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C.- Zappale: Relaxation in the case of linear growth.
To appear in Proc. Roy. Soc. of Edinburgh.

More general models

Next steps: different growths
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3D-2D dimension reduction: setting the problem

For e > 0 let
Qe):=wx (—¢€), wCR?

and Fe: BV (Q(e); {0,1}) x WP (Q(e);R?) — [0, +o0], p>1
Fe(xov) @ = % (/Q(S) (XE(s) Wi+ (1 —XE(s))Wz) (Vv)dx

_/Q(E)fg.v dx + Per (E(¢); Q(¢)) )

1
/\::7/ XE(e) (X) dx ~  volume fraction
F0) o X0 ¥

E (¢) € Q) (e) has finite perimeter, . € LP' (Q (g)).
W; : R¥>*3 — R continuous satisfying
KT S W) <PATEP).  YEERY =12, (1)

for some «, B > 0.
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Optimal Design Problem

Ce(x) = — inf {1 </Q(€) (x5<e)W1+(1—xE<s>)W2) (Vv)dx

vewlr | €
—/ fov dx—i—Per(E(s);Q(s))) }
Q(e)
The best optimal design would be

- SL;(p {_Cs (X):x€BV(Q(e); {O, 1}) ) me(S)XE(s) dx = )‘}

Problem

| |
=

inf {Fe()(,v):v:Oonawx( £,€) 63 fQ

(x.v)
v e WHP(Q(e); RY), x € BV(Q(e); {0, 1})}
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3D-2D dimension reduction

o Question: What happens as ¢ — 07?2
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3D-2D dimension reduction

o Question: What happens as ¢ — 07?2
@ Rescale the energies F;
Q:=wx(-1,1)
Eo:={(x1,x,x3) € Q: (x1,x,ex3) € E(¢)}
u(x1, x2,x3) := v (x1, x2, €x3)
f(x1,x,x3):

(X1 , X2, €X3)

=f
X (x1, %2, x3) 1= XE(e) (x1,%0,€x3)

%Per(E (¢):Q(e)) = % ‘DXE(ﬁ)

@) = |(Dar; o) [ (©
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Rescaled problem

Problem

g . J— 1 J—
uewlfp(fﬂ;]lﬁ {Ge (x,u):u=0o0ndw x (—1,1), mm/ﬂxdx = A}

xeBV(;{0,1})

where

6. (1) i= [ VOr (Vaulg Vaa)) e — [ Fu det (Dol D) ()

with
V(x,Vu) = (xWi+ (1—x) Wa) (Vu).
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Define J; : L' (€2 {0,1}) x LP ((1; R?) — [0, +00] by
Ge(x,u) in BV (Q;{0,1}) x WP ((); R?),
Je (X, u) ==
+o00 otherwise.

e Bounded admissible sequences for problem (2) are compact in
L1 (0:{0,1}) x LP (Q;R3) .
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Define J; : L' (€2 {0,1}) x LP ((1; R?) — [0, +00] by

Ge(x,u) in BV (Q;{0,1}) x WP (O;R?),

Je (X, u) = (2)
+o0 otherwise.

e Bounded admissible sequences for problem (2) are compact in
L1 (0:{0,1}) x LP (Q;R3) .

@ The limit is independent of the x3 variable
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Characterization of the Gamma limit

o Let W, : R®*2 — [0, +0) be given by
W; (F) = inf W;(F|z), FeR>?, i=1.2.
z€R3

and V :{0,1} x R3*2 — [0, +-00) such that

V (x, F) == xW (F) + (1—x) Wa (F),
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Characterization of the Gamma limit

o Let W, : R®*2 — [0, +0) be given by
W; (F) = inf W;(F|z), FeR>?, i=1.2.
z€R3

and V :{0,1} x R3*2 — [0, +-00) such that

V (x,F) :=xWi (F)+(1—x) W, (F),
e QV ... quasiconvexification of V in the second variable.

QV (x. F) := inf {/ V(0 F+Vag) dat g € WP (Q’;]R3)} |

Q' unit cube in R?.
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Main result

Let O C R? be a bounded Lipschitz set and let W; : R3*3 — [0, +0),
i = 1,2, be continuous functions satisfying (3). Then

T — lim (L1(%;{0,1}) x LP(Q;R)) Je(x, u) = Jo(x, v)

e—0T

for every (x,u) € L1(Q;{0,1}) x LP(Q);IR3).

Jo: L1(0;{0,1}) x LP(C); R3) — [0, +00]
Go (x,u) if (x,u) € BV(w;{0,1}) x WhP(w;R3),
Jo(}(, u) = {

+o0 otherwise,

where

B 1
Go (x,u) = 2/ QV (x, Vyu)dxy — / / f - udxydxs + 2|Dx|(w).
w —1Jw
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Let

J(x,u) =T — lim (L' (0Q;{0,1}) x LP (Q; R*)) Je (x, u)

e—07F

For every (x,u) € BV (w; {0,1}) x WP(w;R?), we claim that

Jxu) > 2/WQV(X(X0C),V,XU(X,X))dX,X

T Lt 2010

Let {(x, ue)} C LM (€;{0,1}) x LP (Q;R?) such that (x,, ue) — (X, u)
w.r.t. the strong topology of L' ((;{0,1}) x LP (();R?) .

o for the forces it is ok (because u; — v in LP (();R?))
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Let

J(x,u) =T — lim (L' (0Q;{0,1}) x LP (Q; R*)) Je (x, u)

e—07F

For every (x,u) € BV (w; {0,1}) x WP(w;R?), we claim that

Jxu) > 2/WQV(X(X0(),V,XU(X“))C/XQ

T Lt 2010

Let {(x, ue)} C LM (€;{0,1}) x LP (Q;R?) such that (x,, ue) — (X, u)
w.r.t. the strong topology of L' ((;{0,1}) x LP (();R?) .

o for the forces it is ok (because u; — v in LP ((};R?))
@ lower semicontinuity of the total variation

(University of Evora, University of Salerno)

CNA seminar, CMU 10 / 36



Let

J(x,u) =T — lim (L' (0Q;{0,1}) x LP (Q; R*)) Je (x, u)

e—07F

For every (x,u) € BV (w; {0,1}) x WP(w;R?), we claim that

Jxu) > 2/WQV(X(X0(),V,XU(X“))C/XQ

T Lt 2010

Let {(x, ue)} C LM (€;{0,1}) x LP (Q;R?) such that (x,, ue) — (X, u)
w.r.t. the strong topology of L' ((;{0,1}) x LP (();R?) .

o for the forces it is ok (because u; — v in LP ((};R?))

@ lower semicontinuity of the total variation

@ Bulk energy ~~ use Decomposition Lemma for scaled gradients
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Let

J(x,u) =T — lim (L' (0Q;{0,1}) x LP (Q; R*)) Je (x, u)

e—0"
For every (x,u) € BV (w; {0,1}) x WP(w;R?), we claim that

Jxu) > 2/WQV(X(X0(),V,XU(X“))C/XQ

T Lt 2010

Let {(x, ue)} C LM (€;{0,1}) x LP (Q;R?) such that (x,, ue) — (X, u)
w.r.t. the strong topology of L' ((;{0,1}) x LP (();R?) .

o for the forces it is ok (because u; — v in LP ((};R?))

@ lower semicontinuity of the total variation

@ Bulk energy ~~ use Decomposition Lemma for scaled gradients
@ Superadditivity of liminf .
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Gamma-Convergence result (Babadjian - Francfort)

Let G : LP(Q);R?) — [0, +-00] be given by

Gg(u) = /QW(Xa' (v[xu ‘%V3U ))dX—/Qf udx ifu € Wl'p(Q;R?’),
e otherwise

where W : w x R3*3 — [0, +-0) is a Carathéodory function satisfying the
following growth condition

%|g|p_ C < W(x, &) < C(1+]EIP)

for a.e. x, € w and for every ¢ € R3*3 and some constant C > 0.
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Gamma-Convergence result (Babadjian - Francfort)

Under the above assumptions { G.} T-converges, with respect to LP-strong
convergence, to the functional

G(u) := 2/wﬂ(xa, Votr)dxy — /1

‘/f'ud@d@ if u e WP (w; R3),
—1lJw
+o0

otherwise.

where the function W is given by

1 _
W(x, F) : = A@B {2/0 W(x0, F +Vap, AV3@)dx: ¢ =0
PEWP(QR)

onaQ’x(—Ll)},

where Q := Q' x (—1,1).

(University of Evora, University of Salerno)
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For every x € L'(();{0,1})

J(x,u) < Iim(i)rlfJg(X, ue) if ue — win LP(Q;R?).
E—
Study the asymptotic behaviour

n 1 1 n
/Q(val(v,xug, V) + (1 X)Wa(Vate, - V3u0)) o — /Q f - ued.

Define
W (xa, F) := x () Wi (F) + (1 = x(x)) Wa(F).

QW (x4, F) = W (x, F),
where W is defined by W (xy, F) := inf.crs W (xy, (Flc)).

(University of Evora, University of Salerno)
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@ Applying Gamma convergence result of Babadjian and Francfort there
exists a sequence {u.} such that

. 1
gli%l </Q W (xq, (VQUEEV3U€))dX — /Q f- ugdx>

o 1
2/ QW (xy, Vyu)dxy —/ / f - udxydxs.
w -1 Jw

IN
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@ Applying Gamma convergence result of Babadjian and Francfort there
exists a sequence {u.} such that

1
lim </ W (X, (Vaue=V3ug))dx —/ f- ugdx>
e—0t \JQ € Q
o 1
< 2/ QW (xy, Vyu)dxy —/ / f - udx,dxs.
w -1 Jw
@ The proof is concluded by observing that

W(x0, F) = x(x0)WA(F) + (1 = x(x0)) Wa(F) = V(x(x0), F),
QW (x, F) = QV(x(x0). F).

for every (xp, F) € w x R3*?,

(University of Evora, University of Salerno) CNA seminar, CMU 14 / 36



Relaxation p=1: settings

Let F: BV (Q;{0,1}) x W ((; RY) — [0, +o0],

F (x, u) ::/Q(XEW1—|—(1—XE)W2)(Vu)dx—/Qf~udx+Per(E;Q)

where Per (E; Q) = |Dxg| (Q)), e L®(Q;RY).
W; : R™N — R continuous satisfying

alg Wi () <p+le), VEeRMN i=12 (3)

for some &, B > 0.

inf {/ (XeWA(Vu) 4+ (1 — xg)Wa) (Vu)dx + Per(E; Q))
ueWLH((;R?) Q
xe€BV(;{0,1})

u:uoonBQ}
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Relaxation p=1

Relaxation in BV (Q; {0,1}) x W (Q;R9)

Foolui ) =int { i ( [ (04 + (1= 2,) ) (V) 0

n—oo

+ 1D, (A) )t {0 un)} € BV (A {0, 1}) x W (A RY)

X, — x in BV (A;{0,1})
u, — uin L (Q;le) )
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Relaxation p=1

@ Question: which interaction between x and u?
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Relaxation p=1

@ Question: which interaction between x and u?

@ Answer: just in the jump part
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Relaxation p=1

@ Question: which interaction between x and u?
@ Answer: just in the jump part
o Let V:{0,1} x RN — (0, +00) be given by

V(q,z) := gW1(z) + (1 — q)Wa(2).

(University of Evora, University of Salerno) CNA seminar, CMU 17 / 36



Relaxation p=1

@ Question: which interaction between x and u?
@ Answer: just in the jump part
o Let V:{0,1} x RN — (0, +00) be given by

V(q,z) := gW1(z) + (1 — q)Wa(2).

@ QV - .- quasiconvex envelope of V,
QV®™ - - - recession function of QV/, namely,

QV®(q,z):= tIer;o Q\/(tqtz)
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Integral representation

Let O C R" be a bounded open set and let W; : RN — [0, +00),

i = 1,2, be continuous functions satisfying (3). Then for every
(x,u) € L1(0;{0,1}) x L} () RY)

Fop(x,u;A) if (x,u) € BV(Q;{0,1}) x BV(Q;R™),

Fop(x, u; A) = { .
+ o0 otherwise,

where

~ dDu c

-l—/ Ks ()(+,)(7,u+,u7) dHN1
J()(u)ﬂA
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Integral representation

The interaction is described through the following density

Ky (a, b, c,d,v):= inf{ 0 QV® (x (x),Vu(x))dx+ |Dx| (Q)) :
(x,u) € Ay(a,b,c,d,v)},

Az (a,b,c.d,v) = {()(, u) € BV (Q,;{0,1}) x wt! ( )
(x(y) u(y)) =(a,c)ify- 1/_%

(X(0).u(y) = (b.d) ity v ==,

(x, u) are 1 — periodic in vy, ..., vy—1 directions},

for (a, b,c,d,v) € {0,1} x {0,1} x RY x R x SVN-1 with @, the unit
cube, centered at the origin, with axes parallel to {vq,vs,..., Vn—1,V}.
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Integral representation

@ The surface energy can be specialized as follows

/J Ko(xt x ut,u, V(X'u))dHNfl
(

xou)

= QV=(x, (um —u")®@v,)dHN?
Ju\Jx

HORION AL + [ e a ™ v M
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Relaxation: Sketch of the proof

° Key idea: consider the couple (), u) as a unique BV-field U,

VU = (0,Vu) and DU = (0, D).
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Relaxation: Sketch of the proof
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VU = (0,Vu) and DU = (0, D).

@ Looking for previous results:
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Relaxation: Sketch of the proof

° Key idea: consider the couple (), u) as a unique BV-field U,

VU = (0,Vu) and DU = (0, D).

@ Looking for previous results:

@ Barroso-Bouchittée-Buttazzo-Fonseca, ARMA (1996):
Relaxation in BV for

uESBV—>/Qf(x,Vu)dx+/J g (x, [u] (x),vy) dHNL.
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Relaxation: Sketch of the proof

° Key idea: consider the couple (), u) as a unique BV-field U,

VU = (0,Vu) and DU = (0, D).

@ Looking for previous results:

@ Barroso-Bouchittée-Buttazzo-Fonseca, ARMA (1996):
Relaxation in BV for

uESBV—>/Qf(x,Vu)dx+/J g (x, [u] (x),vy) dHNL.

@ Bouchitté-Fonseca-Mascarenhas ARMA (1998): deals with more
general models.
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Relaxation: Sketch of the proof

Lower bound

@ Observe that

Fop(u) = lim [ (1, Wi(Vun) + (1 = x,) Wa(Van)) . (4)

n—oo

For Bulk and Cantor parts we exploit Fonseca-Miiller SIAM JoMA
(1992) and ARMA (1993).
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Relaxation: Sketch of the proof

Lower bound

@ Observe that

Fop(u) = lim [ (1, Wi(Vun) + (1 = x,) Wa(Van)) . (4)

n—oo

For Bulk and Cantor parts we exploit Fonseca-Miiller SIAM JoMA
(1992) and ARMA (1993).

@ (4) could go much lower than Fop(x, u).
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Relaxation: Sketch of the proof

Upper bound

e Fop is a measure absolutely continuous w.r.t. £V + |Dx|+ |Dul.
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Relaxation: Sketch of the proof

Upper bound

e Fop is a measure absolutely continuous w.r.t. £V + |Dx|+ |Dul.

o We compute “Bulk” and “Cantor” parts exploiting the " Global
Method for Relaxation” by Bouchitté-Fonseca-Mascarenhas 1998.
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Relaxation: Sketch of the proof

Upper bound

e Fop is a measure absolutely continuous w.r.t. £V + |Dx|+ |Dul.
o We compute “Bulk” and “Cantor” parts exploiting the " Global
Method for Relaxation” by Bouchitté-Fonseca-Mascarenhas 1998.

@ For the jump we compute it directly again mixing Ambrosio-Braides
JMPA (1993) and Fonseca-Rybka Proc. Roy. Soc. Edinburgh (1992).
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Comparison between the densities

o Clearly K; > K, where K is the following density

K(a b c dv):= inf{/ (QVE(v(x), Vu(x) + [Vv(x)]) ox :
(v,u) € A(a, b, c,d,v)},

where

A(a, b, c,d,v):={(v,u) € WH! (Q,; R*"9) :
(v(y) u(y)) = (a,c) ify-v=13, (v(y),uly)) = (bd)ify-v=—
(v, u) are 1 — periodic in vy, ..., vy_1 directions} .

N|—

CNA seminar, CMU 24 / 36
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Comparison between the densities

@ Recall Fonseca-Muller ARMA (1993)

inf{nlijgo </Q(v,,W1+(1—vn)WQ)(Vu,,)dx+/Q|an]dx
(Vo up)} € WEL(Q);]0,1]) x WEHLH(Q;RY)
vp — vin L1 () [0,1]), up — uin Lt (Q;IRd)},.
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Comparison between the densities

@ Recall Fonseca-Muller ARMA (1993)

inf{nlijgo </Q(v,,W1+(1—vn)WQ)(Vu,,)dx+/Q|an]dx
(Vo up)} € WEL(Q);]0,1]) x WEHLH(Q;RY)
vp — vin L1 () [0,1]), up — uin Lt (Q;IRd)},.

@ The result has been applied for U = (v, u), now with
U € WLH(Q; R*9).

What about K; < K?
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More general models

o Relaxation in SBV; (Q;R™) x Wt (Q;R9)

F(v,u) = inf { lim (/ f (va, Vuy) dx+/ g (v vy.vy,) dHN1
Q Jvn

{up} C Wht <Q;]Rd), {va} C SBV, (Q;R™),

u, — uin L (Q;]Rd)
v, — vin L} (Q;R™)
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More general models

Recall that

SBV,(Q; R™) := {v € BV(Q;R™): D°v =0, Vv =0, HN"1(J,) < oo}

i.e. v € SBVy(Q);R™) iff there exists a Borel partition {E;} of () and a
sequence {v;} C IR” such that

i
Mg

Vixg, a.e. x € (),

Il
—

HNL(J, NQ) = % Y HN L ENQ),

i=1
(vi,vT,vy) = (vi,vj,v;) ae. x EI'E;NIE;NQ,
v; being the unit normal to 0" E; N 0" E;.
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Hypotheses on f

@ f is continuous;
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Hypotheses on f

© { is continuous;
@ there exist 0 < B’ < B such that

BIE| < F(v,&) < B(L+E]), V (v, &) € R x RV,
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Hypotheses on f

© { is continuous;
@ there exist 0 < B’ < B such that

BIE| < F(v,&) < B(L+E]), V (v, &) € R x RV,

© there exists L > 0 such that

[F(v1.€) = F(v2,8)| < Llvi = wa|(L+[E]) ¥ vi,v2 € R™, & € R,
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Hypotheses on f

© { is continuous;
@ there exist 0 < B’ < B such that

BIE| < F(v,&) < B(L+E]), V (v, &) € R x RV,

© there exists L > 0 such that

[F(v1.€) = F(v2,8)| < Llvi = wa|(L+[E]) ¥ vi,v2 € R™, & € R,

Q there exist « € (0,1), and C, L > 0 such that

tig| > L = |[f°(v,&) — f(v’tt‘:) < C‘C[;_“, V(v,&) Vt >0,

with f* the recession function of f w.r.t. ¢.
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Hypotheses on g

@ g is continuous;
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Hypotheses on g

@ g is continuous;
@ there exists a constant C > 0 such that

1
cA+[A=0]) <g(A6v) < C(1+]|A—0]),

for every (A,0,v) € R™ x R™ x SN-1,
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Hypotheses on g

@ g is continuous;
@ there exists a constant C > 0 such that

1
cA+[A=0]) <g(A6v) < C(1+]|A—0]),

for every (A,0,v) € R™ x R™ x SN-1,
Q@ g(A0,v)=g(6,A —v), for every (A,0,v) € R™ x R™ x SN—1,
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General result

Let O € A(Q) and f : R™ x RN — [0, +-o0[ be a function satisfying
(F1) — (F4) and g : R™ x R™ x SN=1 — [0, +o0[ satisfying (G1) — (G3).
Then for every (v,u) € L1(Q;R™) x L1(Q) -RY )

F 0) Fo(v,u; Q) if (v,u) € SBV%(Q;R™) x BV(Q;RY),
v,u; Q) =
+o0 otherwise

where Fo : SBVo(Q;R™) x BV(Q;R?) x A (Q) — [0, +0c0] is given by

5, mA) < :/AQf(v,Vu)dx—f—/AQf“’< dd’gc ‘>d|DCu|

+ K3 (v+,vf,u+,u7,v) dHN1
J(V'U)I'TA
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Energy density

Let K3 : R™ x R™ x RY x RY x SN=1 — [0, +-00[ be defined as

Ks(a, b, c,d,v) mf{/ QF®(v(x), Vu(x))dx

+/JVmQVg(v+(x),v(x) v(x))dHN=1 (v, u) € As(a, b, c,d, 1/)}

where

As (a,b,c,d,v) = {(v,u) € SBV (Q; R™) N L (Q,; R™)

; W (Q,; 1
(v(y),u(y)) = (ac) ify v=3,

(v(y) u(y) =(bd) ify -v=—3

(v,u) are 1 — periodic in v1,...,vy_1}
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Auxiliary Lemma

Lemma

Let Q := [0, l}N and

L a if xy >0, L Cc if xy > 0,
VO(Y)'_{b if xy < 0, UO(V)'_{d if xy < 0.

Let {v,} C SBVy (QQ: R™) and {u,} C W' ((;RY), such that
Vo — vo in L' (Q;R™) and u, — up in L' (Q;R?) . There exists
{(C, &)} € As(a, b, c,d, ey) such that {, = vy on 0Q, , — vy in
LY (Q;R™), ¢, = Pi(m * Uo 00 0Q, &, — up in L' (Q;RY)

Tim </ Qf (Z,, VE,) dx+/ g (gh. ¢, v )dHN—l)

< lim (/ Qf (vn, Vuy,) dx + g (vn+ v,f,vvn) dHN1>
n—oo -/vnﬂQ
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Sketch of the proof

° Key idea: consider a unique field U = (v, u).
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Sketch of the proof

° Key idea: consider a unique field U = (v, u).
o Lower bound

o For Bulk and Cantor parts we exploit Fonseca-Muller SIAM JoMA
(1992) and ARMA (1993).

e For jump part we mix techniques of Fonseca-Muller ARMA (1993),
Ambrosio-Braides JMPA (1990) and Braides-Defranceschi-Vitali ARMA
(1996).

o Upper bound

e For Bulk and Cantor parts we use Global Method for Relaxation
(Bouchittée-Fonseca- Mascarenhas)

e Jump part: comes from an explicit calculation mixing techniques of
Ambrosio-Braides and Fonseca-Muller.
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Jump part: sketch of the proof

Q@ Case 1- U:=(a,¢) xg (x) + (b, d) (1 — xg (x)) with
Per (E; Q) < oo.
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Jump part: sketch of the proof

Q@ Case 1- U:=(a,¢) xg (x) + (b, d) (1 — xg (x)) with
Per (E; Q) < oo.

@ Case 2- U:=Y%, (a;, ci) X, (x) where {E;} is a partition of ()
with Per (E; Q) < oo.

o Case 3-
U= (v,u) € (SBV (O;R™) x BV ((; R?)) N L (Q; R7 ) .

0 Case 4- U= (v,u) € SBVy (O; R™) x BV ((;RY) .
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Comparison between densities

@ Comparison between K, and K3:
Clearly, K3 < K.
What about Kp < K3???
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Comparison between densities

@ Comparison between K, and K3:
Clearly, K3 < K.
What about Kp < K3???

@ More explicit formulas for the surface term on J, \ J,, on J, \ Jy.
/ K3(v+,v_,u+,u_,v(vvu))dHN_1
(

v,u)

= Qf°(v, (ut —u ) @v,)dHN?

Ju\Jv

+ Rg(vh,v™,v,)dHN 1
I\

+ Ks(vr v utum v, ) dHY L
JyNJy '

(University of Evora, University of Salerno) CNA seminar, CMU



Comparison between densities

@ Comparison between K, and K3:
Clearly, K3 < K.
What about Kp < K3???

@ More explicit formulas for the surface term on J, \ J,, on J, \ Jy.
/ K3(v+,v_,u+,u_,v(vvu))dHN_1
(

v,u)

= Qf°(v, (ut —u ) @v,)dHN?

Ju\Jv

+ Rg(vh,v™,v,)dHN 1
I\

+ Ks(vr v utum v, ) dHY L
JyNJy '

@ Rg is the BV-elliptic envelope of g!
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In progress: GAP

Let W; : RN — R be continuous such that 3 a, 8 > 0

alglP < Wi(Q) < BL+1¢]7) VEeRPY, 1<p<qg< i=1,2

N—1
Flou) = [ xeWs (Vu) + (1= xe) Wa (Vu) dx + [Dxel ().
F (x, u; A) = inf {Iimiorng (X um A) < {up} © WL (A;]Rd) ,

(1) € BV (A (0.11) 1 win W (AT¢).

X, — x in BV (A; {0, 1})}

(University of Evora, University of Salerno) CNA seminar, CMU



