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ABSTRACT. We present a variational framework for studying screw dislocations subject to antiplane shear.
Using a classical model developed by Cermelli & Gurtin [CG99], methods of Calculus of Variations are
exploited to prove existence of solutions, and to derive a useful expression of the Peach-Ko&hler forces acting
on a system of dislocation. This provides a setting for studying the dynamics of the dislocations, which is
done in [BFLM14].

1. INTRODUCTION

Dislocations are one-dimensional defects in crystalline materials [Nab67]. Their modeling is of great
interest in materials science because important material properties, such as rigidity and conductivity, can be
strongly affected by the presence of dislocations. For example, large collections of dislocations can result in
plastic deformations in solids under applied loads.

In this note, we derive an expression for the renormalized energy associated to a system screw dislocations
in cylindrical crystalline materials using a continuum model introduced by Cermelli and Gurtin [CG99]. We
use the renormalized energy to derive an expression for the forces on the dislocations, called Peach-Kohler
forces. These forces drive the dynamics of the system, which is studied in [BFLM14]. The proofs of some
results that are used in [BFLM14] are contained in this note.

Following [CG99], we consider here an elastic body B C R? undergoing antiplane shear in the x3 direction,
with B = Q x R, where Q C R? is a bounded simply connected open set with Lipschitz boundary. The
deformations ® : B — B are of the form

(1, w2, 3) 1= (21, T2, 3 + u(z1, T2)),
with v : Q@ — R, and the deformation gradient F is given by

1 0 0 Vu
F=Vé:=| 0 1 0 :I+e3®< 0 ) (1.1)
81u 82u 1

The assumption of antiplane shear allows us to reduce the three-dimensional problem to a two-dimensional
problem. We will consider strain fields h that are defined on the cross-section €2, taking values in R?. When
no dislocations are present, in this setting it turns out that h = Vu; however, the presence of dislocations
causes the strain field to be singular at the sites of the dislocations.

A screw dislocation is a line singularity in the strain field for the body B. In the antiplane shear setting,
this line is parallel to the x3 axis; in the cross-section ) a screw dislocation is represented as a point
singularity. A screw dislocation is characterized by a position z € © and a vector b € R3, called the Burgers
vector. The position z € 2 is a point where the strain field fails to be the gradient of a smooth function; the
Burgers vector measures the severity of this failure. More specifically, a strain field associated with a system
of N screw dislocations at the positions

Z:={z,...,2n},
with corresponding Burgers vectors

B:={by,...,by}
satisfies the relation

N
curlh = Zbiézi in (1.2)
i=1
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in the sense of distributions. The notation curl h denotes the scalar curl, 9;hs — d2h;1. Thus, in the antiplane
shear setting, the Burgers vectors can be written as b; = b;es, the scalar b; is called the Burgers modulus
for the dislocation at z;, and it is given by
b; = / h-tds,
e.

i

where ¢; is any counterclockwise loop surrounding the dislocation point z; and no other dislocation points,
t is the tangent to ¢;, and ds is the line element. Since b; = b;e3 for all i € {1,..., N}, by abuse of notation
from now on we will use the symbol B both for the set of Burgers vectors and for the set of Burgers moduli.
When dislocations are present, the deformation gradient F cannot be any longer represented by the last
expression in (1.1), which needs to be replaced with

h
F:I+es®< 0 )

Our goal is to derive an energy associated to systems of screw dislocation and obtain an expression for
the forces on the dislocations (Peach-Kohler forces [PK50]). This lays the foundation needed to study the
dynamics of the dislocations, which is investigated in [BFLM14], where the expression for the Peach-Kohler
force is used along with an energy-dissipation criterion described in [CG99] to obtain an evolution equation
for the system of dislocations.

Our investigation of the energy associated to a system of dislocations will be undertaken in the context
of linear elasticity for singular strains h. The energy density W is given by

1
W (h) := sh-Lh

as functions of the strain h, where the elasticity tensor L is a symmetric, positive-definite matrix. In suitable
coordinates, L is written in terms of the Lamé moduli A, i of the material

L= ( ’6‘ MKQ ) (1.3)

We require p > 0, and the energy is isotropic if and only if A = 1. The energy of a strain field h is given by

J(h) ::/QW(h(x))dx,

and the equilibrium equation is
divLh=0 1in Q. (1.4)

Equations (1.2) and (1.4) provide a characterization of strain fields describing screw dislocation systems in
linearly elastic materials.

To be precise, we say that a strain field h € L?(Q;R?) corresponds to a system of dislocations at the
positions Z with Burgers vectors B if h satisfies

curlh = "N b6,
{ divLh =0 in €, (1:5)

in the sense of distributions.

In analogy to the theory of Ginzburg-Landau vortices [BBH94], no variational principle can be associated
with (1.5) because the elastic energy of a system of screw dislocations is not finite (see, e.g., [CL05, CG99,
Nab67]), so we cannot study (1.5) directly in terms of energy minimization. Indeed, the simultaneous
requirements of finite energy and (1.2) are incompatible, since, if curlh = d,,, zg € 2, and if B.(z¢) CC €,
then

/ |h|?dx = O(|loge]).
Q\B:(zo)

In the engineering literature (see, e.g., [CG99, Nab67]), this problem is usually overcome by regularizing

the energy. By removing small cores of size e > 0 centered at the dislocations, we will replace J by J. (cf.

Section 2) and obtain finite-energy strains, h., as minimizers of J.. Upon taking e — 0 we will recover a
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unique limiting strain hy = lim._,o h., satisfying (1.5). From this, we can compute a renormalized energy U
associated with the limiting strain. In Section 3, we show that

Je(he) =Cloge + U(z1,...,zn) + O(e). (1.6)

This type of asymptotic expansion was first proved by Bethuel, Brezis, and Hélein in [BBH93] for Ginzburg-
Landau vortices, while the case of edge dislocations was studied in [CLO05]. Note that (1.6) can also be
obtained as a consequence of I'-convergence, see, e.g., [AP14, SS03] and the references therein for Ginzburg-
Landau vortices, [DLGP12, GPPS13, GLP10] for edge dislocations, and [ACP11, CG09, CGM11, FGO7,
GMO05, GM06, SZ12] for other dislocations models. Finally, it is important to mention that we ignore here
the core energy. We refer to [Nab67, TOP96, VKHLLO12] for more details.

The renormalized energy U is a function only of the positions {z1,...,zy}, and its gradient with respect
to z; gives the opposite of the Peach-Kohler force on z;, denoted j;. In Section 4 (see Theorem. 4.1), we
show that

ji= —Vin = / {W(ho)I — ho@(Lho)} nds,
£;

where /; is a suitably chosen loop around z; and n is the outer unit normal to the set bounded by #; containing
z;. The quantity W (hg)I — ho®(Lhy) is the Eshelby stress tensor, see [Esh51, Gur95].

There are two different kinds of forces acting on a dislocation when other dislocations are present: the
interactions with the other dislocations and the interactions with 9. Therefore, the expression of j; contains
two contributions, where the one coming from the boundary balances the tractions of the forces generated
by all the dislocations. It is the gradient of the solution ug to an elliptic problem with Neumann boundary
conditions (2.19). Precisely, we show that j; has the form

ji(zl, e 7ZN) = bZJL[ZkJ(Zz, Zj) + VUO(Zi;Zl, . 7ZN)} s
J#i
where J is the rotation matrix of an angle 7/2, and k;(-;z;) is the fundamental singular strain generated
by the dislocation z;, see (2.4). It is important to notice that the force on the i-th dislocation is a function
of the positions all the dislocations. This explicit formula is useful for computing j;, and is employed in
[BFLM14] to study the motion of the dislocations.
In Section 2 we show how to regularize the energy to use variational techniques to study the problem. In
Section 3 we derive the renormalized energy, which we will use in Section 4 to derive the Peach-Kohler force.

2. REGULARIZED ENERGIES AND SINGULAR STRAINS

We consider a system of dislocations at the positions Z = {z1,...,z2y} with Burgers vectors B =
{b1,...,bx}. We regularize the energy J by removing the singular points from the domain . We de-
fine the sets E.; := E.(z;), where

E.(z) = {(xl,xg) ER?: (2 — )% + (552;22)2 - Tz}

is an ellipse centered at z for r > 0; the parameter X is one of the the Lamé moduli of the material (cf.
(1.3)). Let g9 > 0 be fixed (depending on €, Z, and A) such that for all € € (0,e9) we have E,; CC Q, and
E.;NE.; =0 forall i # j. We define the sets

N
Q. =0\ (U EE’Z-) for e € (0,¢ep). (2.1)

i=1

The shape of the cores E; ; is not crucial, but in the sequel we will find the ellipses E, ; centered at z; to be
useful for computations.
We now define the energy functional at the level € by setting

J.(h) == /Q W (h) dx.
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By removing cores around the singular set Z, we have regularized the energy, in the sense that it will not
necessarily be infinite on strains satisfying (1.5). However, since we have effectively removed the dislocations
from the problem, we account for their presence by a judicious choice of function space. We define

H(Q,) := {h € L*(Q.,R?) : curlh € L*(.)}
and

ngrl(QsazyB) = {hEchrl(Q€)7 CU.I‘thO, / htds:bu i:17"'7N}a (22)
1%}

Ee,;
where t is the unit tangent vector to 9E. ;. The condition on h involving the Burgers moduli b; in (2.2)
reintroduces the dislocations into the regularized problem, and it prevents the minimizers of J. from being
gradients of H! functions. In order to keep the notation shorter, we will write only HS"!(€).) whenever it is
possible to do so without confusion. We will denote by n the unit outward normal on 0f2..

Lemma 2.1. Let h. be a minimizer of J. in H§"'(.). Then it satisfies the Euler equations

div(Lh.) =0 in Q.
{ Lh.-n=0 onoQ.. (2:3)

Moreover, the solution to (2.3) is unique.

Proof. Given that the functional J. is quadratic, the result is achieved by computing the vanishing of its
first variation. Let w € H'(Q.); then

§J.(h.)[w] = lim Je(he + tVw) — J-(he)

t—0 t
= lim 1 / tVw - Lh, + 1t2vu) -LVwdx
t—0 t Q. 2
= / Vw - Lh,dx = 7/ wdiv(Lh,) dx+/ wLh, - nds(x).
Qe Qe O

By setting §J.(h.)[w] = 0 for all w € H*(.), we get (2.3).

To prove uniqueness, assume that h. and HE both solve system (2.3). Then the path integral of the
difference h, — }Nle over any loop in ). must vanish, and so h, — I~15 = Vu for some function u € H ().
Since u solves the weak Euler equation

Vw - LVudx =0, for all w € H' (),
Q.
taking w = u we obtain J.(Vu) = 0, and as L is positive definite, we conclude that Vu = 0. ]

2.1. Singular Strains and the Limit ¢ — 0. We introduce the singular strains k;(+;z;) : R? \ {z;} — R?,

i=1,...,N, as
bz>\ —(LUQ — Z; 2)
k;(x;2;) = ’ . 2.4
(X z ) 27T(/\2(l‘1 — Zi71)2 + (332 — Zi72)2) < T1 — 2,1 ( )

We will often abbreviate k;(-;z;) as k;. Each k; enjoys several nice properties; in particular, each can be
written as the gradient of a multi-valued function, precisely

b; T2 — 22
ki(x;2;) = ;—Vxarctan (| ——— |,
(x;2:) o » xarchan (z\(xl — z11)>

and it is straightforward to compute directly that

curly k;(x;2;) = b;d,, (x) in R?, (2.5a)
divy (Lk;(x;2;)) =0 in R?\ {z;}, (2.5b)
Lk;(x;2;) - n=0 on 0E; ;. (2.5¢)
In particular, by (2.5¢) and (2.5b),
N N
[P m)as) = [ L3 k(i) niy) ds(y) =0 (2.
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However, it is important to note that the integral in (2.6) is only well-defined when the dislocations are away

from the boundary (g9 > 0). Indeed, the integral is divergent when z; € 99, which would require gy = 0.
These singular strains k; are “fundamental” to the problem of screw dislocations in the sense that they

are the building blocks of the singular part of the strain field h that represents the system of dislocations.

Lemma 2.2. Let h € H§"' (., Z, B). Then

N
h:Zki—i—Vu

i=1

for some u € HY (). Moreover, the minimization problem
min {JE(h) ‘ h e HOW(Q,, 2, B)} (2.7)
is equivalent to the minimization problem
min {Is(u) \ ue Hl(QE)} , (2.8)

where
N N
I.(u) = / W(Vu)dx + Z/ uLk; -nds — Z Z/ uLk; -nds (2.9)
Q. — Joq =17 0B

(here the last integral comes with a minus sign because n points outside E. ;, by definition of outer normal).
Minimizers ue of (2.8) exist and are solutions of the Neumann problem

div (LVu) =0 in Q.,
L(Vu+YN k) -n =0 ondQ, (2.10)
L(Vu+) ki) -n =0 ondE.; i=12,...,N.

Proof. Let h € H§™(Q.,Z,B). By (25a), [,(h — vazl k;) - dx = 0 for any loop ¢ C . and thus,
h— sz\;1 k; = Vu for some u € H1(€.). In turn

N—-1 N
Je(h) = J(ki)+ > > / Lk; - k;dx + I.(u) (2.11)
; Qe

i=1 i=1 j=i+1

where I (u) is given by (2.9) and where in the last sum in the expression for I, we omit the terms with i = j
because Lk; - n = 0 on each JE. ; (see (2.5¢)). Hence, the minimization of J. over h € HS"(Q., Z, B) is
achieved by minimizing I. over u € H'(£.).

To show that minimizers solve the Neumann problem (2.10), we compute the first variation of I. and
apply Stokes’s theorem to find that, given o € H*(2.),

N N
01 (u)[¢] :—/Q @div(LVu)dx—i—/{mgaL (Vu—f—Zki) -nds—Z/a wL Vu—l—ij -nds.
. i=1 i=1

e i
By requiring that 67 (u)[p] = 0 for all ¢ € H'(€).), we obtain that (2.10) is satisfied. O

The following two lemmas are slight adaptations of [CL05, Lemmas 4.2, 4.3], so we do not present the
full proofs here. The key tool is an e-independent Poincaré inequality for €., [CL05, Proposition A.2].

Lemma 2.3. Let g > 0 be fized as in (2.1). Assume that L is positive definite. Then there exist positive
constants ¢y and ca, depending only on L and o (in particular, independent of €), such that

L(u) 2 eillulltp o) — c2llullmo.)- (2.12)
for all uw € HY(Q.) subject to the constraint

/ u(x)dx = 0. (2.13)
Q

€0
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Moreover, for every e € (0,e0) the minimization problem (2.8) admits a unique solution u. € H'(£.)
satisfying (2.13). Each u. satisfies
lullrr(a.) < M, (2.14)

where M > 0 is a constant independent of €.
Sketch of Proof. Since L is positive definite, we have
C/ |Vu|2dx—z sup |Lk;(x,2;) \/ |ue| ds — Z sup \Lk (x,2;) |/ |u€|ds
—, X€0 i=1 j£i XEOE,,

Adapting the proof of [CL05, Proposition A.2], for which (2.13) is crucial, we can find a constant ¢; = ¢;1 (), o)
such that

/Q |Vu|? dx > C1||U||%(1(QE)- (2.15)
Moreover, in [CLO5] it is proved that there exist constants C7,Cs independent of € such that
/ lue| ds < Ctl|ue||gi(a.), and / lue| ds < Callue|| g1 (a.)- (2.16)
69 EE 7

From the definition of k;(x,z;) (see (2.4)), it is easy to see that there exist constants ¢ = ¢/(\,ep) and
¢’ =" (X, e0) such that

sup |Lk;(x,2;)| <, and  sup |Lk;(x,z;)| <c”, i+#3j. (2.17)
xXE0N x€0E, ;
Estimates (2.15), (2.16), and (2.17) prove (2.12). The uniqueness of the solution and the bound (2.14) are
straightforward conclusions from the convexity of the functional I. and the fact that I.(0) = 0. g

Lemma 2.4. Assume that L is positive definite, and let u. be the unique solution to (2.8) that satisfies
(2.13). Then, as € — 0, the sequence {u.} converges strongly in HL (Q2\ Z) to a solution ug of the problem

min {Io(u) ] ue Hl(Q)} : (2.18)

where

N
u) :/W(Vu)dx—FZ/ uLk; - nds.
Q — Jon

Moreover, I.(u:) — Iop(ug).

Sketch of Proof. One can extend u. to Q and obtain an inequality |luc| g1y < cM, with M as in (2.14)
[CLO5, Prop. A.7], which leads to f6E€ u:Lky -nds — 0ase — 0. Also, a subsequence (not relabeled) of

{ue} converges u. — ug weakly in H*(£2). Now, if we fix § € (0,2¢) and consider € < §, from (2.9) we have
I (ue) = W (Vue)dx + Z/ uLk; -nds — ZZ/ ucLk; - nds.
i=1 j#i OE:,i

Taking ¢ — 0 gives liminf. o I (u.) fQ (Vup)dx + Zz 1f89 uoLk; - nds. Taking 6 — 0 gives
liminf. o I.(u:) = Io(ug). But I.(u ) < I (ug), so limsup,_,q I (us) < Ip(up), and I.(u:) — Io(ug).
Strong convergence of u. — ug in H'(Q\ Z) follows from convergence of the energies, see [Eva90]. O

Remark 2.5. The solutions ug to (2.18) are also solutions of the Neumann problem

div (LVu) =0 in £,
L(Vu+ X ki) n =0 onog, (2.19)
and therefore uy can be represented in terms of a Green’s function
N
uo(X;21,...,2N) = G(x,y)L Z ki(y;zi) - n(y) ds(y), (2.20)

09 i=1
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exhibiting the explicit dependence on the parameters z1, . ..,zy. The function Vuy(x;21,...,ZyN) represents
the elastic strain at the point x € 2 due to the presence of 02 and the dislocations at z; with Burgers moduli
b;. For this reason, we refer to Vug(x;z1,...,zy) as the boundary-response strain at x due to Z.

Combining the results of Lemmas 2.2, 2.3, and 2.4, we conclude the following theorem, which characterizes
the strain field associated to a system of dislocations.

Theorem 2.6. Let Z and B be given, and let Q € R? be a bounded domain with 0Q € C%. Then the
minimization problem

min / W (h)dx
heHS"(9.,2.8) Jq,

admits a unique solution, h.. Moreover, h. — hq strongly in L% _(Q\ Z), where

N
ho(x) = > ki(x;2i) + Vuo(x; 21, ., Zn) (2.21)
i=1
is a solution of

curlh = Zl\il b0, .
{ divLh =0 in £,

in the sense of distributions, and ug is a minimizer of (2.18) and solves the Neumann problem (2.19).

2.2. Alternative form of the fundamental singular strains. When computing integrals over the cores
ER.;, we find some computations later in the paper are simplified by using eccentric anomaly centered at z;

(tan 9i>
T; = arctan .

A
Using 7, the ellipse OF; g is parametrized by the curve p(7;) = z; + (R cos 7;, ARsin;), so
1 - b N\ ain
n— (AC‘?”I ) (R, 7 2) = — ( Asin i ) (2.22)
\/)\2 cos?1; + sin® T SHLT; 2TAR COST;
3. THE RENORMALIZED ENERGY
Recall the definition of ¢ from the beginning of Section 2.
Theorem 3.1. Let 0 < e < gy and let h, be a solution of (2.7). Then
N
1 Ab? 1
J.(h.) = /Q ghe - Lh. dx = ; “47; log — + Ulzy,...,zy) + O(e), (3.1)
where
U(zi1,...,zn) :=Us(z1,...,25) + Ur(z1,...,28) + Up(21,...,2N) (3.2)
and, using (2.21), for any e < R < &g
N LB N
Us(z1,...,2N) = “log R+ / W(k;) dx, (3.3)
izzl 47T 'Lz—; Q\ER,t
N-1 N
Uiz, ...,2zy) = > /kijkidx,
i=1 j=i+179
N
UE(Zl,...,ZN) = / W(VUO) dX—FZ/ UOLki -nds. (34)
Q - Joa

Remark 3.2. We refer to the energy U in (3.2) as the renormalized energy. Ug is the “self” energy associated
to the presence of a dislocation, U is the energy associated to the interaction between dislocations, and Ug
is the energy associated to the elastic medium. Note that Theorem 3.1 asserts that the renormalized energy
is independent of £, and we will show that it can be written in terms of the limit shear hy as in Theorem
2.6. This fact will be used in identifying the force on a dislocation in Section 4.
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Proof. Tf we expand J.(h.) as in (2.11), we see that the three terms on the right side of (2.11) correspond

to the terms Ug, Uy, Ug. We begin with Zf\il Je(k;) and fix R € (g,¢0). Each term in this sum can be
written as

JE(ki):/Q\E W (k;) dx +/A W (k;) dx,
5 R,i i,R,e

where A; . := Eg,; \ E-;. Using the representation for k; in (2.22), we have

1 UAD? R
Sk Lk dx = 2% 1o (2 :
/Ai’R’E 5 X g og < 5 ) (3.5)

and this accounts for the log 1 term in the energy (3.1) and the log R term in (3.3).
To show that

N—-1 N N—-1 N
>y / k;-Lkidx — > Y /kj-Lkidx as ¢ — 0, (3.6)
i=1 j=it17 e i=1 j=i+179

we note that k; is integrable in Eg; (it grows like r; ') and Lk; is bounded on Eg; for j # i, hence (3.6)
holds by Lebesgue Dominated Convergence Theorem. From Lemma 2.4, we have that I.(us) — Io(ug) as
¢ — 0, whence (3.4) follows.

To show that U is independent of R, we need only show that Ug is independent of R. If we take R’ # R,
without loss of generality we can assume R’ < R, then by (3.5)

Ab? R
/ W (ky) dx — / W (k;) dx = / W (k) dx = P20 106 1
NEg ,; O\ER,; A, moR Am R
so that 2 N
/ W(k;)dx + 2220 log R/ :/ W(k,)dx + 2220 log R,
Q\ER’,i dm O\ER,; 4
which shows that (3.3) is independent of the choice of R < ¢. O

The renormalized energy U will blow up like the log of the distance between dislocations, i.e. U ~
—log |z; — z;|. This is made precise in [BFLM14].

4. THE FORCE ON A DISLOCATION

In this section we determine the force j; on the dislocation at z; for a given a system of dislocations Z with
Burgers vectors B, and show that j, = —V,,U. Following [CG99], the Peach-Kohler force on the dislocation
at z; (also called the net configurational traction) is given by

ji = 11%1310 o Cnds, (4.1)
where the stress tensor is the Eshelby stress ([Esh51, Gur95])
C .= W(ho)I - ho@(Lho) (42)

Here I is the identity matrix and hg is defined in (2.21).

Theorem 4.1. Let hy be the limiting singular strain defined by (2.21) and let U the associated renormalized
energy given in (3.2). Then for ¢ € {1,...,N} and any R € (0,¢0)

VZKU(Zl,...7ZN) = —/ {W(ho)l—ho@(Lho)}ndS, (43)
OFER,¢
and so the force on the dislocation at zy is given by
je=-V,,U. (4.4)
Moreover,
. 0 1
je(z1,...,z2n) = bpJL | Vuo(ze;21,...,25) + Zki(zgzi) , where J= ( 10 ) , (4.5)
il

8



and ug 1s the solution to (2.19).

Proof. Formula (4.3) is proved in the Appendix. From (4.3), we show (4.4) and (4.5) as follows. Recall that
the renormalized energy is independent of R < €y (see the proof of Theorem 3.1), so

-V, U= Cnds = lim Cnds = j, (4.6)
dEr. R=0JoEg,

establishing (4.4) in view of (4.1).
The field hy has a singularity at z, which comes from the term k; (see (2.21)), and we decompose hy into
the singular part at zy and the reqular part at zy,

ho(x) = ke(x;2¢) + E(X), where fl(x) = Vug(x) + Z k;(x;2;). (4.7
i
Using (4.7), we write the Eshelby stress C from (4.2) as
1 ~ 1e -~ - - -
C= <2kg-Lkg 4k Lh+ 2h-Lh) I - k,®(Lk,) — k,@(Lh) — he(Lk,) — ho(Lh).
Since h is smooth and bounded on ER,g we have
1~  ~ -
lim <h : Lh) nds=0 and lim h®(Lh)nds = 0.
R—0 aER,Z R—0 BER,Z
Using the fact that Lk, -n =0 on 0Eg (see (2.5¢)) we have
/ h® (Lk¢)nds =0, and / k,® (Lk))nds =0, VR < R.
6ER72 aER,Z

Using (2.22) we have ky - Lk; = pub? /(472 R?) on ER ¢, and so

1 ub?
—(ky - Lky)nds = £ / nds = 0,
/(9ER,4 2( ) 82 R? OER.¢

for all R < gg. Therefore the only contribution in (4.6) will come from

((k,g : Lﬂ) I k@(LE)) n = (n®k,) Lh — (k,®n) Lh.

Now, using (2.22), it is easy to see that

b
Il®kg — kg®n = ¢ < O)\ g\ )
27r)\R\//\2 cos?T +sin®7r \ T

and, since ds = RV X2cos? 1 +sin 7 dr,

~ b 2
/ (n®k, — k,®n) Lhds = —— / JLhdr.
OEn.. 27 Jo

Since the integrand is smooth on Eg ¢, we conclude that

~ b 2 ~
lim (n®k; — ky@n)Lhds = — / JLh(z,) dr = byJLh(z,),
R—0 6ER,( 27T 0
which, in view of (4.6), establishes (4.5). O

Remark 4.2. The formula (4.5) gives the force on the dislocation at z,, and it shows that, as a function of z,,
the force jo is smooth in the interior of Q\ {z1,...,%¢—1,%¢41,...,2n}. That is, provided z, is not colliding
with another dislocation or with 02, then the force is given by a smooth function. Of course, j, depends on
the positions of all the dislocations, and the same reasoning applies to j; as a function of any z;.

9



Remark 4.3. We find agreement between (4.5) and equation (8.18) from [CG99], where the force on z, is
given by by times a m/2-rotation of the regular part of the strain at z; (i.e., h). Since we have a formula
for the regular part, we are able to write the Peach-Kohler force more explicitly (in terms of the solution to
(2.19)). We have also shown that assumption (A3) from [CG99] holds for screw dislocations, validating the
derivation of (8.18) in [CG99].
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5. APPENDIX

We present the proof of (4.3) along with some necessary lemmas. We begin by noting that U(z1,...,zx) =
U(zi1,...,2n) + U(z1,...,2xN) where

~

O, vz) = [ W) dx
Q.
N

i=1 m#i Eem m=1 i=1 j=i+1 Ee,m
N N N
#3 [ wuwax+ Y3 [ bk nds (5.1)
m=1" Ee,m m=1 i=1 " 9Eem

which follows from a direct computation and integration by parts to eliminate the integral over 0f2 from Ug.
We introduce the notation DY u for the derivative of a function u = u(x;2,...,2zx) with respect to the
{-th dislocation location in the direction v,

d
Dju(x) := d—gu(x;zl, cesZg+ &V, ZN) o
Lemma 5.1. The fields k;(x;2;), uo(X;21,...,25), and ho(X;21,...,2N) are smooth with respect to z; for
every £ € {1,...,N}. Moreover, DYk;(x) =0 if £ # i,
Dik(x) = —Dk(x)v = =V (k¢(x) - v) (5.2)

Dihy(x) = Vw(x), where w(x)= D}Juo(x)—k¢(x)-v

Proof. The form of k in (2.4) shows that k; is smooth with respect to z, for all 4,4 = 1,..., N, and in
particular that k;(x) = k(x;z;) is independent of z, if £ # i so DYk, = 0. That form also shows that
k(x;z¢ + €v) = k(x — v 2¢) = ke(x — €Vv) so that DYky(x) = —(Dk)v, where Dk is the derivative of k
with respect to x. Now because curlk, = 0, we have Dk,(x)v = V (k(x) - v), which establishes (5.2).
Since ug solves the elliptic problem (2.19), it can be represented as in (2.20), in terms of the Green’s
function G(x,y). The smoothness of ug in z, follows from the smoothness of k; for each ¢,£ = 1,...,N.
Hence, hg is smooth in z, and DYhy = Dy Vuy + Dk, = V(D}ug — ke - v), which establishes (5.3). O

We will take derivatives of the energy with respect to the dislocations positions. This will involve integrals
over cores that are centered at z, + £&v whose integrands are evaluated on these shifted cores or on their
complements in 2. Thus, we will need to be able to take derivatives of integrals over sets that depend on &
and whose integrands are functions that depend on &.

Lemma 5.2. Let f = f(x,€), g = 9(x,§), and r = r(x,&) be defined on E.(xg + &v), OE-(xo + &v), and
O\ E.(xq + &), respectively, for & a real parameter, ¢ > 0, v € R2. Then
10



i/ f(x,8)dx :/ D¢ f(x,0) dx
€ J B, (xot+ev) o JEx0)
= / O0e f(x,0)dx + / f(x,0)v-nds, (5.4)
E.(x0) IEe(x0)
d
i /. g(x,&)ds = / Deg(x,0)ds, (5.5)
OF. (x0+£&V) £=0 OFE.(x0)
4 r(x,&) dx = / O¢r(x,0) dx — / r(x,0)v - nds, (5.6)
¢ Jo\B. (xo+ev) o B0 OB (x0)

where Def =0 f +Vf-v.
Proof. We compute

d d

fx,§)dx = — f(x+§v,§)dx:/ (Oef(x+&v,8) + Vf(x+&v,§) - v)dx.
d¢ Ec<(x0)

df E. (x0+&v) Ec(x0)

If we send £ — 0 and apply the divergence theorem we obtain (5.4). A similar computation gives (5.5) but
the divergence theorem is not applied. If 7 is a smooth extension of r to €2 then

d

4 4
d€ Jo\E. (xo+ev)

- 7(x, £)dx
d€ E.(x0+&v)

r(x,§)dx = C%/ﬂf(x, &)dx

= ) Oe(x,&)dx — /EE(XO) Oef(x + &v, €)dx — / F(x+&v,€)v-nds.

OE. (x())

Setting £ = 0 and combining the first two integrals on the right side yields (5.6). ]

Remark 5.3. Lemma 5.2 applies to the vector-valued k;. When applying Lemma 5.2 to integrals of k(x; z, +
&v) over E.(zg + £v) we will get cancellations from

Dek(x;z¢ + £v) = Ock(x;2¢ + V) + Dk(x; 20 + &v)v = Dy'ky(x) + Dkev = 0. (5.7)
The last equality follows from (5.2).

Proof of Equation (4.3). The —loge term in the energy is independent of the positions of the dislocations
so it vanishes upon taking the derivative of the energy with respect to zy. To compute the derivative of U
with respect to z, will split V,,U into V,,U + V,,U. To compute V,,U we apply (5.6) to get

Vz[fj =Dy </ W(ho)dx) = / Dyhy - Lhydx — W(hg)v -nds (5.8)
Q. Q. OF¢

Using (5.3), div(Lhg) = 0 in €, and Lhy - n = 0 on 99, we have

/ Dihy-Lhydx = / V(D}uy —k¢-v)-Lhodx = / (DY up — k¢ - v)Lhg - nds
Q. Q. 0.

N N
:_Z/ (DZUO—ké'V)LhO'ndSZ—Z/ wLhy - nds
j=1"0Ee; =io

EE,]’

(5.9)
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using the notation w = D} ug — k¢ - v from (5.3). Combining (5.8) and (5.9), and adding and subtracting
hy ® (Lhg)n - v from the integrand, we have

N
Vo, U =— Z/ (D ug — ke - v)Lhg - nds — W(ho)v-nds
],1 aEEj aEs,é
= —/ {W(hp)I —ho ® (Lho)}n-vds— Z (DJup — k¢ - v)Lhg -nds +
OE. ¢ PR

- / [(Dyup — k¢ - v)Lhg - n+hy ® (Lho)n - v]ds;
OE.
also, hg ® (Lho)n-v = (hg - v)(Lhy -n) = (Vug - v+ Ziil k; - v)(Lhg - n), so

N
(DYup — k¢ - v)Lhg -n+hy ® (Lhy)n - v = <DZu0—kg-v+Vu0-v+Zki-v> Lhg - n

i=1
= D§UQ+Zki'V Lh()'l’l
i#L

where Deug = Dy ug + Vug - v. Hence,

Vo, U = f/ {W(hp)I — hy ® (Lhp)}n-vds
OF.

(5.10)

72/ (DZ’uofkg.v)LhO.nds—/ D5u0+2ki.v Lhy - nds
0 ) OBe 0F. il

We compute V,,U in several steps. We split the first sum in the right side of (5.1) into the integral over
E. ¢ and the rest of the terms

N
ZZ/E W(k,—)dx:/E > Wk )dx + Z/E > W (k;)dx. (5.11)

i=1 m#i "~ Fem &t mAL m#L Y ™ j£Em

In the first of these, each k;,, does not vary as z, — z; + {v because m # ¢. Hence we apply (5.4) directly
with D¢k, = Ockyn, + Dyky, = V(kyy, - v) because Ock,,, = 0. We have

m#£L m#£L m#L , (512)

:/ S™ (Kpn - v)Lky, - nds,
OBee w7y

where we used div(Lk,,) = 0.
The second term from (5.11) involves integrals over E. ,, for m # ¢, so these domains do not move as
z¢ — z¢ + §v. Also, the terms W (k;) for ¢ # £ vanish when we apply D}, so

Dy Z/E S Wik)dx | =Y Z/E —V (k¢ - v) - Lk, dx

/ DZk@ . Lkg dx =
Ee,m,

m#£l em j£m m#L m#L e m (513)
-y / (k- v)Lk; - nds,
izt ! OEem

where we used (5.2) and div(Lky) = 0.
12



The second sum from (5.1) is split into the integral over E. , and the rest of the terms

N N—-1 N

Yoy Z/ kj~Lkidx:/ ij~Lkidx+Z/ > kj - Lk; dx. (5.14)
E E E

m=1 i=1 j=i+1 g,m e,l 1<j m;éf em §<g

Applying (5.4) to the first term on the right side yields

el 4<j el §<j
= / > V(kj-v)-Lk; + V(k; - v) - Lk; dx (5.15)
et j40i<j
:ZZ/ V(k;-v)-Lkijdx=>»">" (k; - v) - Lk; - nds
il j#i 7 Bet i#0 jAi Y OFe

Between the first and second lines we used D¢k; = V(k; - v) for ¢ # ¢ and D¢ky = 0 by (5.7), and in the
third line we used div(Lk;) = 0.
For the second sum of (5.14), using (5.2) from Lemma 5.1, we have

Dy Z/E > kj-Lkidx | = > > DYk, Lkjdx=—-> ") V(k - v) - Lk, dx

m#£l em < m#L 1£L Ee,m m#L i#L Bem (516)
:—ZZ (kgV)LklndS
m#AL i£L OEe.m

The third term comprising U in (5.1) is split as

N
> W (Vo) dx = /E W(Vug)dx+ > W (Vug) dx. (5.17)

m=1 Ecom m#L Eeom

To compute the derivative of the first term on the right side of (5.17), we use (5.4), but integrate the D¢
term by parts directly. Using Deug = DY up + Vug - v and div(LVug) = 0 we have

Dy / W (Vug) dx :/ V(Deuo)LVug dx :/ (Deup)LVug - nds
E. E., BEEYZ (5.18)

= / (DY ug + Vug - v)LVug - nds.
OF¢

Computing the derivative of the second term on the right side of (5.17) is almost the same as in (5.18) except
the domains E. ,, do not depend on z, because m # (. Hence

Dy Z/E W (Vuo) dx =Z/E V(DZuo)-LVuodx=Z/a DYug-LVug-nds. (5.19)

m;,gg £, m m?gg £,m m;,gg Es.m,

Turning to the the final term in (5.1), which we split as

N N N N
> Z/ uoLk; - nds = Z/ uLk; -nds + Y / > ugLk; - nds, (5.20)
OF< m = JOE.,

m=1i=1 me£e? OFem j—1
we compute the derivative of the first term using (5.5) to get

N N N
DY (Z/ uOLki-nds> :Z/ (Dguo)Lki-nds—kZ/ uoL(Dek;) - nds. (5.21)
i=1" 0Fec i=1" 0Fec i=17/90

Ea,l
13



From (5.7) we have D¢ky = 0 and from (5.2) we have D¢k; = V(k; - v) for ¢ # £. Hence, for i # ¢ we have

/ uL(De¢k;) -nds = / uLV(k; - v) -nds = / div (uoLV(k; - v)) dx
OFE. 4 OFE. 4 E.,

= / Vug - LV(k; - v)dx + / ugdiv (LV(k; - v)) dx (5.22)
Ec .

= / V(k;-v) -LVugdx = / (k; - v) - LVug - nds.
e,£ Ec e

We used div (LV(k;-v)) = (v - V)(div(Lk;)) = 0, which follows from curlk, = 0 and div(Lk;) = 0.
Combining (5.21) and (5.22) we get

N
Dy (Z/m; uoLk; - nds) Z/dE (Dgug)Lk; - ndS+Z/ (ki - v)LVug - nds (5.23)
i=1

ite Y OFe

Finally, the derivative of the second term in (5.20) is computed similarly to the first, but is simpler because
the domains of integration are independent of z,. Hence,

Z/ ZuoLk ‘nds Z/ uoLDékg nds+ZZ/ (DYuo)Lk; -nds  (5.24)
6]

mae? 0Bem =1 me m£l i=1 7 0Fe,m

because D}k; = 0 when i # . Using div (LV(k; - v)) = 0, as we did to get (5.22), we have

/ uoL(DJky) -nds = —/ uwLV (ks -v) -nds = —/ div(ugLV (ke - v)) dx
OB« m OB<,m Be,m (5.25)

= —/ VuoLV (ke - v)dx = —/ (k¢ - v)LVug - nds
E:m 8E6,m,

Then (5.24) and (5.25) give

<Z Z/ uOLk nds)

m=1 i=1

Z/{?E (ZDNO Lk; -n — (k; - v)LVug - n) (5.26)

m#£L i=1
Combining (5.12), (5.15), (5.18), and (5.23) we have

/ > (ki-v)Lk;-n+> > (kj-v) Lk -n +
OE. ¢

i#L i#L jF
N
+ (D¢ug)LVug - n + Z(Dguo)Lki ‘n+ Z(ki -v)LVug -n pds
i=1 i£L
' (5.27)
N N
= / > (ki-v) [LVug + > Lk; | + Deug | LVug + > Lk; | ¢ -nds
OFE: ¢ 10 j=1 j=1
:/ Deuo+ 3 ki -v | Lho - nds
OF. 4 Py,
Combining (5.13), (5.16), (5.19), and (5.26) we have
N
Z/ —(ky - v)Lk, — Z(kg-v)Lki + DY ug - LVuq +ZDZuO-Lki — (k¢ - v)LVug p -nds
mzt " OFe, il i=1
=> / (DY ug — k¢ - v) Lhg - nds. (5.28)
st OFe,
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Thus, (5.10), (5.27), and (5.28) together give

Dy U(V) = VU v = (vzﬁ + vzﬁ) v = 7/ {W(ho)I — hy ® (Lhp)}nds - v,

6E€15
which establishes (4.3). O
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