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Goals:
@ to use multiscale geometry (structured deformations) to provide a
continuum description of elastic aggregates

@ to identify compact and loose phases for a broad class of elastic
aggregates

@ to describe moving interfaces that separate loose and compact phases
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Examples:

@ paperback book
@ "powder snow"
@ sand

@ roll of paper towels

Features:

@ Aggregate in loose phase
deforms easily (absence of
friction between pieces)

o Aggregate in compact
phase is stiff (presence of
friction between pieces)

@ Interfaces between the
phases are easily produced

@ Loose phase often appears
in narrow bands in
constrained aggregates
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Tools for modelling aggregates/granular materials such as sand:

@ classical continuum mechanics: aggregate is a "(visco)-plastic body"

(stability, flow)

Capriz, G., Giovine, P., Mariano, P.M. (editors) Models of Granular
Materials, Lecture Notes in Mathematics, No. 1937, Springer, Berlin,
Heidelberg (2008)
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Tools for modelling aggregates/granular materials such as sand:
@ classical continuum mechanics: aggregate is a "(visco)-plastic body"
(stability, flow)

@ statistical mechanics: aggregate consists of colliding particles
(dynamics, avalanches)

@ discrete mechanics: aggregate is a deterministic system of deformable
bodies (submacroscopic texture)

@ continua with microstructure: aggregate is a continuum with
additional fields reflecting submacroscopic structure

Capriz, G., Giovine, P., Mariano, P.M. (editors) Models of Granular
Materials, Lecture Notes in Mathematics, No. 1937, Springer, Berlin,
Heidelberg (2008)
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Continuum mechanics based on multiscale geometry
Structured motions: (g, G) : B xR — & x LinV

e B C & .. .reference configuration of the body

Approximation Theorem: (Del Piero & Owen-1993) For each t there
exists n — f,(-, t) injective and piecewise smooth such that

lim f,(-.t) =g(-,t), nlmon,,(-, t)=G(-t).

n—-aoo

Corollary: M(-, t) is a limit of averages of [f,](:,t) ® V.
[fa]...jump in £,

Choksi & Fonseca (1997)... SBV versions (without Accomodation
Inequality and injectivity)
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@ g(- t) ... macroscopic deformation at time t (smooth, injective)
@ G(-, t)... deformation without disarrangements at time t (smooth)
e 0 <detG(X,t) <detVg(X,t) .. Accomodation Inequality
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Approximation Theorem: (Del Piero & Owen-1993) For each t there
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(Classical) Elasticity: (X, t) = ¥.(Vg(X,t))...Helmholtz free energy

@ M:=Vg— G =0 (no deformation due to disarrangements)

Elasticity with disarrangements: (Deseri & Owen - 2003)
P(X,t) =Y(G(X,t), M(X, 1))
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Elasticity with purely dissipative disarrangements
p(X, 1) =¥(G(X 1))

«"Disarrangements do not contribute to the energy stored in the body."

o S=Dc¥

NOTE: "S = 0" is a solution of (cr), (di), (fi)
"M = 0" is a solution of (cr), (di), (fi), (ai)
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e DY MT™ =0 ...consistency relation (cr)

e DY -M>0 ..dissipation inequality (di)

o sk(DcYMT) =0 ...frame-indifference (fi) -redundant!-

@ 0 <detG <detVg ..Accomodation Inequality (ai)

NOTE: "S = 0" is a solution of (cr), (di), (fi)
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Elasticity with purely dissipative disarrangements
As above: (X, t) =¥(G(X, 1))
Assumptions on the Helmholtz free energy response ¥':

@ VY is of class C? on Lin™ (smoothness)

Consequence of a Theorem of Mizel -1999: There exists (,,;, > 0 such that

min ¥(G) = min¥(1) = ¥ (Cyn)

Gelint
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Elasticity with purely dissipative disarrangements
As above: (X, t) =¥(G(X, 1))
Assumptions on the Helmholtz free energy response ¥':
@ VY is of class C? on Lin"™ (smoothness)
e ¥(QG) =Y(G) =¥(GQ) forall G € Lin" and Q € Orth ...
frame-indifference and isotropy
0 DY (A) - (udv) <¥(A+u®v)—"¥(A) forall A€ Lin™,
u,v €V .. .rank-one convexity
0 lim|g|—o Y(G) = limger—0 ¥(G) = +oo ...growth
Consequence of a Theorem of Mizel -1999: There exists (,,;, > 0 such that
min ¥(6) = min¥(Z1) = ¥(Zn!)-

Gelint
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g ... given macroscopic deformation with gﬁﬂn < detVg
Q@ ... any rotation-valued field
Loose phase for g : (&8 Cmin Q)

° minGELirfr ‘P(G) - min§>0‘F(§l) - III(émin/) = ‘Y(gminQ)

Submacroscopic view via the Approximation Theorem: Each
injective, piecewise smooth f, (with £, = g, Vf, = ., Q) divides B into
non-overlapping pieces that undergo approximately

We may think of the body in the loose phase for g as an aggregate
that deforms according to g with pieces that deform according to f,.
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g ... given macroscopic deformation with gﬁﬂn < detVg
Q@ ... any rotation-valued field
Loose phase for g : (8, Cmin Q)
° minGELin+ ‘IJ(G) = min§>0‘P(gl) = lII(gminl) = ‘Y(gmin Q)
5= DG‘Y(gminQ) =0
o M=Vg—_{_.inQ does not vanish identically in the loose phase, in
general.

Submacroscopic view via the Approximation Theorem: Each
injective, piecewise smooth f, (with f, = g, Vf, = (., Q) divides B into
non-overlapping pieces that undergo approximately

@ pure dilatations of amount ;.

@ rotations corresponding to the field Q, and

@ translations that do not cause interpenetration of the pieces.

We may think of the body in the loose phase for g as an aggregate
that deforms according to g with pieces that deform according to f,.
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g .... given macroscopic deformation
Compact phase for g: (g, Vg)

@ Whether or not the macroscopic deformation g satisfies
3. < det Vg, the classical deformation (g, Vg) satisfies the

Accomodation Inequality

Submacroscopic view of (g, Vg) via the Approximation Theorem:
Take f, = g for every n. Submacroscopic and macroscopic views agree at
all stages of approximation.

We may think of the body in the compact phase for g as an
aggregate in which both the pieces and the aggregate deform
according to g.
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g .... given macroscopic deformation
Compact phase for g: (g, Vg)
@ Whether or not the macroscopic deformation g satisfies
3. < det Vg, the classical deformation (g, Vg) satisfies the
Accomodation Inequality

e S=Ds¥(Vg) #0, in general.

e M =Vg— Vg =0 in the compact phase: no submacroscopic slips
or formation of voids arise via (g, Vg).

Submacroscopic view of (g, Vg) via the Approximation Theorem:
Take f, = g for every n. Submacroscopic and macroscopic views agree at
all stages of approximation.

We may think of the body in the compact phase for g as an
aggregate in which both the pieces and the aggregate deform
according to g.
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g .... given macroscopic deformation
Compact phase for g: (g, Vg)...no disarrangements; available for every

g
Field relations all are satisfied identically (with equality) except for:

° p,g =div(Ds¥(Vg))+ b ...balance of linear momentum
NOTE: ¢ =S-Vg ...no internal dissipation.
Loose phase for g: (g,(,in @) ... energy minimizer; disarrangements;

phase is available if volume change for g is large enough
Field relations all are satisfied identically (with equality) except for:

NOTE:  =0=S-Vg ...no internal dissipation
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GOAL: To study moving interfaces that separate the loose and compact
phases of elastic aggregates.
A first step:

@ for special deformations in the compact phase, chosen so that shock
waves are absent, identify planar interfaces t = t(X) in B X R that
can separate the loose and compact phases

This step is best carried out by broadening the field equations to include
the First and Second Laws of Thermodynamics and by allowing material
response functions to depend on the temperature field as well as the
deformation fields.
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o for special deformations in the compact phase, chosen so that shock
waves are absent, identify planar interfaces t = #(X) in B x R that
can separate the loose and compact phases

o find sufficient conditions on the free energy response in order that
"loose-to-compact" transitions occur, or that "compact-to-loose"
transitions occur, or that "reversible" transitions occur.

@ compare the deformations and velocities in the contiguous phases

This step is best carried out by broadening the field equations to include
the First and Second Laws of Thermodynamics and by allowing material
response functions to depend on the temperature field as well as the
deformation fields.
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@ (g,G): BxR — &£ x LinV ... structured motion

standard form divergence form (b = 0)
pog =divS+b divs(S, —po&) = b
¢=S-Vg—divg+r diV4(—STg+q,e+%p0\g\2—b-g):r
i >~ div($) + § diva($.1) = §
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e (g,G): BxR — & x LinV ... structured motion
@ 0: BxR — R" .. .temperature

standard form divergence form (b = 0)
pog =divS+b diva(S, —pyg) = b
¢=S-Vg—divg+r diV4(—STg+q,e+%p0\g\2—b-g):r
i >~ div($) + § diva($.1) = §
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e (g,G): BxR — & x LinV ... structured motion
@ 0:BxR— R" .. .temperature

@ ¢: Bx R — R ... internal energy (per unit volume in B)
standard form divergence form (b = 0)
pog =divS+b diva(S, —pyg) = b
¢=S5-Vg—divg+r diV4(—STg+q,8+%p0\g\2—b-g):r
= —div(§) + g dive(§.77) = 5
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° (g,G): BxR — & x LinV ... structured motion
e 0:BxR — R" ...temperature
@ ¢: BXxR — R ... internal energy (per unit volume in B)

e 7 :BxR — R .. entropy (per unit volume in B)

standard form divergence form (b = 0)
pog =divS+b diva(S, —pyg) = b
¢=S-Vg—divg+r diV4(—STg+q,e+%p0\g\2—b-g):r
i >~ div($) + § diva($.1) = §
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° (g,G): BxR — & x LinV ... structured motion

e 0:BxR — R" ...temperature

@ ¢: BXxR — R ... internal energy (per unit volume in B)
e 7:BxR — R .. entropy (per unit volume in B)

@ ¢ : B xR — R ... Helmholtz free energy (per unit volume in B)
with p = ¢ — 0y

standard form divergence form (b = 0)
pog =divS+b diva(S, —pyg) = b
¢=S-Vg—divg+r diV4(—STg+q,e+%p0\g\2—b-g):r
i >~ div($) + § diva($.1) = §
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e (g,G): BxR — & x LinV ... structured motion

e 0:BxR — R" ...temperature

@ ¢: BXxR — R ... internal energy (per unit volume in B)

e 7:BxR — R .. entropy (per unit volume in B)

e ¢ : B xR — R ... Helmholtz free energy (per unit volume in B)
with p = ¢ — 0y

@ g: BXxR —V .. heat flux

standard form divergence form (b = 0)
pog =divS+b diva(S, —pyg) = b
¢=S-Vg—divg+r diV4(—STg+q,e+%p0\g\2—b-g):r
> —div(§) + § diva($ 1) > §
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e (g,G): BxR — & x LinV ... structured motion

e 0:BxR — R" ...temperature

@ ¢: BXxR — R ... internal energy (per unit volume in B)

e 7:BxR — R .. entropy (per unit volume in B)

e ¢ : B xR — R ... Helmholtz free energy (per unit volume in B)
with p =& — 0y

@ g: BxR —V .. heat flux

@ r: BXxR — R ... external radiation field (per unit volume in )
standard form divergence form (b = 0)
pog =divS+b diva(S, —pyg) = b

¢=S5-Vg—divg+r diV4(—STg+q,e+%p0\g\2—b-g):r
> —div(§) + 5 diva(§.1) > §
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Constitutive assumptions:

@ 1, € are functions of G, 6, and so therefore is 7 = (¢ — 1) /6

NOTE:

In what follows, we'll assume the temperature field is constant, so that

and, consequently, the Second Law becomes DgV¥ - M > 0, which is
satisfied with equality in both the loose and compact phases.
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Constitutive assumptions:

e 1, € are functions of G, 6, and so therefore is 7 = (¢ — 1) /6
@ g is a function of G, 0, V6 that vanishes when V@ vanishes

NOTE:

In what follows, we'll assume the temperature field is constant, so that
Vo=0=gq, 6=0,

and, consequently, the Second Law becomes DgV¥ - M > 0, which is
satisfied with equality in both the loose and compact phases.
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Constitutive assumptions:

e 1, € are functions of G, 6, and so therefore is 7 = (¢ — 1) /6
@ g is a function of G, 8, V6 that vanishes when V8 vanishes
© S=Dg¥, 1= —Dg¥ where Y is the response function for ¢

NOTE:

In what follows, we'll assume the temperature field is constant, so that
Vo=0=gq, 6=0,

and, consequently, the Second Law becomes DgV¥ - M > 0, which is
satisfied with equality in both the loose and compact phases.
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Constitutive assumptions:

e 1, € are functions of G, 6, and so therefore is 7 = (¢ — 1) /6
@ g is a function of G, 8, V6 that vanishes when V0 vanishes
© S=Dg¥, n=—Dg¥ where ¥ is the response function for ¢

NOTE:

@ Second Law is equivalent to Dg¥ - M — q'e?’ > 0.

In what follows, we'll assume the temperature field is constant, so that
Vo=0=gq, 6=0,

and, consequently, the Second Law becomes DgV¥ - M > 0, which is
satisfied with equality in both the loose and compact phases.
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Constitutive assumptions:

e 1, € are functions of G, 6, and so therefore is 7 = (¢ — 1) /6
@ g is a function of G, 8, V6 that vanishes when V0 vanishes
© S=Dg¥, n=—Dg¥ where ¥ is the response function for ¢

NOTE:

@ Second Law is equivalent to Dg¥ - M — q-eys > 0.
Q@ ¢e=YY—-0DyY , so that ¥ and the heat-flux response function

determine all the others.

In what follows, we'll assume the temperature field is constant, so that
Vo=0=gq, 6=0,

and, consequently, the Second Law becomes DgV¥ - M > 0, which is
satisfied with equality in both the loose and compact phases.
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Jump conditions on a parametric space-time hypersurface Z:
X — (X, (X)) with orientation given by the space-time normal field

— (=Vi(X),1).

Assume that the motion

e is determined by the compact phase (gc, Vgc) for a macroscopic
motion g. on one side of 7

[ X)) = pol&](X, (X)) = 0
[(=ST&)](X.2(X)) - (= VX)) + [+ 300 |&]* = b- ] (X, }(X)) = 0
[7](X, (X)) = 0

(Terms involving g drop out, since ¢ = 0 = [g| from assumption that 6 is
a constant field.)
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Jump conditions on a parametric space-time hypersurface Z:
X — (X, (X)) with orientation given by the space-time normal field

— (=Vi(X),1).

Assume that the motion

e is determined by the compact phase (g., Vg.) for a macroscopic
motion g. on one side of 7

minl) for a macroscopic motion

@ is determined by the loose phase (g, {
gy on the opposite side, so that

[ X)) = pol&](X, (X)) = 0
[(=ST&)](X.2(X)) - (= VX)) + [+ 300 |&]* = b- ] (X, }(X)) = 0
[7](X, (X)) = 0

(Terms involving g drop out, since ¢ = 0 = [g| from assumption that 6 is
a constant field.)
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Special assumptions on g. and gy: both are homogeneous motions
composed with a (time-dependent) translation:

o g(X,t)=Xo+ F(I+¢&a®@n)(X —Xp) + tvy + %b
Additional assumptions:

Conclusions:
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Special assumptions on g. and gy: both are homogeneous motions
composed with a (time-dependent) translation:

o (X, t) = Xo+ F(I+&a®n)(X = Xo) + tvy + 5-b
o gC(X,t) :X0+F(/+€C3®n)(X—XO)+tvc+%b

Additional assumptions:

Conclusions:
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Special assumptions on g. and gy: both are homogeneous motions
composed with a (time-dependent) translation:

o (X, t) = Xo+ F(I+&a@n)(X = Xo) + tv + 5-b
0 g.(X,t) =Xo+ F(I +.a®n)(X — Xo) + tve + %b
Additional assumptions:
o Radiation r vanishes; temperature 6 and body force b are constants.

Conclusions:
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Special assumptions on g. and gy: both are homogeneous motions
composed with a (time-dependent) translation:

o (X, t) = Xo+ F(I+&a@n)(X = Xo) + tv + 5-b
0 g.(X,t) =Xo+ F(I +.a®n)(X — Xo) + tve + %b
Additional assumptions:
@ Radiation r vanishes; temperature € and body force b are constants.

Conclusions:

@ All the field relations (including 1st and 2nd laws) are satisfied in
compact phase
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Special assumptions on g. and gy: both are homogeneous motions
composed with a (time-dependent) translation:

o (X, t) = Xo+ F(I+&a@n)(X = Xo) + tv + 5-b
0 g.(X,t) =Xo+ F(I +.a®n)(X — Xo) + tve + %b
Additional assumptions:
@ Radiation r vanishes; temperature € and body force b are constants.

Conclusions:

o All the field relations (including 1st and 2nd laws) are satisfied in
compact phase

@ All the field relations (including 1st and 2nd laws) are satisfied in the
loose phase except for the Accomodation Inequality:

3. <detVg =detF(1+&a-n).

min
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Special assumptions on g. and gy: both are homogeneous motions
composed with a (time-dependent) translation:

o (X, t) = Xo+ F(I+&a@n)(X = Xo) + tv + 5-b

0 g.(X,t) =Xo+ F(I +.a®n)(X — Xo) + tve + %b
Additional assumptions:

@ Radiation r vanishes; temperature € and body force b are constants.
Conclusions:

o All the field relations (including 1st and 2nd laws) are satisfied in
compact phase

@ All the field relations (including 1st and 2nd laws) are satisfied in the
loose phase except for the Accomodation Inequality:

3. <detVgy =detF(1+¢&a-n).

@ The only possible source of dissipation is the motion of the phase
boundary Z; = {X € B | t(X) = t} in the reference configuration.
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Implications of the jump conditions
Among the implications of the jump conditions when t is affine are:

@ The phase boundary Z; in the reference configuration has normal n,
and, if b # 0, the traction Dg¥(F(/ 4+ {.a® n),0)n on the phase
boundary is a linear combination of Fa and Fa X b.
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Implications of the jump conditions
Among the implications of the jump conditions when t is affine are:

@ The phase boundary Z; in the reference configuration has normal n,
and, if b # 0, the traction Dg¥(F(/ 4+ {.a® n),0)n on the phase
boundary is a linear combination of Fa and Fa X b.

@ Let N, , be the bounded, possibly singleton interval of numbers ¢
such that Dg¥(F(/ +¢.a®n),0)n-Fa=0. For{. & Nan, ¢,
determines &, & = \Vfrl, and v, — v;, e.g.,

b b (Dg¥)cn- Fa '
where ¥ :=Y(F(/ +¢.a®n),0), etc. and ¥y = ¥({,,i, 1. 0), etc.
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Implications of the jump conditions
Among the implications of the jump conditions when t is affine are:

@ The phase boundary Z; in the reference configuration has normal n,
and, if b # 0, the traction D¢¥Y(F(/ + ¢.a® n),0)n on the phase
boundary is a linear combination of Fa and Fa X b.

@ Let N, , be the bounded, possibly singleton interval of numbers ¢
such that Dg¥(F(/ +¢.a®n),0)n-Fa=0. For{. & Nan, ¢,
determines &, E = |[V#| ™!, and vc — v, e.g.,

_x 2(¥c —0(Dg¥)c) —2(Yy — 0(DoY)y)
Se =6 (Dg¥)cn- Fa !
where ¥ :=Y¥(F(I +¢.,a®n),0), etc. and ¥y =¥ (i1, 0), etc.
@ If a loose-to-compact transition occurs, i.e, (—V#(X), 1) points into
the compact phase, then (Dy¥). < (Dg¥), (reverse for
compact-to-loose transition; equality for a "reversible" transition).
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Implications of the jump conditions
Among the implications of the jump conditions when t is affine are:

@ The phase boundary Z; in the reference configuration has normal n,
and, if b # 0, the traction D¢¥Y(F(/ + ¢.a® n),0)n on the phase
boundary is a linear combination of Fa and Fa X b.

@ Let N, , be the bounded, possibly singleton interval of numbers ¢
such that Dg¥(F(/ +¢.a®n),0)n-Fa=0. For{. & Nan, ¢,
determines &, E = |[V#| ™!, and vc — v, e.g.,

_x 2(¥c —0(Dg¥)c) —2(Yy — 0(DoY)y)
Se =6 (Dg¥)cn- Fa !
where ¥ :=Y¥(F(I +¢.,a®n),0), etc. and ¥y =¥ (i1, 0), etc.

o If a loose-to-compact transition occurs, i.e, (—V#(X), 1) points into
the compact phase, then (Dg'¥). < (Dg'¥), (reverse for
compact-to-loose transition; equality for a "reversible" transition).

@ The Accomodation Inequality in the loose phase takes the form:

Cmin _ {g _2(Ye —6(Dp¥)c) —2(¥ — 6<sz>}
c .

omin 1 < 5.
detF =" (Dc¥ )en - Fa
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Sufficient conditions for a loose-to-compact transition
Assume

@ The closed interval
Napn :={¢. | DcY(F(I +¢.a®n),0)n-Fa=0} is a singleton
{Co}-

Then there exists an open interval | of the form (¢, — J,¢,) or
(&g, &y + J) such that for every ¢, € | the body admits a moving planar
interface that transforms material in the loose phase (gy, {,,in!), With

(Ye—60(Dyg¥)c) —2(¥p —60(Dg¥)y) '

2
Co=6e~ (Dg¥c)n- Fa

into the compact phase (gc, Vgc). Moreover, lim_ |§,| = oo, so that
¢ %0

there is a drastic reduction in the level of deformation as a material point

is transformed from the loose phase to the compact phase.
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Sufficient conditions for a loose-to-compact transition
Assume

@ The closed interval
Nap :={E. | Dc¥(F(I+¢.a®n),0)n-Fa=0} is a singleton
{Go}-

o DRY(F(I 4202 1),0) < D (], 6)

Then there exists an open interval | of the form (¢, — J,¢,) or
(&g, &y + J) such that for every ¢, € | the body admits a moving planar
interface that transforms material in the loose phase (gy, {,,in!), With

(Ye—60(Dyg¥)c) —2(¥p —60(Dg¥)y) '

2
Co=6e~ (D¥c)n- Fa

into the compact phase (gc, Vgc). Moreover, lim_ |§,| = oo, so that
¢ %0

there is a drastic reduction in the level of deformation as a material point
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Sufficient conditions for a loose-to-compact transition
Assume

@ The closed interval
Nap :={E. | Dc¥(F(I+¢.a®n),0)n-Fa=0} is a singleton
{Go}-

° DG‘F(F(I +Coa®”):9) < Dﬁw(gminl'e)

e b=0

Then there exists an open interval | of the form (¢, — J,¢,) or
(&g, &y + J) such that for every ¢, € | the body admits a moving planar
interface that transforms material in the loose phase (gy, {,,in!), With

(Ye—60(Dyg¥)c) —2(¥p —60(Dg¥)y) '

2
Co=6e~ (D¥c)n- Fa

into the compact phase (gc, Vgc). Moreover, lim_ |§,| = oo, so that
¢ %0

there is a drastic reduction in the level of deformation as a material point

is transformed from the loose phase to the compact phase.
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Sufficient conditions for a compact-to-loose transition
Assume

@ The closed interval
Nop :={C. | Dc¥(F(I+¢.a®n),0)n-Fa=0} is a singleton
{Co}-

Then there exists an open interval | of the form (&, — J,¢,) or
(Co. o + 0) such that for every ¢, € I the body admits a moving planar
interface that transforms material in the compact phase (gc, Vgc) into the

loose phase (gy, {inin!), With
& =7 - 2(Yc —60(DpY)c) —2(¥y —0(DpY)y)
£ e (D¥)cn- Fa '
Moreover, : Iimg |€y| = o0, so that deformation drastically increases from
c 760

the compact phase to the loose phase.
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Sufficient conditions for a compact-to-loose transition
Assume

@ The closed interval
Nop :={C. | DY (F(I+¢.a®n),0)n- Fa=0} is a singleton
{Co}-
@ DY (Cinl 0) < Dy¥(F(l+ ¢ya®n),0) and
ODgY (F (I +&pa®n),0) —ODg¥ (L minl, 0) <
Y(F(I +&a@n),0) =¥ (Cminl, 0)

min

Then there exists an open interval | of the form (&, — J,¢,) or

(Co. o + 0) such that for every ¢, € I the body admits a moving planar
interface that transforms material in the compact phase (gc, Vgc) into the
loose phase (gy, {inin!), With

(Tc - G(DB‘Y)C) — 2(T€ - Q(DBT)K)
(DgY¥)cn- Fa '

min

§€:€C_2

Moreover, : Iimg |€y| = o0, so that deformation drastically increases from
c 760
the compact phase to the loose phase.
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Sufficient conditions for a compact-to-loose transition
Assume

@ The closed interval
Nop :={C. | DY (F(I+¢.a®n),0)n- Fa=0} is a singleton
{20}
© Dy¥(Cinl 0) < Dy¥(F(l 4 ¢pa®n),0) and
DY (F(I +Gpa®n),0) —ODyY (L minl, 0) <
¥(F(I+Epa® n),0) — ¥ (Lol 0)
e b=0
Then there exists an open interval | of the form (&, — J,¢,) or
(Co. o + 0) such that for every ¢, € I the body admits a moving planar
interface that transforms material in the compact phase (gc, Vgc) into the
loose phase (gy, {inin!), With

(Tc - O(DG‘Y)C> — 2(T€ - O(DBT)Z)
(DgY¥)cn- Fa '

min

min

§€:€C_2

Moreover, : Iimg |€y| = o0, so that deformation drastically increases from
c 760
the compact phase to the loose phase.
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Sufficient conditions for a reversible transition
Assume b = 0 and there exists é ¢ N, , such that
De¥ (F(I +¢.a®n), 9)—

T
denE”}—' I<a- n{é

Dg‘{’ cn- Fa |§C

D ‘f(g 1,0) and

min'

¢, }.Then both the compact-to-loose
and the loose-to-compact transitions corresponding to the structured

deformations (g, Vgc) and (gg Cmin Q) are available to the body for . =

éc and for ¢,= (",‘C

2(Yc—

DG‘P ch: Fa |§c (:c

t

T=-- compact
-

loose -
e

_ compact "~

loose "™

-

e, loosae
compact -
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Other issues addressed in present research:

0 0
o lllustrative example: ¥(G,0) = Dé(z)(det G) 2+ ‘3(2)6 -G
Simple shears in each phase: F =1/, a-n=0:
2

t
ge(X. 1) = X+ (I +-8ca®m)(X = X0) + tve + 5 b
0
t2
(X, t) = Xo+ (I +&a®n)(X — Xo) + tve + Eb
0

e.g.: Sufficient conditions for loose-to-compact transition stated
earlier become:

b-n=0, a(f) <B(9), a’(6) +3B'(0) >0
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Other issues addressed in present research:

4 0
o lllustrative example: ¥(G,0) = “(2)(det G) 2+ 13(2 ) G- G
Simple shears in each phase: F =/, a-n=0:
t2
8e(X,t) = Xo + (1 +2ca®n)(X = Xo) +tve + 5 b
0
t2
g(X,t) = Xo+ (1 +8,a® n)(X = Xo) + tve + 5 —b
0

e.g.: Sufficient conditions for loose-to-compact transition stated
earlier become:

b-n=0, a(8) < B(6), '(8) +36(8) >0

@ Plane progressive waves with small associated deformations in the
compact phase

ge(X, ) = Xo+ Fe(X = Xo) + @((X = Xo) - n+ st) e+ £ b

g(X,t) :XO"'FK(X_XO)—FM—I—%[)
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Future, related research topics:

@ Special solutions involving cavitation
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@ Study the case where '

(e.g., pages of a book)

'isotropy" is replaced by "transverse isotropy"
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Future, related research topics:

@ Special solutions involving cavitation

@ Study initial-boundary value problems without special choices of g,

@ Study the case where '

(e.g., pages of a book)
e Statics: min(, ¢y [z ¥(G(X))dVx subject to g |35= go,

'isotropy" is replaced by "transverse isotropy"

0 < det G(X) < detVg(X), G(X) = { gmv“:g(g%) :
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Future, related research topics:

@ Special solutions involving cavitation

@ Study initial-boundary value problems without special choices of g,

@ Study the case where '

(e.g., pages of a book)
e Statics: min(, gy [z ¥(G(X))dVx subject to g |ap= g,

Crmin @(X)
0<detG(X) <detVg(X), G(X)= min }
€t 6(x) < detVg(x), 6(x) = { ‘g %)
@ Same as above, while admitting other phases:
DcY(G(X)) (Vg(X)— G(X))T = 0...consistency.

'isotropy" is replaced by "transverse isotropy"
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Supplementary relations:

ve—ve| = {2(Tc—9(D9T)c)/P0_2(T£_9(D9T)z)/Po}l/2
...relative speed of phases

|(DGY)cn- Fa| / |Fa|
{200(F—6(Dg¥).) — 205(¥,—6(Dg¥) )}
.. speed of interface

-
'

D = E[(Dg¥). — (Dg¥)l

. rate of dissipation by interface
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