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Motivation
● Waves are ubiquitous in the 
oceans and atmosphere (we just 
don't see them in the atmosphere).
● Waves are very fast, and have 
relatively short spatial scales.

Image courtesy of http://personal.maths.surrey.ac.uk/st/T.Bridges/WATERWAVES/

● If these waves are everywhere, 
why don't we hear the weather man 
talking about them, i.e.

The inertial 
gravity waves in 
this area are...



  

Motivation
● Waves are ubiquitous in the 
oceans and atmosphere (we just 
don't see them in the atmosphere).
● Waves are very fast, and have 
relatively short spatial scales.

Image courtesy of http://personal.maths.surrey.ac.uk/st/T.Bridges/WATERWAVES/

● If these waves are everywhere, 
why don't we hear the weather man 
talking about them?

● Because most of us don't care 
what happens on the scale of 
minutes or meters, and it is a little 
hard to capture such scales anyway 
(weather/climate is a global 
problem).

Image courtesy of 
http://sealevel.jpl.nasa.gov/education/classactivities/onlinetutorial/tutorial1/windwaves/



  

Motivation
● Waves are ubiquitous in the 
oceans and atmosphere (we just 
don't see them in the atmosphere).
● Waves are very fast, and have 
relatively short spatial scales.

Image courtesy of http://personal.maths.surrey.ac.uk/st/T.Bridges/WATERWAVES/

● If these waves are everywhere, 
why don't we hear the weather man 
talking about them?

● Because most of us don't care 
what happens on the scale of 
minutes or meters, and it is a little 
hard to capture such scales anyway 
(weather/climate is a global 
problem).

● How do we predict those scales of interest, while 
avoiding these fast, small scales?



  

Some historical perspective



  

Some historical perspective

From P. Lynch 'The origins of computer weather prediction and climate modeling', JCP 2008.

● Removed the 'fast' gravity waves thus allowing for the 1st accurate numerical weather prediction 
model to be developed in the early 1950s.



  

What did Charney et. al. really do?

∂ u⃗
∂ t

+B(u⃗ , u⃗)+1
ϵ
L u⃗=D u⃗

Most evolution equations for GFD are of the form:

Typically L represents rotation and/or stable stratification, and is 
skew-Hermitian (purely imaginary, discrete spectrum) meaning it 
is wave-generating.

What happens if we let        , i.e. the waves get faster and 
faster?

ϵ→0

To avoid this unpleasantry, we can consider information (flow) 
that lives in the kernel of L, so there are no waves.  This is 
equivalent to what Charney & Co. did in the 1950s.

In meteorology this is referred to as an O(1) balance relation, 
and the resultant set of solutions is called the slow manifold.



  

Of slow 'manifolds' and 'balance relations'



  

What's the big deal?

∂ u⃗
∂ t

+B(u⃗ , u⃗)+1
ϵ
L u⃗=D u⃗

This represents a very stiff system.

Time-step is restricted by fast waves, and not advective time-scale.

● If the data lives on the slow manifold, i.e. in the kernel of L (and fast 
waves don't really matter) this restriction vanishes.
● If the slow manifold is invariant, and the initial data is in the kernel of 
L, then numerical models in this space are not restricted by the fast 
waves.



  

Speaking of manifolds

The meteorological definition of the slow manifold likely does not 
coincide with the mathematical one.

Basically it is an invariant region of phase space where there are no 
fast waves.

The biggest difficulty in defining and utilizing the slow manifold is 
that typically the invariance property does not hold.

This means that either the fast waves can influence the slow mean 
flow, or the slow mean flow can spontaneously generate fast waves.



  

Interactions between 'fast' and 'slow'

Slow Fast



  

Spontaneous generation of 'fast' waves

Slow

Fast



  

Spontaneous generation of 'fast' waves



  

Spontaneous generation of 'fast' waves



  

Is the slow manifold truly invariant?
∂ u⃗
∂ t

+B (u⃗ , u⃗)+1
ϵ L u⃗=Du⃗

The theory of cancellation of oscillations was originally pioneered by 
Bogliubov & company, and extended to singular limits of hyperbolic 
problems:

Essentially, a discrete purely imaginary spectrum will generate 
oscillatory terms, that when averaged across (to get the long time 
behavior) will vanish...

lim
τ→∞

1
τ∫

0

τ

ei s ds=0



  

Is the slow manifold truly invariant?
∂ u⃗
∂ t

+B(u⃗ , u⃗)+1
ϵ L u⃗=Du⃗

So long as the nonlinearity is relatively well-behaved...

The theory of cancellation of oscillations guarantees that in the 
infinite limit, the fast waves and the part of the flow living in the kernel 
of L (slow manifold), are completely decoupled.

In reality this never occurs (we live in a 'finite world').

To understand what this means, we need to revisit the cancellation 
of oscillations argument developed by Schochet and others.



  

Cancellation of Oscillations was motivated 
by multiple scales asymptotics

∂ u⃗
∂ t

+1
ϵ Lu⃗+B (u⃗ , u⃗)=Du⃗

To treat the singular limit          , introduce the 'fast' time scale 

Using the ansatz                                                     leads to a reduced, 
averaged equation for               that enforces no secular growth of the 
lower order terms:

ϵ→0 τ= tϵ .

u⃗ (t , τ , x⃗)=e−τ L u⃗0(t , x⃗)+O(ϵ)
u⃗0(t , x⃗)

∂ u⃗0

∂ t
=−lim τ→∞

1
τ∫

0

τ

es L B (e−sL u⃗0,e
−sL u⃗0 )ds+limτ→∞

1
τ∫

0

τ

esL De−sLds u⃗0



  

Multiple time scales and renormalization

∂ u⃗
∂ t

+1
ϵ Lu⃗+B (u⃗ , u⃗)=Du⃗

With different notation, this same reduced system can be found via the 
method of renormalization propagated by Temam et. al..



  

Limiting dynamics and linear algebra

∂ u⃗
∂ t

+1
ϵ Lu⃗+B (u⃗ , u⃗)=Du⃗

To treat the singular limit          , introduce the 'fast' time scale 

Using the ansatz                                                     leads to a reduced, 
averaged equation for               that enforces no secular growth of the 
lower order terms:

ϵ→0 τ= tϵ .

u⃗ (t , τ , x⃗)=e−τ L u⃗0(t , x⃗)+O(ϵ)
u⃗0(t , x⃗)

∂ u⃗0

∂ t
=−lim τ→∞

1
τ∫

0

τ

es L B (e−sL u⃗0,e
−sL u⃗0 )ds+limτ→∞

1
τ∫

0

τ

esL De−sLds u⃗0

It turns out that this is exactly the same as projecting onto the kernel 
of L.



  

Limiting dynamics and linear algebra

∂ u⃗
∂ t

+1
ϵ Lu⃗+B (u⃗ , u⃗)=Du⃗

u⃗=u⃗0+u⃗ '
Define    as the projection onto the kernel of L.  We then 
decompose               , where                                , where     is 
the part of the flow on the slow manifold, and     is everything 
off it (both         fast, and fast and slow        terms).

P
P u⃗0=u⃗0  and P u⃗ '=0 u⃗0

u⃗ '
O (ϵ)O (1)

This allows us to diagnose how the fluctuations (primed 
variables) affect the O(1) slow manifold and vice versa.  The 
theory of cancellation of fast oscillations guarantees that there 
is no interaction between these terms in the infinite limit, but 
what happens when ϵ>0?

Can we clarify how the invariance of the slow manifold fails, 
i.e. is it spontanteous generation of 'fast' waves or is it because 
these 'fast' waves affect the evolution of the mean flow on the 
slow manifold?



  

Returning to geophysical applications:

∂ u⃗
∂ t

+ 1
Ro
L u⃗+B (u⃗ , u⃗)=Du⃗ where u⃗=( v⃗ρ) , D u⃗=(

1
Re

Δ v⃗

1
Pr Re

Δρ)
L u⃗=( ẑ× v⃗+∇ Δ−1 ω+ ẑρ−∇ Δ−1(∂ρ

∂ z )
−w ) , B(u⃗ , u⃗)=( v⃗⋅∇ v⃗−∇ Δ−1 (∇⋅( v⃗⋅∇ v⃗ ))

v⃗⋅∇ρ )

Consider the rotating, stratified Boussinesq equations with equally strong 
rotation and stratification, written in nonlocal form (the pressure is 
eliminated by solving the inherent Poisson problem):



  

Returning to geophysical applications:

Schochet's theory is extended to include this particular quadratic nonlinear 
interaction, i.e. in the limit as the rotation and stratification simultaneously 
dominate, the resultant slow dynamics (quasi-geostrophy) is the rigorously 
justified limiting system.



  

Returning to geophysical applications:

What if the rotation and stratification were not equally strong (fast)?

∂ u⃗
∂ t

+ 1
Ro
K u⃗+ 1

Fr
L u⃗+B(u⃗ , u⃗)=D u⃗ where u⃗=( v⃗ρ) , D u⃗=(

1
Re

Δ v⃗

1
PrRe

Δρ)
K u⃗=( ẑ× v⃗+∇ Δ−1ω

0 ) , L u⃗=( ẑρ−∇ Δ−1(∂ρ
∂ z )

−w ) , B (u⃗ , u⃗ )=( v⃗⋅∇ v⃗−∇ Δ−1 (∇⋅( v⃗⋅∇ v⃗))
v⃗⋅∇ρ )



  

Limiting dynamics and linear algebra for the 
Boussinesq equations:

u⃗=u⃗0+u⃗ '
Define    as the projection onto the kernel of L (or K).  We 
decompose               , where                                , where     is 
the part of the flow on the slow manifold, and     is everything 
off it (both         fast, and fast and slow         terms).

P
P u⃗0=u⃗0  and P u⃗ '=0 u⃗0

u⃗ '
O (ϵ)O (1)

P Ro u⃗=(〈 v⃗H 〉z−∇ HΔH
−1(∇H⋅〈 v⃗H 〉z)

〈w〉z
ρ ) PFr u⃗=(v⃗H−∇HΔH

−1(∇ H⋅v⃗H )
0

〈ρ〉H )
PQG u⃗=(v⃗H− Fr

2

Ro2
ΔQG

−1 ∂2 v⃗H
∂ z2

−ΔQG
−1 (∇H (∇H⋅v⃗H )+

Fr
Ro

∇H×( ẑρ))
ρ− Fr
Ro

ΔQG
−1 (∂ z(∇H×v⃗H ))−ΔQG

−1 ΔH ρ )
where ΔQG=ΔH+

Fr2

Ro2
∂2

∂ z2 .



  

Approaching the Limit: Evolution of the 
dynamics on the slow manifold

1
2
d
dt

∥v⃗HRo∥2

2

= −∫ v⃗HRo⋅〈 [ v⃗ '⋅∇ v⃗ ' ]H 〉z d x⃗

1
2
d
dt

∥wRo∥2

2
= − 1

Fr
∫wRo 〈ρ〉zd x⃗ − ∫wRo 〈 v⃗H '⋅∇H w ' 〉z d x⃗

1
2
d
dt

∥ρ∥2
2 = 1

Fr∫w
Roρd x⃗ + 1

Fr∫w' ρd x⃗

Rapid Rotation

∂ v⃗H
Ro

∂ t
+v⃗H

Ro⋅∇H v⃗H
Ro−∇ HΔH

−1 (∇H⋅( v⃗H
Ro⋅∇ H v⃗H

Ro))− 1
Re

ΔH v⃗H
Ro=−(1−∇ H ΔH

−1 ∇H⋅ ) 〈{ v⃗ '⋅∇ v⃗ ' }H 〉z ,

∇ H⋅v⃗H
Ro=0,

∂wRo

∂ t
+v⃗H

Ro⋅∇ H w
Ro+ 1

Fr
〈ρ〉z−

1
Re
wRo=−〈 v⃗ '⋅∇ w' 〉z ,

∂ρ
∂ t

+v⃗Ro⋅∇ρ− 1
Fr
wRo− 1

Re Pr
Δρ=−v⃗ '⋅∇ ρ+ 1

Fr
w ' .



  

Approaching the Limit: Evolution of the 
dynamics on the slow manifold

1
2
d
dt

∥v⃗HFr∥2

2

=−∫ v⃗HFr⋅[ v⃗ '⋅∇ v⃗ ' ]H d x⃗

1
2
d
dt

∥ρFr∥2

2
=−∫ρFr 〈 v⃗ '⋅∇ρ ' 〉H dz

Strong Stratification

∂ v⃗H
Fr

∂ t
+v⃗H

Fr⋅∇ H v⃗H
Fr+ 1
Ro
ẑ×v⃗H

Fr+∇HΔH
−1( 1
Ro

ωFr−∇ H⋅( v⃗H
Fr⋅∇H v⃗H

Fr))− 1
Re

Δ v⃗H
Fr

=−(1−∇ HΔH
−1 ∇H⋅ ){ v⃗ '⋅∇ v⃗ ' }H ,

∇ H⋅v⃗H
Fr=0,

∂ρFr

∂ t
− 1

Re Pr
∂2ρFr

∂ z2 −〈 v⃗ '⋅∇ρ ' 〉H



  

Approaching the Limit: Evolution of the 
dynamics on the slow manifold

1
2
d
dt

∥ ⃗vH
QG∥2

2

= − Fr
Ro

∫[ ⃗vH
QG⋅ΔQG

−1 [∇H×( ẑ ∂
∂ z

[ ⃗vH
QG⋅∇H ρQG ])]]d x⃗

−∫ [ ⃗vH
QG⋅(1− Fr

2

Ro2 ΔQG
−1 ∂2

∂ z2 ) [ v⃗ '⋅∇ v⃗ ' ]H ]d x⃗ − Fr
Ro∫[ ⃗vH

QG⋅ΔQG
−1 [∇H×( ẑ ∂

∂ z
[ v⃗ '⋅∇ρ ' ])]]d x⃗

1
2
d
dt

∥ρQG∥2

2
= Fr
Ro

∫ [ρQGΔQG
−1 ∂

∂ z
( ⃗vH
QG⋅∇HωQG )]d x⃗

−∫ [ρQG (1−ΔQG
−1 ΔH ) v⃗ '⋅∇ρ ' ] d x⃗ + Fr

Ro
∫ [ρQGΔQG

−1 (∇H×[ v⃗ '⋅∇ v⃗ ' ]H )] d x⃗

Quasi-Geostrophy
∂ ⃗vH

QG

∂ t
+ ⃗vH

QG⋅∇ H
⃗vH
QG−Bu2ΔQG

−1 ∂2∂ z2 ( ⃗vH
QG⋅∇H

⃗vH
QG )

−ΔQG
−1 (∇H (∇H⋅

⃗vH
QG⋅∇H

⃗vH
QG )−Bu∇H×( ẑ ∂

∂ z [ ⃗vH
QG⋅∇ρQG ]))− 1

Re
Δ ⃗vH

QG

=−{ v⃗ '⋅∇ v⃗ ' }+ΔQG
−1 (∇ H (∇H⋅{ v⃗ '⋅∇ v⃗ ' }H )−Bu∇H×( ẑ ∂

∂ z
{ v⃗ '⋅∇ρ ' }))+Bu2 ΔQG

−1 ∂2

∂ z2 { v⃗ '⋅∇ v⃗ ' }H

∂ρQG

∂ t
+ ⃗vH

QG⋅∇ρQG−BuΔQG
−1 ∂

∂ z
( ⃗vH
QG⋅∇ HωQG )−ΔQG

−1 ΔH ( ⃗vH
QG⋅∇ρQG )− 1

Re Pr
ΔρQG

=− v⃗ '⋅∇ρ '+BuΔQG
−1 ∂

∂ z (∇ H×{ v⃗ '⋅∇ v⃗ ' }H )+ΔQG
−1 ΔH ( v⃗ '⋅∇ρ ' )



  

What to do with this information?
This is the 21st Century, and I used to work for a DOE Lab...so

Direct Numerical Simulations (DNS) of the rotating, stratified 
Boussinesq system.



  

What to do with this information?

Direct Numerical Simulations (DNS) of the rotating, stratified 
Boussinesq system.

● 512^3 simulations for a variety of Ro and Fr #s.
● Force the density (density and horizontal momentum are 
decoupled on the slow manifold for Ro=0, or Fr=0).
● Large scale forcing for Ro->0 limit, and small scale forcing for 
Fr->0 and QG limits.
● Modeled dissipation to ensure longer range of attainable 
scales.



  

Rapidly rotating: exchanges in energy
1
2
d
dt

∥v⃗HS∥2

2

= −∫ v⃗HS⋅〈 [ v⃗ '⋅∇ v⃗ ' ]H 〉z d x⃗

1
2
d
dt

∥wS∥2

2
= − 1

Fr
∫wS 〈ρ〉z d x⃗ − ∫wS 〈 v⃗H '⋅∇ H w' 〉z d x⃗

1
2
d
dt

∥ρ∥2
2 = 1

Fr
∫wS ρd x⃗ + 1

Fr
∫w' ρd x⃗



  

Rapidly rotating: Exchanges in Energy
1
2
d
dt

∥v⃗HRo∥2

2

= −∫ v⃗HRo⋅〈 [ v⃗ '⋅∇ v⃗ ' ]H 〉z d x⃗

1
2
d
dt

∥wRo∥2

2
= − 1

Fr
∫wRo 〈ρ〉zd x⃗ − ∫wRo 〈 v⃗H '⋅∇H w ' 〉zd x⃗

1
2
d
dt

∥ρ∥2
2 = 1

Fr∫w
Roρd x⃗ + 1

Fr∫w' ρd x⃗



  

Approaching the limit of rapid rotation: where does 
all the energy go?

● Recall that the energy is inserted into the potential for these simulations, and then sent 
to both slow and fast parts of the flow.
● Yet, everything moves onto the slow manifold, even for moderately small Ro (Ro<0.5).
● Does this indicate that the slow manifold is attracting?



  

Strongly stratified: where does the energy go?

∥v⃗∥2
2

∥v⃗Fr∥2

2



  

Strongly stratified: where does the energy go?

∥ρ∥2
2

∥ρFr∥2

2



  

Strongly stratified: where does the energy go?

1
2
d
dt

∥v⃗HFr∥2

2

=−∫ v⃗HFr⋅[ v⃗ '⋅∇ v⃗ ' ]H d x⃗

1
2
d
dt

∥ρFr∥2

2
=−∫ρFr 〈 v⃗ '⋅∇ρ ' 〉H dz



  

Simultaneously strong stratification and rapid 
rotation: what about the energy?

∥ ⃗vQG∥2

2

∥v⃗∥2
2 ∥ρQG∥2

2
∥ρ∥2

2



  

Simultaneously strong stratification and rapid 
rotation: what about the energy?

1
2
d
dt

∥ ⃗vH
QG∥2

2

= − Fr
Ro

∫[ ⃗vH
QG⋅ΔQG

−1 [∇H×( ẑ ∂
∂ z

[ ⃗vH
QG⋅∇HρQG ])]]d x⃗

−∫ [ ⃗vH
QG⋅(1− Fr

2

Ro2 ΔQG
−1 ∂2

∂ z2 ) [ v⃗ '⋅∇ v⃗ ' ]H ]d x⃗ − Fr
Ro∫[ ⃗vH

QG⋅ΔQG
−1 [∇H×( ẑ ∂

∂ z
[ v⃗ '⋅∇ρ ' ])]]d x⃗

1
2
d
dt

∥ρQG∥2

2
= Fr
Ro

∫ [ρQGΔQG
−1 ∂

∂ z
( ⃗vH
QG⋅∇HωQG )]d x⃗

−∫ [ρQG (1−ΔQG
−1 ΔH ) v⃗ '⋅∇ρ ' ] d x⃗ + Fr

Ro
∫ [ρQGΔQG

−1 (∇H×[ v⃗ '⋅∇ v⃗ ' ]H )] d x⃗

This

is a bit of a mess, so the only message we really 
get is that the energy off the slow manifold does 
not grow in time, apparently remaining bounded.



  

SO WHAT?

● All 3 limits appear to have a bounded amount of 
energy in the 'fast' component of the flow.

● Although the forcing is applied to the density, 
the potential energy is bounded.

● The limit of rapid rotation and weak stratification 
has a very distinctive movement of energy.

● Apparently the fluctuations act as a conduit to 
move energy onto the 'slow manifold'.
● Is there some connection here to the attractor?



  

On 'fast waves' and the slow manifold:
3 different 'slow manifolds' for 1 system?

This brings up another question:

While the O(1) fast waves cannot influence the O(1) slow dynamics, 
these simulations indicate that the higher order 'fast' part of the flow 
acts as a conduit to move energy onto the O(1) slow manifold as kinetic 
energy.

From P. Lynch 'The origins of computer weather prediction and climate modeling', JCP 2008.



  

Are such waves truly meteorologically 
unimportant?

A reduced model that considers only the O(1) slow manifold will 'miss' 
the influence of the higher order 'fast' variables, which may be an 
important forcing of the slow system.

In other words, the part of the flow living off the O(1) slow manifold is 
important and provides more than just a dissipative effect.

Were we asking the wrong question before?  It is true that the slow 
manifold can spontaneously generate fast waves, but it appears that 
these fast waves also have a nontrivial influence on the dynamics on 
the slow manifold, i.e. their influence should not be ignored.



  

If the fast part of the flow really matters, are 
these 3 limits all we need to worry about?

● We need further testing of the assumptions we used in the 
DNS, however beyond that...

● Ro and Fr are dependent on time and space.

● We need to understand the transitions between these limits.

● How does the slow manifold change with Ro and Fr?



  

Returning to the Boussinesq equations:

What if the rotation and stratification were not equally strong (fast)?

∂ u⃗
∂ t

+ 1
δ K u⃗+

1
ϵ L u⃗+B(u⃗ , u⃗ )=Du⃗ where u⃗=( v⃗ρ) , D u⃗=(

1
Re

Δ v⃗

1
PrRe

Δρ)
K u⃗=( ẑ× v⃗+∇ Δ−1ω

0 ) , L u⃗=( ẑρ−∇ Δ−1( ∂ρ
∂ z )

−w ) , B (u⃗ , u⃗)=( v⃗⋅∇ v⃗−∇ Δ−1 (∇⋅( v⃗⋅∇ v⃗ ))
v⃗⋅∇ ρ )



  

Singular limits of a single 'fast' time scale

Considers distinguished limits when either δ=O (1) or ϵ=O(1).

But what happens if ϵ→0, δ→0 and δ
ϵ≠O (1)?



  

Singular limits of two distinct 'fast' time scales

∂ u⃗
∂ t

+1
δ K u⃗+

1
ϵ L u⃗+B(u⃗ , u⃗)=D u⃗

Allow δ=ϵp  for some integer p .

Introduce the 2 fast time scales τ= tϵ ,α= tδ  and consider the ansatz

u⃗ (t , x⃗)=u⃗0(t , τ ,α , x⃗)+ϵ u⃗1(t , τ ,α , x⃗)+O (ϵ2 ) .

Using this ansatz, and matching terms of each order implies that:

O ( 1

ϵ p−q ):
∂ u⃗q
∂α +L u⃗q=0 ⇒ u⃗q(t , τ ,α , x⃗)=e

−α L ̂⃗uq(t , τ , x⃗)

for all q=0,... , p−2.

The final 2 terms (up to O(1)) yield:

O ( 1
ϵ ) : ∂ ⃗u p−1

∂α +L ⃗u p−1+
∂ u⃗0

∂ τ +K u⃗0=0

O (1 ) :
∂ u⃗ p
∂α +L u⃗ p+

∂ u⃗1

∂ τ +K u⃗1+
∂ u⃗0

∂ t
+B(u⃗0, u⃗0)−D u⃗0=0.



  

Singular limits of two distinct 'fast' time scales
∂ u⃗
∂ t

+1
δ K u⃗+

1
ϵ L u⃗+B(u⃗ , u⃗)=D u⃗

u⃗q(t , τ ,α , x⃗)=e
−α L ̂⃗uq(t , τ , x⃗)for all q=0,. .. , p−2.

O ( 1
ϵ ) : ∂ u⃗ p−1

∂α +L u⃗ p−1+
∂ u⃗0

∂ τ +K u⃗0=0

⇒ eα L u⃗ p−1=u⃗ p−1 |α=0−α
∂ ̂⃗u0

∂ τ −(∫
0

α

esLK e−sL ds) ̂⃗u0 .

u⃗ (t , x⃗)=u⃗0(t , τ ,α , x⃗)+ϵ u⃗1(t , τ ,α , x⃗)+O (ϵ2 ) .

To ensure the ansatz remains valid, we must force u⃗ p−1  to not have 
secular growth in α .

This leads to the requirement that 
∂ ̂⃗u0

∂ τ =−( 1
α∫

0

α

e sLKe−sLds) ̂⃗u0 .



  

Singular limits of two distinct 'fast' time scales
∂ u⃗
∂ t

+1
δ K u⃗+

1
ϵ L u⃗+B(u⃗ , u⃗)=D u⃗

u⃗q(t , τ ,α , x⃗)=e
−α L ̂⃗uq(t , τ , x⃗)for all q=0,. .. , p−2.

u⃗ (t , x⃗)=u⃗0(t , τ ,α , x⃗)+ϵ u⃗1(t , τ ,α , x⃗)+O (ϵ2 ) .

∂ ̂⃗u0

∂ τ =−( 1
α∫

0

α

esL Ke−sLds) ̂⃗u0  needs to be true to avoid secular growth,

particularly for large α , i.e.
̂⃗u0(t , τ , x⃗)=e

−τM u⃗0( t , x⃗) where M=limα →∞ M (α)

and M (α)= 1
α∫

0

α

esLK e−sLds .

Inserting this back into the O ( 1
ϵ ) equation  leads to

u⃗ p−1(t , τ ,α , x⃗)=e
−α L ̂u⃗ p−1(t , τ , x⃗)+α e−α L (M−M (α)) e−τM u⃗0(t , x⃗)



  

Singular limits of two distinct 'fast' time scales
∂ u⃗
∂ t

+1
δ K u⃗+

1
ϵ L u⃗+B(u⃗ , u⃗)=D u⃗

u⃗q(t , τ ,α , x⃗)=e
−α L ̂⃗uq(t , τ , x⃗)for all q=0,. .. , p−2.

u⃗ (t , x⃗)=u⃗0(t , τ ,α , x⃗)+ϵ u⃗1(t , τ ,α , x⃗)+O (ϵ2 ) .

u⃗0(t , τ ,α , x⃗)=e
−α L e−τM u⃗0(t , x⃗)

u⃗ p−1(t , τ ,α , x⃗)=e
−α L ̂u⃗ p−1(t , τ , x⃗)+α e−α L (M−M (α))e−τM u⃗0(t , x⃗)

O(1) leads to :

eα L u⃗ p= ̂⃗u p−α
∂ ̂⃗u1

∂ τ −αM (α) ̂⃗u1−(∫
0

α

esL e−τM e−sLds) ∂ u⃗0

∂ t

−∫
0

α

e sLB (e−τM e−sL u⃗0,e
−τM e−sL u⃗0 )ds+(∫

0

α

esL De−τM e−sLds) u⃗0



  

Singular limits of two distinct 'fast' time scales
O(1) leads to :

eα L u⃗ p= ̂⃗u p−α
∂ ̂⃗u1

∂ τ −αM (α) ̂⃗u1−(∫
0

α

esL e−τM e−sLds) ∂ u⃗0

∂ t

−∫
0

α

e sLB (e−τM e−sL u⃗0,e
−τM e−sL u⃗0 )ds+(∫

0

α

esL De−τM e−sLds) u⃗0

To avoid secular growth of u⃗ p  in α :

e τM ̂⃗u1=u⃗1−τ
∂ u⃗0

∂ t
−∫

0

τ

eβM [limα→∞
1
α∫

0

α

e sL B (e−βM e−sL u⃗0,e
−βM e−sL u⃗0 )ds]d β

+(∫0
τ

eβM [ limα→∞
1
α∫

0

α

esLDe−βM e−sLds]d β) u⃗0.

Where this is highly dependent on the fact that M  and L  commute.



  

Singular limits of two distinct 'fast' time scales

Avoiding secular growth of u⃗ p  in α
and ̂⃗u1  in τ  leads to the O(1) slow evolution equation:

∂ u⃗0

∂ t
=−limτ→∞ limα→∞

1
τα∫

0

τ

∫
0

α

eβM e sLB (e−βM e−sL u⃗0, e
−βM e−sL u⃗0 )ds d β+D u⃗0

where D=limτ→∞ limα→∞
1
τα∫

0

τ

∫
0

α

eβM esLDe−βM e−sLds d β .

This works for δ=ϵ
p
q

where p>q  by a simple re-definition of the parameters, i.e.
this yields the O(1) slow equations whenever δ→0 at a faster rate than ϵ→0.

This is a double averaging over both fast time scales, but the order is important.

The same result can be achieved via the renormalization method but
the algebra is far more complicated.



  

Singular limits of two distinct 'fast' time scales

∂ u⃗0

∂ t
=−lim τ→∞ limα→∞

1
τ α∫

0

τ

∫
0

α

eβM e sL B (e−βM e−sL u⃗0,e
−βM e−sL u⃗0 )dsd β+D u⃗0

where D=limτ→∞ limα→∞
1
τα∫

0

τ

∫
0

α

eβM esLDe−βM e−sLds d β .

∂ u⃗
∂ t

+1
δ K u⃗+

1
ϵ L u⃗+B(u⃗ , u⃗)=D u⃗

Using a change of variables motivated by this multiple time scale approach,
 we can use Schochet's theory of cancellation of oscillations to show that the

solution to this system (under suitable restrictions on the nonlinearity and 
regularity of the solution) satisfies:

u⃗ (t , x⃗)=e
−t
ϵ M e

−t
δ L u⃗0(t , x⃗)+o(1)

so long as the limits δ→0 and ϵ→0 can be taken consecutively,
where δ→0 prior to ϵ→0.



  

Returning to the rotating, stratified Boussinesq 
system: the limiting system, i.e. SO WHAT?

∂ v⃗H
Ro

∂ t
+v⃗H

Ro⋅∇ H v⃗H
Ro+∇H p

Ro= 1
Re

ΔH v⃗H
Ro ,

∇ H⋅v⃗H
Ro=0,

∂wRo

∂ t
+ v⃗H

Ro⋅∇ H w
Ro+ 1

Fr
〈ρ〉z=

1
Re
wRo ,

∂ρ
∂ t

+ v⃗Ro⋅∇ρ− 1
Fr
wRo= 1

Re Pr
Δρ ,

v⃗H
Ro=〈 v⃗H 〉z , wRo=〈w 〉z .

Rapid rotation with weak 
stratification

∂ v⃗H
S

∂ t
+ v⃗H

S⋅∇ v⃗H
S +∇H p

S= 1
Re

Δ v⃗H
S ,

∇ H⋅v⃗H
S =0,

∂wS

∂ t
+v⃗H

S⋅∇ wS= 1
Re

ΔH w
S ,

∂ρS

∂ t
+ v⃗S⋅∇ρS= 1

Re Pr
ΔρS ,

v⃗H
S =〈 v⃗H 〉z , wS=〈w 〉z−〈w 〉 , ρS=ρ−〈ρ〉 .

Rapid rotation dominating strong 
stratification



  

Returning to the rotating, stratified Boussinesq 
system: the limiting system, i.e. SO WHAT?

Strong stratification with weak 
rotation

Strong stratification dominating 
rapid rotation

∂ v⃗H
Fr

∂ t
+v⃗H

Fr⋅∇H v⃗H
Fr+ 1
Ro
ẑ×v⃗H

Fr+∇ H p
Fr= 1

Re
Δ v⃗H

Fr ,

∇ H⋅v⃗H
Fr=0,

∂ρFr

∂ t
= 1

Re Pr
∂2ρFr

∂ z2 ,

ρFr=〈ρ〉H .

∂ v⃗H
S

∂ t
+v⃗H

S⋅∇H v⃗H
S +∇ H p

S= 1
Re

Δ v⃗H
S ,

∇H⋅v⃗H
S =0,

∂ρS

∂ t
= 1

Re Pr
∂2ρS

∂ z2 ,

v⃗H
S = v⃗H−〈vH 〉−〈 v⃗H 〉H , ρS=〈ρ〉H .



  

Singular limits of two distinct 'fast' time scales

In any case, whether rotation dominates stratification or stratification 
dominates rotation, the O(1) slow limiting system is NOT quasi-
geostrophy.  Geophysically there is more going on, particularly when 
dealing with the entire globe.



  

At the end of the day

● The invariance (or lack thereof) of the slow manifold goes 2 
ways:

● The slow manifold can spontaneously generate fast waves 
off of it.

● Fast waves may act as a source for the dynamics on the 
slow manifold, and should not be ignored!

● When more than one fast time scale is present, there are 
several limiting systems (slow manifolds). Not everything is QG!



  

Thank You!



  

Approaching the limit of Fast Rotation: what does 
it look like?
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