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Inspiration — physical phenomena

e physiology
* heterogeneous catalysis
e electrochemistry



L

Partial differential equation

Au(x)=0, xeD\B,

G_u(x) =cu(x), XeaD, Robin boundary
on condition

u(x)=1 xedB.



Remarks

(1) Robin boundary condition is not Robin’s
(Gustafson and Abe (1998))

i u(x)>0, xeD\B

(ili) In the rest of the paper C =1
Robin condition:

ou
(0 =u(x



s the whole surface active?

Definition. We say that the whole surface
of D is active if

Inf,_p 2_?] (x)>0

INf, ..z U(X) >0

Problem. Give a geometric characterization
of domains whose whole surface is active.



Simple observations

If 0D is smooth or even Lipschitz then
the whole surface iIs active.

If the area of the boundary of D
IS Infinite then 1t IS not the case
that the whole surface iIs active.



Domains with infinite surfaces

Suppose that inf,_,,; U(X) >0 and|dD |=

Then Inf,_., u (Xx)>0

on

and the flow outside the domain iIs

ou
a_[) 8_n(x) do(X) =

The flow inside the domain through 0B
IS finite — a contradiction.



Example |

y

a>1

|s the whole surface active?
a €(1,2) = yes
a>2= no
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B>1 B>«

dm=2=a>1
dim>3=a >0

2—ka :

|s the whole surface active?
ﬂ <20 => yes

ﬂ22052> no




Example Il

dim >3

P 0<1/+/5

ki

p>1

|s the whole
surface active?

d =dim
Yes, If

p<(d-1)/(d-2)

Otherwise no.




Main result%
"

Dl/ =

Is the whole surface active?

sup > | oD, maD|z T<o= vyes

ZE@D n>1

JzeoD: Zr‘“z “"~0w= no

n>1



Green function estimate

G(X,Y) - Green function with Neumann
boundary conditions on ¢D and Dirichlet
boundary conditions on ¢©B

k

k
clz r?—d <G(X,y) < CZZ; r?—d
]=

j=1



G(x,Y) - Green function with Neumann
boundary conditions on ¢D and Dirichlet
boundary conditions on JB

K
Sy~ r N
j=1
G(x,y) - Green function with Dirichlet Robin
boundary conditions on 6D U GIi/
logG(x,y) = T(x,y)



Green function asymptotics

X
. .y—)OO

 Neumann — linear growth of G(x,Yy)
* Dirichlet, Robin — exponential decay
of G(x,V)




Feynman-Kac formula

%P Brownian motion reflected on 0D and killed on 0B
at time TaB

e L(t) -Local timeon 0D

u(x) = E, exp(-L(z))

Ma and Song (1990), Papanicolau (1990)




u(x) = E, exp(-L(z:5))
Problem: Inf,_,,; U(X) >0 ?
u(x)=0 ?

U(x)=0 < P(L(ryg)=m)=1

EL(7g) <o = P(L(zp)=0)=0
E.L(rg) =0 =% P (L(rp)=xo)=1



L=L +L,+...4+L

The Law of Large Numbers
and the Central Limit Theorem are

applicable when L, L,, L,,...
are “nearly” independent.

infact, L, =L, (1+0(1))




W

X - amount of time spent at level X
before T

Y
M I



Ray-Knight Theorem

¥ space time‘
b,
WVl
WV [l
L - amount of time spent at level X
before T

X — L7 is adiffusion with an explicit
distribution.



L=L +L,+...+L

The joint distribution of L, L,, L,,...
IS given (approximately) by the Ray-Knight
Theorem.



Challenge v,

Assume: ®,(dz) <w, (dz) Vzey,
w,(dv) >w (dv) VYvey,

Prove: P*(T,<T,)>P’(T, <Ty)
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