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Abstract : the evolution equation with curvature regularization that models the motion of a two-dimensional thin film by evaporation-condensation on a rigid
substrate is considered. The film is strained due to a mismatch between the crystalline lattices of the two materials. Short time existence, regularity, and uniqueness
of the solution are established using De Giorgi’s minimizing movements to exploit the L2-gradient flow structure of the equation. This seems to be the first analytical
result for the evaporation-condensation case in the presence of elasticity.

Epitaxy

Consider the deposition of film atoms
� on a rigid substrate,
� in the presence of a mismatch

between the crystalline lattices,
� with the profile modeled as a

grain-vapor anisotropic interface,
� in the evaporation-condensation

process.
FIGURE: Epitaxy, courtesy of Fried
and Gurtin (2004).

Two mechanisms determine the
profile of the film :
� lattice mismatch⇒ elastic energy
⇒migration of film atoms
⇒ undulations, isolated islands, ...

� non-flat profiles are less convenient
with respect to surface energy.

The latter is because the film’s initial orientation has a large
energy and is missing from the Wulff shape. The surface
perturbations at early times are less localized than in the
isotropic case. The evolution is influenced by the random
deposition flux to a greater degree than the isotropic case
because the strong surface energy anisotropy allows the
growth of perturbations with small wavelengths that would
normally be damped in the ATG instability for the isotropic
case. Localization is only seen at later times, as a large py-
ramidal QD forms above the inclusion. Unlike the case with
isotropic surface energy, this strain-patterned system does
not seem to result in an ordered arrangement of pyramids at
long times. In addition to the enhanced instability due to
strong surface energy anisotropy, the elastically soft direc-
tions correspond to high energy orientations on the islands,
which may further contribute to the lack ordering. Thus, the
form of the surface energy anisotropy strongly influences the
manner in which QDs self-assemble into regular arrays. This
result is similar to that obtained earlier for deposition on
morphologically patterned substrates.9 Thus, it is clear that
the magnitude of the surface energy anisotropy plays an im-
portant role in the efficacy of many methods for directed self

assembly. Further, our results suggest that, for this strain pat-
terning geometry, an ordering transition occurs at a critical
value of the anisotropy coefficient !which depends on !0 and
"0" and will be the subject of future investigation.

We have shown that embedded strain centers can be used
to direct the self-assembly of quantum dots on surfaces. In
particular, these strain centers can be used to produce a pat-
tern that is of smaller scale than that of the strain centers,
thus avoiding the challenge of patterning at the size scale of
the dots. However, the directed self-assembly of dots can be
more difficult in systems with strongly anisotropic surface
energy.
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FIG. 4. An evolving film, with strongly anisotropic surface energy, on a
patterned substrate with one buried inclusion.
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FIGURE: ATG instability. Simulation
by Wise et al. (2005).

Variational Formulation : Configurations and Total Energy

h : R→ [0,∞) profile function
Γh := {(x ,h(x)) : 0 < x < b}
u : Ωh→ R2 planar displacement
Ωh := {(x ,y) : 0 < x < b,0 < y < h(x)}

Admissible configurations (h,u) are :
� b-periodic, i. e., h is b-periodic and u satisfies

u(x +b,y) = u(x ,y)+ (e0b,0) for (x ,y) ∈Ω
#
h ,

� e0 > 0 represents the lattice mismatch,
� h ∈ H2(0,b), u ∈ H1(Ωh;R2), and u(·,0) = (e0·,0).

The total energy of an admissible configuration (h,u) is

F (h,u) :=
∫

Ωh

W (E(u))dz︸ ︷︷ ︸
elastic bulk energy

+
∫

Γh

ψ(ν)dH 1︸ ︷︷ ︸
surface energy

+
λ

2

∫
Γh

k2 dH 1︸ ︷︷ ︸
perturbation

,

where
� E(u) := 1

2(∇u+(∇u)T ) represents the strain,
� W (A) := 1

2C(A) :A where C is a positive definite 4th-order tensor,
� ν := outer normal vector of Ωh, k := curvature of Γh, λ > 0,
� the anisotropic surface energy density ψ : R2→ [0,∞) is a positi-

vely 1-homogeneous function of class C2 away from the origin.

Evaporation-Condensation Evolution Equation

V = (gθθ +g)k−W (E(u))−λ

(
kσσ + 1

2k3
)
= first variation of F ,

where V = ht√
1+h2

x
is the normal velocity, g(θ ) := ψ(cosθ ,sinθ ),

and W (E(u)) denotes the trace of W (E(u(·))) on Γh(·).

References : Herring (1951) ; Mullins (1956, 1957), Gurtin (1988) ; Gurtin,
Struthers (1988) ; Angenent, Gurtin (1989) ; Di Carlo, Gurtin, Podio-Guidugli
(1992) ; Gurtin, Soner, Souganidis (1995) ; . . .

Previous Results :

� numerical simulations : Rätz, Ribalta, Voigt (2006) ; Burger, Haußer,
Stöcker, Voigt (2007) ; Burger, Stöcker, Voigt (2008).
� analytical results concerning L2-gradient flows (without
elasticity) : Bellettini, Mantegazza, Novaga (2007).
� analytical results for the surface diffusion case without
evaporation-condensation : Fonseca, Fusco, Leoni, Morini (2012) ;
Dal Maso, Fonseca, Fusco, Leoni (2012).

No analytical result for the evaporation-condensation case

Existence (P., Calc. Var. PDEs, in press)

There exists T0 > 0 such that for each T < T0 the Cauchy
problem (CP) admits a solution (h,u) with profile satisfying

h ∈ L2(0,T ;H4
loc(R))∩L∞(0,T ;H2

loc(R))∩H1(0,T ;L2
loc(R)).

Regularity (P., Calc. Var. PDEs, in press)

Let (h,u) be the solution of (CP) in [0,T ] given by the Existence
Theorem for T < T0. Then, the profile h satisfies :

(i) h ∈C0,β([0,T ];C1,α([0,b])) for every α ∈
(

0, 1
2

)
and β ∈

(
0, 1−2α

8

)
,

(ii) h ∈ L
12
5 (0,T ;C2,1([0,b]))∩L

24
5 (0,T ;C1,1([0,b])),

(iii) ‖hx‖L∞(0,T ;L∞(0,b)) ≤ ‖h′0‖∞+
√
‖h′0‖2∞+1.

Uniqueness (P., Calc. Var. PDEs, in press)

If (h1,u1) and (h2,u2) are two solutions of (CP) in [0,T ] with

h1,h2 ∈ L2(0,T ;H4
loc(0,b))∩L∞(0,T ;H2

loc(0,b))∩H1(0,T ;L2
loc(0,b)) ,

then they coincide.

Cauchy Problem

Let T > 0 and h0 ∈ H2
loc(R; (0,∞)) be a b-periodic initial profile.

ht√
1+h2

x
= (gθθ +g)k−W (E(u))−λ

(
kσσ + 1

2k3
)

on R× (0,T )

divCE(u) = 0 in Ωh

CE(u)[ν ] = 0 on Γh and u(x ,0, t) = (e0 x ,0) (CP)
(h,u) is a b-periodic configuration in Ωh

h(·,0) = h0

References : Fried, Gurtin (2004) ; Li, Lowengrub, Rätz,Voigt (2009).

Goals : existence, regularity, uniqueness of solutions of (CP)

Gradient Flow Structure

The evolution equation is the gradient flow of the reduced
energy E with respect to a suitable L2-metric, i.e.,

ht =−∇L2E (h) ,

where E (h) := F (h,uh) and uh is the elastic equilibrium w.r.t. h.
Reference : Cahn, Taylor (1994) in the case without elasticity.

å De Giorgi’s minimizing movement method

Incremental Minimum Problem

Let (h0,u0) be an initial configuration. For r > ‖h′0‖∞, T > 0,
N ∈N, i = 1, . . . ,N, define inductively (hr

i,N,u
r
i,N) as the solution of

min
(h,u) adm.
s.t. ‖h′‖∞ ≤ r

F (h,u) +
1

2τN

∫
Γhr

i−1,N

(
h−hr

i−1,N

Jr
i−1,N

)2

dH 1


where τN := T/N and Jr

i−1,N :=
√

1+((hr
i−1,N)

′)2.

There exist r0 and T0 s. t. the approximate solutions hr0
N defined

by hr0
N(·, t) := hr0

i−1,N + 1
τN
(t− (i−1)τN)(h

r0
i,N−hr0

i−1,N) for t ∈ [(i−1)τN, iτN] satisfy
‖(hr0

N)
′‖∞ < r0 and converge to the solution h in [0,T0].
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