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ABSTRACT. We show local in time existence of a weak solution to the nonlinear wave
equation with power-like damping and source terms, when the source has a subcritical ex-
ponent or its primitive is positive. The damping is present through an increasing function
bounded by a power.

In this work we study weak solutions to the equation:

up — Au+ f(x,t,u) + g(z,t,ur) = 0 a.e. in R x [0, 00);
(NLW) u‘t:(] = Ug;

ut‘t:(] =Uu,.

By a weak solution of (NLW) we will understand a solution in the sense of distributions,
i.e. in the sense given by the following definition.

Definition 0.1. Let Qp := (0,T) x R™, the functions f,g under the assumptions (A2),
(A4) from below, and the initial data up € H}(R®) N LPH(R™), uy € L2(R") N L™TH(R™).
A weak solution of (NLW) on R™, up to time T, is any function u with

u € Hy (Qr) N LPTYQ7),  w € L2(Qr) N L™ H(Qr),
such that for every ¢ € C°(Qr):

/Q wi(, 8)ge(, s) + Vulz, s) - Vo(a, s) + f(a,t,0)d(z, 5) + g(w,t, ) $(w, s) dwds = 0

b

and u(z,0) = up(x), u(x.0) = ui(x) a.e.

1. INTRODUCTION

Some of the early results for the equation (NLW) were obtained in the simplified cases
where one of the functions f or g vanishes, while the other one is a power function. These
are classical results due to J.L. Lions [10] and K. Jorgens [6]. A landmark paper where
the interaction between the source term and the damping term is treated is authored by
J.L. Lions and W.A. Strauss [12]. The literature of this subject is vast, with results cov-
ering existence results, as well as blow-up theorems in the noncoercive cases. We mention
the contributions made by R. T. Glassey [3], [4], J. Schaeffer [15], and F. John [7], regard-
ing blow-up in finite time of solutions, and the works regarding existence of solutions by
P. Brenner and W. von Wahl [2], L. Kapitanskii [8], S. Klainerman [9], and more recently
by G. Todorova, V. Georgiev, J. Serrin and E. Vitillaro in a series of papers [5], [16], [21],
[22].
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The work presented here brings an improvement to the local existence result by J. Serrin,
G. Todorova and E. Vitillaro in [16], by extending the range for the exponent m, while it
provides an alternative proof for the common range of the exponents p and m. More

precisely, we can cover the entire range 0 < m for p < 2* (2* = _n2) while the local result
n —

in [16] deals only with m > 2*/(2* —p) in the case 1—|—2*/2 < p < 2* (region III in Theorem 1
of [16]). Under the assumption that F(u) = [ f(z,t,v)dv > 0, we obtain existence without
imposing any growth conditions on F'. The shortcoming in our work is that we impose more
conditions on the initial data, mainly that (ug,u1) € H?(R")x H!(R"), whereas the natural
condition is (ug,u1) € H*(R") x H'(R"). (Note: the stronger assumptions are imposed
by the Theorem 3.1, but we suspect that they can be removed). Our assumption (A7) is
more restrictive than (Q4) (pg. 8 in [16]), but our work has the advantage of allowing some
dependence on ¢t for f, and of having no assumptions on g, ((Q5)-(Q6) pg.8 in [16]).

The main tools used in this paper are based on the method of potentials which goes back
to D. H. Sattinger in [14], and an idea due to by M. Crandall and L. Tartar used in [20],
which will be explained later.

The paper is organized as follows: we will continue with a section that explains the
notation used and lists the assumptions under which we work; some preliminary results
follow in a subsequent section, together with their proofs (some of these results are known
in the literature, while others are new results that will be needed later). The main result
is presented in a separate section. Some directions for further improvement are contained
in the last section.

2. NOTATION AND ASSUMPTIONS

Throughout we will use the following notation:
x € R" denotes a vector with components x; and length |z|;
| - |g,0 is the norm in L9(Q) and | - |4 is the norm in LI(R");
[l [l71 () will also be denoted by || - [|o;
|| = the Lebesgue measure of Q C R
wn, = the measure of the unit ball in R®
B(z, R) = the open ball centered at z, of radius R;
B(R) = the open ball centered at the origin, of radius R;

2
The space dimension is n > 3 with the Sobolev exponent _n2 denoted by 2*.

The nonlinear terms f and g will be taken to satisfy thg following assumptions:
(A0) f is measurable in = and differentiable in ¢ and continuously differentiable in wu;
(A1) g is measurable in ¢t and it is differentiable in z and wuy;
(A2) (a)|F(z,t,u)] < mq|ulP + ma|u|? such that 2 < ¢ < p < 2%, my,my > 0, where
u

F(z,t,u) = / f(z,t,v)dv, so we also have that f(z,t,0) = 0;

Or, (b)F(x,t,Uu) >0 and f(z,t,0) = 0;

(A3) Monotonicity: g,(z,t,v) >0, t,v € R;

(A4) vg(z,t,v) > Clv|™ and |g(z,t,v)| < Clv|™ ! for some m > 1; we note that as a
consequence g(z,t,0) = 0;

(A5) |fi(z,t,u)| < C for some C > 0;

(A6) [Vag(z,t,0)] < Clul:

(A7) |gi(z,1,0)] < Clol.



WEAK SOLUTIONS OF NONLINEAR WAVE EQUATIONS 3

3. PRELIMINARY RESULTS

This section contains all the results that we will use in order to prove our main theorem.
At first, we record for completeness the following result, whose ideas can be found in the
classical works of V. Barbu [1], and J. L. Lions [12]:

Theorem 3.1. (Ezistence and uniqueness of solutions for dissipative wave equations with
Lipschitz source terms)
Let Q C R™ be a bounded domain with smooth boundary 092, and f(z,t,u) and g(z,t,v)
under the assumptions (A0)-(A1),(A3)-(A7) and, additionally:
\f(x,t,u) - f(x,t,v)\ < L|u - U|a
for every x € R and every t,u,v € R. Let ug,u1 € H}(Q) with ugp € H*(Q), G(z,0,u1) €
v
LY(2), where G is the antiderivative with respect to v of g, i.e. G(z,t,v) = / g(z,t,y)dy.
0
Then the Cauchy problem:
up — Au + f(z,t,u) + g(z,t,u) =0 in Q x (0,T);
(LD) (u, ut)|t=0 = (ug, u1);
u=20 on dQx (0,T).
admits a unique solution
u € CH[0,T]; L3(Q)) n C([0, T]; H(Q)) with uy, Au € L*(0,T; L*(Q)).
Proof. Existence: Consider the approximate equation:
uy, — Aut + f(z, t,ut) + gz, t,up) = 0in Q x (0,7);
(LD») (u?, u)|e=0 = (uo,ua);
u* =0 on 9Q x (0,7T),
where
(3.1) g* W) =go (I+Ag) "' (v),
ie. gz, t,v+ Ag(x,t,v)) = g(v)), is the Yosida approximation for g. We denote by:

Gk(x,t,v)Z/O gz, t,y)dy.

In the subsequent lemma we collect a series of results about g* that will be needed in our
proof.

Lemma 3.2. (Properties of the Yosida approximation)
For g an increasing, differentiable function in v we define g* as in (?7). Then, the
following hold:

(1) (AS): gy >0;

(2) For each A\ > 0, g* is a Lipschitz function in v such that there exists L()\) > 0 with:
|g)‘(x,t,1)1) - g)‘(watﬂ)?” < L(A)|v1 — val;

AP (0) = v — (I +2g) 1 (v);

G is a positive function;

) implies (A6)y:  |Vaug*(z,t,v)] < Clvl;

) implies (AT)y: |Gz, t,v)] < Cv|?;

.’E,t,’U) < G(m,t,v), fOT every x,t,v; hence HG)\(t?U)HLI(Q) < HG(tav)HLl(Q)

Q
—_~ =~
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Proof. (1) We differentiate with respect to v the equality g*(v+Ag(v)) = g(v) (we drop
the z, ¢t dependence, since it doesn’t affect our computations) and obtain:

3.2 Mo+ Agw)) = 9

(3.2 R0+ 9(0) = 25
Since g,(v) > 0 for every v, we get g > 0.

(2) By (1) and (3.1) |g3| < ;. We have

V2 1
|g)‘(:L‘, t Ul) - gA(wa t, U2)| < gf,‘(:v, i y)dy < _‘Ul - U2|-
A
v1
Hence g* is Lipschitz in v and L()) = ;.
(3) Tt is enough to show that (I + Ag)~! = I — A\g*. This equality is true, since
(I —AgM)(I + \g) = I is the same as g = g*(I + \g), relation equivalent to (?7?).
(4) We have g*(x,t,0) = 0 (by the definition of g* and by g(x,t,0) = 0). Therefore, by
(1) g*(v) > 0, if v > 0 and ¢g*(v) < 0, if v < 0. By analyzing both cases v > 0 and
v < 0 and by using the definition, we obtain that G* > 0.
(5) For simplicity, denote by vy (z,t,v) := (I + Ag(z,t)) '(v), so that

(3.3) v + Ag(vy) = v.

Then, by the definition of ¢*, g*(z,t,v) = g(z,t,vy). We differentiate (3.2) with
respect to  and obtain

vzv)\(]- + )\gv(v)\) = _Avmg(v)\)'

Hence,
A 1 [Vzg(vy)|
|Vmg (U)| - )\|Vm7~))\‘ - 1+)\gv(U)\)
since A, g, > 0. The facts that g is increasing and g(z, ¢,0) = 0 imply that vyg(vy) >
0, so by squaring (3.2), we obtain |v)| < |v|, which together with the previous
inequality and the hypothesis conclude the proof.

(6) As in the previous case, we prove that |g{(x,t,v)] < C|v|. By integrating with
respect to v, we obtain (A7)).

(7) We use the notation of (5) and the fact that |vy| < |v|. In the case 0 < vy < v, by
the monotonicity of g, we have that 0 < g(vy) = g*(v) < g(v). By integration with
respect to v we obtain G*(z,t,v) < G(z,t,v), for v > 0. In analogous way we treat
the case v < 0 < vy. By integration with respect to the x variable, we obtain the
desired inequality of the L' norms.

< |Vmg(v)\)|,

O
For the proof of our theorem, we will need the following estimates:
(34) [u ()| 20y + ||u>\(t)||%{%(g) < C;
(3.5) ||“1§\(t)||§{é(g) + ‘AUA(t)ﬁ%Q)dS < C;
T A 2
(3.6) /0 W (8) gy < C:

T
(3.7) / / g™z, t,u}) Pdz ds < C,
0 Q
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C representing throughout a generic constant, independent of .

These estimates are obtained by multiplying the equation (LD)) by appropriate quan-
tities. In order to obtain (3.3) we use the multiplier u), integrate over the space Q and
obtain:

1d

——/ [u}|? + |Vut Pde < —/ f(z, t, u)urde,

by the monotonicity of g*. Integration in ¢ and the Lipschitz assumptions on f yield:

t
/ ()2 + Ve (1) 2de < / u? + Vg2 + 2L/ / ()| [u(s) [ dads
Q Q 0 JQ
t
< / ud 4 |Vug)? + L/ / [u*(s)|* + [u(s)|>de ds,
Q 0 JQ
which by Poincaré’s inequality is
t
< / u? + |Vauol? + L/ / CIVur(s)|? + [u(s)2dz ds.
Q 0 JQ
These inequalities hold for any ¢ € (0,T"), so by Gronwall we get:
() 3y + 18 By ey < ( [ i+ |VuO2) T < C.

The second estimate is obtained by multiplying the equation by —Awu} and integrating
in . Hence,

/ [—upAu} + AvrAu} — f(z,t,u)Au) — ¢*(z, t, u) Au}dz = 0.
Q

Green’s formula, the fact that g)(z,¢,v) > 0 and the consequence of (A6) for g* will give
us:

/gk(m,t,ut)‘)Au;\dm = —/ gi‘(m,t,uf‘ﬂVUi‘\Qdm— / Vzg)‘(ﬂs,t, ui‘) . Vui‘dﬂz
Q Q Q
< [ Voo toad) - Vudda <€ [ (o 0) + V0w, 0)da,
Q Q

hence:

1d

——/ Vut)‘|2+Au)‘|2d$§/f(ac,t,uA)Auf‘d;v—{—C/ \ut)‘|2+\Vui‘|2dac.

We integrate in time so
/ (Vu(t)]2 + | Aul(t)|2de < / |Vuq |2 + | Aug |2 dz+
Q Q

t
/ /(Zf(w t, ut)Au) + C|\Vup|> 4+ Clup |*)dzds.
0 JQ
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Use (3.3) to bound fg Jq [ui(z, 5)|?)dzds and in the term that contains f, integrate by parts
(in the weak sense) with respect to ¢ to obtain :

t
/Vut)‘(t)2+Au)‘(t)2dac§C+/ Vu12+Au0|2da:—|—C’/ /|Vu,’5\(s)|2da:ds
Q Q 0 JQ

t
+2 / fa,t,u) Autda|3Z — 2 / / [fi(z,t,u) + ful@, t,u)ud] Autdads,
Q 0 JQ

and since |fy| < L, | ft| < C, with the help of Young’s inequality we obtain:

t
SC—l—/ \Vu1|2—}—|Au0|2d31:—{—£ (/ /|u’\(a:,s)|2da:ds+/ |u0(a:)2dw)
Q @ \Jo Jo Q
t t
+ Lo </ / Au)‘(ac,s)2dxds+/ Au0|2dw) +C/ /|Vut)‘(s)|2dazds
0 JQ Q 0 JQ

+(L+C) /0 /Q () ()2 + | A (3)]2)dds,

which with the right choice for «, the aid of Poincaré’s inequality, and by using the estimate
(3.3) will yield a Gronwall type inequality, which will imply (3.4).

The third estimate in our list is obtained with the aid of the multiplier uf‘t, and by
integrating in space and time. Hence:

T
/ /|ui}|2dazds+/ Gz, T, u}M(T dm—/G/\ z,0,up dm—i—/ /G z, s, us)dzds
0 Q
T A A by (A7)
—I—/ /Au uttd;vds—/ /f z,t,uMudeds < /G (2,0, u1 dm—i—C’/ / |ut|2dads
—/ \Au/\|L2 ds—|—25/ /|Utt| da:ds—l—znf /u)‘| drds+— / /|utt| dzds,

where we made use of Young’s inequality with coefficients ¢, ,77 —. Poincaré’s inequality

combined with the bounds from (3.3) and (3.4) will yield, after choosing £ and 7 small
enough:

T
C/ /|u£}|2da:ds—|—/G)‘(a:,T,ut)‘(T))da:S/G’)‘(x,O,ul)d:c—i-C’.

G? is a positive function by Lemma 3.23 and ||G*(0, u1)||f1(q) < C by the hypothesis and
Lemma 3.24. These facts will imply (3.5).

We follow the same kind of argument for the last estimate, multiplying by ¢*(u}') and
integrating over (0,7") x €.

T T
/ / g™, t, u)) Pdzds :/ / <Au)‘g)‘(:v,t,ui‘) —upg(x,t ut)> dzds
0 Q 0 Q

T
1 1
@t uN)g (@, 1, ) dads < /0 | 18P+ 210t )PP Dl ot ) P

24 g|g)‘(3v,t,ui‘)\Qdﬂvds.

A
oty
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Again, choose ¢,7,( small enough in Young’s inequality and use (3.3),(3.4) and (3.5) to
obtain (3.6).

Next, we will show that (u*))>o is a Cauchy sequence in the HE(2) and (u})x>o is

Cauchy in L?(©2). We subtract the equation (LD,) from (LD,), multiply the result by the

difference u; — u!', and integrate over (2 to obtain:

1d
38 5 ([t -2+ v = vupas) 4 [ (1Got) = o)
Q Q
(@} =)ot [ (@) g ot ) — e = 0
Q
By Lemma 3.25 we have the identity:

u} = AgMuy) + (L + Ag) (),

and a similar relation for u#. We employ again the monotonicity of g, the Lipschitz assump-
tion on f, and integrate (3.7) with respect to time to arrive at the following inequalities:

t
lu)(t) — uf(t)\%g(ﬂ) + | (t) — uu(t)||§lé(m < 2L/0 /Q Jut — uh||u) — ub'|dxds
t
- 2/ / (gA(m., ta ’LL?) - gl‘(m’ ta uf))()‘g)‘(mataui‘) - ,U,gu(.’l?, t,uf))dmds
0 JQ

t
<L/ / (\u)‘—u”\Q—I—\uf‘—uﬂQ)da:ds—i—C\)\—M
0 JQ
t

by Poincaré

C [ (1ud(s) = uf' () oy + 102 (8) = w ()] s ) ds + CIA = i,
0 0

which with the help of Gronwall’s inequality will show that our sequence is Cauchy. Further
explanation is due in the above argument where we used that

¢
~ [ [ ) - gt ) O ) — g (ot dds < COO - ).
0 Jo
For simplicity, let us denote by a and b the following quantities:
a= gz, t,u)), b=g"(z,tut)

Then, it will be enough to show that:

(3.9) —(Aa — pb)(a—b) < C(A— p)

for some C, which can be positive or negative. There are two cases: either A = p, which
b2 .2

is trivial, or A # pu. In this second case, we can choose C = Ta’ so the following

inequalities
al—ab+C >0, V¥’ —ab—C>0
will hold and imply
—Ma? —ab+C) — u(d* —ab—C) <0,
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T
which is (3.8) rearranged. The argument is finished as we observe that / / a’dxds,
0o Ja

T
respectively / / b*dzds, are finite due to (3.6). Thus, we obtained:
0 Q

(3.10) u?(t) — u(t) uniformly in rapport with ¢ in Hg ()
. up (t) = uy(t) uniformly in rapport with ¢ in L?(€).

In order to conclude the proof of existence (and regularity) of the solution, we remark
that the following convergences take place:

ugy — ug weakly in L2(0,T; L?(Q)) due to (3.5);

Au* — Au weakly in L*(0,T; L?(Q)) due to (3.4);

f(z,t,u) = f(z,t,u) in L*(0,T; L*(Q)) due to the Lipschitz assumptions;

gz, t,u)) — € weakly in L?(0,T; L*(Q)) for some ¢ € L*(0,T; L*(2)), due to (3.6).
Finally, (3.9)2 implies £ = g(u;) in the sense of distributions.

Uniqueness: Suppose that u and v are two solutions of (LD), then the difference v — v
satisfies the equation:

(u—v)y — Alu—v) + f(z,t,u) — f(z,t,v) + g(z, t,ur) — g(z, t,v;) =0,
with initial and boundary data identically zero. As usual, we multiply the equation by

(u — v)¢, which is allowed due to the regularity obtained above, and integrate in space and
time. Therefore:

/Q [(u—0)2(t 2) + |V (u—0) Pt x)de < /0 /Q (s tyu) — F (21, 0)) (u(s, ) — 0(s, 7)),

+ (g(z, s,ur) — gz, s,v¢)(ue(s, ) — ve(s, x))dsde.
The same ingredients that we used before, the Lipschitz assumptions on f, the monotonicity
of g, the Cauchy and Gronwall inequalities give us u — v = 0. Thus, the solutions of (LD)
are unique.

O

A classical technique that we will use is to approximate the initial data with smooth
functions and then pass to the limit in the sequence of approximate solutions. The following
theorem will justify this argument.

Theorem 3.3. (Convergence of a sequence of smooth solutions)

Under the assumptions of Theorem 3.1, if (uo,, u1,)n>1 15 a sequence of smooth functions
such that (uo,,u1,) — (uo,u1) in Hg(Q) x L*(Q), then u,(t) — u(t) in H{(Q) for every
t>0.

Proof. We use the same techniques that helped us prove Theorem 3.1, i.e. multiply the
equation by w,, — u;, integrate with respect to the space and then the time variables and
use the Lipschitz assumptions for f and the monotonicity for g. Doing so yields:

[ no0) - a0 + [Vun(a,) - Fula, )P < [ (w1, (o) wn(@)?
Q Q

+ |Vug, (z) — Vuo(w)2da:+/0 /QL(|(U,7(a:, s) —u(z, 8))i|* + |Vuy(z, s) — Vu(z, s)|*)dzds
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Poincaré’s followed by the Gronwall’s inequalities will finish the proof. O

For the proof of our main result we will need a finite propagation speed result and the
energy identity, which are stated and proved below.

Proposition 3.4. (Finite propagation of speed) Under the hypothesis of Theorem 3.1,

(1) if the initial data ug, uy is compactly supported inside the ball B(xo, R) then u(z,t) =
0 outside B(xg, R+t);

(2) if (up,u1), (vo,v1) are two pairs of initial data with compact support for (LD), with
the corresponding solutions u(z,t), respectively v(x,t), then u(x,t) = v(x,t) inside
B(zg, R—t) for any t < R.

Proof. Part (1) The proof presented here extends an argument used for the linear wave
equation by L. Tartar [18].

Assume for now that f(z,¢,u) =0 for |z — x| > R+ t. Since the equation is invariant
by translations, without loss of generality we can take zo = 0. First we approximate the
initial data uniformly by smooth functions (uo,,u1,) with compact support inside B(Ry),
with R, — R as n — 0. For any T' > 0, the solution for :

(3.11) {“ By + (o) + g, ) = 0

(una ur]t)‘t:ﬂ = (“nm uﬁl)'

exists up to 7.

Consider a function ¢, with ¢,(r) = 0 on (—oo, Ry], ¢y(r) > 0 on (R,,o0), such that
¢'(r) > 0 on R. Since u,, € L>(0,T; H}(B(R,))), we are allowed to multiply (NLW) by
un, (t,x)én(|z| —t), 0 <t < T. The quantity:

1) = [ Qo OF + Ve, ) )] — 1) da

dlr,
is well defined and assume for now that d—: < 0. It can be easily seen that I,(0) = 0, for

we have:
B0 = [ (0 4 Ty @) s
b @ + T @)l
|z|> Ry

The first integral is 0 since ¢, (|x|) = 0 for |z| < R,. The initial data has support inside
the domain |z| < Ry, so the second integral is zero.

The assumption that t — I,,(¢) is decreasing leads us to I,)(t) < I;)(0) = 0, which means
that u,(z,t) = 0if |z| —t > R, . We pass to the limit in 7 (see Theorem 3.3) to obtain
u(z,t) =0 for |z| —t > R, and this concludes the proof.

I
It suffices then to prove that d—: < 0. For the regularized initial data we have u, €

Loo(oaT; H(%(B(Rn)))a U”f]t € Loo(oaTa H(%(B(Rn)))a u"f]tt S LI(U’T; LQ(B(RU)))a which en-

ables us to compute (we drop the subscript 7 in the remainder of the proof):
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dI = Xr — Ut Y Ugp: U X X — ! X| — u2 U2 X xXr
0= [ 20051 = O+ Yoo~ [ (el 0002+ [0
= [ 260al - D))o~ [ > (20l — ) )

—/ ¢'(|x|—t)(u§+|vu2)(x,t)dx—/ 26(12] — 1) ((uat — Aw)ur) (z, ) da

Rn .
— ,$7 ﬁU-Uth; xr — I./E* U2 U2$ T
[ 2200 0% e [ 51 008 + 190
By (NLW):

u — Au = _f(xvta u) - g(wvta ut)a
hence the assumptions on the support of ¢ and f, together with the fact that g is nonde-
creasing, make the first term of the last equality negative. We factor out ¢'(|z| — t) in the
other two terms, and since ¢'(r) > 0 for every r, it is enough to show that:

n
2 2 Tg
ui + |Vul” + 2 Z-_E 1 —|$|uzlut > 0.

The Cauchy-Schwarz inequality:
(3.12) (2 g + ug,)? > 0
x

is summed over all ¢ = 1..n to obtain the conclusion.
At this point, the function f might not vanish for |x — x| > R+t. A fixed point argument
will overcome this shortcoming. Consider the iterative equation:

uffl — AuFt 4 f(z,t,ub) + g(a,t, uf“) =0
(T uf ) =0 = (uo,u1),

for every k € N, with (u% u?) = (ug,u1). An induction argument, together with the first

part of the proof, will show that u*(z,t) = 0 for |z —xq| > R+t, for every k € N. Tt would be
enough then to show that u®(z,t) — u(z,t) a.e. as k — oo. Since f is Lipschitz we obtain
that f(x,t,u*(z,t)), which is zero for |x — x9| > R + t, converges a.e. to f(z,t, u(z,t)),
hence f vanishes outside the cone |z — 29| < R + t. The sequence of difference functions
v¥(z,t) := uF(x,t) — u(z,t) satisfies:

oE Tt AR fa, o du) — f(z,tu) + gla,t, (VR u),) — gt ug) =0
(Uk_Hv Utk+1)|t:0 = (0’ 0)'

Upon multiplication by vf“, integration over (0,¢) x R and by using the monotonicity of

g we derive the following inequality:

t
/ (o1 (2, 1))% 4 [Voh ) (2, 1) dr < / / 21 f (2, t,o* + u) — Fla,t,u) [o ) (a, 5) | dads,
n O mn

which by the Lipschitz assumptions is

t t
< [ 2L @alut T () ads < L [ [0H6) B+ o () ds.
0 0
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t
We need now a bound for / [v¥(s)|2ds, which we obtain by writing:
0

k)2 =2 t (@, 5)of (2, s)deds < t (VH(,9))* + (vf (2, 5))*deds.
0 0

Gronwall’s inequality for the function |v*(s)|2 will give us for any ¢ < T' the bound:

t
FB2 < e / [0f(s) 2ds

Therefore, we have for the function ¢*(t) / [uF(5)]3 + | V" (t)|3ds the inequality:

FHUt) < Lot (t) + C¢F(t),

which after integration becomes:

Pt <C’/ L(t=9) g ds<CeLT/¢

A simple induction argument will show that:
CF+1 LT (k+1) k41

P < K,

where K is a bound on |¢!(t)| for all ¢ in [0, T]. Thus we proved the convergence for u*(z, )
a.e. (z,t), so u(z,t) = 0 outside the domain of dependence, i.e. for |z — zg| > R +¢.

Part (2) We follow here a similar argument as in part (1). Initially, we work under the
assumption that

(3.13) f(z, t,u(z, b)) = fz,t,v(z, 1))
for |z| < R —t (again, take xg = 0). The difference u — v satisfies:

((u =), (u=0)s) = = (0,0).

We take the function % strictly positive on (—oo, R), such that ¢(r) = 0 on [R,c0) and
¥'(r) < 0 everywhere. Define the quantity J(¢) by

J(t) := /n ((ug(z,t) — ve(z, 1) + |V (u(z, t) — v(2,t)*) (2| — t)dz

(3.14) {(u —v)i — Alu —v) + f(z,t,u) — f(2,t,v) + g(z,t,ur) — g(z,t,0t) = 0;

dJ
We claim that s < 0. As before, this will show that u(x,t) = v(z,t) on the support of
Y(|z| +t), i.e. if |z] < R —t. The proof of the claim is similar to that in (1):

e [ 200l + Ol = v)u = A= v))u = )iz 1) da

#3208 ) o)l ) o | (ol w09 ()P da
i=1
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We use the equality (u — v)y — A(u —v) = —f(z,t,u) + f(z,t,v) — g(z, t,ur) + g(z, t, ve),
(3.11), (3.12) and the assumptions on the support of ¢ to obtain that J is decreasing. In
order to prove (3.12), we use the following iterative schemes with u! = ug and v! = vy:

ulbtl — AuFt 4 fa b, uF) + g(z,t,ub T =0
(T uf ) im0 = (uo, 1)
and
ortl — AR 4 f (8, o) 4 g, b, 0f T =0
(0* 0 ) im0 = (vo, v1).
By the first part of the proof, since (ug,u1) = (vo,v1) we have that u* = v*  which implies
that u**t! = v**1 on the desired domain. Since we also have that u! = v!, by the induction
principle, the equality u* = v* holds true for all k’s. The argument will be complete after

showing u* — v — 0 a.e. as k — co. This is accomplished by using the procedure as in
(1). We subtract the above iterative schemes, so that:

(Wt = of )y — AP — o8+ f(at,u®) — f(a,t0")
+g(z, t,ul ™) — g(z,t, 08 =0
(uk+1 _ vk+1’ (uk+1 _ ’Uk+1)t)‘t:0 — (0’ 0)_
An argument identical to the one used in (1) concludes the proof. O

The proof of the following proposition is contained in the proof of Theorem 3.1, but we
state the result explicitly below:

Proposition 3.5. (The energy identity)
Under the assumptions of Theorem 3.1 we have the following equality:

(3.15)
E(t) := %\ut(t)@’n + %Vu(t)@’g—i—/ F(z,t, u(z,t)) dw—/ /ft z, s,u(z,s))dzds

/ / z, 5, u(z, 8))uy(z, s) dz ds = B(0) = const.

4. THE MAIN RESULT

We state the main result of this paper in the following theorem. We remark that the
bounded set {2 is replaced by R".

Theorem 4.1. (Local existence in time of weak solutions):
v

For (ug,u1) € H*(R*)x HY(R"), and G(z,0,u1) € L*(R"™), where G(z,t,v) :/ g(z,t,u)du,

0
under the assumptions (A0)-(A7), there exists a time T > 0 up to which the (NLW) equa-
tion admits a weak solution.

Proof. STEP 1: We will discuss first the case where f satisfies (A2)(a). We assume that f
is a Lipschitz function of constant L, i.e.

(41) \f(x,t,u)—f(x,t,vﬂ SL|U_U|a

that f(z,t,u) = g(z,t,u;) = 0 if |x| > R for some positive R, and that g,(z,t,v) > 0. We
restrict ug, u; such that they are compactly supported inside the ball of radius R, so with
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such f, g, ug, u1 the existence and regularity results of Section 2 are available. At this point
we additionally impose that the following conditions are satisfied:

1 1
(4.2) |Vugla < a, §\U1|?z + §|VU0\% +/ F(z,0,uo(z)) dz < ®(a),
Q

where a, ® and Q will be chosen later. We will prove that |Vu(t)|q < o for any ¢ < 1.

In the next step we will eliminate the restrictions (4.2), and then approximate the non-
linearity f that satisfies the assumptions (A0),(A2),(A5) by Lipschitz functions f.. We
apply the results obtained in the first step (where the bounds will not depend on ¢) and
pass to the limit. We will discuss first the case where f satisfies (A2)(a).

Due to the finite propagation speed we have that u(z,t) is zero outside B(R +t), hence,
for t < 1, u(z,t) is supported inside the set Q := B(R + 1).

For p < 2*, v € H}(Q) we will need the following inequality:

2% —
(4.3) [vipa < C(R+1)"2% Voo,

This is a consequence of the Holder inequality:

2% xd 22**7_; 2*—p
pas ([ o) (far) 7 <l v
Q Q

and of the Sobolev Imbedding theorem:
|ax < C*|Vulq,

2% —p
where C* depends only on n, and C = C*w,” ” .
Since u(t) € H}(B(R +t)) implies u(t) € HE(Q) for t < 1, (4.3) will hold for any wu(t).
By the assumptions (A3) and (A5) (combined with the fact that ¢ < 1), and the conser-
vation of energy formula, the following relation holds:

|v

lU/ 2 1 u 2 X ul\xr X
(@4) sl +5IVuolh+ [ Pt d <

1 1
O+ ghufd + 5 Vuolt + / F(z,0,u0(z)) dz — E(0) —: Ep.
Q

The assumptions on F', followed by an application of the inequality (4.3) will yield:

1 1
@5) 5IVult)h+ [ Flatoue ) do > 5IVa(Ofh = mifult)} = mofut)lfq >

1 . N
5 [ Vu(t) B — mi CPIVu() (R + 1) 5 — myC|Vu(t)[(R + 1) 5.

The right hand side of the above inequality will be analyzed with the aid of the function:

2

(4.6) B(z) = % — AzP — Ba?, z>0.

where A, B > 0.

For p, ¢ > 2, ® has exactly 2 critical points: & = 0 and z = «, where a is the only
positive root of the equation 1 = pAaP~2 + qBa? 2 . At = 0 there is a local minimum
and at ¢ = a a global maximum. We point out that a depends on R, which measures the
size of the support of the initial data.
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FIGURE 1. Graph of &

In (4.6) we take:

2* _p
oF

A= mlcp(R + 1)”
B =myCI(R+1)" 7",
(R + 1 is related to the restriction ¢ < 1).
Assume that |Vu(s)|q < a for all s € [0, sq), for some sg(so > 0, as |Vuglao < a and
t — |Vu(t)|q is continuous). With the new notation, (4.5) becomes:

1 1
S Vu®)la+ /QF(%?Z u(z, 1)) dz > S |Vu(t)[g — AVu(t)l — BIVu(®)[j,
which combined with (4.4) gives us:

1 1
(47) u) + 5 Vu(Ol ~ AV} - BIVu()f} <
1 1
(Ol + 5 Vu)f + | Flotu(e,0)ds <
Q

1 1
hulh+ 51900t + [ Pla,0. (@) do < 8(a).
the last inequality being part of the hypothesis for Step 1. Therefore
1
5| Vut)lg — AlVu®)[f, = BIVu(#)[§ < o(a)
so, by the continuity in time of |Vu(t)|q we get:

(4.8) |[Vu(t)|a < o

for any t < 1, otherwise ®(|Vu(t)|) > ®(a) for the ¢t which did not satisfy (4.8), so we
would obtain a contradiction. We make the remark that the bound ¢ < 1 is imposed by the
choice of the domain Q = B(R + 1).

If f satisfies (A2)(b), we easily obtain the bound |Vu(t)|q < C(ug,u1) from the energy
identity, since we have that F' > 0.
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STEP 2: Under the Lipschitz assumption on f we eliminate the restrictions (4.2) and
the fact that f and g have compact support in the variable . The idea follows an argument
of M. Crandall and L. Tartar who applied it in order to show global existence of a solution
for the Broadwell model in [20].

Consider a pair of initial data (ug,u1) € Hg(R?) x L2(R?), ug € H*(R3) and G(z,0,u1) €
LY(R™). Fix t < 1 and 29 € R*. We will find a domain around zq, small enough, such that
(4.2) are satisfied inside. Then we construct a new pair of initial data (ug, u}) for which we
apply the results of Step 1 to obtain bounds for the new solution u* for ¢ < 1.

From now on let a be the critical point of the function ®, from Step 1, with the coefficients
A, B corresponding to R = 1. Denote by (up,u;) the initial data which coincides with
(ug,u1) inside B(zg,1) and is 0 outside.

We find p < 1 small enough such that:

V| B(g,p) < % and Vo[, ) < y,

2(C*wn) ™ (10| B(ag,p) + W0l B(ao.p) < %, and 40*2w;+2\ﬂo|23(%,p) < @’
(4.9) %|E1|2B(w0,p) < @;

ma(C) (19l + [l a5+ 1) < T

a0 (90l + [0 i+ 1) < T,

where C* is the constant of the Sobolev inequality. To have these conditions satisfied, it is
enough to take p such that:

(410) Violps o <mind @, [2@ a1 (@@)" 1 (2))"
: 01B(@0,p) 2’ 6 " 8(Crw,)n 20 \ 6my 120" \ 6mgy ’

_ _ a 1 da) 1 [B@)\Y? 1 [(B(a)\V
o|B < min -
(@0.¢) 8(Crwy)n wnC*\[ 5y 5" 6C* \ 6my " 6C* \ 6ma ’

®(a
1B, 0) < %
The existence of such a p, independent of xg € R”, is motivated by the equiintegrability of
the functions wy, Vg, u; (see [11]).
It is possible that uy ¢ Hg(B(zo,p)) since it does not necessarily have zero trace on
the boundary, so in order to apply the results of Step 1, we multiply ug by 60, a twice

differentiable cutoff function, obtained by smoothing the Lipschitz graph:

o) =4 1 27270l 2oy <y
p 2
05 ‘:L‘ - xo‘ > p-
With an appropriate choice of the smoothing operator for 6y we will have:

p
(4.11) 01, B(zop) S 1. [VlooB(zo,p) < o
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Now, the product #ug =: u} belongs to Hj (B(zg, p)) N H(B(zo,p)), and we have:
Vug = Vg + upVe.
Hence:
Vg  B(a,p) < 10lo0,B(w0,0) V0| B(a0,0) + IV Oloo,B(20.,0) [0 B(ao,p)-
By (4.11) and by applying Holder’s inequality, the above quantity is:
12

(07 _
< 5 + |u0‘2*,B(mo,p)|B(anp)|" ;’

which, with the aid of the Sobolev’s inequality, becomes:

i 410) ¢ o
§+2(C )n (|VUO‘B (z0,p) +‘U‘O‘B (zo p)) < §+§ =«
We claim that (ug, u]) := (6o, u1) satisfies the second inequality of (4.2), i.e

1 *|2 1 *|2 *
§|U1|B(m0’p) + §|VUU|B(m0,p) + B(zo p) F(l" 0’ uo(-’L‘)) d-'I/' S @(a),

and we can prove this fact in a similar manner as before. For the first term we have:

1 *|2 <D(Od)
§|u1|B(m0,p) = §|u1|B(m0,p) — 3
Also,
1 * |2 — |2 2
(412) _‘VUO‘B < ‘0|oo ,B(z0,p) ‘VUO‘B(mO p) + ‘V0|oo ,B(z0,p) |UO‘B (zo0,p)
G S ®(a) 2 At
=6 ,0 C | (Io,p” z |u0ﬁ5’(mo,p) = T+4C wn? |u0‘B (z0,p)
_Ba) , 3(a) _ ¥(a)
-6 6 3

For the last term, the assumption (A2)(a), the Sobolev embedding theorem and the restric-
tions for p in (4.10) give us:

(4.13) /B PO de < [ mlus@l +maa) 0 do

B(ajo,p)
< ml(C*)p (|vu6|3(xo,p) + |u6‘B(xo,p))p + mQ(C*)q (|VUS|B($07P) + |u6‘B(x0,p))

* — — 2 P * —
< ma(C*)? (mmmm + alatan (5 + 1)) T ma(CM) (| o)

(0) , ®(a) _ B(a)

+ |u — 4+ —+
01B(@on)t =~ 6 6 3

q

Next we intend to use the finite speed property to prove that in a neighborhood of xg,
for any time t < g the solution u*(+,t), given by (uf,u}), coincides with u(-,t).
Having the finite propagation speed, we obtain the uniqueness u* = u up to time p/2 in

a neighborhood of z3. By moving x¢ in R® and ”patching” all the local solutions u*, we
can eliminate the constraint of compact support for the initial data.
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STEP 3: Approximate f by the Lipschitz functions f, given by:

flz, t,u), if | fu(z, t,u)] < 1/¢,
fE(CIT,t, U) = f(mataqu) + u75u+a if fu(fE,t,U) > fu(mataqu) = 1/€a
flz,t,u_) — %, if fu(z,t,u) < fu(z,t,u_) =—1/e.

As f is continuously differentiable in u, the functions f. approximate f maintaining a con-
tinuous derivative at u_, respectively, at u,. We notice that for this Lipschitz nonlinearity
fe, in the inequality (A2)(a) we can choose the same constants mj,my as for f, so they
will remain independent of . Hence, the coefficients A, B from (4.6), corresponding to fe,
as well as the root «, and the radius p, chosen in Step 2, will not vary with €.

We solve the problem with the nonlinearities f.,g. and initial data (ug,u}) as in the
previous steps and obtain the estimates:

(4.14) VU2 () B(aop) <

From the energy identity (3.14), (A5) and the fact that g is increasing the following
inequality results:

(4.15) mym%%wﬂwgm%m@+é()ﬂ@@@@mmga
Zo,pP

so, with the growth condition on F*, Sobolev’s inequality and (4.14) we obtain the bound:

(416) 162, (0B ey + VOB ey < C+ [ e P malul e, )
Zo,pP

< C+ C(p,m1)|Vui(t) + C(p,m2)|VuZ(t)[3

2,B(20.p) <C.

0,p)
By integrating (4.16) in time up to p/2, we deduce from the Dunford-Pettis Theorem (see
[23]) the existence of a subsequence, denoted also by u*, for which we have the convergences:

ul 5 in L°(0, p/2; Hy (B(o, p))

&€

ut, 5 i in L(0, p/2; LA(B(wo, p)).

€t

(4.17)

The Sobolev compactness embedding theorem yields the convergence u} — u* strongly
in L2((0,p/2) x B(zg,p)) so ul(z,t) — u*(x,t) ae. (z,t) € (0,p/2) x B(xo,p). Hence
fe(z, t,ul(z,t)) — f(x,t,u*(z,t)) a.e. The growth bound on f. and (4.14) will suffice
to transform the a.e. convergence in weak convergence for f.(z,t,u’(z,t)), by Lebesgue

b €
dominated convergence theorem (see [10] pg.12 for details).

Since (up, u1) = (ug, u}) for |y —zo| < 2 due to the uniqueness result stated in Theorem
3.1, we have u(z,t) = uc(z,t) for |z — 29| < &+t —s; hence u*(z,t) = u(x,t) on the same
backward cone.

A monotonicity argument will be applied in order to pass to the limit in the nonlinear

damping term g(z, ¢, us,). From (A4), the energy identity and the bounds on F; obtained
above, we have:

t
(418) |U’€t (t)|g,B(m0,p) + |vu€(t)|g,B(a:0,p) +/ / ‘ué‘t (.77, 3)‘mdxd5
0 JB(zo,p)

t
< 1B o+ VOB e + [ [ 0w () o 5) s £ .
Z0,pP
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Therefore, again we can extract a subsequence u} such that:
e, = g in L™((0, p/2) x B(xo, p))

g(ﬂ:,t, UEt) = §in Lml((O,p/2) X B(ﬂ:o,p)).

Passing to the limit in € we obtain

(4.19)

(4.20) uy — Au+ f(z,t,u) + & = 0 in the sense of distributions.
We need to verify that £ = g(z,t,us). By (4.17) and (4.18),
(4.21)
t
‘ut(t)g,B(xg,p) + |Vu(t)|g,B(xg,p) + hgl_)%lf/ / 20 g(m, S, Ugy (‘T? s))uﬁt (m'; S)d(EdS <C.

By the monotonicity of g we also have that:

(4.22) / / (z,8,ue, (x,8)) — g(z, s, p(z, ) (ue, (z, 8) — d(z, s))dzds > 0.
xu,P

for every ¢ € L™((0,t) x B(zo, p). We have that:
(4.23) 11m1nf/ / (z,8,ue, (z,8)) — g(z, s, p(z,8))) (ue, — ¢(z, 8))dzds
mpr

/ / wo’p (z,5) — g(z,5,¢(z, 5)))(wi(z, 5) — d(x, 5))dxds,

as it can be checked by using (4.20) that

liminf/ / 9(z, s, ug, (z, 8))ue, (z, s)dzds —/ / Eug(z, s)dzds,
e—0 (z0,p) (z0,p)

so by combining (4.22) and (4.23) we obtain:

/ / (@, 5) — gl 5, 6(z, 8)))(url, 5) — $(z, 8))daxds > 0,

for all t < p/2, so by passing to limit as ¢ — p/2, it holds also for t = p/2. By choosing ¢
appropriately (¢ = u; = Av for A > 0 and any v € C°(B(zo, p)) and leting A — 0 for both
choices), we obtain the desired equality £ = g.

By moving z(, we can cover the entire space R" with balls of radius p/2. For each of
them, we obtain that u(z, s) = u*(z, s), if |z — x¢| < g +t—s.

Thus we obtain existence of a weak solution u up to time p/2.
O

Remark: This method will not provide a uniqueness result, since the existence result was
obtained by passing to the limit in the inequalities which yielded bounds for the approximate
solutions.

5. GENERALIZATIONS AND OPEN PROBLEMS

This proof works in the variable coefficient case, i.e. for the equation:

n

(51) Utt — Z aij(-'B)Uz‘,-,mj + f(.’l?} t, ’LL) + g(a:, t, Ut) = Oa
ij=1
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where to the assumptions (A0)-(A6), we add the following assumptions concerning the
coefficients a;;. For every 1 <4,j < n, we impose that a;; are:

(1) bounded: a;; € L>®(R");

(2) symmetric: a;; = aji;

n
(3) elliptic: Z a;j(z)x;xz; > 0, for every x € R” with components z;.
i,j=1

This generalization is mainly possible due to the fact that the arguments used in the
proof of Theorem 3.1 and in the finite propagation speed property do not critically rely the
fact that the coefficients are constant. The rest of the proof can be easily adjusted.

This remains a local in time existence result. In order to obtain global existence, it would
suffice if one were able to choose the value p like in (4.10), but independent of time, so one
can reiterate the local result and obtain that the solution exits up to T' = cc.

It is our belief that the result should hold with no polynomial growth assumptions on
g, since they they were not needed in the auxiliary Theorem 3.1, but it is still under
investigation if the monotonicity alone will suffice. It would also be interesting to see if
these techniques could be adapted in order to allow more general nonlinearities.
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