsin (74) if there exists �f (and �� =  ( �f )) that satis�es

� (F 0 �  )0( �f )r �f (x) = r c(x) a:e: (75)

Moreover, �f solves

divfr c� (�r f )g � (GF �  )0(f ) = � 0(f ) in 

r c� (�r f ) � � = 0 on @
 ;

(76)

for some� 2 IR, while �� is a stationary solution of

@�
@t = divf � r (F 0(� ) + c)g in (0; 1 ) � 

� r (F 0(� ) + c) � � = 0 on (0; 1 ) � @
 :

(77)

Pro of: Assumethat c� is p-homogeneous,and let Q00(x) = x
1
q F 00(x). Let

J (� ) := �
Z



[F (� (y)) + c(y)� (y)]dy

and
~J (� ) := �

Z



(F + nPF )( � (x))dx +

Z



c� (�r (Q0(� (x))) dx:

Equation (1) (where we useV = W = 0, and then � = � = 0) then becomes

J (� 1) � ~J (� 0) (78)

for all probability densities� 0; � 1 on 
 such that supp� 0 � 
 and PF (� 0) 2 W 1;1 (
).
If �� satis�es

�r (F 0( �� (x))) = r c(x) a.e.;

then equality holds in (78), and �� is an extremal of the variational problems

supf J (� ); � 2 Pa(
) g = inf f ~J (� ); � 2 Pa(
) ; supp� � 
 ; PF (� ) 2 W 1;1 (
) g:

In particular, �� is a solution of

divf � r (F 0(� ) + c)g = 0 in 

� r (F 0(� ) + c) � � = 0 on @
 :

(79)
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Supposenow  : IR ! [0; 1 ) di�erentiable,  (0) = 0 and that �f 2 C1
0 (
) satis�es

� (F 0 �  )0( �f )r �f (x) = r c(x) a.e.Then equality holds in (78), and �f and �� =  ( �f ) are
extremalsof the following variational problems

inf f I (f ); f 2 C1
0 (
) ;

Z



 (f ) = 1g = supf J (� ); � 2 Pa(
) g

where

I (f ) = ~J ( (f )) = �
Z



[F �  + nPF �  ](f ) +

Z



c� (�r (Q0 �  (f ))) :

If now  is such that j  
1
p (F 0 �  )0j = 1, then j (Q0 �  )0j = 1 and

I (f ) = �
Z



[F �  + nPF �  ](f ) +

Z



c� (�r f )) ;

becausec� is p-homogeneous.This proves (74). The Euler-Lagrangeequation of the
variational problem

inf
n Z



c� (�r (f )) � [F �  + nPF �  ](f );

Z



 (f ) = 1

o

readsas

divfr c� (�r f )g � (GF �  )0(f ) = � 0(f ) in 

r c� (�r f ) � � = 0 on @


(80)

where� 2 IR is a Lagrangemultiplier, and G(x) = (1 � n)F (x) + nxF 0(x). This proves
(76). To prove that the maximizer �� of

supf�
Z



(F (� ) + c� ) dx; � 2 Pa(
) g

is a stationary solution of (77), we refer to [19] and [22].
Now, we apply Corollary 5.1 to the functions F (x) = x ln x;  (x) = j x jp and c(x) =

(p � 1)j �x jq, with � > 0 and c� (x) = 1
p

�
�
� x

�

�
�
�
p

and 1
p + 1

q = 1, to derive a duality between
stationary solutions of Fokker-Planck equations, and ground state solutions of some
semi-linear equations. We note here that the condition j  

1
p (F 0 �  ) j = K holds for

K = p. We obtain the following:

Corollary 5.2 Let p > 1 and let q be its conjugate( 1
p + 1

q = 1). For all f 2 W 1;p(IRn ),
such that k f kp = 1, any probability density � such that

R
IRn � (x)jxjqdx < 1 , and any

� > 0, we have
J� (� ) � I � (f ); (81)

where
J� (� ) := �

Z

IRn
� ln (� ) dy � (p � 1)

Z

IRn
j �y jq� (y) dy;
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and

I � (f ) := �
Z

IRn
j f jp ln (j f jp) +

Z

IRn

�
�
�
r f
�

�
�
�
p

� n:

Furthermore, if h 2 W 1;p(IRn ) is suchthat h � 0, k h kp = 1, and

r h(x) = � � qxj x jq� 2h(x) a.e.,

then
J� (hp) = I � (h):

Therefore, h (resp., � = hp) is an extremum of the variational problem:

supf J� (� ) : � 2 W 1;1(IRn ); k � k1 = 1g = inf f I � (f ) : f 2 W 1;p(IRn ); k f kp = 1g:

It followsthat h satis�es the Euler-Lagrangeequationcorrespondingto the constraint
minimization problem, i.e., h is a solution of

� � p� pf + pf j f jp� 2 ln(j f j) = �f j f jp� 2; (82)

where� is a Lagrangemultiplier. On the other hand, � = hp is a stationary solution of
the Fokker-Planck equation:

@u
@t

= � u + div(p� qjxjq� 2xu): (83)

We can alsoapply Corollary 5.1 to recover the duality associated to the Gagliardo-
Nirenberg inequalities obtained recently in [11].

Corollary 5.3 Let 1 < p < n, and r 2
�
0; np

n� p

i
suchthat r 6= p. Set 
 := 1

r + 1
q, where

1
p + 1

q = 1. Then, for f 2 W 1;p(IRn ) such that k f kr = 1, for any probability density �
and for all � > 0, we have

J� (� ) � I � (f ) (84)

where
J� (� ) := �

1

 � 1

Z

IRn
� 
 �

r 
 � q

q

Z

IRn
j y jq� (y)(y) dy;

and

I � (f ) := �

 
1


 � 1
+ n

! Z

IRn
j f jr 
 +

r 

p� p

Z

IRn
j r f jp:

Furthermore, if h 2 W 1;p(IRn ) is suchthat h � 0, k h kr = 1, and

r h(x) = � � qxj x jq� 2h
r
p (x) a.e.,

then
J� (hr ) = I � (h):

Therefore, h (resp., � = hr ) is an extremum of the variational problems

supf J� (� ) : � 2 W 1;1(IRn ); k � k1 = 1g = inf f I � (f ) : f 2 W 1;p(IRn ); k f kr = 1g:
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Pro of: Again, the proof follows from Corollary 5.1, by using now  (x) = j x j r and
F (x) = x 



 � 1, where 1 6= 
 � 1 � 1
n , which follows from the fact that p 6= r 2

�
0; np

n� p

i
.

Indeed, for this value of 
 , the function F satis�es the conditions of Corollary 5.1. The
Young function is now c(x) = r 


q j �x jq, that is, c� (x) = 1
p(r 
 )p� 1

�
�
� x

�

�
�
�
p
, and the condition

j  
1
p (F 0 �  )0j = K holds with K = r 
 .

Moreover, if h � 0 satis�es (75), which is here,

�r h(x) = � qxj x jq� 2h
r
p (x) a.e.;

then h is extremal in the minimization problem de�ned in Corollary 5.3.

As above, we also note that h satis�es the Euler-Lagrangeequation corresponding
to the constraint minimization problem, that is, h is a solution of

� � p� pf +

 
1


 � 1
+ n

!

f j f jr 
 � 2 = �f j f jr � 2; (85)

where� is a Lagrangemultiplier. On the other hand, � = hr is a stationary solution of
the evolution equation:

@u
@t

= � u
 + div(r 
 � qjxjq� 2xu): (86)

Example : In particular, when � = 1; p = 2; 
 = 1 � 1
n and then r = 2� = 2n

n� 2 is the
critical Sobolev exponent, then Corollary 5.3 yields a duality betweensolutionsof (85),
which herethe Yamabe equation:

� � f = �f j f j2
� � 2;

(where � is the Lagrangemultiplier due to the constraint k f k2� = 1), and stationary
solutionsof (86), which is here the rescaledfast di�usion equation:

@u
@t

= � u1� 1
n + div

� 2n � 2
n � 2

xu
�

:
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