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Abstract : the evolution equation with curvature regularization that models the motion of a two-dimensional thin film by evaporation-condensation on a rigid
substrate is considered. The film is sfrained due to a mismatch between the crystalline laffices of the two materials. Short time existence, regularity, and unigueness
of the solution are established using De Giorgi’s minimizing movements to exploit the L2-gradient flow structure of the equation. This seems to be the first analytical

result for The evaporation-condensation case in the presence of elasticity.

Epitaxy

Consider the deposition of filmm atoms
on a rigid substrate,
IN The presence of a mismatch film

between the crystalline lattfices, _

with the profile modeled as a
grain-vapor anisofropic interface,

FIGURE: Epitaxy, courtesy of Fried
and Gurfin (2004).
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IN The evaporation-condensation
Process.

Two mechanisms determine the
profile of the fiim :

lattice mismatch = elastic energy
= migration of film atoms
= undulations, isolated islands, ...

non-flat profiles are less convenient
with respect to surface energy.

FIGURE: ATG instability. Simulation
by Wise et al. (2005).

Variational Formulation : Configurations and Total Energy

h:R — [0, ) profile function
I;,:={(x,h(x)): 0 < x < b} - )
u: Qp — R? planar displacement

Qn={(x,¥):0<x<b,0<y<h(x)}

Admissible configurations (h,u) are : _

b-periodic, I. €., his b-periodic and u satisfies
U(x+b,y) = u(x,y)+(egb,0) for (x,y) € 2},
eq > 0 represents the laftice mismatch,

he H*(0,b), uc H'(QxR?), and u(-,0) = (e&y-,0).

Evaporation-Condensation Evolution Equation

V=(9sg+9)k—W(E(U))—A (kcm +- 2k3) = first variafion of .#
hy iy o i
where V = \/W s the normal velocity, g(0) := y(cos6,sino),

and W(E(u)) denofes the frace of W(E(u(-))) on Ik ..

References : Herring (1951) ; Mullins (1956, 1957), Gurtin (1988) ; Gurfin,
Struthers (1988) ; Angenent, Gurtin (1989) ; Di Carlo, Gurtfin, Podio-Guidugli
(1992); Gurtin, Soner, Souganidis (1995); ...

Previous Results :

numerical simulatfions : Ratz, Ribalta, Voigt (2006) ; Burger, HauRBer,
Stocker, Voigt (2007) ; Burger, Stocker, Voigt (2008).

analytical results concerning L2-gradient flows (without
elasticity) : Bellettini, Mantegazza, Novaga (2007).

analytical results for tThe surface diffusion case without
evaporaftion-condensation : Fonseca, Fusco, Leoni, Morini (2012) ;
Dal Maso, Fonseca, Fusco, Leoni (2012).

No analytical result for the evaporaftion-condensation case

Existence (P, Calc. Var. PDEs, in press)

There exists To > 0 such that for each T < Ty the Cauchy
problem (CP) admits a solution (h, u) with profile saftisfying

he L2(0,T; Hig (R) N L=(0, T; HE (R)) NH'(O, T; L, (R)).

Regularity (P, Calc. Var. PDEs, in press)

Let (h,u) be the solution of (CP) in [0, T] given by the Existence
Theorem for I < Iy. Then, the profile h satisfies .

() h e COB([0, T]; C%([0, b)) for every o ¢ (o,%) and B ¢ (o,%),
(i he L5(0,T: C21([0,b]))N L5 (0,T: C1- ([0, b)),

(i) |l =(0.7:1=(0.6) < 1Pl +\/Hh 2+1.

Uniqueness (P, Calc. Var. PDEs, In press)

If (hy,Uy) and (hy, Up) are two solutions of (CP) in [0, T] with
M, € L2(0, T; Hige(0,0)) NL7(0,T; Higo(0, £)) N H'(0, T L3 (0, b))
then they coincide.
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The tofal energy of an admissible configuration (h, u) is

A
Z(hu) = [ W(E))dz+ / vV + 2 [ k2dn,
Q I; 2J)r;
— e — N ——
elastic bulk energy  surface energy perturbation

where
E(u) := }(Vu+(Vu)') represents the strain,
W(A) :=5C(A): A where Cis a positive definite 4M-order tensor,
v := outer normal vector of Q, k := curvature of I, A >0,
the anisotropic surface energy density vy : R? — [0, ) is a positi-

vely 1-homogeneous function of class C2 away from the origin.

Cauchy Problem

Let T>0and hg € H2 (R;(0,)) be a b-periodic initial profile.

e = (Goo + g)k — W(E(U)) 2 (Koo +3k3) on R x (0,7)
divCE(u) =01in Q4

E(u)[v]=0on I} and u(x,0,f) = (eyx,0)
(h,u) 1s a b-periodic configuration in Q,
h(-,0) = ho

(CP)

References : Fried, Gurtin (2004) ; Li, Lowengrub, Ratz,Voigt (2009).
Godals : existence, regularity, unigueness of solutions of (CP)

Gradient Flow Structure

The evolution equation is The gradient flow of the reduced
energy & with respect to a suitable [%-metric, i.e.,

hy = —V,2&(h),

where &(h) .= .%(h,uy) and up is the elastic equilibrium w.r.t. h.
Reference : Cahn, Taylor (1994) in the case without elasticity.

w De Giorgi’'s minimizing movement method

Incremental Minimum Problem

Let (ho, Up) be an initial configuration. For r > || hglle, T >0,

NeN,i=1,...,N, define inductively (h; y, u: \,) as the solufion of
2
h—hf
min Z(h, u) A | / ( r ']’N) d7"
(h,u) adm. 27 Mo Jio1N
S.t. [|H]|e < 1

where 75 :=T/N and J

1N_\/-I

There exist iy and Iy s. t. the Gpproxma’re solufions hrO defined
Oy hg(- 1) == h2 y+ (= (= T)w)(hy—h?, ) for te[(i- ])’L‘N,I’CN] satisfy

I(h?%) |l < 1o ANd converge to the solution A in 0, Tg].

/1N

Acknowledgment : this work is part of a thesis submitted by the author in
partial fulfillment of the requirements for the Ph.D. Degree in Mathematics at
Carnegie Mellon University under the supervision of |. Fonseca and G. Leoni.
The research of P Piovano was partially funded by the NSF under Grants No.
DMS-0401763, DMS-0905778, DMS-0/08039, and DMS-1007/989. The author also
acknowledge support of the NSF under the PIRE Grant No. OISE-0967 140.

piovano(@imati.cnr.1it



