
1. PDE formulation

‚ Given an initial ball of ice BΛ0 Ă R3 and (radially symmetric) initial
temperature distribution up0, ¨q : R3 Ñ R, find tΛtutą0 and tupt, ¨q :
R3 Ñ Rutą0 such that

Btupt, zq “
1

2
∆zupt, zq, z P R3zBBΛt , t ą 0, (1)

upt, zq “ ´γ{Λt, z P BBΛt , (2)

´ 9Λt “
1

2
∇zupt, zq ¨ n

`
t pzq `

1

2
∇zupt, zq ¨ n

´
t pzq, z P BBΛt , (3)

where n`t and n´t are the unit normals along BBΛt pointing outside
and inside of BΛt .

‚ Removal of surface tension. Using the fact that γ{|z| solves heat
equation, we consider vpt, zq :“ upt, zq ` γ{|z| and solve

Btvpt, zq “
1

2
∆zvpt, zq, z P R3zBBΛt , t ą 0, (4)

vpt, zq “ 0, z P BBΛt , (5)

´ 9Λt “
1

2
∇zvpt, zq ¨ n

`
t pzq `

1

2
∇zvpt, zq ¨ n

´
t pzq, z P BBΛt . (6)

‚ Integral form of growth condition. Integrating (6) and using (4)–
(5), we obtain

1

3

`

Λ3
0 ´ Λ3

t

˘

“ α

ż

R3

v0pzq dz ´ α

ż

R3

vpt, zq dz,

where α´1 is the area of S2.

‚ Standard approach. Show a contraction-type property (after nor-
malization) of the mapping: from the cubed bdry Λ3 to the tempera-
ture energy 3α

ş

R3 vpt, zq dz, where v solves (4)–(5).

‚ Observations/challenges.
– If v0 is sufficiently large, t ÞÑ Λt cannot be smooth (and may

jump).
– Then, the bdry condition (5) cannot be satisfied at all t ą 0.
– If Λs “ Λ̃s for s P r0, tq, then, for small δ ą 0, one may have

3α sup
sPrt,t`δs

ˇ

ˇ

ˇ

ˇ

ż

R3

vps, zq dz ´

ż

R3

ṽps, zq dz

ˇ

ˇ

ˇ

ˇ

« vpt´, ¨q

ˇ

ˇ

ˇ

ˇ

BBΛt´

sup
sPrt,t`δs

ˇ

ˇ

ˇ
Λ3
s ´ Λ̃3

s

ˇ

ˇ

ˇ
.

– If v0 ă 1, the comparison principle yields desired contraction.
– But, if not, the contraction does not hold.

2. Probabilistic formulation

‚ Itô’s formula yields: vpt, ¨q is the density of BM started from v0

and killed at hitting pΛsqsPr0,ts.
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‚ Probabilistic growth condition:
1

3

`

Λ3
0´ ´ Λ3

t

˘

“ α

ż

R3

v0pzq dz ´ α

ż

R3

vpt, zq dz “ α

ż

R3

Ppτ zpΛq ď tq v0pzq dz,

τ zpΛq :“ inftt ě 0 : p|z `Wt| ´ Λtq p|z| ´ Λ0´q ă 0u.

‚ Jump condition. The potential jumps of Λ introduce ambiguity. We
define the notion of a “physical" solution by assuming that the jumps
are the smallest possible:

Λt´ ´ Λt “ inf

"

y P p0,Λt´s : Leb
`

BΛt´zBΛt´´y

˘

ą

ż

Λt´´yď|z|ďΛt´

vpt´, zq dz

*

3. Proof of uniqueness

‚ We argue by contradiction and assume that there exist two non-increasing
right-continuous solutions Λ, Λ̃ and t0 ě 0 s.t. Λs “ Λ̃s for s ă t0, and
supsPrt0,t0`εs |Λs ´ Λ̃s| ą 0 for all small enough ε ą 0.

‚ W.l.o.g. t0 “ 0.

‚ Probabilistic formulation of desired contraction-type prop-
erty:

}ΓpΛ3q ´ ΓpΛ̃3q} ď F
´

}Λ3 ´ Λ̃3}

¯

, F pxq ă x for x ą 0,

ΓtpΛ
3q :“ Λ3

0´ ´ 3α

ż

R3

Ppτ zpΛq ď tq v0pzq dz.

‚ Challenge. Recall that, for small δ ą 0, one may have

}ΓpΛ3q ´ ΓpΛ̃3q}

“ 3α sup
sPr0,δs

ˇ

ˇ

ˇ

ˇ

ż

R3

Ppτ zpΛq ď sq vp0´, zq dz ´

ż

R3

Ppτ zpΛ̃q ď sq vp0´, zq dz

ˇ

ˇ

ˇ

ˇ

« vp0´, ¨q

ˇ

ˇ

ˇ

ˇ

BBΛ0´

¨ sup
sPr0,δs

ˇ

ˇ

ˇ
Λ3
s ´ Λ̃3

s

ˇ

ˇ

ˇ
.

‚ Proposition 1 (difficult). If v0pzq is piecewise monotone as a func-
tion of |z|, then so are vpt, ¨q and vpt´, ¨q for all t ě 0.

‚ The above prop. and jump condition imply that Λ0 “ Λ̃0, vp0, zq “
ṽp0, zq, yielding:

sup
sPr0,δs

ˇ

ˇ

ˇ
ΓspΛ

3q ´ ΓspΛ̃
3q

ˇ

ˇ

ˇ
“ 3α sup

sPr0,δs

ˇ

ˇ

ˇ

ˇ

ż

R3

Ppτ zpΛq ď sq vp0, zq dz ´

ż

R3

Ppτ zpΛ̃q ď sq vp0, zq dz

ˇ

ˇ

ˇ

ˇ

.

‚ Then, we expect

sup
sPr0,δs

ˇ

ˇ

ˇ
ΓspΛ

3q ´ ΓspΛ̃
3q

ˇ

ˇ

ˇ
« vp0, ¨q

ˇ

ˇ

ˇ

ˇ

BBΛ0

¨ sup
sPr0,δs

ˇ

ˇ

ˇ
Λ3
s ´ Λ̃3

s

ˇ

ˇ

ˇ
,
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where vp0, ¨q
ˇ

ˇ

ˇ

ˇ

BBΛ0

ď 1.

‚ Since the case vp0, ¨q
ˇ

ˇ

ˇ

ˇ

BBΛ0

ă 1 is easy, we focus on vp0, ¨q
ˇ

ˇ

ˇ

ˇ

BBΛ0

“ 1.

‚ The jump condition yields, for small enough Λ0 ´ |z| ą 0:

vp0, zq “ 1´ ψpΛ0 ´ |z|q, ψ Ò, ψp0`q “ 0.

‚ Consider t s.t. Λ3
t ´ Λ̃3

t “ supsďt |Λ
3
s ´ Λ̃3

s| and deduce

Λ3
t

3
´

rΛ3
t

3
“ α

ż

R3

Ppτ zpΛq ď sq vp0, zq dz ´ α

ż

R3

Ppτ zpΛ̃q ď sq vp0, zq dz

ď α

ż

BΛ0

Ppτ zpΛ̃q ď t, τ zpΛq ą tq vp0, zq dz ` α

ż

R3zBΛ0

Ppτ zpΛ̃q ď t, τ zpΛq ą tq vp0, zq dz.

Goal: obtain a contradiction to the above, for small enough t ą 0.

‚ Lemma 1 (easy). There exists a constant C1 s.t. fp|z|q :“ |z|2vpt, zq ď
C1p|z| ´ Λ0q for |z| ě Λ0 and all t ě 0.

‚ Coupling 1. Herein, we estimate the blue term.
(1) Considering Bessel process R|z| „ |z `W |,

dRxt “
1

Rxt
dt` dBt, Rx0 “ x,

we can write

α

ż

R3zBΛ0

Ppτ zpΛ̃q ď t, τ zpΛq ą tq vp0, zq dz

“

ż 8

Λ0

Pp min
0ďsďt

pRxs ´
rΛsq ď 0, min

0ďsďt
pRxs ´ Λsq ą 0q fpxq dx

“ E
ż 8

Λ0

1
tmin0ďsďtpRx

s´
rΛsqď0,min0ďsďtpRx

s´Λsqą0u
fpxq dx.

(2) Note: tRxux are coupled via the same path of BM B.
(3) Then, there is C2 ą 0 s.t.

Rxt ´R
y
t ě C2px´ yq for all x ě y and 0 ď t ď τypΛq.

(4) The above and continuity of x ÞÑ Rx yield:

tx ě Λ0 : min
0ďsďt

pRxs ´
rΛsq ď 0, min

0ďsďt
pRxs ´ Λsq ą 0u “ pX,Xs,

X ´X ď C3 sup
sďt
|Λs ´ Λ̃s| ď C4pΛ

3
t ´ Λ̃3

t q.
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(5) The above and Lemma 1 yield:
ż 8

Λ0

1
tmin0ďsďtpRx

s´
rΛsqď0,min0ďsďtpRx

s´Λsqą0u
fpxq dx

ď C5

ż X

X
px´ Λ0q dx ď C6pX ´ Λ0q pΛ

3
t ´ Λ̃3

t q.

(6) Noticing that

0 “ min
0ďsďt

pRXs ´
rΛsq “ X` min

0ďsďt

ˆ
ż s

0

1

RXr
dr`Bs´rΛs

˙

ñ X ď max
0ďsďt

p´Bs`rΛsq,

we conclude

α

ż

R3zBΛ0

Ppτ zpΛ̃q ď t, τ zpΛq ą tq vp0, zq dz ď C7 E max
0ďsďt

pBs ` rΛs ´ Λ0q

‚ Coupling 2. Herein, we estimate the red term.
(1) Couple via the same path of 3-dim BM W and recall that

vp0, zq “ 1´ ψpΛ0 ´ |z|q:

α

ż

BΛ0

Ppτ zpΛ̃q ď t, τ zpΛq ą tq vp0, zq dz

“ αE
ż

BΛ0

1suprPr0,tsp|z`Wr|´Λ̃rqě0, suprPr0,tsp|z`Wr|´Λrqă0 p1´ ψpΛ0 ´ |z|qq dz

“ αEpJ ´Kq.

(2) We estimate the leading term on Aε :“ tω : supsPr0,ts |Ws| ď εu:

J :“

ż

BΛ0

1suprPr0,tsp|z`Wr|´Λ̃rqě0, suprPr0,tsp|z`Wr|´Λrqă0 dz “: LebpDpW qq.

Lemma 2 (difficult). For small enough ε, t ą 0: LebpDpW qq ď
supsďt Leb

´

BΛs ∆BΛ̃s

¯

“ α´1 1
3pΛ

3
t ´ Λ̃3

t q.

(3) We estimate the residuals:
Lemma 3. There exists C8 ą 0 s.t., for small enough ε, t ą 0,

αEpJ1Ac
ε
´Kq ď ´C8 Eψ

ˆ

max
0ďsďt

pBs ´ Λs ` Λ0q

˙

(4) Thus,

α

ż

BΛ0

Ppτ zpΛ̃q ď t, τ zpΛq ą tq vp0, zq dz

ď
1

3
pΛ3

t ´ Λ̃3
t q ´ C8 Eψ

ˆ

max
0ďsďt

pBs ´ Λs ` Λ0q

˙
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‚ Collecting the blue and red parts, we obtain

1

3
pΛ3

t ´ Λ̃3
t q ď

1

3
pΛ3

t ´ Λ̃3
t q ´ C8 Eψ

ˆ

max
0ďsďt

pBs ´ Λs ` Λ0q

˙

` C7 E max
0ďsďt

pBs ` rΛs ´ Λ0q,

Eψ
ˆ

max
0ďsďt

pBs ´ Λs ` Λ0q

˙

ď C9 E max
0ďsďt

pBs ` rΛs ´ Λ0q

‚ To show that the above is impossible, we first establish the compari-
son:
Lemma 3 (easy). There exists a solution Λ̂ to 1-phase Stefan

problem with the same ψ (up to multiplicative constant) and with
Λ̂0 “ Λ0, s.t. Λ̂ ě Λ_ rΛ.

‚ Then,

Eψ
ˆ

max
0ďsďt

pBs ´ Λs ` Λ0q

˙

ě Eψ
ˆ

max
0ďsďt

pBs ´ Λ̂s ` Λ0q

˙

,

E max
0ďsďt

pBs ` Λ̂s ´ Λ0q ě E max
0ďsďt

pBs ` rΛs ´ Λ0q,

and it suffices to show that, for any C̄ ą 0, we have

Eψ
ˆ

max
0ďsďt

pBs ´ Λ̂s ` Λ0q

˙

ą C̄ E max
0ďsďt

pBs ` Λ̂s ´ Λ0q,

for all small enough t ą 0.

‚ Time-reversal. For simplicity, we prove the above assuming that Λ̂
is a solution to 1-dim Stefan problem.
(1) Growth condition for Λ̂ yields:

Λ0 ´ Λ̂t “ E
ż Λ0

0
1supsďtpx`Bs´Λ̂sqě0 p1´ ψpΛ0 ´ xqq dx

“ E
ż Λ0

infsďtpΛ̂s´Bsq

p1´ ψpΛ0 ´ xqq dx “ E
ż supsďtpBs´Λ̂s`Λ0q

0
p1´ ψpxqq dx

“ E sup
sďt
pBs ´ Λ̂s ` Λ0q ´ EΨpsup

sďt
pBs ´ Λ̂s ` Λ0qq, Ψpxq :“

ż x

0
ψpyqdy,

EΨpsup
sďt
pBs ´ Λ̂s ` Λ0qq “ E sup

sďt
pBs ´ Λ̂s ` Λ̂tq “ E sup

sďt
pBs ´Bt ´ Λ̂s ` Λ̂tq

“ E sup
sďt
pBt´s ´ Λ̂s ` Λ̂tq “ E sup

sďt
pBs ´ Λ̂t´s ` Λ̂tq.

(2) For small enough t ą 0,

Eψpsup
sďt
pBs ´ Λ̂s ` Λ0qq ą C̄ EΨpsup

sďt
pBs ´ Λ̂s ` Λ0qq “ C̄ E sup

sďt
pBs ´ Λ̂t´s ` Λ̂tq,

which implies that it suffices to show

E sup
sďt
pBs ´ Λ̂t´s ` Λ̂tq ě E sup

sďt
pBs ` Λ̂s ´ Λ0q,
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(3) The above follows from “semi-convexity":

Λ̂t ´ Λ̂t´s ď Λ0 ´ Λ̂s, s P r0, ts.

(4) The above follows from the scaling property:
Lemma 4 (easy) For any q P p0, 1s:

Λ̂qt ´ Λ0 ě
?
q pΛ̂t ´ Λ0q ě q pΛ̂t ´ Λ0q
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