
WEAK SOLUTIONS OF NONLINEAR WAVE EQUATIONS
Petronela RaduDepartment of Mathemati
al S
ien
esCarnegie Mellon UniversityAbstra
t. We show lo
al in time existen
e of a weak solution to the nonlinear waveequation with power-like damping and sour
e terms, when the sour
e has a sub
riti
al ex-ponent or its primitive is positive. The damping is present through an in
reasing fun
tionbounded by a power.

In this work we study weak solutions to the equation:
(NLW) 8<: utt ��u+ f(x; t; u) + g(x; t; ut) = 0 a.e. in R n � [0;1);ujt=0 = u0 ;utjt=0 = u1 :By a weak solution of (NLW) we will understand a solution in the sense of distributions,i.e. in the sense given by the following de�nition.De�nition 0.1. Let 
T := (0; T ) � R n , the fun
tions f; g under the assumptions (A2),(A4) from below, and the initial data u0 2 H10 (R n) \ Lp+1(R n); u1 2 L2(R n) \ Lm+1(R n).A weak solution of (NLW) on R n , up to time T , is any fun
tion u withu 2 H10 (
T ) \ Lp+1(
T ); ut 2 L2(
T ) \ Lm+1(
T );su
h that for every � 2 C1
 (
T ):Z
T ut(x; s)�t(x; s) +ru(x; s) � r�(x; s) + f(x; t; u)�(x; s) + g(x; t; ut)�(x; s) dxds = 0and u(x; 0) = u0(x); ut(x:0) = u1(x) a.e.1. Introdu
tionSome of the early results for the equation (NLW) were obtained in the simpli�ed 
aseswhere one of the fun
tions f or g vanishes, while the other one is a power fun
tion. Theseare 
lassi
al results due to J.L. Lions [10℄ and K. J�orgens [6℄. A landmark paper wherethe intera
tion between the sour
e term and the damping term is treated is authored byJ.L. Lions and W.A. Strauss [12℄. The literature of this subje
t is vast, with results 
ov-ering existen
e results, as well as blow-up theorems in the non
oer
ive 
ases. We mentionthe 
ontributions made by R. T. Glassey [3℄, [4℄, J. S
hae�er [15℄, and F. John [7℄, regard-ing blow-up in �nite time of solutions, and the works regarding existen
e of solutions byP. Brenner and W. von Wahl [2℄, L. Kapitanskii [8℄, S. Klainerman [9℄, and more re
entlyby G. Todorova, V. Georgiev, J. Serrin and E. Vitillaro in a series of papers [5℄, [16℄, [21℄,[22℄.Date: O
tober 15, 2003. 1



2 PETRONELA RADUThe work presented here brings an improvement to the lo
al existen
e result by J. Serrin,G. Todorova and E. Vitillaro in [16℄, by extending the range for the exponent m, while itprovides an alternative proof for the 
ommon range of the exponents p and m. Morepre
isely, we 
an 
over the entire range 0 � m for p < 2� (2� = 2nn� 2) while the lo
al resultin [16℄ deals only withm > 2�=(2��p) in the 
ase 1+2�=2 < p < 2� (region III in Theorem 1of [16℄). Under the assumption that F (u) = R u0 f(x; t; v)dv � 0, we obtain existen
e withoutimposing any growth 
onditions on F . The short
oming in our work is that we impose more
onditions on the initial data, mainly that (u0; u1) 2 H2(R n)�H1(R n), whereas the natural
ondition is (u0; u1) 2 H2(R n) � H1(R n). (Note: the stronger assumptions are imposedby the Theorem 3.1, but we suspe
t that they 
an be removed). Our assumption (A7) ismore restri
tive than (Q4) (pg. 8 in [16℄), but our work has the advantage of allowing somedependen
e on t for f , and of having no assumptions on gv ((Q5)-(Q6) pg.8 in [16℄).The main tools used in this paper are based on the method of potentials whi
h goes ba
kto D. H. Sattinger in [14℄, and an idea due to by M. Crandall and L. Tartar used in [20℄,whi
h will be explained later.The paper is organized as follows: we will 
ontinue with a se
tion that explains thenotation used and lists the assumptions under whi
h we work; some preliminary resultsfollow in a subsequent se
tion, together with their proofs (some of these results are knownin the literature, while others are new results that will be needed later). The main resultis presented in a separate se
tion. Some dire
tions for further improvement are 
ontainedin the last se
tion.
2. Notation and assumptionsThroughout we will use the following notation:x 2 R n denotes a ve
tor with 
omponents xi and length jxj;j � jq;
 is the norm in Lq(
) and j � jq is the norm in Lq(R n);jj � jjH10 (
) will also be denoted by jj � jj
;j
j = the Lebesgue measure of 
 � R n!n = the measure of the unit ball in R nB(x;R) = the open ball 
entered at x, of radius R;B(R) = the open ball 
entered at the origin, of radius R;The spa
e dimension is n � 3 with the Sobolev exponent 2nn� 2 denoted by 2�.The nonlinear terms f and g will be taken to satisfy the following assumptions:(A0) f is measurable in x and di�erentiable in t and 
ontinuously di�erentiable in u;(A1) g is measurable in t and it is di�erentiable in x and ut;(A2) (a)jF (x; t; u)j � m1jujp + m2jujq su
h that 2 < q < p < 2�; m1;m2 > 0; whereF (x; t; u) = Z u0 f(x; t; v)dv, so we also have that f(x; t; 0) = 0;Or, (b)F (x; t; u) � 0 and f(x; t; 0) = 0;(A3) Monotoni
ity: gv(x; t; v) � 0; t; v 2 R ;(A4) vg(x; t; v) � Cjvjm and jg(x; t; v)j � Cjvjm�1 for some m � 1; we note that as a
onsequen
e g(x; t; 0) = 0;(A5) jft(x; t; u)j � C for some C > 0;(A6) jrxg(x; t; v)j � Cjvj;(A7) jgt(x; t; v)j � Cjvj.



WEAK SOLUTIONS OF NONLINEAR WAVE EQUATIONS 33. Preliminary ResultsThis se
tion 
ontains all the results that we will use in order to prove our main theorem.At �rst, we re
ord for 
ompleteness the following result, whose ideas 
an be found in the
lassi
al works of V. Barbu [1℄, and J. L. Lions [12℄:Theorem 3.1. (Existen
e and uniqueness of solutions for dissipative wave equations withLips
hitz sour
e terms)Let 
 � R n be a bounded domain with smooth boundary �
, and f(x; t; u) and g(x; t; v)under the assumptions (A0)-(A1),(A3)-(A7) and, additionally:jf(x; t; u)� f(x; t; v)j � Lju� vj;for every x 2 R n and every t; u; v 2 R . Let u0; u1 2 H10 (
) with u0 2 H2(
); G(x; 0; u1) 2L1(
), where G is the antiderivative with respe
t to v of g, i.e. G(x; t; v) = Z v0 g(x; t; y)dy.Then the Cau
hy problem:
(LD) 8<: utt ��u+ f(x; t; u) + g(x; t; ut) = 0 in 
� (0; T );(u; ut)jt=0 = (u0; u1);u = 0 on �
� (0; T ):admits a unique solutionu 2 C1([0; T ℄;L2(
)) \ C([0; T ℄;H10 (
)) with utt; �u 2 L2(0; T ;L2(
)):Proof. Existen
e: Consider the approximate equation:
(LD�) 8<: u�tt ��u� + f(x; t; u�) + g�(x; t; u�t ) = 0 in 
� (0; T );(u�; u�t )jt=0 = (u0; u1);u� = 0 on �
� (0; T );where(3.1) g�(v) = g Æ (I + �g)�1(v);i.e. g�(x; t; v + �g(x; t; v)) = g(v)), is the Yosida approximation for g. We denote by:G�(x; t; v) = Z v0 g�(x; t; y)dy:In the subsequent lemma we 
olle
t a series of results about g� that will be needed in ourproof.Lemma 3.2. (Properties of the Yosida approximation)For g an in
reasing, di�erentiable fun
tion in v we de�ne g� as in (??). Then, thefollowing hold:(1) (A3)� : g�v � 0;(2) For ea
h � > 0; g� is a Lips
hitz fun
tion in v su
h that there exists L(�) > 0 with:jg�(x; t; v1)� g�(x; t; v2)j � L(�)jv1 � v2j;(3) �g�(v) = v � (I + �g)�1(v);(4) G� is a positive fun
tion;(5) (A6) implies (A6)� : jrxg�(x; t; v)j � Cjvj;(6) (A7) implies (A7)� : jG�t (x; t; v)j � Cjvj2;(7) G�(x; t; v) � G(x; t; v), for every x; t; v; hen
e jjG�(t; v)jjL1(
) � jjG(t; v)jjL1(
).



4 PETRONELA RADUProof. (1) We di�erentiate with respe
t to v the equality g�(v+�g(v)) = g(v) (we dropthe x; t dependen
e, sin
e it doesn't a�e
t our 
omputations) and obtain:(3.2) g�v (v + �g(v)) = gv(v)1 + �gv(v) :Sin
e gv(v) � 0 for every v, we get g�v � 0.(2) By (1) and (3.1) jg�v j � 1� . We havejg�(x; t; v1)� g�(x; t; v2)j � Z v2v1 g�v (x; t; y)dy � 1� jv1 � v2j:Hen
e g� is Lips
hitz in v and L(�) = 1� .(3) It is enough to show that (I + �g)�1 = I � �g�. This equality is true, sin
e(I � �g�)(I + �g) = I is the same as g = g�(I + �g), relation equivalent to (??).(4) We have g�(x; t; 0) = 0 (by the de�nition of g� and by g(x; t; 0) = 0). Therefore, by(1) g�(v) � 0, if v � 0 and g�(v) < 0, if v < 0. By analyzing both 
ases v � 0 andv < 0 and by using the de�nition, we obtain that G� � 0.(5) For simpli
ity, denote by v�(x; t; v) := (I + �g(x; t))�1(v), so that(3.3) v� + �g(v�) = v:Then, by the de�nition of g�; g�(x; t; v) = g(x; t; v�). We di�erentiate (3.2) withrespe
t to x and obtainrxv�(1 + �gv(v�) = ��rxg(v�):Hen
e, jrxg�(v)j = 1� jrxv�j = jrxg(v�)j1 + �gv(v�) � jrxg(v�)j;sin
e �; gv � 0. The fa
ts that g is in
reasing and g(x; t; 0) = 0 imply that v�g(v�) �0, so by squaring (3.2), we obtain jv�j � jvj, whi
h together with the previousinequality and the hypothesis 
on
lude the proof.(6) As in the previous 
ase, we prove that jg�t (x; t; v)j � Cjvj. By integrating withrespe
t to v, we obtain (A7)�.(7) We use the notation of (5) and the fa
t that jv�j � jvj. In the 
ase 0 � v� � v, bythe monotoni
ity of g, we have that 0 � g(v�) = g�(v) � g(v). By integration withrespe
t to v we obtain G�(x; t; v) � G(x; t; v), for v � 0. In analogous way we treatthe 
ase v � 0 � v�. By integration with respe
t to the x variable, we obtain thedesired inequality of the L1 norms. �For the proof of our theorem, we will need the following estimates:(3.4) ju�t (t)j2L2(
) + jju�(t)jj2H10 (
) � C;(3.5) jju�t (t)jj2H10 (
) + j�u�(t)j2L2(
)ds � C;
(3.6) Z T0 ju�tt(t)j2L2(
) � C;
(3.7) Z T0 Z
 jg�(x; t; u�t )j2dx ds � C;



WEAK SOLUTIONS OF NONLINEAR WAVE EQUATIONS 5C representing throughout a generi
 
onstant, independent of �.These estimates are obtained by multiplying the equation (LD�) by appropriate quan-tities. In order to obtain (3.3) we use the multiplier u�t , integrate over the spa
e 
 andobtain: 12 ddt Z
 ju�t j2 + jru�j2dx � �Z
 f(x; t; u�)u�t dx;by the monotoni
ity of g�. Integration in t and the Lips
hitz assumptions on f yield:Z
 ju�t (t)j2 + jru�(t)j2dx � Z
 u21 + jru0j2 + 2LZ t0 Z
 ju�(s)jju�t (s)jdxds� Z
 u21 + jru0j2 + LZ t0 Z
 ju�(s)j2 + ju�t (s)j2dx ds;whi
h by Poin
ar�e's inequality is
� Z
 u21 + jru0j2 + LZ t0 Z
 Cjru�(s)j2 + ju�t (s)j2dx ds:These inequalities hold for any t 2 (0; T ), so by Gronwall we get:
ju�t (t)j2L2(
) + jju�(t)jj2H10 (
) � �Z
 u21 + jru0j2� eCT < C:

The se
ond estimate is obtained by multiplying the equation by ��u�t and integratingin x. Hen
e,Z
[�u�tt�u�t +�u��u�t � f(x; t; u�)�u�t � g�(x; t; u�t )�u�t ℄dx = 0:
Green's formula, the fa
t that g�v (x; t; v) � 0 and the 
onsequen
e of (A6) for g� will giveus:Z
 g�(x; t; u�t )�u�t dx = �Z
 g�v (x; t; u�t )jru�t j2dx� Z
rxg�(x; t; u�t ) � ru�t dx� �Z
rxg�(x; t; u�t ) � ru�t dx � C Z
 ju�t (x; t)j2 + jru�t (x; t)j2dx;hen
e: 12 ddt Z
 jru�t j2 + j�u�j2dx � Z
 f(x; t; u�)�u�t dx+ C Z
 ju�t j2 + jru�t j2dx:We integrate in time soZ
 jru�t (t)j2 + j�u�(t)j2dx � Z
 jru1j2 + j�u0j2dx+Z t0 Z
(2f(x; t; u�)�u�t + Cjru�t j2 + Cju�t j2)dxds:



6 PETRONELA RADUUse (3.3) to bound R t0 R
 ju�t (x; s)j2)dxds and in the term that 
ontains f , integrate by parts(in the weak sense) with respe
t to t to obtain :Z
 jru�t (t)j2 + j�u�(t)j2dx � C + Z
 jru1j2 + j�u0j2dx+ C Z t0 Z
 jru�t (s)j2dxds+ 2Z
 f(x; t; u�)�u�dxjs=ts=0 � 2Z t0 Z
[ft(x; t; u�) + fu(x; t; u�)u�t ℄�u�dxds;and sin
e jfuj < L; jftj < C, with the help of Young's inequality we obtain:
� C + Z
 jru1j2 + j�u0j2dx+ L� �Z t0 Z
 ju�(x; s)j2dxds+ Z
 ju0(x)j2dx�+ L��Z t0 Z
 j�u�(x; s)j2dxds+ Z
 j�u0j2dx�+ C Z t0 Z
 jru�t (s)j2dxds+ (L+ C)Z t0 Z
(ju�t (s)j2 + j�u�(s)j2)dxds;whi
h with the right 
hoi
e for �, the aid of Poin
ar�e's inequality, and by using the estimate(3.3) will yield a Gronwall type inequality, whi
h will imply (3.4).The third estimate in our list is obtained with the aid of the multiplier u�tt, and byintegrating in spa
e and time. Hen
e:Z T0 Z
 ju�ttj2dxds+ Z
G�(x; T; u�t (T )))dx = Z
G�(x; 0; u1)dx+ Z T0 Z
G�t (x; s; ut)dxds+Z T0 Z
�u�u�ttdxds�Z T0 Z
 f(x; t; u�)u�ttdxds by (A7)�� Z
G�(x; 0; u1)dx+C Z T0 Z
 jutj2dxds+ 12" Z T0 j�u�j2L2(
)ds+2"Z T0 Z
 ju�ttj2dxds+ L2� Z T0 Z
 ju�j2dxds+L�2 Z T0 Z
 ju�ttj2dxds;where we made use of Young's inequality with 
oeÆ
ients "; 1" ; �; 1� . Poin
ar�e's inequality
ombined with the bounds from (3.3) and (3.4) will yield, after 
hoosing " and � smallenough: C Z T0 Z
 ju�ttj2dxds+ Z
G�(x; T; u�t (T ))dx � Z
G�(x; 0; u1)dx+ C:G� is a positive fun
tion by Lemma 3.23 and jjG�(0; u1)jjL1(
) � C by the hypothesis andLemma 3.24. These fa
ts will imply (3.5).We follow the same kind of argument for the last estimate, multiplying by g�(u�t ) andintegrating over (0; T )� 
.Z T0 Z
 jg�(x; t; u�t )j2dxds = Z T0 Z
 ��u�g�(x; t; u�t )� u�ttg�(x; t; u�t )� dxds�f(x; t; u�)g�(x; t; u�t )dxds � Z T0 Z
 12" j�u�j2+ "2 jg�(x; t; u�t )j2+ 12� ju�ttj2+ �2 jg�(x; t; u�t )j2+ L2� ju�j2 + �2 jg�(x; t; u�t )j2dxds:



WEAK SOLUTIONS OF NONLINEAR WAVE EQUATIONS 7Again, 
hoose "; �; � small enough in Young's inequality and use (3.3),(3.4) and (3.5) toobtain (3.6).Next, we will show that (u�)��0 is a Cau
hy sequen
e in the H10 (
) and (u�t )��0 isCau
hy in L2(
). We subtra
t the equation (LD�) from (LD�), multiply the result by thedi�eren
e u�t � u�t , and integrate over 
 to obtain:
(3.8) 12 ddt �Z
(u�t � u�t )2 + jru� �ru�j2dx�+ Z
(f(x; t; u�)� f(x; t; u�))� (u�t � u�t )dx+ Z
(g�(x; t; u�t )� g�(x; t; u�t ))(u�t � u�t )dx = 0By Lemma 3.22 we have the identity:u�t = �g�(u�t ) + (1 + �g)�1(u�t );and a similar relation for u�. We employ again the monotoni
ity of g, the Lips
hitz assump-tion on f , and integrate (3.7) with respe
t to time to arrive at the following inequalities:
ju�t (t)� u�t (t)j2L2(
) + jju�(t)� u�(t)jj2H10 (
) � 2LZ t0 Z
 ju� � u�jju�t � u�t jdxds� 2Z t0 Z
(g�(x; t; u�t )� g�(x; t; u�t ))(�g�(x; t; u�t )� �g�(x; t; u�t ))dxds� LZ t0 Z
 �ju� � u�j2 + ju�t � u�t j2� dxds+ Cj�� �jby Poin
ar�e� C Z t0 �ju�t (s)� u�t (s)j2L2(
) + jju�(t)� u�(t)jj2H10(
)� ds+Cj�� �j;whi
h with the help of Gronwall's inequality will show that our sequen
e is Cau
hy. Furtherexplanation is due in the above argument where we used that�Z t0 Z
(g�(x; t; u�t )� g�(x; t; u�t ))(�g�(x; t; u�t )� �g�(x; t; u�t ))dxds � C(�� �):For simpli
ity, let us denote by a and b the following quantities:a = g�(x; t; u�t ); b = g�(x; t; u�t )Then, it will be enough to show that:(3.9) �(�a� �b)(a� b) � C(�� �)for some C, whi
h 
an be positive or negative. There are two 
ases: either � = �, whi
his trivial, or � 6= �. In this se
ond 
ase, we 
an 
hoose C = b2 � a22 , so the followinginequalities a2 � ab+C � 0; b2 � ab� C � 0will hold and imply ��(a2 � ab+ C)� �(b2 � ab� C) � 0;
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whi
h is (3.8) rearranged. The argument is �nished as we observe that Z T0 Z
 a2dxds,respe
tively Z T0 Z
 b2dxds, are �nite due to (3.6). Thus, we obtained:
(3.10) u�(t)! u(t) uniformly in rapport with t in H10 (
)u�t (t)! ut(t) uniformly in rapport with t in L2(
):In order to 
on
lude the proof of existen
e (and regularity) of the solution, we remarkthat the following 
onvergen
es take pla
e:u�tt * utt weakly in L2(0; T ;L2(
)) due to (3.5);�u� * �u weakly in L2(0; T ;L2(
)) due to (3.4);f(x; t; u�)! f(x; t; u) in L2(0; T ;L2(
)) due to the Lips
hitz assumptions;g�(x; t; u�t )* � weakly in L2(0; T ;L2(
)) for some � 2 L2(0; T ;L2(
)); due to (3.6):Finally, (3.9)2 implies � = g(ut) in the sense of distributions.Uniqueness: Suppose that u and v are two solutions of (LD), then the di�eren
e u� vsatis�es the equation:(u� v)tt ��(u� v) + f(x; t; u)� f(x; t; v) + g(x; t; ut)� g(x; t; vt) = 0;with initial and boundary data identi
ally zero. As usual, we multiply the equation by(u� v)t, whi
h is allowed due to the regularity obtained above, and integrate in spa
e andtime. Therefore:Z
[(u�v)t℄2(t; x)+ jr(u�v)j2(t; x)dx � �Z t0 Z
(f(x; t; u)�f(x; t; v))(u(s; x)�v(s; x))t+ (g(x; s; ut)� g(x; s; vt)(ut(s; x)� vt(s; x))dsdx:The same ingredients that we used before, the Lips
hitz assumptions on f , the monotoni
ityof g, the Cau
hy and Gronwall inequalities give us u� v = 0. Thus, the solutions of (LD)are unique. �A 
lassi
al te
hnique that we will use is to approximate the initial data with smoothfun
tions and then pass to the limit in the sequen
e of approximate solutions. The followingtheorem will justify this argument.Theorem 3.3. (Convergen
e of a sequen
e of smooth solutions)Under the assumptions of Theorem 3.1, if (u0� ; u1�)��1 is a sequen
e of smooth fun
tionssu
h that (u0� ; u1�) ! (u0; u1) in H10 (
) � L2(
), then u�(t) ! u(t) in H10 (
) for everyt > 0:Proof. We use the same te
hniques that helped us prove Theorem 3.1, i.e. multiply theequation by u�t � ut, integrate with respe
t to the spa
e and then the time variables anduse the Lips
hitz assumptions for f and the monotoni
ity for g. Doing so yields:Z
 j(u�(x; t)� u(x; t))tj2 + jru�(x; t)�ru(x; t)j2dx � Z
(u1�(x)� u1(x))2+ jru0�(x)�ru0(x)j2dx+Z t0 Z
 L(j(u�(x; s)�u(x; s))tj2+ jru�(x; s)�ru(x; s)j2)dxds



WEAK SOLUTIONS OF NONLINEAR WAVE EQUATIONS 9Poin
ar�e's followed by the Gronwall's inequalities will �nish the proof. �For the proof of our main result we will need a �nite propagation speed result and theenergy identity, whi
h are stated and proved below.Proposition 3.4. (Finite propagation of speed) Under the hypothesis of Theorem 3.1,(1) if the initial data u0; u1 is 
ompa
tly supported inside the ball B(x0; R) then u(x; t) =0 outside B(x0, R+ t);(2) if (u0; u1); (v0; v1) are two pairs of initial data with 
ompa
t support for (LD), withthe 
orresponding solutions u(x; t), respe
tively v(x; t), then u(x; t) = v(x; t) insideB(x0, R� t) for any t < R.Proof. Part (1) The proof presented here extends an argument used for the linear waveequation by L. Tartar [18℄.Assume for now that f(x; t; u) = 0 for jx� x0j � R + t. Sin
e the equation is invariantby translations, without loss of generality we 
an take x0 = 0. First we approximate theinitial data uniformly by smooth fun
tions (u0� ; u1�) with 
ompa
t support inside B(R�),with R� ! R as � ! 0. For any T > 0, the solution for :
(3.11) (u�tt ��u� + f(x; t; u�) + g(x; t; u�t) = 0;(u�; u�t)jt=0 = (u�0 ; u�1):exists up to T .Consider a fun
tion �� with ��(r) = 0 on (�1; R�℄; ��(r) > 0 on (R�;1), su
h that�0(r) � 0 on R . Sin
e u�t 2 L1(0; T ;H10 (B(R�))), we are allowed to multiply (NLW) byu�t(t; x)��(jxj � t); 0 < t < T . The quantity:

I�(t) = ZRn (ju�t(x; t)j2 + jru�(x; t)j2)��(jxj � t) dx
is well de�ned and assume for now that dI�dt � 0. It 
an be easily seen that I�(0) = 0, forwe have:
I�(0) = Zjxj<R�(ju1�(x)j2 + jru0�(x)j2)��(jxj) dx+ Zjxj>R�(ju1�(x)j2 + jru0�(x)j2)��(jxj) dx:The �rst integral is 0 sin
e ��(jxj) = 0 for jxj < R�. The initial data has support insidethe domain jxj < R�, so the se
ond integral is zero.The assumption that t! I�(t) is de
reasing leads us to I�(t) � I�(0) = 0, whi
h meansthat u�(x; t) = 0 if jxj � t > R� . We pass to the limit in � (see Theorem 3:3) to obtainu(x; t) = 0 for jxj � t > R; and this 
on
ludes the proof.It suÆ
es then to prove that dI�dt � 0. For the regularized initial data we have u� 2L1(0; T ;H10 (B(R�))); u�t 2 L1(0; T ;H10 (B(R�))); u�tt 2 L1(0; T ;L2(B(R�))), whi
h en-ables us to 
ompute (we drop the subs
ript � in the remainder of the proof):
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dIdt (t) = ZRn 2�(jxj � t)(ututt + nXi=1 uxiutxi)(x; t) dx� ZRn �0(jxj � t)(u2t + jruj2)(x; t) dx

= ZRn 2�(jxj � t)(ututt)(x; t) dx� ZRn nXi=1((2�(jxj � t)uxi)xiut)(x; t) dx
� ZRn �0(jxj � t)(u2t + jruj2)(x; t) dx = ZRn 2�(jxj � t)((utt ��u)ut)(x; t) dx

� ZRn nXi=1 2�0(jxj � t)xir (uxiut)(x; t) dx� ZRn �0(jxj � t)(u2t + jruj2)(x; t) dxBy (NLW): utt ��u = �f(x; t; u)� g(x; t; ut);hen
e the assumptions on the support of � and f , together with the fa
t that g is nonde-
reasing, make the �rst term of the last equality negative. We fa
tor out �0(jxj � t) in theother two terms, and sin
e �0(r) � 0 for every r, it is enough to show that:u2t + jruj2 + 2 nXi=1 xijxjuxiut � 0:The Cau
hy-S
hwarz inequality:(3.12) ( xijxjut + uxi)2 � 0is summed over all i = 1::n to obtain the 
on
lusion.At this point, the fun
tion f might not vanish for jx�x0j � R+t. A �xed point argumentwill over
ome this short
oming. Consider the iterative equation:(uk+1tt ��uk+1 + f(x; t; uk) + g(x; t; uk+1t ) = 0(uk+1; uk+1t )jt=0 = (u0; u1);for every k 2 N , with (u0; u0t ) = (u0; u1). An indu
tion argument, together with the �rstpart of the proof, will show that uk(x; t) = 0 for jx�x0j > R+t, for every k 2 N . It would beenough then to show that uk(x; t)! u(x; t) a.e. as k !1. Sin
e f is Lips
hitz we obtainthat f(x; t; uk(x; t)), whi
h is zero for jx � x0j � R + t, 
onverges a.e. to f(x; t; u(x; t)),hen
e f vanishes outside the 
one jx � x0j < R + t. The sequen
e of di�eren
e fun
tionsvk(x; t) := uk(x; t)� u(x; t) satis�es:(vk+1tt ��vk+1 + f(x; t; vk + u)� f(x; t; u) + g(x; t; (vk+1 + u)t)� g(x; t; ut) = 0(vk+1; vk+1t )jt=0 = (0; 0):Upon multipli
ation by vk+1t , integration over (0; t)� R n and by using the monotoni
ity ofg we derive the following inequality:ZRn (vk+1t (x; t))2 + jrvk+1(x; t)j2 dx � Z t0 ZRn 2jf(x; t; vk + u)� f(x; t; u)jjvk+1t (x; s)jdxds;whi
h by the Lips
hitz assumptions is� Z t0 2Ljvk(s)j2jvk+1t (s)j2 ds � LZ t0 jvk(s)j22 + jvk+1t (s)j22 ds:
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We need now a bound for Z t0 jvk(s)j22ds, whi
h we obtain by writing:

jvk(t)j22 = 2Z t0 ZRn vk(x; s)vkt (x; s)dxds � Z t0 ZRn (vk(x; s))2 + (vkt (x; s))2dxds:Gronwall's inequality for the fun
tion jvk(s)j22 will give us for any t < T the bound:jvk(t)j22 � eT Z t0 jvkt (s)j22ds:Therefore, we have for the fun
tion �k(t) = Z t0 jvkt (s)j22 + jrvk(t)j22ds the inequality:�k+1t (t) � L�k+1(t) + C�k(t);whi
h after integration be
omes:�k+1(t) � C Z t0 eL(t�s)�k(s)ds � CeLT Z t0 �k(s)dsA simple indu
tion argument will show that:�k+1(t) � KCk+1eLT (k+1)tk+1(k + 1)!where K is a bound on j�1(t)j for all t in [0; T ℄. Thus we proved the 
onvergen
e for uk(x; t)a.e. (x; t), so u(x; t) = 0 outside the domain of dependen
e, i.e. for jx� x0j � R+ t.Part (2) We follow here a similar argument as in part (1). Initially, we work under theassumption that(3.13) f(x; t; u(x; t)) = f(x; t; v(x; t))for jxj < R� t (again, take x0 = 0). The di�eren
e u� v satis�es:
(3.14) ((u� v)tt ��(u� v) + f(x; t; u)� f(x; t; v) + g(x; t; ut)� g(x; t; vt) = 0;((u� v); (u� v)t) jt=0 = (0; 0):We take the fun
tion  stri
tly positive on (�1; R), su
h that  (r) = 0 on [R;1) and 0(r) � 0 everywhere. De�ne the quantity J(t) byJ(t) := ZRn �(ut(x; t)� vt(x; t))2 + jr(u(x; t)� v(x; t)j2� (jxj � t)dx:
We 
laim that dJdt � 0. As before, this will show that u(x; t) = v(x; t) on the support of (jxj+ t), i.e. if jxj < R� t. The proof of the 
laim is similar to that in (1):dJdt = ZRn 2 (jxj+ t)[((u� v)tt ��(u� v))(u� v)t℄(x; t) dx
+ZRn nXi=1 2 0(jxj+t)xir [(u�v)xi(u�v)t℄(x; t) dx+ZRn  0(jxj+t)[(u�v)2t+jr(u�v)j2℄(x; t) dx



12 PETRONELA RADUWe use the equality (u� v)tt ��(u� v) = �f(x; t; u) + f(x; t; v)� g(x; t; ut) + g(x; t; vt);(3.11), (3.12) and the assumptions on the support of  to obtain that J is de
reasing. Inorder to prove (3.12), we use the following iterative s
hemes with u1 = u0 and v1 = v0:(uk+1tt ��uk+1 + f(x; t; uk) + g(x; t; uk+1t ) = 0(uk+1; uk+1t )jt=0 = (u0; u1)and (vk+1tt ��vk+1 + f(x; t; vk) + g(x; t; vk+1t ) = 0(vk+1; vk+1t )jt=0 = (v0; v1):By the �rst part of the proof, sin
e (u0; u1) = (v0; v1) we have that uk = vk, whi
h impliesthat uk+1 = vk+1 on the desired domain. Sin
e we also have that u1 = v1, by the indu
tionprin
iple, the equality uk = vk holds true for all k's. The argument will be 
omplete aftershowing uk � vk ! 0 a.e. as k ! 1. This is a

omplished by using the pro
edure as in(1). We subtra
t the above iterative s
hemes, so that:8><>:(uk+1 � vk+1)tt ��(uk+1 � vk+1) + f(x; t; uk)� f(x; t; vk)+g(x; t; uk+1t )� g(x; t; vk+1t ) = 0(uk+1 � vk+1; (uk+1 � vk+1)t)jt=0 = (0; 0):An argument identi
al to the one used in (1) 
on
ludes the proof. �The proof of the following proposition is 
ontained in the proof of Theorem 3.1, but westate the result expli
itly below:Proposition 3.5. (The energy identity)Under the assumptions of Theorem 3.1 we have the following equality:
(3.15)E(t) := 12 jut(t)j22;
 + 12 jru(t)j22;
 + Z
 F (x; t; u(x; t)) dx� Z t0 Z
 ft(x; s; u(x; s)) dx ds+ Z t0 Z
 g(x; s; ut(x; s))ut(x; s) dx ds = E(0) = 
onst.4. The Main ResultWe state the main result of this paper in the following theorem. We remark that thebounded set 
 is repla
ed by R n .Theorem 4.1. (Lo
al existen
e in time of weak solutions):For (u0; u1) 2 H2(R n)�H1(R n), and G(x; 0; u1) 2 L1(R n), where G(x; t; v) = Z v0 g(x; t; u)du,under the assumptions (A0)-(A7), there exists a time T > 0 up to whi
h the (NLW) equa-tion admits a weak solution.Proof. STEP 1: We will dis
uss �rst the 
ase where f satis�es (A2)(a). We assume that fis a Lips
hitz fun
tion of 
onstant L, i.e.(4.1) jf(x; t; u)� f(x; t; v)j � Lju� vj;that f(x; t; u) = g(x; t; ut) = 0 if jxj � R for some positive R, and that gv(x; t; v) � 0. Werestri
t u0; u1 su
h that they are 
ompa
tly supported inside the ball of radius R, so with
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h f; g; u0; u1 the existen
e and regularity results of Se
tion 2 are available. At this pointwe additionally impose that the following 
onditions are satis�ed:(4.2) jru0j
 < �; 12 ju1j2
 + 12 jru0j2
 + Z
 F (x; 0; u0(x)) dx < �(�);where �;� and 
 will be 
hosen later. We will prove that jru(t)j
 < � for any t < 1.In the next step we will eliminate the restri
tions (4.2), and then approximate the non-linearity f that satis�es the assumptions (A0),(A2),(A5) by Lips
hitz fun
tions f". Weapply the results obtained in the �rst step (where the bounds will not depend on ") andpass to the limit. We will dis
uss �rst the 
ase where f satis�es (A2)(a).Due to the �nite propagation speed we have that u(x; t) is zero outside B(R+ t), hen
e,for t < 1, u(x; t) is supported inside the set 
 := B(R+ 1).For p < 2�; v 2 H10 (
) we will need the following inequality:(4.3) jvjp;
 � C(R+ 1)n 2��p2�p jrvj
:This is a 
onsequen
e of the H�older inequality:jvjp;
 � �Z
 jvj 2�p pdx� 12� �Z
 dx� 2��p2�p � jvj2�(!n(R+ 1)n) 2��p2�pand of the Sobolev Imbedding theorem:jvj2� � C�jrvj
;where C� depends only on n, and C = C�! 2��p2�pn .Sin
e u(t) 2 H10 (B(R+ t)) implies u(t) 2 H10 (
) for t < 1, (4.3) will hold for any u(t).By the assumptions (A3) and (A5) (
ombined with the fa
t that t < 1), and the 
onser-vation of energy formula, the following relation holds:(4.4) 12 jut(t)j2
 + 12 jru(t)j2
 + Z
 F (x; t; u(x; t)) dx �C + 12 ju1j2
 + 12 jru0j2
 + Z
 F (x; 0; u0(x)) dx = E(0) =: E0:The assumptions on F , followed by an appli
ation of the inequality (4:3) will yield:(4.5) 12 jru(t)j2
 + Z
 F (x; t; u(x; t)) dx � 12 jru(t)j2
 �m1ju(t)jpp;
 �m2ju(t)jqq;
 �12 jru(t)j2
 �m1Cpjru(t)jp
(R+ 1)n 2��p2� �m2Cqjru(t)jq
(R+ 1)n 2��q2� :The right hand side of the above inequality will be analyzed with the aid of the fun
tion:(4.6) �(x) = x22 �Axp �Bxq; x � 0:where A;B > 0.For p; q > 2, � has exa
tly 2 
riti
al points: x = 0 and x = �, where � is the onlypositive root of the equation 1 = pA�p�2 + qB�q�2 . At x = 0 there is a lo
al minimumand at x = � a global maximum. We point out that � depends on R, whi
h measures thesize of the support of the initial data.
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�0
�

Figure 1. Graph of �In (4.6) we take: A = m1Cp(R+ 1)n 2��p2�B = m2Cq(R+ 1)n 2��q2� :(R+ 1 is related to the restri
tion t < 1).Assume that jru(s)j
 < � for all s 2 [0; s0), for some s0 (s0 > 0, as jru0j
 < � andt! jru(t)j
 is 
ontinuous). With the new notation, (4:5) be
omes:12 jru(t)j2
 + Z
 F (x; t; u(x; t)) dx � 12 jru(t)j2
 �Ajru(t)jp
 �Bjru(t)jq
;whi
h 
ombined with (4.4) gives us:(4.7) 12 jut(t)j2
 + 12 jru(t)j2
 �Ajru(t)jp
 �Bjru(t)jq
 �12 jut(t)j2
 + 12 jru(t)j2
 + Z
 F (x; t; u(x; t)) dx �12 ju1j2
 + 12 jru0j2
 + Z
 F (x; 0; u0(x)) dx < �(�);the last inequality being part of the hypothesis for Step 1. Therefore12 jru(t)j2
 �Ajru(t)jp
 �Bjru(t)jq
 � �(�)so, by the 
ontinuity in time of jru(t)j
 we get:(4.8) jru(t)j
 < �for any t < 1, otherwise �(jru(t)j) � �(�) for the t whi
h did not satisfy (4.8), so wewould obtain a 
ontradi
tion. We make the remark that the bound t < 1 is imposed by the
hoi
e of the domain 
 = B(R+ 1).If f satis�es (A2)(b), we easily obtain the bound jru(t)j
 < C(u0; u1) from the energyidentity, sin
e we have that F � 0.
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hitz assumption on f we eliminate the restri
tions (4:2) andthe fa
t that f and g have 
ompa
t support in the variable x. The idea follows an argumentof M. Crandall and L. Tartar who applied it in order to show global existen
e of a solutionfor the Broadwell model in [20℄.Consider a pair of initial data (u0; u1) 2 H10 (R 3)�L2(R 3); u0 2 H2(R 3) and G(x; 0; u1) 2L1(R n). Fix t < 1 and x0 2 R n . We will �nd a domain around x0, small enough, su
h that(4:2) are satis�ed inside. Then we 
onstru
t a new pair of initial data (u�0; u�1) for whi
h weapply the results of Step 1 to obtain bounds for the new solution u� for t < 1.From now on let � be the 
riti
al point of the fun
tion �, from Step 1, with the 
oeÆ
ientsA;B 
orresponding to R = 1. Denote by (u0; u1) the initial data whi
h 
oin
ides with(u0; u1) inside B(x0; 1) and is 0 outside.We �nd � < 1 small enough su
h that:

(4.9)
jru0jB(x0;�) < �2 and jru0j2B(x0;�) � �(�)6 ;2(C�!n) 1n �jru0jB(x0;�) + ju0jB(x0;�)� � �2 ; and 4C�2! 2��22�n ju0j2B(x0;�) � �(�)6 ;12 ju1j2B(x0;�) � �(�)3 ;m1(C�)p�jru0jB(x0;�) + ju0jB(x0;�)(2� + 1)�p � �(�)6 ;
m2(C�)q �jru0jB(x0;�) + ju0jB(x0;�)(2� + 1)�q � �(�)6 ;where C� is the 
onstant of the Sobolev inequality. To have these 
onditions satis�ed, it isenough to take � su
h that:

(4.10) jru0jB(x0;�) < min(�2 ;r�(�)6 ; �8(C�!n) 1n ; 12C� ��(�)6m1 �1=p ; 12C� ��(�)6m2 �1=q) ;ju0jB(x0;�) < min( �8(C�!n) 1n ; 1!nC�s �(�)24! 2��22�n ; 16C� ��(�)6m1 �1=p ; 16C� ��(�)6m2 �1=q) ;
ju1j2B(x0;�) �r�(�)6 :The existen
e of su
h a �, independent of x0 2 R n , is motivated by the equiintegrability ofthe fun
tions u0;ru0; u1 (see [11℄).It is possible that u0 =2 H10 (B(x0; �)) sin
e it does not ne
essarily have zero tra
e onthe boundary, so in order to apply the results of Step 1, we multiply u0 by �, a twi
edi�erentiable 
uto� fun
tion, obtained by smoothing the Lips
hitz graph:

�0(x) =
8>>><>>>:

1; jx� x0j � �21� 2jx� x0j� ; �2 � jx� x0j � �0; jx� x0j � �:With an appropriate 
hoi
e of the smoothing operator for �0 we will have:(4.11) j�j1;B(x0;�) � 1; jr�j1;B(x0;�) � 2�:
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t �u0 =: u�0 belongs to H10 (B(x0; �)) \H2(B(x0; �)), and we have:ru�0 = �ru0 + u0r�:Hen
e: jru�0jB(x0;�) � j�j1;B(x0;�)jru0jB(x0;�) + jr�j1;B(x0;�)ju0jB(x0;�):By (4:11) and by applying H�older's inequality, the above quantity is:� �2 + ju0j2�;B(x0;�)jB(x0; �)j 1n 2�;whi
h, with the aid of the Sobolev's inequality, be
omes:� �2 + 2(C�!n) 1n �jru0jB(x0;�) + ju0jB(x0;�)� (4:10)� �2 + �2 = �:We 
laim that (u�0; u�1) := (�u0; u1) satis�es the se
ond inequality of (4:2), i.e.12 ju�1j2B(x0;�) + 12 jru�0j2B(x0;�) + ZB(x0;�) F (x; 0; u�0(x)) dx � �(�);and we 
an prove this fa
t in a similar manner as before. For the �rst term we have:12 ju�1j2B(x0;�) = 12 ju1j2B(x0;�) � �(�)3 :Also,(4.12) 12 jru�0j2B(x0;�) � j�j21;B(x0;�)jru0j2B(x0;�) + jr�j21;B(x0;�)ju0j2B(x0;�)� �(�)6 + 4�2C�2 jB(x0; �)j 2��22� ju0j2B(x0;�) = �(�)6 + 4C�2! 2��22�n ju0j2B(x0;�)� �(�)6 + �(�)6 = �(�)3 :For the last term, the assumption (A2)(a), the Sobolev embedding theorem and the restri
-tions for � in (4.10) give us:(4.13) ZB(x0;�) F (x; 0; u�0(x)) dx � ZB(x0;�)(m1ju�0(x)jp +m2ju�0(x)jq) dx� m1(C�)p �jru�0jB(x0;�) + ju�0jB(x0;�)�p +m2(C�)q �jru�0jB(x0;�) + ju�0jB(x0;�)�q� m1(C�)p�jru0jB(x0;�) + ju0jB(x0;�)(2� + 1)�p +m2(C�)q �jru0jB(x0;�)+ ju0jB(x0;�)(2� + 1)�q � �(�)6 + �(�)6 = �(�)3 :Next we intend to use the �nite speed property to prove that in a neighborhood of x0,for any time t < �2 the solution u�(�; t), given by (u�0; u�1); 
oin
ides with u(�; t).Having the �nite propagation speed, we obtain the uniqueness u� = u up to time �=2 ina neighborhood of x0. By moving x0 in R n and "pat
hing" all the lo
al solutions u�, we
an eliminate the 
onstraint of 
ompa
t support for the initial data.
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hitz fun
tions f" given by:
f"(x; t; u) = 8<: f(x; t; u); if jfu(x; t; u)j � 1=";f(x; t; u+) + u�u+" ; if fu(x; t; u) � fu(x; t; u+) = 1=";f(x; t; u�)� u�u�" ; if fu(x; t; u) � fu(x; t; u�) = �1=":As f is 
ontinuously di�erentiable in u, the fun
tions f" approximate f maintaining a 
on-tinuous derivative at u�, respe
tively, at u+. We noti
e that for this Lips
hitz nonlinearityf", in the inequality (A2)(a) we 
an 
hoose the same 
onstants m1;m2 as for f , so theywill remain independent of ". Hen
e, the 
oeÆ
ients A;B from (4.6), 
orresponding to f",as well as the root �, and the radius �, 
hosen in Step 2, will not vary with ".We solve the problem with the nonlinearities f"; g" and initial data (u�0; u�1) as in theprevious steps and obtain the estimates:(4.14) jru�"(t)jB(x0;�) < �:From the energy identity (3.14), (A5) and the fa
t that g is in
reasing the followinginequality results:(4.15) ju�"t(t)j22;B(x0;�) + jru�"(t)j22;B(x0;�) + ZB(x0;�) F"(x; t; u�"(x; t))dx � C;so, with the growth 
ondition on F ", Sobolev's inequality and (4.14) we obtain the bound:(4.16) ju�"t(t)j22;B(x0;�) + jru�"(t)j22;B(x0;�) � C + ZB(x0;�)m1ju�"(x; s)jp +m2ju�"(x; s)jqdx� C +C(�;m1)jru�"(t)jp2;B(x0;�) + C(�;m2)jru�"(t)jq2;B(x0;�) < C:By integrating (4.16) in time up to �=2, we dedu
e from the Dunford-Pettis Theorem (see[23℄) the existen
e of a subsequen
e, denoted also by u�", for whi
h we have the 
onvergen
es:(4.17) u�" �* u� in L1(0; �=2;H10 (B(x0; �))u�"t �* u�t in L1(0; �=2;L2(B(x0; �)):The Sobolev 
ompa
tness embedding theorem yields the 
onvergen
e u�" ! u� stronglyin L2((0; �=2) � B(x0; �)) so u�"(x; t) ! u�(x; t) a.e. (x; t) 2 (0; �=2) � B(x0; �). Hen
ef"(x; t; u�"(x; t)) ! f(x; t; u�(x; t)) a.e. The growth bound on f" and (4.14) will suÆ
eto transform the a.e. 
onvergen
e in weak 
onvergen
e for f�(x; t; u�"(x; t)), by Lebesguedominated 
onvergen
e theorem (see [10℄ pg.12 for details).Sin
e (u0; u1) = (u�0; u�1) for jy�x0j < �2, due to the uniqueness result stated in Theorem3.1, we have u�"(x; t) = u"(x; t) for jx�x0j < �2 + t� s; hen
e u�(x; t) = u(x; t) on the sameba
kward 
one.A monotoni
ity argument will be applied in order to pass to the limit in the nonlineardamping term g(x; t; u"t). From (A4), the energy identity and the bounds on F" obtainedabove, we have:(4.18) ju"t(t)j22;B(x0;�) + jru"(t)j22;B(x0;�) + Z t0 ZB(x0;�) ju"t(x; s)jmdxds� ju"t(t)j22;B(x0;�) + jru"(t)j22;B(x0;�) + Z t0 ZB(x0;�) g(x; s; u"t(x; s))u"t(x; s)dxds � C:



18 PETRONELA RADUTherefore, again we 
an extra
t a subsequen
e u�" su
h that:(4.19) u"t * ut in Lm((0; �=2)�B(x0; �))g(x; t; u"t) �* � in Lm0((0; �=2)�B(x0; �)):Passing to the limit in " we obtain(4.20) utt ��u+ f(x; t; u) + � = 0 in the sense of distributions.We need to verify that � = g(x; t; ut). By (4.17) and (4.18),(4.21)jut(t)j22;B(x0;�) + jru(t)j22;B(x0;�) + lim inf"!0 Z t0 ZB(x0;�) g(x; s; u"t(x; s))u"t(x; s)dxds � C:By the monotoni
ity of g we also have that:(4.22) Z t0 ZB(x0;�)(g(x; s; u"t(x; s))� g(x; s; �(x; s)))(u"t(x; s)� �(x; s))dxds � 0:for every � 2 Lm((0; t)�B(x0; �). We have that:(4.23) lim inf"!0 Z t0 ZB(x0;�)(g(x; s; u"t(x; s))� g(x; s; �(x; s)))(u"t � �(x; s))dxds
= Z t0 ZB(x0;�)(�(x; s)� g(x; s; �(x; s)))(ut(x; s)� �(x; s))dxds;as it 
an be 
he
ked by using (4.20) thatlim inf"!0 Z t0 ZB(x0;�) g(x; s; u"t(x; s))u"t(x; s)dxds = Z t0 ZB(x0;�) �ut(x; s)dxds;so by 
ombining (4.22) and (4.23) we obtain:Z t0 ZB(x0;�)(�(x; s)� g(x; s; �(x; s)))(ut(x; s)� �(x; s))dxds � 0;for all t < �=2, so by passing to limit as t! �=2, it holds also for t = �=2. By 
hoosing �appropriately (� = ut � �v for � > 0 and any v 2 C1
 (B(x0; �)) and leting �! 0 for both
hoi
es), we obtain the desired equality � = g.By moving x0, we 
an 
over the entire spa
e R n with balls of radius �=2. For ea
h ofthem, we obtain that u(x; s) = u�(x; s), if jx� x0j < �2 + t� s.Thus we obtain existen
e of a weak solution u up to time �=2. �Remark: This method will not provide a uniqueness result, sin
e the existen
e result wasobtained by passing to the limit in the inequalities whi
h yielded bounds for the approximatesolutions. 5. Generalizations and open problemsThis proof works in the variable 
oeÆ
ient 
ase, i.e. for the equation:(5.1) utt � nXi;j=1 aij(x)uxi;xj + f(x; t; u) + g(x; t; ut) = 0;



WEAK SOLUTIONS OF NONLINEAR WAVE EQUATIONS 19where to the assumptions (A0)-(A6), we add the following assumptions 
on
erning the
oeÆ
ients aij . For every 1 � i; j � n, we impose that aij are:(1) bounded: aij 2 L1(R n);(2) symmetri
: aij = aji;(3) ellipti
: nXi;j=1 aij(x)xixj � 0, for every x 2 R n with 
omponents xi.This generalization is mainly possible due to the fa
t that the arguments used in theproof of Theorem 3.1 and in the �nite propagation speed property do not 
riti
ally rely thefa
t that the 
oeÆ
ients are 
onstant. The rest of the proof 
an be easily adjusted.This remains a lo
al in time existen
e result. In order to obtain global existen
e, it wouldsuÆ
e if one were able to 
hoose the value � like in (4.10), but independent of time, so one
an reiterate the lo
al result and obtain that the solution exits up to T =1.It is our belief that the result should hold with no polynomial growth assumptions ong, sin
e they they were not needed in the auxiliary Theorem 3.1, but it is still underinvestigation if the monotoni
ity alone will suÆ
e. It would also be interesting to see ifthese te
hniques 
ould be adapted in order to allow more general nonlinearities.A
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