-

Lower semicontinuity for signed
functionals with linear growth in the

context of A-quasiconvexity

CMU 08/09/11

Margarida Baia, Milena Chermisi, José Matias, PMS

|

Awvar camicantiniity for cianed fiinctionale with linear arowth in the cantevt of A _Ariaciconveyity C M lJ 08 /Oq / 1 1 —_n 1/17



The functional

- -
1) = [ Sl da+ [ 1 ( djljj;) i

® ( open bounded subset of RY

where

# ;. Is a bounded Radon measure

o= pa(x)dr + pis

® f:R?— Ris . A-quasiconvex (Lipschitz continuous) and
It has linear growth

FE)] < 1+ ¢€])

L.o fo°(&) := lim sup;_, o @ (is also .A-quasiconvex) J
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Lower semicontinuity

-

with respect to
Hn iﬂ in M
1n| = A such that A(0Q) =0

Apin = 0()

I _17 L
(*) Or more generally Ap,, — 0In W9 for some 1 < ¢ < 35—
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A-quasiconvexity

- N

N
A=Y AW 5’?1:@- (ADare m x d matrices)
1=1

with constant rank, i.e., there exists » € N such that

N
rank (Z A(i)w@) —r
1=1

for all w € RY \ {0}

Example A = curl
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Previous results (p = 1)

- N

# A-quasiconvexity: weak-star convergence and the gap;

Fonseca, Leoni and Mduller (f > 0, just the absolutely
continuous part)

# Relaxation of signed integrals in BV; Kristensen and
Rindler (A = curl)
etc...
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A-quasiconvex functions

- N

f(a) < /Qf(a + w(x)) dx () = unitary cube

. TRd _ —
where w € Ly . (RY;RY), Aw =0, [ow =0

A-gquasiconvex functions are convex in the directions of the
characteristic cone (Murat, Tartar)

N
C = {)\ c R%: Jw e RV \ {0} (Zm%i) \ = 0}

1=1
LExampIe: A = curl, C =rank-one directions J
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Projections

-

fProposition 0.1. (Fonseca and Muller) Let 1 < g < 00. There exists a
projection operator

P:LL, — L
such that
® )\P’=P
® i)AP =0
® i) ||u — Pul|;e < C||Aul|jp-1.4

Qper

q = 1 there Is no projection proposition...
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Consequence of A-quasiconvexity

- N

lim inf / Flwn(2)) dz > f(a)
Q
for every {w,} C LY(Q) such that
w, —a in M
lw,| = A such that A(OQ) =0

N
N —1
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Aw, — 0 in W14 forsome 1 < g <




Proof

N

t Is enough to consider regular sequences, i.e.,
liminf I(wy,) > I(p)

for {w,} C C° with
wy, — o in M
w,| = A such that A(0Q) =0

N
N —1
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Aw,, — 0 in W4 forsome 1 < g <




thus

We have
—C(1+ |p]) A< C(1+A)])

(recall w, — pu,|w,| = A)
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Proof

-

lim I(w,) = lm A, (2) = A(Q)

dA
/dﬁN $+/d|us| ie] +

where )\, is singular wr to £V + ||

As )\, > 0 we have

d\
m () =M@ > [ et [ Sl

o
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Proof

-

fThus to get the Isc result it is enough to prove the pointwise
estimates

di—)\N(x) > f(uq(x)) fora.e. z € Q

d\ dpts
:c2f°0< :c)for/ﬁ-a.e.a:eﬂ
D= e )
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Proof

A

bsolutely continuous part

dA - A(Q(z0; 7))
agv'™) = p T
o Jataar Sun(e
n,k T]]{V

i [ o e

Thus
Un e (Y) = wn(zo + 1Y) = pa(2o)
Land then it is enough to use the A-quasiconvexity of f J
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Proof

-

Singular part

dA («TO) _ hm )\(Q(CCO,Tk))
d|ps] B s (Q(zo; 7))

n d
— i fQ(:co ) f(wn(z)) dx
n,k ‘MS‘ an Tk))

= hm/fk Un.k(Y)) dy

| U i(y) = 2 “ r(not a constant) »
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Proof

-

Singular part
T = Vg |T]

Using the equation Ar = 0 we can prove that

-If vy, ¢ C then 7 = vy, = d‘fﬁz‘ (z9) (constant)

- If v, € Cthen 7 = 7(z.w!, z.w?, .., z.w') where w', i =1, ..,1
IS an orthonormal basis for the space of vectors = such that

N
Z A(i)zi Vg = 0
1=1
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Proof

-

Singular part

Extend by periodicity = (keeping the equation!!!!) to all RY
and then average to get a constant.
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Curl
B o

A = curl

In the singular part
T = Du

where v = ap(z.w) where ¢ € BV.
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